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1 | INTRODUCTION

Whether or not reasonably smooth solutions of the 3D incompressible Navier—Stokes equations can blow up in finite time
remains an outstanding open problem. This problem is supercritical in the sense that the standard Laplacian dissipation in
the 3D Navier—Stokes equations may not be sufficient in controlling the nonlinearity and the hyperdissipative Navier—Stokes
equations

ou+u-Vu+v(=A)*u=-Vp,
V-u=0, (1.1
u(x,0) = up(x)

with sufficiently smooth u, always possess a unique global smooth solution when a > a; = % (see, e.g., [2,4,7]). Here the
fractional Laplacian operator (—A)® is defined via the Fourier transform (see, e.g., [5])

(CA£(©) = 11> F(&),

where f denotes the standard Fourier transform

f= /R 3 eIXE f(x) dx.
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The critical exponent o = % makes the energy of (1.1) invariant under the natural scaling. If (u, p) solves (1.1), then (u D ,1)
with 4 > 0 defined by

uy(x, 1) = A2 u(ax, 421), pi(x,1) = A% p(Ax, A%%%)

also solves (1.1) with the initial data u;(x) = Aol ug(Ax). The energy associated with u,
E(u,) = sup/ lu, (1) dx + / / |A%, > dx dt = A** S E(u)
>0 JR3 0 R3

remains invariant, namely E(u;) = E(u) when a = o = %.

It is natural to ask if the global regularity remains valid when @ < o = 29 Tao examined the hyperdissipative Navier—Stokes
equations involving general Fourier multiplier operators [6]. A special consequence is a logarithmic reduction in the dissipation.
5

5 5

More precisely, he shows that replacing (—A)%u by bgﬁ;ﬁﬁu still leads to a unique global solution. Tao’s result was later
5

improved by [1] to allow additional —% power in the logarithm, namely (1.1) with lo(g_(?)_ 4A)u. Efforts have also been devoted to

the incompressible magnetohydrodynamic equations with hyperdissipation and the results are not completely parallel (see, e.g.,
[8,9D.

This paper explores a different type of reduction in the dissipation. We remove some components of the hyperdissipation in
(1.1). More precisely, we study the following 3D Navier—Stokes equations with fractional partial dissipation,

3 3
Ouy + - Vyu, =—0,p - v<A12 +A22>u1,
3 3
Oy + (u - Vuy = —0,p — V<A22 + A32>”2’
) s s (1.2)
Ojus + (- Vuy = —03p — V<A12 +A32>u3,

V-u=0,
\u(x’ 0) = Mo(x),

where the fractional partial dissipation operators AZ with y > 0 and k = 1,2, 3 are defined via the Fourier transform

A7) = 161 fe@).

We remark that the study of the system in (1.2) is our original idea and has never been done before. We are able to show that,
for any u, € H' (IR3), (1.2) always possesses a unique global solution. More precisely, the following theorem holds.

Theorem 1.1. Assume u, € H' (R3) with V - uy = 0. Then (1.2) has a unique global solution u satisfying

ue L*(0,00; H'(R?));

NS IFNTY

33 3
<A14,A§>ul € L*(R? x (0, )), ALA )Vul € L*(R? x (0, )),

SNV

5 5 3
<A§,A§>u2eL2(R3x(0,oo)), ASLA )VuzeLz(R3><(O,oo)),

5 03 503
<A14,A§>u3 € L*(R? x (0, )), <A;‘,A§‘>Vu3 € L*(R? % (0, 0)).

In addition, the H'-norm of u is bounded uniformly in time.

5
It is clear that the global existence and regularity still holds when AZ (k=1,2,3)in (1.2) is replaced by Aiy with any y > %.
The proof for the global regularity part boils down to showing the global H'! a priori bound. It is not clear at a first glance if
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one can still control the nonlinearity suitably when one directional dissipation is missing in each component of (1.2). The global
L2-bound follows directly from a standard energy estimate. The proof of the global H'-bound is more delicate and the key is to
how to effectively make use of the reduced dissipation to bound the nonlinear terms. To control the terms associated with the
nonlinearity

I= / V(u-Vu)-Vudx,

we use V - u = 0 and decompose the terms into three groups,

3 3 3
=y /a,.uj ojuy Oy dx + ) /a,.uj Oty Oy dx + ) /aiuj 9;u3 Qjus dx.

i,j=1 i,j=1 i,j=1

The first group of terms are associated with the estimate of Vu, the second group with Vu, and the third group with Vus. It

suffices to estimate the terms in the first group and they are bounded one by one. Several tools are employed to facilitate the
5 5

estimates including one-dimensional Sobolev type inequalities. Due to the lack of the fractional partial dissipation Ag up, AlE Uy
5

and A2E us, the terms containing one or more of the terms dsu;, 0,u, and d,uz are more difficult. Integration by parts and the
divergence-free condition V - u = 0 are repeatedly applied to rebalance the derivatives.

The rest of this paper is divided into two sections. Section 2 provides the global H! a priori bound while Section 3 proves
the uniqueness of the H'! solutions.

2 | GLOBAL H'-BOUND

The proof for the global existence part of Theorem 1.1 boils down to global a priori bounds on the solutions. This section
establishes a uniform global H'-bound on solutions of (1.2). More precisely, we prove the following proposition.

Proposition 2.1. Assume uy € H' (IR3) with V - ug = 0. Let u be the corresponding solution of (1.2). Then, the following
uniform global H' bound holds, for any t > 0,
<A;,A;>Vu2 <A?,A;>VUS

t 5 05
IVu@I?, + v/ (Af,A,g)wl
0

4
C ||uoI|L2(1+|Iuo|IL2)’

2

t
d'r+v/
L2 0

2

t
dT+V/
12 0

2

dr
L2

2
< Vil e

where, for the sake of brevity, we have written

I A4
(Al ,A2>wl

A necessary step in the proof of Proposition 2.1 is the following global L?-bound, which follows from a direct L? energy
estimate involving (1.2).

+
L2

5 5

L? L?

Lemma 2.2. Assume uy € H L with V - ug = 0. Let u be the corresponding solution of (1.2). Then, for anyt > 0,

t 53 53 53 2
||u(t)||iz+2v/0 ( (A;‘,A24>u1(r) (Ag,Ag>u2(r) (A;‘,Ag>u3(f) 2>d1=||u0||iz.
L

In addition, to prove Proposition 2.1, we need several tool lemmas. The first one is a Sobolev embedding inequality involving
one-dimensional functions.

2 2

+
12

—+

12

1

Lemma2.3. Let2 < p < co.Lets > 3

%. Then, there exists a constant C = C(p, s) such that, for any 1D functions f € H*(R),

_l(1_L 1(1_1
1o < CHIA (3 ”>|IASfIIS<2 ),

L2(R) L2(R)
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Proof of Lemma 2.3. This lemma can be proven via the Littlewood—Paley decomposition and Besov space techniques. We
identify L? with the homogeneous Besov space B; , and recall the embedding relations, for any 2 < p < oo,

L» < BY .
p.2

Then, by Bernstein’s inequality and Holder’s inequality,

=

2
1 sy < C S lgp ey = € lz IIA,-fIIL,,(R)]

Jj=—0c0

- 1
(&) . 2
<cC Z 221(%‘? ||Ajf“2LZ([R)]
| j=—c0
_ 1
e 2 _Lf1_1 . (11 2
=C Z IIA,-fIILgiR;(2 "))(25/||Ajf||L2(R))2s(2 p)]
[ j=—c0
E I H(+-3)
<cl X ||A,»f||iz(R)] lz zwnA,fuiz(R)]
| j=—00 oo
1=L(i_1 LY
=C ||f||L2(;§f D ;5(@)”>.

This completes the proof of Lemma 2.3. [

1
Let J = (I — A)2 denote the inhomogeneous differentiation operator. We recall two well-known calculus inequalities (see,
e.g., [3, p. 334)).

Lemma 2.4. Let s > 0. Let p, py, p3 € (1, 00) and p,, ps € [1, oo] satisfying

1

p

1 1
_+_
P D2

1 1
—+—.
P3 D4

Then, for two constants Cy and C,,

I e < Cr(I° Fllpm ligh e + 18l o I 1 o )

1°Cf &) = f I°8lls < Co(I1° fll o gl o + 19 gl s 1V £ 1 o ).

The next tool lemma states one version of the Minkowski inequality, which is the foundation for exchanging two Lebesgue
norms.

Lemma 2.5. Let f = f(x,y) withx € R™ and y € R" be a measurable function on R™ X R". Let 1 < q < p < o0. Then

< ”||f||L§(RM)

””f”LZ(Rn)

L2(RM) LR
We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. Taking the L?-inner product of Vu with the gradient of (1.2) and integrating by parts, we have

1d 33 2 303 2 5005 2
s, e vl (afa ) v el (aad Ve vl (a7 ) vy
L? 1.2 12
3 3 3
= - Z /a,uja,ul o;uy dx — Z /aiujajuzdiuzdx— Z /al-ujaju30,-u3dx

ij=1

ij=1

:=II+I2+I3.

ij=1

2.1)
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We first estimate ;. To do so, we write out the nine terms explicitly,
I = —/ ((01“1)3 + 0yuy 01y Oty + 01y Oyu3 Oty + (Oyu))” Oyuy + (9yu;)” Ootty + Oatty yty 3y
+(a3u1)2 alul + 03u1 03142 azul + (631/[1)2 63143) dx. (22)
When we estimate the terms above, we keep in mind that we have the space and time L? integrability of the terms
3 3 3 3 3 3
A;‘ul, A24u1, Aguz, A;‘uz, A;‘u3, A34u3
and the left hand side of (2.1) allows us to control the space and time L?-norm of the terms
33 33 33
<Af,/\§>(01,62, 03)1/11, (A;,A;)(dl,()z,d_g)uz, (Af,A;)(al,az,a;)u';

The terms in (2.2) will be labelled as I}, I}, ... according to the order they appear in (2.2). Throughout the rest of this proof,
we use || f|| 2 to denote || /]| 23y and use || /][> and || f]|;2  to denote the one-dimensional L?-norm (in terms of x,) and
1 x1x2

the two-dimensional L>-norm (in terms of x, and x,), respectively.
We first deal with I;,, the second term in (2.2). We will return to I, later. Integration by parts yields

I, = - / Oy 01Uy Oruy dx = / Uy 010,u Oyuy dx + / uy 010 uy Oruy dx
=gy + L.
By Holder’s inequality and Minkowski’s inequality in Lemma 2.5,
a1l < 19100l 14 2 NOvnllie 12 1g Mualliz 1 1s
< 119,0,uy ||L§3L)2(1 2 01 ||L§2L;<;L§I ||“2||L§3 L4 Lt
< ||(3102u1||L§1X3 L4 ||01L‘1||L§2 Le Lt ||142||L§3 L

where we have written

ez, o, = 00| ||f||Lg,2L;«_;L;—HHWHL; N
X1x3 x3 (12
x2
By Sobolev’s and Gagliardo—-Nirenberg’s inequalities,
1 1
100l 2 g =”||alazul|m <Az, = C||AT0,00
13 7% X ) )
- L2 L
2 X1X3
and
1 1 1 1
;2 7o = ||llusllya < IMws 1z, IV ausll? < Cllusll IV us || ?
otz 2o = i 2||L.WHL% bl (¥l [ < €l 1%l

where V, = (0}, d,). Applying Gagliardo—Nirenberg’s inequality and Lemma 2.3 with p = oo and s = 1, we have

1

1 2 2
1

Al 61u1 S C
L2 Ly,

X1 X2

b S
||alu1 ”L2 Lo 14 S C Aful A3A;‘ul
X2 X3 X

L2 L2
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Combining the estimates above and applying Young’s inequality yield

1
2

o=

1 5 5
[T, < C||A30,05u, ||u2|| ||Vh”2|| Alu | [ AsA

L2
2
2
. ”thZHLZ
L

2 12

2 2

5
A alu1 A [osug|| + Clluall?, A uy

- 128 128

12
Similarly,
<
(ol < Cllowdilizz | 1s Wualliz rs  N0wlliz 1o rs

l
||u2|| ||Vh”2||

1

A;‘ azul

1 1
1 2 1 2
C A;aldlul A3Af02u1

L2 12 12

Due to the elementary inequalities

1 4 3 1 3 1 1 5 4 3
[&1716] < §|§1|4 +§|§2|4, 1&1171&] < g|51|4 + §|§2|4

and Plancherel’s theorem, we have

1
A; 0101u1

5 5
< C<||A?a1”1||L2 + ||A2401”1||L2>’
12

1
4
Al 621«!1

5 5
SC<|| Sugll 2+ 1A u1||Lz>
12

Therefore, by Young’s inequality,

2 2

2
+C llus 1%,
12

S 2
[0 < 128” A4 /\4>51”1

55
<A4 A4>03u1 <Af,/\§>u1

We return to estimate I, the first term in (2.1). I, can be handled similarly as I|,. Integrating by parts and then bounding it
as I;,;, we have

IV a2,
% - I

I]l = 2/”1 aldlul ()lul dx
<
< 2|9,0u4 ”LimLiz lluy I|L§3L§1X2 10,1 ”L%zL?%Lil

1 1 1 L 2 1 2
S ClA 0 0uy | Myl IV pug 7, | AT Oyu || || A3 A 0y
12 12 12
| 2 2 Y
Vo Iaz i 2
<% /\;alalul 128 /\403u1 +C||u1|| Afu | IVl
12 2
5 S 2 5 2
— (Al AT )V C lluy 1%, ||A7 Vil
6_4 ur +Cllugll [ Afw || IVl
2 12

We now estimate I 5. Integrating by parts and invoking the divergence-free condition V - u = 0, we have

113 = —/()lul 61u303u1 dx=/u1 6301141 01u3dx+/u1 01u1 61031/1de

/Ml 0301141 01u3dx _/ul dlul 0101141 dx—/ul alul 0102u2dx

i= I3+ Lz + 133
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1,3, is the same as I; and I35 obeys a similar bound as 15,

11331 < 11910515l 12 ol ||“1||L2 s Moz 15373

1
1 1 I 3 1
C|[AJ010yup || ey Il IV ey I, | A Oy AzA [ oyu
L2 L2 L2
S 2 2 I
“—|lAJo A4a + Cllug 12, [ A || 0V, 112
< —|IA 1”2 U urll;,||Au atrll s
1282 + 13 o e i L

It suffices to deal with I,5;, which can be handled as I;,;. In fact, as in the estimates of I,,

Tip < Cliosdulicz  1s Wovusllez resrs Mwillez ns

1
2

1 1 2 1
¢ A§0361u1 Af01u3 A3Af01u3 ”1"1” ||th1||
L2 12 12
2 2 sz | 2 2 1 1
<¢ (Af ’A§>03u1 Afusll - AfOsus || Nl 1V s 17
L2 12 12
5 2 2 5 2
A4 A4 [s) A 0 +C 2 AZ v 2
< 128 ( ) 3t 123 343 - g |15 || A us L2|| il

This settles the estimate of I5. We turn to 14 and I;5 and they both can be handled as I,. By integration by parts,

Il4=2/u1 62141 alazul, Il5 =2/U2()2u1 6262141.
Going through a similar procedure as in the estimates of I,,, we obtain
I, £21|0,0,u u o u
Nl < 200000z go allzz o Nosuillzz pes 1
1
2

1
1 2

||u1|| ||Vh“1||

1 1 1
C Afalazul A; azul /\3/\21 azul

L2 L2

12

2 2

2 s
1
2

A402u1 Al Sosur| +Clluy |17, ||A IV uill?,

12

U

128

<A4 A“)Vul

<
(sl < 2W020ulliz | rg Malliz g NOowilliz vesns

128

12
2 2

< v
~ 128

5
2 1 2
+Clly 2, [| ATy | 1V 11,

12

U

12

and

1
1 2 2

1
ClIA10,05u ]l 12 ||”2||12_2 “Vh”2||i2

3
<A4 A§>62u1
S5
7 Ad
(A1 (A >Vu1

1

1
A; azul A3A§ azul

IA

L2 L2

2 2

3
4

2 2 2
g || +Clluall, AT 12,92,

128 128

12

2 H
1
2

Vv

2
8 +Clluall o |A

2 2
U ”Lz Vh”2||Lz

12
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The estimates of I4 is more delicate. The integrand of I,

116 = - / 82u3 03111 62u1 dx

involves d3u; and d,us, but the first component equation of (1.2) involves no dissipation in the third direction and the third
component equation involves no dissipation in the second direction. By integration by parts twice,

Il6

/ul 0362”3 02141 dx + / Uy 02143 0362”1 dx

/ul 63621/13 02u1 dx — / us 02u1 6362111 dx — / Uy 0203621/4] dx

=Tier + Lo + Li63-
The first two terms 1,4, and I,4, can be estimated similarly as I,. In fact,

I < ||(3352”3||L2 WES ||32“1||L2 ITY2S ||u1||L2 14

XpX3

1
2

1
1 1 1 2
< C A§a3621/l3 A; 02141 /\1/\51 02u1 ||u1|| ”(62, ag)ulll
L2 L2 L2
2 2 s 2
A4a A4a +C Alu 05, 03)uy |2
= 128 2u3 128 141 - ||u1|| 2 u L [1(9,, 93) 1”L2
and
Ligy < 0300u;ll 2 g4 102yl 2 oo o Nlusllp2 g4
X1X3 X2 X3 X3 X X3 XX
1 1 2 1 2
C(|A30300u1 || |[A) Squy|l || AsA] Opuy ||u3|| ”th?”
L2 L2 L2
2 2 s s 2
< 2 Al £ (A“ A4>03”1 +C llus 12 <A4,A4)u1 19, )31,
128 128 12 L2 1772 12 L?

1,43 1s estimated differently. By Holder’s inequality and the boundedness of singular integral operators, especially Riesz trans-

forms, on L2,
111631 S/

3
< C|\AS (uyus)

3 1
A (uyu3) A5 0, A3 0,05,

1
(A;laz)/\g 0203111

L? L2

3 1
A ua)|[ || Ay 0,03u| (2.3)

12

12

where we have used the fact that the Riesz transform A;lz)z is bounded on L?. By Lemma 2.4,

3
A3 (uyu3)

3 3
3 3
. < C<||A2 Uy ||L;*62 ||143||L§2 + ||141||L§2 1A ”3||L§2>
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and thus, by Holer’s inequality and Lemma 2.3,
A uu) < Cl[AJu sl og  + A uy (L VERT
12 L5 Lilxz . L5 Lilxz .
2
1 ! 1 ! 3 505 5
< c|||AT A sl 2, 10y Busl 2, + AT Aguy o1, <A3,A; )ul
L%IXZ L5 L’z‘lxz L5 12
1 1
1 2 L 2 1 1
S A Ay || |[Af Mgz || sl 11091, 00)usl
12 12
1 1 2
1 2| 1 3 3 505 5
+ Af/\z”:; AfA2A3u3 ”I/ll ”Zz <Af,/\§ )ul (24)
L2 L2 2

1
Due to the lack of the second component dissipation in the equation of u5, or the lack of L-integrability in time of ”A;‘ Aoy ”

we need to further interpolate this term,

2’

1
5

! s s
A Ajus < M Aquslly, ||A] Aqus
12 X1 12
X1 X1
and thus
1 4 5 5
A?A2u3 S ||A2u3 ”22 Af A2u3 (25)
L? L2
Inserting (2.5) in (2.4) yields,
1
3 1 2 1 2 1 1
A wus)|| < CL|IA] Ay A Ayosuy ||”3||22||(51, a2)“3”22
L2 L2 L2
3 2
2 33 5 3 55 5
Al <Af,/\§>02u3 T (Af,A;)ul 26)
L2 L2

Combining (2.3) and (2.6) and applying Young’s inequality, we have

5 5 2 5 5 2
v 5008 5008
1631 < 13 <A;‘,A£‘>a3u1 +C ||u3||iz (A;‘,A;)u] ||(31,52)u3||iz
12 L?
v 508 2 5oy P )
+1o8 <A14,A§>azu3 +Clluy 3, <A;*,A§>u1 Azu317,-
L? 12

We now turn to the last three terms in (2.2). Due to V - u = 0, the last three terms in (2.2) can regrouped into two terms,

—/03u1 53u202u1 +/62u2(03u1)2dx = 117+118'

1,7 can be estimated as /,. By integration by parts,

Il7 = /ul 63631/12 02u1 dx + / up 0362141 631/[2 dx = 1171 + 1172.
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1,7, can be estimated similarly as I,, and we have

<
il < 119505l 2 | rs 19uilliz rers Nenllzz rs

X1x2

1 1 2 1 2 1 1
< C|[A) 030U || || A 0o1y AJ0205urll Nyl 7,110 0w I,
12 12 12
v 508 S 500 2 , 55\ P )
7 A4
= ﬁ <A2,A3>03u2 +@ <Af,/\§>a3u1 +C”u1”L2 (Af’A§>”1 ||(al,62)ul||L2.
L2 L? 12
Similarly,
[I172] £ 10305uqll 12 4 l10supll 2 poopa Nugllp2 pa
X2X3 xl X2 X3 Xz x3 Xl)\2
1 1
1 1 2 1 2 1 1
7 7 7 2 2
S CIA[Gouy || [[A)3ua|| [A3AyO3up|l gl L IV Rl
12 12 12
v 55 S 5005 : , o5y P ,
S 12_8 <Af,A§>03M1 + m <A§,A§>03u2 +C ”ullle <A;,A§>UZ ”(01,02)u1||L2.
L2 L? 12

Finally we deal with I g,
I3 = / 05115 (03141)? dx.

Due to the appearance of (d;u; )% and the lack of dissipation in the third direction in the equation of u,, the handling of this term
is more delicate. By integration by parts,

118 =-2 /u2 03141 62631/[1 dx.
By Holder’s inequality and by Minkowski’s inequality,
[I1g] <2110205uill 2 pa Nupllpe  poo l03uillp2 poope - 2.7
X1X3 X2 X]X2 X3 X3 Xl X2

By Lemma 2.3 and an interpolation inequality,

1
7
193u1ll12 1014 < C|IA; O3y
3 X1 X2
2 L
X2X3 X

1 1
2 2

1 1
S C A§03u1 A§A103u1

L2 L2

2
< C ozl

5
r
A2 63u1

1

A;A163u1

L 1
10 2

L2 L2

5
, (2.8)
12

2
<cC ||03u1||22

where we have invoked the interpolation inequality

4 5

<C ||03”1||22
L2 x
X2

5

L S
A; 631/!1 A; 03”1

2
L2,
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In addition,

2
5

3 5
luallz  peo S Cllgll, | A U (2.9)
X]Xz X3 L2
Inserting (2.8) and (2.9) in (2.7) yields
5 sl s |3 2 5os 3 y 5os 2 s 17 )
1] SCYAJ Ozuy || Nluall), || AT ua|| N95u17, <Al4,1\§>a3”1 <18 <Af,/\§>03”1 +C||”2||3Lz Ajuy | N1ozu I,
12 12 12 12 12

We remark that I ;¢ and I;g could have been treated in a similar fashion. We intentionally estimated them differently to make
available different approaches that serve the same purpose. We have finished estimating all terms in I; in (2.1). I, and I3 in
(2.1) can be similarly estimated as the terms in I; and we omit the details. Putting all these estimates together, we have

b S 5 5 5 5
» 3 3 > 3 3 3
||Vu||L2 +v <Af,A;>Vul (A;,A;)Vuz (Af,A;)VLg
L2 L2 L2

5oy P 5oy P 5oy P
<c <A;‘,A§>ul <A;,A;>u2 <Af,A;>u3 (||u||2‘Lz+||u||3Lz)||Vu||2LQ.

+ +
Gronwall’s inequality then yields the desired global bound. This completes the proof of Proposition 2.1. O

2 2

+v

2

d
< +
dr Y

L? L? L?

3 | UNIQUENESS

This section proves the uniqueness part of Theorem 1.1. In fact, we prove a proposition that is slightly stronger than the desired
uniqueness. The uniqueness in the following proposition does not require both solutions are in the regularity class induced by
the existence part.

Proposition 3.1. Let T > 0. Assume that u'V and u'® are two solutions of (1.2) satisfying,

u® e L=(0,T; H'(R?)) fori=1,2,

s 53

<Af,A§>u§2) € L2(R*x (0,T)), ALAL )V e L2 (RP x (0.7)).
A7) e 12(R? AT\ v, e 12(R?

<A;,A;>u2 € L*(R*x(0,T)), AS A ) Vuy’ € L (R x(0,T)),
33 33

<Af,A§‘>u(32) € L*(R*x (0,T)), Af,A§‘>Vu(32) € L*(R3x (0,T)).

Then u) = u@® on R3 x (0, T).
Proof. Let pV and p® be the pressures associated with ‘") and u(®, respectively. Then the differences # = u(" — u® and
7 = p — p@ satisfy

-

5 5
oty + (uV - V)i, + G- Vul? = —0,F — V<Af +A2 >El,

Ojity + (uV) - V)it + (i - Vi) = —0,5 — V<A2§ + Af
] . 3.1)
Ojity + (uV) - V)it + (i - Vi) = —055 — V<Af + A§>ﬁ3,

V-i=0,

u(x, 0) = uy(x).
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Dotting (3.1) with % and invoking the divergence-free conditions V - u() = 0 and V - & = 0, we obtain

5 3 5 3
<A;‘,A§>ﬁl (A;,A;>az <A >a3

= —/(ﬁ- Viu® - udx

2 2 2

1d

5 5
ill? 7oAl
2dtIIuIILz+V Tv +tv 183

L2 L2 L?

=— / @ - VP dx - / @ - V)ut, dx — / @ - VD dx

=:Ji+J,+ 5
We estimate J; and write its terms explicitly,
J, = - / alalu(f)ﬁl dx — /ﬂzazu?)’ﬁl dx — /%63u(12)i71 dx
= Jy+Jn+Js.
By Holder’s inequality and Lemma 2.3,

61 u(lz)

Jil < a2 a2 4
S I s 07 e

1 1
~ 3~ 15 (2
S C ||u1 ”L2 Al u1 A] alul

2
B 15

2
Lo I

1 1
2 2 2

1 1 1 1
<Clalp|Afa | |AfamE | A0 |[AfA30,uf

12 12 12 12

Inserting the interpolation inequality above,

1
I~
Al Uy

4
<Clal,
X

3
i~
Al uy
12

X1 X

we obtain

1
1 55 Sl ol
~ 5 i Ad 3 1
il < Cliwgll | A A, Afu A Aqu

<A
33
I A4\
<Al ,A2 )ul

2

L? 2 L2

3 Bl
7
v 7

5 5
~ 2 7,2 Z 2
< 123 + Cllag [, || A Al Azu,

L2 L2 L2

By Holder’s inequality and Lemma 2.3,
Q ~
|12l < ”02141 ”L2 ”u2”L)2(1 L L4 Il ||L§3 2353

1 1
@) i~ Fiad
sC”dzul ||L2 AXiL, AXi

2 2
Lxl x2 L)°(°3 LX2X3 L’o‘c;

2

1 1
2 2 2

1 1 1 1
@) i~ 45~ 3~ 15~
SC”()zul ||L2 Ao\ |[Aosim| |[AdE | [|Adea

12 12 12 12
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Invoking the interpolation inequalities

1
5

1 4 5 5 1 4 3
AJt, <C ||u2||22 AT, ) AS Ty <C ||u1||22 AU,
X X
and thus
1
1 4 5 5 1 4 3 5
AT < LMD . (A < cimi Al
L2 L2 L2 L2
we have

3 3
2 5 5

2
@ AIENINAE
1l < Clonu®| L1010, 18117,

33 33
<A;‘,A§>§1 (A;,A;>ﬁz

L? 12
vz aNIF vl oI ol
~ _ 3 i~ -
S @ <Af,A§>u1 , + ﬁ <A§,A§>u2 . + C||()2u1 Lz””l”LZ ”u2”L2‘
L L

The estimate for Jy5 is similar to that for J;,. In fact,

|51

I\

2 ~ ~
([EX P oy PR A PRy

s s s s 2
I oAd\> ~
<A1,A2>u1 (Af,A;>u3
L

Due to the symmetry, the estimates of J, and J5 are similar to those for J; and we omit further details. Collecting the bounds
for J;, J, and J3, we obtain
5 5 5 5
(S T Y (S Y e PSR

. 5
ollz 1~z ~ 2
<C|[vu® |2 a2, + ¢ I 12, |

2
Vv

128

Vv
+ —_—
128

S
2 5 ~ ~
o Cllosu?| L o 11 o

2 2

+v
12

2

5 5
ill? 1A
||u||L2 +v +v AERAM

(98]

4
di

12 L2

7 7

5 5
AP (AT 05

12

7

7

7

5 5 5 5
1.2 15,2 ~ 2 1.(2) 15,2
A u, A3 0yus; +Cllasll;, A uy A; Oyus

~ 2
+CImI2,

L? 12 L? L?

Gronwall’s inequality then implies that u!) = u® if u(()l) = u(()z). This completes the proof of Proposition 3.1. O
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