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Abstract

The magnetohydrodynamic (MHD) equations have played pivotal roles in the study of many phenomena
in geophysics, astrophysics, cosmology and engineering. The fundamental problem of whether or not clas-
sical solutions of the 3D MHD equations can develop finite-time singularities remains an outstanding open
problem. Mathematically this problem is supercritical in the sense that the 3D MHD equations do not have
enough dissipation. If we replace the standard velocity dissipation Au and the magnetic diffusion Ab by
—(=A)*y and —(—A)Pb, respectively, the resulting equations with o > % ando+ 8 > % then always have
global classical solutions. An immediate issue is whether or not the hyperdissipation can be further reduced.
This paper shows that the global regularity still holds even if there is only directional velocity dissipation
and horizontal magnetic diffusion —(—Ay,) i b, where Ay, = 812 + 822.
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1. Introduction

Whether or not smooth solutions of the 3D incompressible Navier—Stokes equations

du+u-Va=—-Vp+vAu, xeR3 >0,
V.u=0, (1.1)
u(x,0) =up(x)

can develop finite-time singularities remains an outstanding open problem. This Millennium
prize problem is supercritical in the sense that the standard Laplacian dissipation in (1.1) may
not provide sufficient regularization. If we consider the generalized Navier—Stokes equations

du+u-Vu=—-Vp—v(—A)%u, xeR3 >0,
V-u=0, (1.2)
u(x, 0) =ug(x)

with o > %, then any smooth initial data uy with finite energy leads to a unique global-in-time
solution. Here the fractional Laplacian operator (—A)“ is defined via the Fourier transform

(CALE) = €1 F(E).

This result can be found in several works (see, e.g., [36,30,44]). A natural and difficult issue is
whether or not we can establish the global existence and regularity for any o < %. T. Tao [40]
was able to improve the classical result by a logarithm and obtained the global regularity for

5
8,u+u-Vu=—Vp—v(T¢u, xeR3, >0,
log2 (2—A) (1.3)

V.-u=0.

A further improvement was obtained by [2], which removed the %-power of the logarithm. These

results indicate that it is extremely difficult to reduce o below %. One reason may be that % is the
critical index of the natural energy functional associated with (1.2). More precisely, if we set

t
1 -
E@(®) = llu@lz, + / IVa@ 3. de, w1 =22 ulx, 270,
0

then
E)(1) =A% Ew)(3*1)

and the natural energy functional is invariant when A = %.

Very recently Yang, Jiu and Wu [54] was able to reduce the hyperdissipation from a different
perspective. [54] examined the global regularity problem on the 3D Navier—Stokes equations
with partial hyperdissipation,
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duy+u-Vu = —81p—vA ul—vA uj

diupy +u- Vuz——azp—vA uz—vA up,

diuz +u- Vu3——83p—vA u3—vA us, (14)

V-u=0,
u(x, 0) =uag(x),

where A,}: with ¥y > 0 and k = 1, 2,3 denote directional fractional operators defined via the
Fourier transform

ALF@E =&l FE). k=1.2.3,

where & = (§1, &2, &3). In addition, we will also use A = (—A)% to denote the Zygmund op-
erator. [54] established the global existence and uniqueness of strong solutions to (1.4) when
u e H 1 (]R3). The hyperdissipation in (1.4) is only partial, weaker than that in (1.2). In compar-
ison with (1.2) with o = %, the first component equation of (1.4) does not involve the fractional
dissipation in the x3-direction, the second does not involve the dissipation in the x1-direction and
the third does not involve the dissipation in the xp-direction. Other partially dissipated Navier—
Stokes systems that can be converted to (1.4) are also globally well-posedness in the H !-setting,
for example,

s s
dup +u-Vuy =—091p—vAju; —vAju
5 5
duz +u-Vuy =—dp—vAjur —vAju, 15
5 5 ()

duz +u-Vuz =—0d3p —vA§u3 —vA37Lt3,
V.-u=0

is also globally well-posed. However, when all the component equations do not have any dissi-
pation in the same direction, say

oy +u-Vup = —81p—vA ul—vA ui
diupy +u- Vuz——azp—vA uz—vA up, (1.6)

diuz+u- Vu3——83p—vA u3—vA us,
V.-u=0

with no dissipation in the x3-direction, the global well-posedness remains an open problem.

Partially motivated by the open well-posedness problem on (1.6), we study the global exis-
tence and regularity problem on the following 3D incompressible MHD equations with partial
hyperdissipation,
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ou1 +u-Vuy =—-01p — vA%m +b-Vby,

ot +u-Vup=—0p — vAzguz — vA3%u2+b~Vb2,

oruz +u-Vuz=—03p — "15\1%”3 — v5A3%u3 +b-Vbs, (1.7)
db+u-Vb=b-Vu—nAjb—nAjb,

V.-u=0, V-b=0,

u(x,0) =up(x), b(x,0)=bo(x),

where u = (u1, un, u3) represents the velocity field and b = (b1, b2, b3) the magnetic field. The
equation of the magnetic field does not have dissipation in the x3 direction. In addition, the
second and the third velocity equations do not have full fractional dissipation. This paper proves
the following global existence and uniqueness of H !-solutions to (1.7).

Theorem 1.1. Assume (ug, bg) € H'(R?). Then (1.7) has a unique global solution (u, b) satis-
fying,

uel®0,00; H'), Afuy, VATu; e L2(0, 00; L?),

5 5 5 5
Ajuz, Auz, VASuz, VAus € L*(0, 005 L),
5 5 5 5 (1.8)
Ajuz, Ajus, VA uz, VAuz € L*(0, 00; L),

3 3 3 3
be L®(0,00; H'), Afb, Ajb, VA/b, VASb e L*(0, 00; L.
The bound of (u,b) in the functional setting in (1.8) is uniform in time.

The uniqueness result we prove here is actually stronger than stated in Theorem 1.1. It asserts
that any two solutions with one in the regularity class (1.8) and the other in the natural energy
setting must be identical.

Theorem 1.1 appears to indicate that the MHD equations are not completely parallel to the
Navier—Stokes equations. In addition, Theorem 1.1 improves some of the previous global regu-
larity results on the MHD equations with fractional Laplacian. We first provide some background
information and then explain the improvement. The MHD equations in (1.7) generalizes the stan-
dard MHD equations

ou+u-Vu=—-Vp+vAu+b-Vb,
otb4+u-Vb=nAb+b- Vu, (1.9)
V.-u=0, V-b=0,

by replacing the standard Laplacian by fractional Laplacian. (1.9) is the centerpiece of the mag-
netohydrodynamics, a field initiated by the Nobel Laureate H. Alfvén in 1942 [1]. (1.9) has
played pivotal roles in the study of many phenomena in geophysics, astrophysics, cosmology
and engineering (see, e.g., [3,14,37,38]). As a coupled system of the Navier—Stokes equations of
fluid dynamics and Maxwell’s equations of electromagnetism, the MHD equations contain much
richer structures than the Navier—Stokes equations. They are not merely a combination of two
parallel Navier—Stokes type equations but an interactive and integrated system. The global reg-
ularity problem on the MHD equations have recently garnered considerable interests and many
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important results have been obtained on this problem and related issues (see, e.g., [4-13,15-29,
31,32,34,35,39,41-53,55-58]).

The 3D MHD equations with standard Laplacian dissipation are considered to be supercritical
in the same sense as for the standard Navier-Stokes equations. How much dissipation do we
really need in order to ensure the global regularity of the MHD equations? As is well-known
(see, e.g., [44,46,53]), the generalized MHD equations

ou+u-Vu=—-Vp—v(—A)*u+b- Vb,
b+u-Vb=—n(—A)Pb+b-Vu, (1.10)
V-u=0, V-b=0

with o and B satisfying

. et p= (1.11)

o=

IO
IR

always possess global classical solutions corresponding to any sufficiently smooth initial data.
Especially o = % and 8 = % guarantee the global existence and regularity. Theorem 1.1 asserts
that the global regularity still holds even when there is only horizontal magnetic diffusion to-
gether with a reduced velocity dissipation.

The proof of Theorem 1.1 is naturally divided into two parts: the existence part and the unique-
ness part. The existence part focuses on the global a priori bound of (u,b) in H'. The global
L?-bound follows directly from the special structure of the MHD equations and the divergence-
free condition. The proof for the global L?-bound of the gradient (Vu, Vb) is lengthy and
involves bounding a lot of triple product terms via several basic ingredients: divergence-free
condition, Sobolev’s embedding inequalities and Minkowski’s inequality for exchanging inte-
grals. The main idea of the estimates is to fully exploit the available directional dissipation and
avoid the derivatives in the directions along which the dissipation is lacking. The uniqueness part
estimates the difference of two solutions with one being in the regularity class in (1.8) and the
other in the natural L? energy class. The rest of this paper is divided into two Sections. Section 2
proves the global regularity while Section 3 proves a strong version of the uniqueness part of
Theorem 1.1.

2. Proof for the global regularity part

This section proves the global existence and regularity part of Theorem 1.1. The crucial piece
is the global H ! bound for (u, b). We first list several tools to be used in the proof.
We start with a Sobolev embedding inequality.
1

Lemma 2.1. Let 2 < p < 00. Let s > d(5 — %). Then, there exists a constant C = C(d, p, s)

such that, for any d-dimensional functions f € H*(R?),

I£1 < C||f||l_g(%_%) IIA“fII%(%_%) @.1)
LP(Rdy = L2(RY) L2(R4) -~ .

When p # 00, (2.1) also holds for s = d (5 — %).



W. Yang et al. / J. Differential Equations 266 (2019) 630-652 635

The next tool lemma states one version of the Minkowski inequality, which is the foundation
for exchanging two Lebesgue norms (see, e.g., [33]).

Lemma 2.2. Let f = f(x,y) with x € R" and y € R" be a measurable function on R™ x R".
Let1 <q < p <oo. Then

l ”f”Lfé(R”)”Lf(]R'") = ””f”Lf(Rm)”Lfé(R”)'
The following Holder type inequality will be useful as well.

Lemma 2.3. Let f1 >0, f» >0, and f1, fo € LP. Let aj,ay € [0,1] and ay +a» = 1. Let p €
[1, 00]. Then

LA £2 e < WA 10T

Throughout the rest of this paper, we use || f|| 2 to denote || 1 .2r3) and || f|| 2 to denote the
i
one-dimensional L?-norm (in terms of x;), and || f|| 2, to denote the two-dimensional L?-norm
%ixj

(in terms of x; and x;). In addition, we also use the notion
WA Npr pa pp = IA e e e -
X; x., Xj X "j i
‘We now prove the global existence and regularity part of Theorem 1.1.
Proof of the global regularity of Theorem 1.1. Taking the inner product of (1.7) with (u, b),

integrating by parts and using V-u =V - b =0, we obtain

t t
5 5 5
||(u,b)(t)||iz+2v/||Mu1||izdr+2vf||(A4,A§)uz||§2dr
0 0

t t
5 5 5 5
+2v/||<A4,Ag)u3||izdr+2n/||(A4,Ag>b||izdr=||<uo,bo)||iz,
0 0

where we have used the notation
5 oAdv 2 o2 2
AT, ADual?s = AT uall % + [ AT ua]2.

Next we prove the global bound for ||(Vu, Vb)|| ;2. This process is more complex. Applying V
to (1.7) and then taking the inner product of the resulting equations with (Vu, Vb), we obtain

Y

5 5 5
1(Vu, VB) I3, + v[[VAZuill3, + vI(As, A3)Vusll3,

N =
U

t

5 5 5 5
HVIlAF AD V3|2, +0ll(A] ADVDIS =+ h+ B+ 1, (22)

where
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I = —/V(u -Vu) - Vudx,
12=/V(b-Vb)~Vudx,

I =fV(b-Vu)-Vbdx,
Iy = —/V(u -Vb) - Vbdx.

After integrating by parts and applying the divergence-free conditions V-u=0and V-b =0,
we write the terms above as

11 =—/8,-uj 8juk8,-ukdx, (2.3)
12+13=/a,-bj a,-bkaiukder/a,-bj djup dibydx =T+ I, (2.4)
I4=_faiujajbk Bibkdx, (25)

where we have used Einstein’s summation convention (repeated indices are summed). For the
sake of clarity, we divided the rest of this section into four subsections. O

2.1. The estimates of I

The estimates of /] are similar to those in [54]. We provide the estimates of some of the terms
for reader’s convenience. We consider the first nine terms in /1,

I 1=—/ ((31141)3 + 01uq Orup douy + O1uq 0113 031

+ (dou1)? yur 4 (Bou1)? dauy + douy dous d3uy
+ (33u1)? d1uy + d3uy D3z douy + (d3u1)* d3uz) dx. (2.6)

The terms in (2.6) will be labelled as 1111, I112, - - - according to the order they appear in (2.6).
We first deal with I712, the second term in (2.6). We will return to 7717 later. Integration by parts
yields

Lo = —falul31u282u1dx=/u23132u131M1dx+/u28181u132u1dx
= T2 + oz

By Holder’s inequality and Lemma 2.2,

izl = 1012uillcz g N1aillcs peers Nu2lliz 1y -

By Sobolev’s inequality,
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1
1010211 ||L)%1X3 1, = C A5 1 daurllp2
and

luall 2 1y =C a2, IVaall 2,

where Vj, = (91, 02). Applying Gagliardo—Nirenberg’s inequality and Lemma 2.1 with p = co
and s = 1, we have

1
< 4
ruillzz roors = ClATINL2 Lo

5 1 5 1
< ClIAjurll} 1A3Aurll?,

Combining the estimates above and applying Young’s inequality yield

1 1 Loos s
21l = € ||A43132M1||L2 luall ;o Va2l 2 1A utll ;o IA3 A utll;,

||A Nurlls + e IIA d3urll2 +C llual IIA4M1IIL2 IVauall7,.

- 2048 2048

Similarly,

1 1 TR 1 1 1
[T1122] < C Ay 1 dvunll 2 fluzll ;o I Vauall [, AT dourll 5 IA3A{ Bousll},

Due to the elementary inequalities

1 4 s 1 s 1 I s 4 s
|§'2|4|51|§§|51|4+§|§2|4, |€1|4|$2|S§|€1|4+§|€2|4

and Plancherel’s theorem, we have

1 5 5

IAS d1d1u1ll3, < C (1A duurlly + A3 d1ur][32),
1 5 5 5 5 2

IAF durll7, < C AT urll2 + A5 url72).

Therefore, by Young’s inequality,

v 4 % 45’1 2
T122] < s—[I(A ,A Dol + =— II(A], A3)dsur |7,

v
— 2048 2048

5 5
2 7 7 2 2
+ClluallPs 1A T, ADu 2, Va2 |2,

We return to estimate /111, the first term in (2.6). I111 can be handled similarly as 711,. Integrating
by parts and then bounding it as 71121, we have
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I :2/u18181u181u1dx

=Clodwnllzz o 191millz2) roors ||M1IIL§ 4 x

— A4 A ad A ad
_2048”( LAl 2048” sutl]3,

5
2 i 2 2
+Cllur 125 1Ay 125 1V 12,

We now estimate /713. Integrating by parts, we have

Iz = —/alul81u383u1dx=/u18381u181u3dx+/u181u18183u3dx
=131+ s

In fact, as in the estimates of 11121,

Izt = Cll30unlicz s W0wsllz reers lunllcz zs

1 1 1 1 1 1 1
<CllA; »durllz2 ||Af31u3||zz ||A3A1431u3||zz laenll ;> IVl

s s s o1 s 1 1 1
§C||(A4,A4)83u1||L2||Afu3||22||A483u3||22||u1||z2||th1||z2

5
Y ad, ADBur 7, +

A ad
= 5048 IA] d3us)?,

2048
5
+Cllur 3o IATus )22 [ Vaur |3 .

Similarly,

<
Iizp = Cllovozuslipz  rs 91unllzz poers Murllzz r4

s sl sl 1 1
§C||A§‘31M3IIL2IIAfu1||22||A2A4u1||22||u1||22||(31,33)u1||zz

—III\4 w37, +

A a
= 5048 IAF B},

2048
5
+Cllurll3s IATutll2 @1, 93)ur 7.

This settles the estimate of /113. We turn to /114 and [;;5. Integrating by parts and invoking the
divergence-free condition V - u =0, we have

Iia + I1s =—/(32M1)2 Ourdx —/(32u1)2 doun dx
:/(82u1)2 83u3dx

= —2/ u3 030u1 dpu dx
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§2||8332M1||L2 LY, ||32’41||L2 L3LY, ||“3||L2

\’\’2
?T z ZT 7 z z % % %
< C||Aza3u1||Lz AT A 12, 1A (AT A |12, uzl 2, [ VausllZ,

— > 3
= 2048 ICAT. A5 12: + C sl AT A w122 1933

To estimate /114, we integrate by parts to obtain

I = /u13382u3 82u1dx+/u182u3 030ru1dx
= I161 + I1162-

The first term /1161 can be estimated similarly as /712. In fact,

Iie1 < ||3332M3||L2 S LA, ||32M1||L2 LeLY, llurll 2 L

1A 3 ousl2, + = AT By 2,

- 2048 2048

5
2 p:s 2 2
+ Clluy I 1Ay wrll7 1132, 93)u1 1l 5.

The estimate of ;¢4 is different.

Iie2 < ||3332M1||L2 LY ||321/t3||L2 LRL4 el 2 L

X1x3
1 3 5 2

50s 1 1 1 1 35 2
SCII(A4,A§‘)33M1||L2 IIAf32u3||22 I|A3A{‘32u3||22 ||u1||52||1\§u1||zz
50s
< CI(AT, ADdzurllp2 192u3l); 2||A dous| zll(l\“,A )32M3I|
3

35 2
X llurll7, 1A uill;,

5
Y ad, ADBu1l7, +

A4,A d
< 5o IC Ydus32,

2048
3
+Cllurll s 1A urll? 182usll3 .
Due to V - u =0, the last three terms in (2.6) can be regrouped into two terms,
—/33141 d3uz douy dx + / Dz (d3u1)* dx == Iz + Inis.
1117 can be estimated as /712. By integration by parts,
117 =/u1 0303u2 druy dx +/u1 030ou1 Buzdx == In71 + .

11171 can be estimated similarly as /112 and we have
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(il = 19393u2lip2 e W02urllpz poors Nunlizz 14

1 1 1ol 1 1 1
< CIllA; 33d3uzll 2 IIA432M1||22 ||A43233u1||22 lutll; > 131, B2)urll},

Py ||(A4,A )33M2||Lz + 5%

A4 A3)D
= 5048 (AT )3M1IIIL2

2048
2 S N 2
+Cllurlly2 AT, ADurll7, 11, 32)uill;

Similarly,

5
H1172] < m II(A“,A )33u2|| + m ||(A4,A§‘)33u1|| |iz

3 3
+Cllutll3, 1(AS . ADua 3, 11, 32)urll3
We deal with I1;3. By integration by parts,
1118 = [ 82142(83141)2 dx =-2 /uz 33141 8233141 dx.
By Holder’s inequality and by Minkowski’s inequality,
gl <2019203uill2 g Nualicz  pes N03uilliz roers - 2.7)
By Lemma 2.1 and an interpolation inequality,
i
0 o < CJA50 %
10321 ||L%3Lx1 Liz <C| 5 03U] ”L§ZX3LXI

1 [ 1
< CllAydzuill;, ||A4A133u1||22

< Cd3u1ll; 2||A duill 2||A A133141||

L2
< C||33M1|| 12 ||(1\4,A )33u1||L2, 28)
where we have invoked the interpolation inequality
: T
1A3dsutll 3, < Cldsurll 3 A3 dsua
In addition,
3 3 2
5 4 5
luzlpz | rge < Cluzll}s A7 u2ll - 2.9)

Inserting (2.8) and (2.9) in (2.7) yields
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5 3 50002 2 5003 3
Il < C A3 8surll 2 lluz ) 3 1A ua ) 3, 18313, ICAT, AD)d3utll,
v 3 .3 2 3 32 2
< 5ogg AT ADBu 7 + C luall}z AT uall 72 1950117

Combining the estimating above yields the bound

] <

5 5
_64||(A4,A )Vuill7, + 4||(A4,A§)Vuz||§z

5 5
+6—4||(A4,A§)Vu3||iz+C(||u||iz+||u|| 2>(||A4,A yutll?,
5 s 5 5005 2 5
AT, A Dl + 1A ADusl2,) Va2,
2.2. The estimates of I

We divide the terms in 72 into three parts,

~

L = fa,»b,- by djuy dx (2.10)
= /B[bj 0;b1 diurdx + / 0;bj 0;b diurdx + / 0;bj 0;b3 d;u3zdx
= Iy + I + I.
We write out the nine terms in /»; explicitly,
Ly = /81b1 01b1 d1uy dx +/31b2 02b1 d1u1 dx +/81b3 931 01u1 dx
+/ opb 01b1 Oru1 dx + / 0yby 02b1 Oru dx + / 0yb3 03b1 dru 1 dx

+f 03b1 01b1 O3u1dx + / 03by 0pb1 3udx + / 03b3 03b1 J3u1 dx
=D+ b+ -+ Do

We estimate them one by one. By Lemma 2.1,

[I211] < 1101611l 2

01011l 2 Lgors N0l 2 14,
1 1 1 1
< 101b1ll 2 A5 31b1ll 5 1AL AS 311l
1 1 1 1
x [|AS durll}, ||A3A§31u1||22

5
<yl ADAzurll7, + =

A4,A Aib
< 3o IC YA1b1 112

2048

s s ss
+C AL, ADurll 2 ||(A4, A24)b1||L2 19151117
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5
< —||(A4,A§>A3u1||iz

A4,A A1b
< 5o T YA 1112

2048

5 5 5 5
+C (||(A4,A§>u1||iz + ||(A4,A§)b1||iz> 0161117

The second and the third terms in /5 are bounded similarly. In fact,

|l212] < II(A4,A )Azully; +

A4,A A1b
< 5o R Tt YA1b22

2048

5 5 5 5
C <||<A4,A§>u1||§z + ||(A4,A§>bz||iz> 19261117
and

II(A“,A YAzu |72 + 5 II(A“,A )A1b3l7,

I
12131 = 3528 2048

5 5 5 5
+C (||<A4,A3>u1||iz + ||<A4,A§>b3niz) 18361117,

D14, Ir15 and 16 can all be bounded similarly.

|14l + |1215] + [1216] < ||A Azull7s +

A A1b
<3 T jiA3 AbI2,

2048

5 5
+C (uA;uluiz + ||A§b||iz>) Vb7,

I>17 and Ip13 can also be bounded similarly and we have

v 4
|217] < 5—II(A ,A DAzu7, +

A4,A A1b
< 5o T YA 12,

2048

5 5 5 5
+C (||(A4,A§>u1||iz + ||(A4,A§>b1||iz> 8361117,

5
|Iog < ||(A4,A VAsutl7, 4+ s—— A3 A1bi3,

= 2048 2048

5 5 5
+C (||<A4,A§>u1||iz + ||A§b1 ||iz) 18362117

The last term /19 is slightly different since the integrand contains d3b3 and d3b; and there is no
magnetic diffusion in the x3-direction. By V- b =0,

03b3 = —01b1 — 02D

and Ip19 is then split into two terms, I2191 and I2192. I»191 is the same as I>17 and I>192 can be
bounded as I1;. In fact,
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1121921 = Cll93b1ll 22 10202112 oo e, W03urller2 1)

5
4 1 2

5 5 5
+C (||<A4,A§>u1niz + ||A§b2||iz> 18361117,

A A1b
2048” 1 2||L2

We now turn to the terms in /5;. The nine terms in /o) are
I» = / 01b1 01by djurdx + f 01b2 02by dyur dx + / 01b3 93b 01up dx
+/ 02b1 01by dpurdx + / 02by 0pby rupr dx + / 02b3 03b) Drup dx

+f33b1 d1by 83u2dx+/83b2 0yby 83u2dx+/83b3 03b) d3up dx.

Most of the terms can be handled as before. It suffices to examine some of the most difficult
terms and one of them is

I3 :=/81b3 d03by dqur dx.

The integrand contains d3b> and d1u; and the lack of the regularization in the x3-direction in
the equation of b, and in the xj-direction of u;. To handle this term, we shift the undesirable
derivatives by integrating by parts,

1223 = —/811b3 83b2u2dx—/81b3 8381b2u2dx

= D31 + In3.

By Lemma 2.1 and Lemma 2.2,

12231] < 1911bslly 12 N93b2llrs 12 14 Mu2llzz posrs

Xl .)L’%
5 3 5 5 2 1 1 1 1
< CUIAF b3l 2 1335155 AT, ADsballSs 1AFual?, 1 A3AT o2,

To complete the estimates, we invoke the following interpolation inequality

1 4 s
IASuzll 2 < lluzll}> 1A  uall;,

Therefore,

5

s 3 505 2 2
|12231|§C||A431b3||L2 183621175 (A s A3)d3b2ll7 5 lluall; 2||A4M2|| 2||A3A4”2||

ad, ahves2, + =L jad, ad)ve 2,

- 2048 2048

4 5 5
+C lluall?, 19352117 A, A§)uz||iz.
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I>>37 can be bounded as follows. By Lemma 2.1 and Lemma 2.2,
<
[12232] < Cll9301ball 2 14 1163l Leorz  Nu2lliz roors)

1 3o 2 1
S CIA; B2l 2 1013l ], 1A} d1bsll;, III\SuzIIL;gL2

X1X2
! NV TRIE NUC S S
< CIIAZ930ball 2 1816307, 1A 316315, A3 uall 2, A3 A w2

1 3 5 2 2 5 1 1 1
< CIIAZ301ball 2 181305, 1A} 31b3 13, Nzl 5, 1AZ uall 1% A3 A uall

1 3 2 2 s s 3
< ClAy331b2ll 2 18163115 AT 31b3 115 luall 5 (A, Auzll;,

i 5 5 2 n 5 2
< ——I(A}, ADIzb ——||A}91b
_2048”( 5)03 2||Lz+2048|| 101631172
4 5 5
+C 01b3172 luzll 25 1(AS A uz 7. (2.11)

The terms in />3 can be estimated pretty much the same way as for the terms in /. We shall
omit the details for the sake of conciseness. To summarize, the terms in /> are bounded by

~ v 5 2 ) 5 5 2 i 5 5 2
|12|S6—4||A4VM1IIL2+6—4||(A4,A§)33M2IIL2+6—4||(A4,A§)Vb||Lz
2 4+ 10T At 4 10 E ADuslZ, 4 1ad. AbbI2 ) 9bi?
+C (13132 + 1S, ADulT + AT ADusIE + (AT ADBIL ) IV,
2.3. The estimates 0f73 and 14
We now turn to the terms in 73 in (2.4),
E:/aibj djug by dx. (2.12)

Some of the terms in (2.12) are the corresponding ones in (2.10), but (2.12) also contains terms
that are different. To bound the terms in (2.12), we split /3 into three parts,

~

I = /8ibjajulaibldx+faibj Sjuza,-bzdx+/8,-bjaju38,-b3dx
=Dy + I3+ 3.

The terms in /31 are
I3 =/31b1 d1u1 01bq dx+/81b282u1 01b1dx +/81b3 o3uy 01b1 dx
+/ 02b1 011y 02b1 dx + / 02bo ou1 02by dx + / 0yb3 d3uq 0pb1 dx

+/33b1 o1u1 03b1dx + / 03by 0puq 03b1 dx + / 03b3 0311 93b dx.
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Since most of the terms can be handled as before, we shall just provide the estimates for some of
the most difficult terms. The integrands of these terms involve partial derivatives for which the
equations in (1.7) have no dissipation. One of them is /317,

I317 = / 03b) 01u1 03bydx = —2/ 93b1 0193b1 uy dx.
As in the estimates of (2.11),

B17 = Cl19193billpz  r4 193b1ll2 14 Nuilliers iz
<
Cl0103billza o4 N93bullpz re  Nuilliz resrs

1 3 5 5 2 2 5 5 3
< CIAF 010312 135y 15, 1CAT . AS)Bb [ [l 1A ADui 3,
5 4 5 5
< mumm\;)agblniz + C 193117 a3, 1A, ADu ]l

The terms in /33 and I33 can be handled similarly. As an illustration, we take out one of the most
difficult terms and integrate by parts,

37 = f83b] 0 un 03by dx

= —/uz 03b1 0103bydx — / U 03b20103b1 dx
= Isp71 + 3272,

It is easy to see that the two terms above can be handled as /317. In fact,

<
3o71| < 119193b2ll 2 14 N193bullc2 1y Mu2lligers 12

X277

= N9193b2llzz  rg 103b1llc2 14 Mu2lli2 reers)
1 3 Il 3 AT ady i3
< CIlIA}0103b2l 12 103b111;, (AT, A)b1, lluall (A, Auall;,

A4,A 03b A 03b
< 2048”( )03 1|| 2048” 3 2||

4 5 5
+C1193b11172 lluzll ||(A4,A§>u2||iz.

13077 can be similarly boundec& In addition, the terms in /33 can also be similarly bounded.
Combining all the estimates in I3 yields the following bound,

503
|13|<—||A Vil + o VAT A a2 + 4||(A4,A§)Vb||§z
22 § A3 2 ;A 2 I A2 2
+C (IATu 12, + 1A, Al + 1A, ADuslZ, + 1A F, ADBIZ, ) Vb2,

The terms in /4 can be similarly estimated as those in 72 and 7} We thus omit the details.



646 W. Yang et al. / J. Differential Equations 266 (2019) 630-652

2.4. Completion of the proof

This subsection combines the estimates in the previous subsections to complete the proof for
the global regularity of Theorem 1.1.

Proof of the global regularity of Theorem 1.1 (continued). By (2.2) and the bounds in the
previous subsections, we have

d 2 3.2 i A3 2 ;A3 2
IV VD) +VIVAT I I + V(AT AD Vil + V(AT A Vas
i A3 2 22 i A3 2
+l(AF, ADVBIZ, < € (IATun 12, + 1(AS ADuz )2
5 5 5 5 5 9 2
HICAT L ADus 12 + (A, ADBIZ ) 1V, TB)I2,.

where C may depend on ||(ug, bo)||;2. Gronwall’s inequality then implies the desired uniform
global H!-bound as stated in Theorem 1.1. O

3. Proof of the uniqueness
This section proves the following uniqueness result.
Proposition 3.1. Assume (", b)) and (@, b®@) are two solutions of (1.7) on the time inter-

val [0, T]. Assume (@, bP) is in the regularity class (1.8) while @D, bWy js in the natural
energy class,

@ D) e L%, T L?),
IOIS SO SO N SO NI S R MGV SR - 2

Axuy”, Auy’, Asuy’, Afusy’, Ajusy’, A{bYY, AsbY/ e L7(0,T; L7).

Then (0, by = @, p?).
A special consequence of Proposition 3.1 is the uniqueness stated in Theorem 1.1.
Proof of Proposition 3.1. The proof estimates the L>-difference of these two solutions,
@b =@, b") — @, b,

which satisfies

ity +uV Vi + 8- Vul® = —9,5 — vAZiT +bD . Vb +B- Vb,

2 +u Vi + 8-Vl = 8,5 — vAZ%ﬁz —~ vA§ﬁ2 +bD . Vb +b- Vb,
dits +u®) Vs 18- Vul = —035 — vA iy — vA T+ bV . VB 4+ b - VP,
3b+u®.Vb+a - vb® =bD . Vii+b-vu® — nAI%i;— nAZ%B,

V-i=0, V-b=0,

u(x,0)=0, b(x,0 =0,
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where p = p( — p(2)~denotes the difference between the corresponding pressures. Taking the
inner product with (1, b) and integrating by parts yield

1d __ ~ 5. 55 50005
mnm,b)niz+v||A4u1||§2+v||(A4,A§)uz||iz+v||(A4,A§)u3||iz

5 5 o
+nll(AF, AT, =L1+ Lo+ L3 + L, 3.1)

where
L =—/(ﬁ-Vu(2))-ﬁdx,
Lzzf(i?-Vb(z)).ﬁdx,
L3=—/(ﬁ-Vb(2>)-de,
L4=/(S-Vu<2>).5dx.

L1 can be bounded as in [54]. For the sake of reader’s convenience, we provide the estimates for
two terms in L,

L14 = — / ’1,71 3114(22)’1/72 dx, L15 = — / ﬁzazuéz)ﬁz dx.
By Holder’s inequality and Lemma 2.1,

<
\Lial < 119137 2 Nzl 2 roers Nunllc2 poors,

IA

1 1
) i~ g~
C ||81’42 ||L2 ”Az MZ”L)ZCIXZL;;’ ”Az MIHI‘%zst;T

1 1 1 1 1 1 1 1
) i~ 2 I~ 12 I~ 112 To~ 132
C oS 1AZ T2, [1AS 835202, IAZ T, 1A 3y ]2,

IA

Invoking the interpolation inequalities as (3.2), we have

@) 5 S oad a3 Al advan s
~ ~ z I\~ z [N
Cllovuy Nz el Nuall ), 1CAY Ayurll;, 1(Ay A)uzll;,

A

[L14]

v a2 v I oadyeo2
< g 1AL ADTG + g A3, ADT
D03 e~ ~
+C 100 2, Nl 2 N2 g2

By Holder’s inequality and Lemma 2.1,
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~ ~ @
[Lis| < [luz]l 2 ||MZ||L)2(1 LZLY, |21, ||L§3L;><I>L§2
1
< Clial2 1AWl peo A5 0uS 2
- 2 L 2 2 Lxlsz;g 2 2 2 LX3X Lgo
~ T~ 03 AT A~ 1T qATa. 22 @3
< C a2 1Ao7, AT Asiia ]2, AT 0217, 1AS A1,

Inserting the interpolation inequality above,

1 s
IAS ol 2 < Cllill;, ||A4M2|| (3.2)
2 X

L2’

we obtain

~ 3 § Adv 1,0 A @
IL1s| < Clluzll ), 1Ay, Aol 2||A SN2 2||A2A114 II

5
~ = 2 = = 2
s@n(A“,A )i2l12, + C 2l ||A§ug’||;2 ||A;A1u< >||

To estimate L,, we write L, in terms of the components,

Lzzfgkakbfj)im dx,

where repeated indices are summed. One of the most difficult terms is
Lyg = / E383b§2)'b72 dx.

This term is more difficult due to 93 bgz) and the lack of magnetic diffusion in the x3-direction.
By Holder’s inequality and Lemma 2.1 and Lemma 2.2,

2)
[Log] <||b3||L°°L2 |I33b IIL2 Loolluzlle L1212

X3 7x)

< ||b3||L§mL;? ||33b2 ||L2 L3S w2l 2 2 oo

XT3
5

< CUB B AT B 196213 1 AT 9215 1 15 AT 15
< B3I, 1A B33, 183657 113, 1A3 03657117, N3, 1 A5 213
5
4 772
sﬁnz\ )7, + 2||A1b3||L2
5 2
- ) s o2
+C B3l 2 2] 2 193557 112 1145 33657113,

Other terms in Ly can be handled similarly. We now turn to L3 and write out the component
terms explicitly,

Ly=— / i b2 by dx.

It suffices to look at a typical term,



W. Yang et al. / J. Differential Equations 266 (2019) 630-652 649
L33:/ﬁ3 33b§2) 51 dx.
It can be bounded similarly as Zz. In fact,
L33l < 13l ooz 18357 12 poollBill 2 poor2
- L.\’3Lxlx2 1 L.\‘lx3Lx2 Llelexz
v 3 n S s
< — A w112, 4+ == 1A by
< 5 IA3 172 + 5 1A Bl
> 6) Ta @3
+C b1l 2 131l 2 193017 112 1A 33,7l

The estimate of L4 is similar. Again it suffices to look at a typical term,

L44 = / E] 8114;2) ZQ dx.
By Holder’s inequality, Lemma 2.2 and Lemma 2.1,

|Laal < ||b1 ||L;><>L2 1915 ||L2 LEL? ”bZ”L%l)@ LY

2
< 32||A Bill2: + 55143 Bal2s+ C B2 1B 2 191 AT 011

Inserting the estimates for L through L4 in (3.1), we obtain
d ~ 5 505 5 05
oI @ D)7, +VIATTL T, +vl(Ay ADTNT, +vI(A], A7,
Tl Al ADBIZ, < AG) 1@ D). (3.3)
where
A =C VD2 (AT Af Vb |} || +C V@2 (||A4w ? ||
FIad AV 1L 41t AHva@Is)
+CIAT PN IA @17, + c A k@i 1A i v,
+C AL IATVA® ), + CIve®)

The regularity assumption on u®@ and b@ in (1.8) ensures the integrability of A(¢), for any
T >0,

T

/A(t) dt < oo.

0
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Applying Growall’s inequality to (3.3) yields the desired uniqueness, (U, b) = 0. This completes
the proof of Proposition 3.1. O
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