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1. Introduction

In this paper, we consider the 2-D MHD equations without magnetic diffusion

oou—Au+u-Vu—>b-Vb+Vr =0,
Ob+u-Vb—b-Vu=0, (1.1)
divu = divb = 0.

Here w is the velocity field, b is the magnetic field and 7 is the pressure. Egs. (1.1) can
be applied to plasmas when the plasmas are strongly collisional, or the resistivity due to
these collisions are extremely small [2].

It is well-known that the 2-D MHD equations have the global smooth solution when
the magnetic diffusion is included. In the case without magnetic diffusion, the question of
whether smooth solution of the 2-D MHD equations develops singularity in finite time is
open [13,7]. Recent important progress has been obtained by Cao, Regmi and Wu [5,4],
where the authors studied the global regularity of the 2-D MHD equations with partial
dissipation and magnetic diffusion. Lei [9] studied the global regularity for the axially
symmetric MHD equations with nontrivial magnetic fields.

Due to divb = 0, there exists a potential function ¢ such that

b= (Opy @, —0u, @).

In terms of ¢, the MHD equations (1.1) can be rewritten as

oo +u-Vo =0,
ou — Au+u - Vu+div(Vo @ Vo) + Vp = 0, (1.2)
divu = 0,

where p = m — |V¢|%. In a recent remarkable paper [10], Lin, Xu and Zhang proved
the global existence of smooth solution of the system (1.2) around the trivial solution
(z2,0) (see [11] for 3-D case). By using the Lagrangian coordinates system, they first
transform (1.2) into a damped wave system with partial dissipation like

Yie — AY; — 02 Y = f(Y,Y;,VY).

Due to the partial dissipation, the solution has weak dissipation. Roughly speaking, the
solution Y behaves as

Y (t,€) ~ a(€)e™ () 4 p(¢)e?- ),

where as €| — +o0,

R Lo, g >4l
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Hence, the dissipation is very weak in the case of || > |£;1|. This simple analysis reveals
the anisotropy of the eigenvalues A4 (£) and A_ (), which signals the dependence of the
time decay rates on the spatial directions.

This anisotropy has prompted [10] to use the anisotropic Littlewood—Paley decompo-
sition as well as anisotropic Besov spaces in order to capture the weak dissipation. The
anisotropic Besov type spaces appear to be essential in handling the anisotropic regular-
ity in transport equations. Due to the use of the Lagrangian coordinates, [10] imposed
an admissible condition on the initial data 1y in the sense that

/(8x2¢0)(X(t,x))dt =0 forzeR,
R

where X (¢, z) is the integral curve of the vector field (149,.,10, — 0, %0). It seems unclear
what the physical interpretation of the admissible condition is.

The aim of this paper is two-fold: first, to establish the global existence of small
solutions to (1.2) without imposing the admissible condition on the initial data, and
second, to rigorously confirm the numerical observation that the energy of the MHD
equations is dissipated at a rate independent of the ohmic resistivity [3]. Our second
goal is achieved by providing explicit time decay rates for various Sobolev norms of the
solutions. These rates are identical to those for the linearized equations. Our main result
can be stated as follows.

Theorem 1.1. Let v = ¢ — xo. Assume that the initial data (1o, ug) satisfies (Vibg, ug) €
H8(R?). Then, there exist two small positive constants €, & such that if (Vibg,ug) €

H=5*NH *%R?) with s =1 — € and

(Vb0 uo) || s + || (Vo w0) || 1o + || (Vb0 w0) || s < €
then the MHD system (1.2) has a unique global solution (1, ) satisfying
(Vi u) € O([0, +00); H* (R?)).
Moreover, it holds that
185, V|, + |05 ul| . < Ce(l+6)~F (1.3)

for any t € [0,+00) and k = 0,1,2. Here H?*(R?) is the homogeneous anisotropic
Sobolev space, whose norm is defined by

£ lzros = [IDI[D1]7 £]] -

Remark 1.1. (1) The decay estimates for the nonlinear equation are consistent with those
of the linear equation obtained in Proposition 2.1, where the anisotropic Sobolev space
plays the essential role.

(2) Due to s < 3, (Vibo,ug) € H™57%(R?) if (Vebo, up) € L*(R?) N L*(R?).
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In order to prove Theorem 1.1, we first analyze the solutions of the linearized equa-
tions. Especially we obtain explicit time decay rates for the energy and various Sobolev
norms. The estimates for the nonlinear equations are more complex. The main diffi-
culty is that the system has a weak dissipation so that it is difficult to control the
growth of nonlinear terms. For example, the linear decay estimates do not insure that

0+°° |Vu(t)||L<dt is finite, which is important to control the growth of v, since it sat-
isfies a transport equation and its H® norm is bounded as

Hvd)(t)HHs < ||Vl g exp(/HVu(T)HLOOdT> 4.

To control the growth of nonlinear terms, we will use in a crucial way the anisotropic
Sobolev space and the special structure of nonlinear terms. First of all, under the as-
sumption that the solution is bounded in the anisotropic Sobolev spaces, one can show
that the energy of the solution has some kind of decay in time like (1.3). Then we use the
obtained decay estimates to prove that the solution is indeed bounded in the anisotropic
Sobolev spaces with a refined bound. Thus, the theorem follows from a continuous ar-
gument.

2. Decay estimate of the linear equation
2.1. Decay of the linearized MHD equations
Introduce the perturbation v = ¢ — x5. The system (1.2) is transformed into the form

o+ u? = —u -V,
dut — Aut — Oz, O, = —u - Vul — div(VY0y, ) — 0z, D,

Ou® — Au® + 02 ¢ = —u - Vu? — div(VpOp,1h) — Oz, p, (21)
divu = 0,
where the pressure p is determined by
p= (—A)_lﬁmi&w (uluj) + (—A)_lﬁxﬁmj(ﬁmiw(?xjw) £ p1 + pa. (2.2)
Specifically, the linearized MHD equation takes the form
o + u? =0,
Out — Aut — Oz, 02,1 = 0, (23)

du® — Au® + 92 ¢ =0,

Yli=0 = Yo, U|t=0 = uo.
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Now let us study the energy decay of the linearized equation by using the energy
method, which will be used to analyze the nonlinear system. The idea is partially moti-
vated by the paper [8] on the viscous surface waves.

Proposition 2.1. Assume that the initial data (Vibg,uo) € HY(R?) and (|D1]|™*Vbo,
|D1|%ug) € H'™*(R?) for s > 0. Then it holds that

lullz + IV ]|z < C(1L+8)7 5.
Proof. We introduce
E(t) 2 [ull2 + V93 + [Vull2: + |V} + 261 (u?, A),
D(t) 2 [|Vul2a + | V2|2 + €| VOn 0|22 — 1| VU2, — e (Au?, Av),
Bo(t) £ 1P|~ ullyx + 19117 Vell7a + 1D+ 101 ~*ull s + [IDI #1017V o,
where €1 > 0 is taken such that for some ¢ > 0,
B(t) = c(lulls + IVl + [IVule + [920]%,).
D(t) > c(|Vulliz + [1V0%, ¢l + [Vl 1.).
Indeed, we have

(Au?, Ay = (02 u?, AY) — (84,05, ut, AY)
< [[V2ul| L2 |V Oz, | 12

Direct energy estimates yield that

1d
——F D(t) <
S B+ D(t) <0,

By the interpolation, we get

V9|22 < [ID]=*V||Z3 1 D1V ||53F < Bu(6) 77 D(t) i,
IV20|22 < |[|DI“ D1 |7 V|| 257 [V, w5 < By(t) 7 D(t) .
This gives
E(t) < CE,(0)71 D(¢)7,
that is,
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This yields that

%E(t) +CE,(0) s B <0,

which implies that

E(t) < E(0) (1 + ét) -

The proof is completed. O

Remark 2.1. More general, one can show that for any k£ > 0,

s+k

102, ull 2 + (192, V[l . < CCL+6)773

Proposition 2.1 can be directly proved by using the representation formula of the solution.
Indeed, it is easy to see that u satisfies a damped wave equation

Ofu— Auy — 92 u =0, u(0) = o, 0yu(0) = u;.

Let AL (&) = —@(1 +4/1— 4};14'2). Then we get

U(t, &) = a(€)e™+ &) 4 b(g)e-©),

with
€12/1 - e
€121 - A
We find that as |{] — +oo,
5% {_17 |£| ~ |€1|7
A _S1
T PR

So, the dissipation is very weak in the case of |£] > |&].

We find from Proposition 2.1 that the solution has the decay estimate when the initial
data is bounded in the anisotropic Sobolev space. This motivates us to use the anisotropic
Sobolev space to capture the dissipation of the solution. The role of the anisotropic
Sobolev (Besov) spaces in the study of the Navier—Stokes system with anisotropic vertical
viscosity appears in [6,11,12].
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2.2. Anisotropic Littlewood—Paley analysis

Choose a nonnegative even function ¢ € S(R) supported in C = {{ € R, 2 <[¢] < §}
such that

ng Jﬁ =1 forany £ € R\ {0}.

JEZ

We need to introduce two classes of the frequency localization operators. The localization
operators A; and S; in the full direction are defined by

Ajf=F e@7ENF),  Sif= Y Apf forjel.

J'<i-1

The localization operators A? and th in the horizontal direction are defined by

A?f:f_l(¢<2_j|§1|)f)> S]hf: Z A?/f for j € Z.

J'<j—1
We denote by S (R?) the set of the tempered distribution f satisfying

lim [[x(AD)f[,. =0,

A—~+oo

for some y € D(R?) and x(0) # 0.

Definition 2.1. Let o, s € R. The anisotropic Sobolev space H?*(R?) is defined by

def

H?*(R*) = {f € 8},(R?): [|fllos < +oo},

where
1l 2 {27227 [ 85 AL a3 o
It is easy to see that ||f||go.= ~ [|[D|*|D1]° f||L2-

Definition 2.2. Let 0, s € R. The anisotropic Besov space B%*(R?) is defined by

BO’,S(RZ) def {f Sh(Rz) Hf”B"S < —|—OO}

where

1 Fllpee 2 [[{27°27% || A A% f]] 12},
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The norm of the anisotropic Lebesgue space L? L4_(R?) is given by

def
If e, e, =

1/ v 22)

q p -
g, e,

In the sequel, we will constantly use the following anisotropic Bony’s decomposition
that

F9=)_Si 1Sk fAARg+ Y S aALFA;SE g
ik ik
+D D S AN A AL g+ Y ASEfSi 1ALy

J o |k—=k"|<1 gk

FY CNARFS; SR g+ Y > AALFS1Afug

7,k J |k —k"|<1

+OY D NSE A ARG+ Y Y AARFASE g

li—3"I<1 K li—3"l<1 K

+ > NALFA AL,

l7=3"|<1 |k —k"[<1

Due to the choice of ¢, there exists Ny € N such that

AjAL(fg) = > AGAR(Sy-18k 1 fA; AL g)

l7—3"[<4,|k—k|<4

+ > ANGAR(Sj_1 AL FA;SE 1 g)

l7—5"[<4,|k—k'|<4

+ Z Z AJAZ (Sj/_lAh/fAj/AZug>

li—3"|<4 |k'—k" | <1,k k" >k—No

i 3 NjAT (DSt S 1AL g)

l7—5"|<4,|k—k'|<4

+ > AGAR (A AL £S5 180 _1g)

l7—5"[<4,|k—k|<4

+ > > NGAR(Ay AR fSj-18%9)

lj—3"|<4 |k —k"|<1,k k" >k—No

+ S D AGAN(AySE_ fAALg)

l7"=3"1<1,5",5" >j—No |k—k'|<4

+ > > NAR (DAL FASE g)

l7'=3"1<1,5",5" >j—No |k—k'|<4
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) > AGAL(Aj AL fAG Alug)
|7/ —3""1<1,57,5"">j—No |k’ =k’ |<1,k’ k"' >k—Ng
2B (f.9) + -+ Bu(f.9). (2.4)

The following Bernstein’s lemma will be constantly used [1].

Lemma 2.1. Let 1 <p < g < o0 and R > 0, ¢ € (0,1). Assume that f € LP(R?), then
there exists a constant C independent of f, R such that
supp f € {lé| <R} = (|07, < ORHGTD) |,

suppf C {cR< (| <R} = | fllzr <CR™ 'O"lsit_uh\laﬁfl\m

It is easy to infer from Lemma 2.1 that for q1,q2 > 2,

<02J<2 w2k e | AALF . (2.5)
We refer to the book [6] for more details about the Littlewood—Paley analysis.

3. Decay estimates for the nonlinear system

Motivated by the analysis of the linear system, we introduce the following energy

Do(t) 2 Jull3s + IVelI32 + [IVul3a + || V2|2 + 261 (u?, A),
Ho(t) 2 Va2 + || V2ul| 7, + ell0n, V|22 — e || VU 5. — e (Au?, AY),
and for £ =1, 2,
Dy(t) £ 2;22’“({}AjAZuHiz |2 ARV + (|4 ARVl 7, + (481 V2|7
J>
+ 261 (A Aju®, A ALAY)),

H(t) 23 225 (|| A ALV, + (|8 ALV 2|2, + a]|A;A0V0,, 9| 5.
7,k

—a||AjAIVG2|[T, — e (AJATAUR AGALAY)).
Throughout this paper, €; > 0 is taken such that for some ¢ > 0,
DD > o108, V| + 08, V20l + 108 w2 + [0, a2, 3
) = e(lar, Vaully, + (195, Pull + 05 V7). (3.2)

for £ =0,1,2.
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Proposition 3.1. Assume that the solution (1, u) of the system (2.1) satisfies

lu®| g7 + V@] s < co, (3.3)
fort € [0,T]. If cg is suitable small, then for some ¢ > 0,

£ Do(t) + eHo(r) <0,

for any t € [0,T].

Proof. From the proof of Proposition 2.1, we know that

DO(t) + HO(t) - F7

DO =
SRS

where F' is given by

F = {(u-Vi,Ay) — <u - Vb, A2w> — 61<u -V, Au2> — 61<u - Vu?, Aw>
— (u- Vu,u) + (u- Vu, Au) — (div(Vy @ Vi), u)
 (div(VY © V), Au) — e (div(Vid, ), A) — €1 (D, AV).

By integration by parts and divu = 0, it is easy to see that
(u-Vip, AYp) — (div(Vep @ Vp),u) — (u- Vu,u) = 0.
By Holder’s inequality and Sobolev’s inequality, we get

(- Vu, Au) < fluf|a|[Vul| ga | Aull 2

1 3
< Cllull 2 Vull 2| Aull 2. < CeoHo(t).

Using the following Sobolev inequality in R

1 1
[ fllee < CflI22 010111725
we infer that

(u- Voo, Au®) < lullrz, o IVllLz Lo | Aul| 2

< Cllull 721 Vul| 22 IV 721V Oy | 22 [| Aul| 12
< CcoHy(t),
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and

(u-Vu?, AY) = —(Vu - Vu?, Vi) — (u- VVu?, Vip)
< Vull2allVllzz + llullzz re VOlle, ree [|Au] 22

S CCOH()(t). (34)
By integration by parts and divu = 0, we have

(u-Vip, A% = (Au - Vip, AY) + (u - VA, AY) + 2(0s,u - VO, 00, At))
= (Au -V, Ap) + 2(0y,u - VO, 0, At)).

We just check the most troubled two terms

<8§2U23x2¢a 8§2¢> = _<ax28:v1ulaxz'¢, 822¢>
- <8mgulamgaw1w7 a£2¢> + <ax2ulax2¢a 63289611/}>
- <a:c2u18x28:c1¢7 822¢> - <a£2u16x2,¢? 8:C281'1¢>
- <am2u18§2¢7 amgaw1¢>7

and

(00, 0?07,1,05,0) = —(0n, 0 07,1, 07,0) = 2(u' 0,1, 00, 07, 1)
= —2(0,,u' 02,1, 0, 0y 0) — 2(u' 03 1, 0, 00, ).

So, we get

(02,020, 62,0) < 2|Vl o[V 00y 0l 2 [V20 o + 920 o[ 90, 012V
< CcoHy(t),

and

(00, u?8,,02,0) < coHo(t) + [|ullrz, 1

02yl s 2 V00122

< coHo(t) + |ull 2211 Vull 21100, 0, 011 22|05, 0| 72V Oy 0| 2
S CoHo(t).

Here we use the following interpolation argument

‘|8§2¢(x1,-)‘|i§2 = /‘agglb(fl’@){zdxz =2/ / 8§23m1¢3g2¢dx1dx2
R o0

R —

:2//amzaw1waggwdxldx2S2H89626$1¢HL2HaﬂinLQ'

R —o0



514 X. Ren et al. / Journal of Functional Analysis 267 (2014) 503-541

By integration by parts and divu = 0, we have

(div(Ve @ V), Au) = (div(Ved,, ), Au') + (div(Vpd,,v), 0, u”)
— <d1V(V'¢)ax2’¢))7 a$18$2u1>’

where the most troubled term is

(div(VpOy, 1), Au')
= (A0, 1, Au'y + (Vi - VO, 9, Au')
< [ AY[|pge £z, 102, ¥l 2, Leg [Aul| L2 + [Vl L [[ VO, Pl L2 (| Aul| L2

< C(IV0, Yl 2=V 72100, 1 22 V02, 0 22 + [Vl o0 [V Oy ¥ £2) | A 2
S CCoH()(t).

Recall that py = —%(Vw ®@ V),

(div(Vepd,,10), AY) + (pypa, AY))
= (O, (02, Y02, 1), AV + (D, (0, 0z, ), D2 1))

8962 axl di 89626302 8:171
_ <TW(8M¢V¢),A¢> - <T(8x21/15m11/1),mb>, (3.5)

from which, it is easy to get
(div(VYpdu, ), Avp) + (Duyp2, A¢p) < CeoHo(t).
Similar to (3.4), we have
(02,01, Atp) < CeoHo(1).
Summing up, we conclude the proof. O

The proof of Proposition 3.1 does not work for the case of £/ = 1, 2. Indeed, if we use
the energy method of Proposition 3.1, then we have to bound

(u-V,02 Ay < CHi(t),

which seems impossible. Instead, we use the anisotropic Littlewood—Paley decomposition.
We denote

e(t) = [|(u, V)| oo + ([, VO s + (| (s V)| s
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Proposition 3.2. Assume that the solution (1, u) of the system (2.1) satisfies

sup e(t) < ¢p.
t€[0,T]

If cq is suitably small, then for some c > 0,

%Dg(t) +eHL(t) <0,

for any t € [0,T] and £ =1,2.

Proof. Direct calculations yield that

S A2+ 12, AL, + (18, ALV, + (1A, AL 2,
20 (A, A% A, ARAD)) + (|8, ALVul2, + [, 80922,
b el A ALV, B, — el A ALV, - e (A AL A, A;ALAY))
2L+ -+ I, (3.6)

where I; is given by

L= (NjAR(u- V), AARAYY, L= —(AjA}(u- Vu), AjARu),

Iy = —(NJALAV(VY @ V), AjALu), I = —(A;AR (u- V), AjARAY),
Is = (A AR (u - Vu), AjARAu),  Ig = (A;ALdiv(VY @ V), A AR AL),

Iy = —e1 (0 AL (u- V), AJARAU?),  Is = —er (A;A} (u- V), AjALAY),
Iy = —er (DAL div(Vep0,,0), AjARAYY,  Tig = —e1(AjARD,,p, AjATAD).

The equality (3.6) together with Lemma A.1-Lemma A.10 implies that

%De(t) + H(t) < CeoHy(t).

The proposition follows by taking ¢y small. O
Now we are in a position to derive the decay estimate of the solution. We set
Eap(t) = Eso(t) + Es oy (1),

where Ej 5, is defined by (4.1).
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Proposition 3.3. Assume that the solution (1, u) of the system (2.1) satisfies

sup e(t) < ¢, sup Esn(t) < O
te(0,T] t€[0,7],k=0,1,2

If cq is suitably small, then it holds that

102, V[l + 1102, V20| 12 + (105, ll 2 + 102, Vull .o < Ce(1+ 87+

t
[ 105 DU+ 05 T2t + ok Tt < 2,
0

for any t € [0,T] and k =0,1,2, where C is a constant independent of €,t.

Proof. Proposition 3.1 and Proposition 3.2 yield that

1d

——D Hy(t) <O0. 3.7

5 2 Di(t) + cH (1) < (37)
This gives the second inequality by (3.2). From the interpolation argument of Proposi-
tion 2.1, we find that

s+k

Dy (t) < Cgs7k(t)ﬁﬂk(t)% < Cevirt Hy (t) 7T,

which along with (3.7) gives

d
2 Du(®) + cem TR Dy (1) T E < 0.

This implies the first inequality by (3.1). O
4. High order energy estimates

The high order energy FEj g, (t) is defined by

def H

B (1) 2 IO, s + O s+ (VB e (4D)

HH—8781

We denote
=[Ol a3 + 19Ol 55.4 + 1@l 535 + [[u@®]l e

g2(t) = [[u(®)]| 3.

g5(t) 2 [lu(®)]| 3.5 + J[u®)]] 5.1 + [0 5s.

Y

Nl=

+ o) 551

=
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Proposition 4.1. Let s € [0,3), s1 > —3. Assume that (u,v) is a solution of the sys-
tem (2.1) on [0,T]. There exists ¢c; > 0 such that if g1(t) < ¢ for t € [0,T], then

t

Es s (t) < CEs 4, (0) + C/(QQ(T) + 93(7')2)Es,31 (1)dr,
0

for any t € [0,T).
Proof. The energy equality (3.6) implies that

By () + c(IIVullZz -0y + IVUllZ2 (1001 01) + V02, YL (gr-2.01))

t

B (0)+ 320922 [ (1i(r) 4+ To(r))dr,
J.k 0

We infer from Lemma A.11-Lemma A.15 that

t
2281j2 Zks / -+ 110(7'))61’7'
0

c
< (C' sup g1(7) + —) (||VU||2L2(H75,51) + ||V“||2L2(H75751+1) + ”v&me%?(H*&ﬂ))
r€[0,4] 2 k i ‘

+ C/(QQ(T) + gg(T)2)Es,sl(7')dT.

Then the proposition follows by taking c; suitably small. O
5. Proof of Theorem 1.1

The following local well-posedness can be proved by using the standard energy
method. So we omit its proof.

Theorem 5.1. Let 1) = ¢ — xo. Assume that the initial data (1o, ug) satisfies (Vibg, ug) €

H3(R?) and (Vipo,uo) € H=5"5 N H *¥(R?) for s € (0,3). Then there exists T > 0

such that the MHD system (1.2) has a unique solution (1, w) on [0,T] satisfying
(Vy,u) € C([0,T]; H¥(R?)),  (Va,u) € C([0,T; H->~° N H™**(R?)).
Now let us assume that the solution (1, u) satisfies
Es(t) 2 Eoq(t) + Es_(t) + Eo7(t) < C12, t€[0,T]. (5.1)

In order to use Proposition 3.3, we take € small enough such that Cie < ¢.
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Lemma 5.1. Let g;(t) (i =1,2,3) be given by Section . If s > 3, then we have

t t
91(t) < Ce, /gg(T)dT < Ce, /g3(7')2dT < Ce?
0 0

for any t € [0, T], where C is a constant independent of €,t.

Proof. By the definition of B*®! we have

160535 <D 229220 A AR . < D 27|18 AR
J

k<j
< C(IVellze + |V .)-
Similarly, we have
lull 3.3 < Cllullze + [|V7u]| )
and
190530 <D 227225 [ A AL . < DALV
j k
< C(ID1|* V| 12 + 1102, V| 2).
So, we conclude by (5.1) that
01(t) < C(Fos(t) + Eao(t)? < Ce.
Next we consider go2(t). We have

lull .0 <D 227255 | A Abul| .,
k<j

1 % 2 %
<> 237 Aullf ]| 207, w1
J

> vl > Tl
< cllo2,ul| L Ivulhs + )| vo2, ol LI ul .

So, we get by Proposition 3.3 and s > % that

t t z t L
JEGEE C(/Haﬁlu(T)HildT) (/HWT)H;@T)
0 0 0

t :
< C’s(/(l + 7')_6+733 d7> < Ce.
0




X. Ren et al. / Journal of Functional Analysis 267 (2014) 503-541

Finally, let us consider gs(t). We have

Il

< 3ot oAl

k<j

3 1 1
<> 227 Ajul| 2 || A0, ul 2

J

< )00 ullf2 | Vul 2 + ClI V0, ull £ ]| V2

13
B2’2

IV

for any & € (0, 3). Taking § < £, we infer from Proposition 3.3 and (5.1) that

1426

519

t 1 t -
/Hu HB, sdr < Ce? (/ (1+1¢) (1+S)d’7'> + Ce? (/ 11Jr%d7> < Ce2.
0 0

Similarly, we have

I/\

lull 3. 22722K||A; Afu)

IN

259 Ajul| 121 A0, ul ;-

2
?

16
||V8x1u||L2||Vu||L2 + C||c’9$1u||L2||Vu||L2 lul| 32

Thus, we also have

/Hu HB, 1dr < Ce2.

We have
[l g0 < 3022558 AL
k<j
<2580 214V, v 2,
J
< CIVaL il (ID V] + 92,0
So, we get

t t
[ ladr < 2 [0,
0 0
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¢
<cet [ i <ot
0

Similarly, we have

N[

11l 1.5 < ClIVO vz (IVYllLe + |V 2)

Hence,

t
Sl 3dr < o=t
0

Summing up, we conclude that

The proof is finished. O

Now we are in a position to complete the proof of Theorem 1.1. Take £ small such
that Ce < ¢;. Then we infer from Proposition 4.1 and Lemma 5.1 that

E.(t) < CE,(0) + C / (92(7) + ga()?)Ex(r)dr
0

< C&(0) +Ce sup &Es(7).

T€[0,T]
Taking £ > 0 small such that Ce < %, we get
Es(t) < 20&,(0) < 2C€?,

Hence, we conclude Theorem 1.1 by a continuous argument.
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Appendix A

This appendix is devoted to proving nonlinear estimates for the energy estimates in
Section 3 and Section 4. Throughout this section, we denote by {c¢;};jrez a sequence
satisfying [[{c;k}jkezlo < 1.

A.1. Nonlinear estimates for the decay energy D; (t)
Recall that
Hi(t) > (|0, Va2 + |00, V20|, + |02, V9[.),
and

e(t) = [|(u, V)| oo + ([ (s VO s + [ (u, V)| -

In what follows, we take s; such that

3 . 1—|—281
0<s; <s, =——-2< th 6 = ,
s1 <8 S9 20 <s wi 9+ 25

which is possible by recalling s = % — € and taking € small enough.

Lemma A.1.

I+ 1y < Cej 27 %Fe(t)Hy (1)
Proof. By integration by parts, we rewrite I; as

L = —(NGAR(Vu- V), AjARVY) — (A AL (u! 0,5, V), A ARVY)
— ([A; AR 1?00, Vb, AjARVY) — (W 0y, AARN Y, A ARVY)
AN 24+ TA (A.1)

Step 1. Estimate of I7.

Using Bony’s decomposition (2.4) and divu = 0, we write

9
(AGAR(Vu- V), AjARVY) = Y (B4 (Vu', 0, 0), A ALVY)

m=1

+< ;tlk(axlu27a$2w)7AjAZam1w>
— (B (01", 00,), ;AL 0). (A2)



522 X. Ren et al. / Journal of Functional Analysis 267 (2014) 503-541

We get by (2.5) that

(Bj 1 (Vu',05,1), AGARNY)
< > ISpaStoaut | || Ay ARV || L | A ALV o

l7—5"1<4,|k—k'|<4

< O 2 ull oy 3 V02, 0l 2|V 2.0

1 1 1 3
< Cej 2 (ull gro.— + [Vl £2) * [V 0y ull 221V 11721V 77200

Here we used the inequality

z 1 1
lull 3.y <D 2% 1A ull 221140z, ullf

J

< C(lullgro— + 1Vull22) * [ VD, ul . (A.3)
Similarly, we have
(B} 1o (0wt 80y0), A AL Dy ) + (B 1, (0, u?, 80y), A AL Dy )
< Ceju2 * ([lull g0 + [ Vull 22) 2 V9] 2. Ha (1),
and
(B3 o (Vu', 00,0), AjARVY) + (B2 1 (VU 0,,0), A ALVY)
< Cepp 2 (full oo + [Vull2) 21V 22 Hi (8).

For the other two terms of m = 2, we get by Sobolev’s inequality and the interpolation
that

(B2 1 (0ny ", 00,10), AjAROp,00) + (B2 1 (00 u?, 00 ¥0), Aj ALy 1))

< Z HAhﬁmuHB 1,00 ||Aj/am2||LigL?ﬁ |A]A}];7va“L2
lj—j'|<4,|k—k'|<4 2y Mo

—2k 1|l 3 2 2 i
< Cej k272900, D)™ ul| L5 1102, Vull 22 IV 12| V02, || 1511V 0] 200

—2k ||, || 5
< Cejr 2 ull L2 Vel 2 Ha(2).
By (2.5) and the interpolation, we get

<B;1,k: (vul’ aam w)a AJAZV¢>
<C Z HaﬂﬁlAh’wuLgngg|‘Aj'vu||L§2L3‘i

l7—3"|<4,|k—k'|<4

8585V
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_ 1-6 . 1-6

< Cejp 2 28IVl ooy o (VR el [1D1 =" V|, 1V 0z, ul 12 [Vl 2.0
< Cejp2 M IVl - ollull 5%, o Hu (2).
While for m = 5,6, 8,9, it is easy to see that

(Byfy (Vu', 05,00), DALV YY) < Cey p 272 ||9b]| Ly 3 Ha(F),

and for m = 4,7, it holds

(Bl (02,0, 00y ), DAL Oy b)) + (BT Oy ut, 00y10), AjARD,0)

< Ce;u2 |19 1(1)-

pi3H
We infer from (2.5) and (A.3) that

<B;,k (vul, 8331 ¢)7 AJAZV¢>
SRR SERD SR 1IN TR I 1N R PO

|7/ =3"1<1,5",5" >j—No |k—k'|<4

< Cein2 Full 4y 3 V02, 0l 2|V 2.0

1 1
< Cepp2 ™ (lull o + [Vull2) 21V 22 Ha (1),

Step 2. Estimate of I? and I}.
Using Bony’s decomposition (2.4), (2.5) and (A.3), it is easy to show that

I} < Cejn2 " |lull 53,1 1V 00, 9l 2|V | 17220

< Ceju2  (lull o + [ Vullz2) * IV . Ha (1),

and by integration by parts,
I} = —2(u! 0y, AJALVY, A ARVY)
1 1
< O 2 (|[ull o + [Vl £2) * [Vl 22 Ha ().

Step 3. Estimate of I3.
Using Bony’s decomposition (2.4), we write

[AjA}kL7 u2} amz vd)
= > (DAL, Sj—1Sp _1u?] (Aj AL O, V)

l7—3"|<4,|k—k'|<4

+ > (A Al S; Alu?] (AjS)_10., V)

li—3"|<4,k">k—No
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+ > > [AGAR, S 1 AL ?] (A AL, 8, V)

li—7"|<4 |k'—k"|<1,k' k" >k—No
+ B ), (0?00, V) + - + B 1 (u?, 0., V)
+ B3, (u?, 00, V) + -+ B (u?, 02, V),

where g;k for i = 4,---,9 is similar to B  like

B! .(f.9) = > NSl fSy 1Al A AR

J'2j—No,|k—k'|<4

Using the fact Vu? = (9,,u?, —9,,ul), it is easy to get

B2'2

9
> (B (0,02, V), AjARVY) < Cej k2 M W] L1 1 [IVOz, ull L2 | Vi) 20,
m=4

and
(B} i (u?, 02, V1), A; ARV )
YD DR 4 1372 [P PNVNG - I PNPNG 2
j'>j—No,|k—Fk'|<4
< O k2 VY| 22 IV Oay ull 12 [V | 200,
and

(B2 (u?, 00, V), AjARVY)
<C Z 2%2§HAJ’Ak’VuZHmHAJAZvd’HL?HAJAZVme

J'2j—No,k'2k—No

< Cej k27 VY| L2 |V Oy ul| L2 [ V| 2.0
Similarly, for m = 6,7,8,9, we have
(BY (u?, 00, V), A ARVY) < Oy 2 [Vl 2 | Vs, ull 2| V) 0.

Now we consider the commutator terms. Let ¢ be the inverse Fourier transform of ¢,
and @q; (z) = 22 @(272), Poi (21) = 273(2721). Then we have

[AGAL Sy 1 AL u?] (Ayr Sp 104, V)

= /szj (:c - y)¢2k (x1 — yl)(sj'—lAZ'uz(y) - Sj’—lAZ/Uz(x))Aj'Sz}cL'_ﬁsz@U(y)dy
R2
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= /gégj (@ — y)Ppor (z1 — y1)(x — y)
R2

1
-V / Sy Alu? (ry + (1 - T):c)dTAj/S,i‘,_lamQVw(y)dy,
0

from which and Young’s inequality, we infer that

Z 1[A;AR, Sj 1 ARuP] (A S 105, V) || L
|l7—7"1<4,k'>k—Ng
<C > 27|V Sy M| s p 180 Sk 105,V s o
li—3'| <4,k >k—No e o

<C > ok’

l7—J"|<4,k" >k—No

|1A; V| p2. pee,

Al |
K’ L%nggl zo Hxq

which along with (2.5) implies that

> (DAL, Sj 1 AL P] (A SE 105, V), AjARVY)
7 =3" <4, | k—k'[<4

—2k(| 93 | |—3, |8 5 i 2 |4 5 5
< Ccj 27|03, IDI 2 ul| 1. 100, Vull E2 VY[l 72 [ VR, || £ IV F2 IV 2.0
1 7
< O 2 2 |l £ IV 52 Ha (1)
The other two commutator terms are bounded by

Cejr2 2 |lull 41,3 1V, ¥l L2 V[l 2.0
S CCj7k272k(H’LL||H—s,O -+ HVUHL2)§ HV@bHEng(t)
Step 4. Estimate of I4.
By integration by parts, we get
Iy = —<AjAZ(AU - V), AJAZA@@ — 2<AjAZ(Vu - VV), AjAZA¢>
— (DAL (u! - 05, AY), AGARAYY — ([A;AR, 0] 00, A, A AL AY)

— (U0 AGARAY, AJARAYY 2 T} + - + T3, (A.4)

Since the estimates for I} are very similar to those of Step 1-Step 3, we only record some
main estimates. Following the proof of Step 1, we deduce that for m =1,2,3,7,8,9,

(B (Aut, 0p, ), A AR AY) < Ccj27 M [ Aull 33 IV 0, Yl 22Vl 120

Copn i3 ) 1 1 3
< CCj7k2 ||U||12{4 Hv 8351'&“22 ||V77Z)||[2/2 ||V7,b||[2{2,0;
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and for m = 4,5, 06,

(B (Aut, 05, 1)), AGALAD)
< o2 VYl

s 1902 ) L 1D o V2| (920, | |V 20

HI- 9|
Sch,k2_2k||v¢”?{—52,0||U||1__6 520 H1(1).
H °V1-0

Using Au? = 02 u® — 8,,0,,u', we deduce that for m = 1,2,3,7,8,9,

(B (Au?,05,0), AjARAY) < Cej 27 2|V O, ull 12 ||V 1 1 IV 20,
and for m = 4, 5,6,

(B (Au?, 05,10), AjARAY) < Cc; 27 2’f\|v28x1u\|L2||w||B§ LIV 2.

So, we obtain

sz + V0 -0 (1),

S1>»

Iy < Cejp2 * (ullas + [Veollas + llull -
Now we consider I7. For m = 1,2,3,7,8,9, we have

(B (Vul, 00, V), AjATAY) < Cej 27 %Vl Ly 1 || V200,00 || L2 V|20

< O k2 [l o | V0, ul 2 | V| s VO o

and for m = 4,5, 6,

(B (Vu', 00, V), AjARAYY < Cc; 1272 ||V2ul| L1 1 V00, 0| 12| V0| 2.0

B4
< Cej 2 2 ul| 2| V200 1] 24 | VI 2. 1V 2
Using Vu? = (0,,u?, —0;,u'), we deduce that for m =1,2,3,7,8,9,
(B (Vu?, 05, V), A AL AY)
< Cej a2l £ V0, ull {2 1V s [Vl oo [Vl 120,
and for m = 4,5,6,

(B (Vu?, 05, V), AjARAYY < Cj w27 %% || V200, ul| L IV L1 1 (V]| 20

B2 2|

So, we obtain

1§ < Ccjp2 2 (ull e + [Vl o) Hi (8).
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For I} and I}, we have
I+ 13 < Ccjp2 2 (lufl oo + ull e + [Vl ra) Ha ().
Following the proof of Step 3, we get
Ij < Cejr2™* (|lull 2 + Vel a) Hy(2).
The proof of the lemma is finished. O
Lemma A.2.
I+ I5 < Ce;j w27 2% ||u(t)]] ;. Ha (1)
Proof. We only check the most troubled terms

<833€15’J2-,,€ (ue, ui), AjAZui>

5
<C > 227 || AR ul| ol Al 2, e [| Ay ARl
l7—3"|<4,|k—k'|<4
—2k 2
< Cej k27" |Jul| L2 ||V Oz, ull 72,
and
<5’$ZB?7k(u£,ui),AjAZAui>
<C > V[ Akull s po 185 ullis, 1 185k A .
|5=3"1<4, | k—k'| <4
< O 2 M| Vull 12 VO, ul 22| V?0r,ul| 1o O

Lemma A.3.
13 + I@ < ch,kQ_Zke(t)Hl (t)
Proof. Due to divu = 0, we write

(AGAL div(VY @ Vi), A ARV W)

= (AAL div(Vd,, ¥), AjARVu') + (AjALDy, (05, 1004, 00), A ARV u?)

+ (A A0y, (0,000, 0), DALV ).

Case 1. a = 0.
It follows from (2.5) that for m =1,2,3,5,6,7,8,9,

(div B (Vi), 02,9), A Agut) < Cejp2 " [90]| 41y IV 20 [V Oz, ul 2,

B2'2

527

(A.5)
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and by (2.5),

<divB§-{k(V¢,c%lw),AjA’,;ul}
=HCHD DR 1V P [V M P PN7:V 1

r2TxT]
l7—=5"[<4,|k—k|<4

< Ceju2 2|Vl L2 [V 20|V Oy | 2,

and form =1,---,6,

(00, B (02,0, 00y ), Aj A" ) < Cju2 [0l 3 4 IV 120 Vo, ] e,

B§

and for m =7,

<aaf1 Jk m2¢7 x2¢) h 1>
<C > ST 282K|A; 00 e e

r2"T1
|j/_j//|<1 j/aj//>j_N0 |k—k/|<4

|A //Ah/({?mw”m HAJAZUHL2

< Cejp2” 2’“||vw||4

V0l

The estimate for m = 8,9 is similar.
Case 2. a = 2.
For m=1,2,3,5,6,7,8,9, we have

(div Bl (V) 05, 00), A AR AUY) < Coj w27 2F[0]| 1 1 IV 20| V200, |

Bzz

and by (2.5),

<d1V B;l’k (Vib, aﬂm ¢)a A]AZAU1>

<C > 27| A V|| L2 Loe

r2° "]
l7—3"1<4,[k—k'|<4

|Ah’ meLglL;; HAJ'AZAUHL?

3 1
< ch,k2‘2'“HV¢H;% IVUI| LIV | 20| VO, u| o,
and

<A Ahawl( O, V02, 0), A AhVQ 1> < Cejx2” 2kHV¢H ||V¢HH20Hv26a:1UHL2

1322

Lemma A.4.

I7 + Ig S CijkQ_le(t)Hl(t).
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Proof. We first consider I7. We have by (2.5) that

(Bj 1. (w', O0n,0), A AL Au?)
<C Z lull 4.3 A% Ah’vamHA AhA“HL?

l7—3"1<4,|[k—k'|<4

1
2

1 1 1
< Ceju 2 (llull gro.— + [Vl £2) * [V 0o, ull 221V 1721V | 72,0 [ V202, | 2

and for m = 3,4, 7, we also have
(B (0, 00, ), A AL AU?)
1 1 1 1
< Ccj 2 2 (|ullgo.—s + |Vl £2) 2 [[VOn, ul| 2o |V | 22| VO || 220 || V2 Oy w]| o,
and

<Bj2-7k (u', 00 ¥0), A AR AU?)

<C > | AR

l7—3"1<4,|k—k|<4

!L2 Lo 187V,

|A AhAuHLQ

e T S
< Cej 2™ |lull {21V 0z, ull £ IV £V fpo0 || V2O ]| 2
and for m = 5,6,8,9,
(B (u', 00 10), A; AR AU?) < Cj 27| Vl| 2|V O, w72

Now we consider Ig. Using Vu? = (0,,u?, —0,,u'), we infer that for m = 1,2,3,5,
6,7,8,9,

(BT (u, 0z,u%), AARAYY < Cej 272K ul| L1 1 |V Oy ul| 12| V| 20,

322

and by (2.5),

<Bik (ui, Oz, u2) , AjAZA@Z)>

<Cc Y. ZIAjullee e

r2 T T]
l7—5"[<4,|k—k'|<4

< Cj2 2 | Vull 12|V Oz, ul 12| VY |20, O

}Ah’VUQHLglL;cQ ‘}AJAZV¢|‘L2

Lemma A.5.

€1{A; AN Oy, p2, AjATAY) < Ccjp2 2 e(t)Hy(t).
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Proof. Recall that

Oy, 0y, di
diV(Vd: ) + Ouap2 = 0o, (0003, 0) — Z2L= (V460 0)
a:pg 8wga:p1 a’BQamla’Bl
- A (8331 77[)8$277[)) + A (aﬂﬁz 1/18932 1/))

We check the terms

(02, B} 1 (0,10, 00 00), A AL AY)
<C Y 20l |Ay ARV L [ 2585V

l7—3"1<4,|k—k'|<4

< Cep2 (V9o + [[V29[| ) * [V 22 IVl 2o,
and a similar estimate for (9z, B3 (02,1, 02,0), AjARAY),

<a$1832',k(8331 wa axzw)v A3A2A¢>
SR SR N T PN e P

l7—3"1<4,|k—k'|<4
- STV NTRNE e gy
< O 2 VOl IV froo | ID13 9| 2 IV a0 V] 120,
and form =4,---,9,
<8961 Tk(aﬂflwﬂaﬂ?zw)ﬂA]AzAw> < ch»k2_2kHV¢HH2”V¢“§{2’0'

Obviously, we have

040z, 0, _
(858 (22500 0,,00.,0) ) 8,8480 ) < Cesa2  [T0llTolmo. 3

A.2. Nonlinear estimates for the decay energy Ds(t)
Recall that
Hy () = e([|02, V|, + 1|02, V2ul| . + [0, Vo).

We will follow the proofs and notations of Lemma A.l1-Lemma A.5 step by step. In
what follows, we take s; such that
3 — 66, 2s1 +1

ith 9, — =L~
20, UM T oo T

0<s1 <s, 82,83 < S, So + 83 =

which is also possible by taking € small enough.
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Lemma A.6.
Il + I4 S CCj,k2_4k€(t)H2(t).

Proof. Since the proof is similar to that of Lemma A.1, we only present a sketch.
Step 1. Estimate of I7.
By Lemma 2.1, we get for m =1, 3,
(B (Vu', 05,0), A ARVY)
1 2
< Ocj2 Mull 3.1 IV I3V 5o [V 20

2 1 1 5
< Coje2 ™ (lull 1.0 + llull - 1.0) > [VOZ, ul[ 2 IVEN 22 IV oo

Here we used the inequality

j 1 2 1
lull 3.5 < D28 (10073 Agul| 224,902, ul

J

2 1
< C(HUHH—i,o + Hu||H_i’1> 3 HV@%UHEQ. (A.6)
For m = 2, we have

(B2 o (Vu', 00,1), AjARVY)
SO S [ TRV ey NP R [P AP T

l7—J"|<4,|k—k'|<4

< Cej2 || VO3 ul a1l 3.3 IV oo,

B2’2
and by (2.5),
<BJ2J€ <aw1u1’ 81’177[))7 AJAZV¢> + <Bj2,k <a$1u27 8932’¢)), A3A2v¢>
< > ARy e 18 De e, | A5 ARV

2Tl
l7—3"1<4,|[k—k'|<4

BT 5 2 5 7
< Cejp2” Plul 52 || V2, ul| 22 VRN £ IV §s.0- (A7)
By (2.5), we have
<B;1,k (vu178x1w)’AjAZv¢>

l7—3"1<4,[k—k'[<4

ILZEHAJ'IVUHLQ [,o° A]AZV¢‘}L2

‘Lg P IS

1-64

) 2

_ 0
< Ceg2” V™, ) IV 05, ull 2 [V a5

o
1’ 201

VORI 1Da] ™ V|

< Cepn2 V)% L, 1Dl V| 1, " Ha(t),

H—52,—53
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and similar to (A.7), for m = 4,7,
(B (00, u?, 0,10), Aj AL Oz, ) + (BT (8, ut, 0py0), Aj AL Dy, 1))
—4k), |15 2 1% 3 5
< Ccj k2 |ull 22 || V02, ul| 3 IV 52 1V fs.o-
While for m = 5,6,8,9, it is easy to see that
(B} (V' 00 ), 8 8FVY) < Cep2 |10l 534 Ha(1).
We get by (2.5) that

(B (Vu',00,0), AjALVY)

<c Y > oAy abo Tl Al . 14,8050,

|7/ —=3"1<1,5",3" >3 —No |k—k'|<4
< Cezu2 ¥ (full -y + el 3.0 (V02 0l L IV0IE 4 19 o
Step 2. Estimate of I? and I{.
Using Bony’s decomposition (2.4), (2.5) and (A.6), it is easy to show that
B4 I} < Cep2 ull Ly, a IV V] o
< Cepn2 2 (lull, 3o+ llull - 3.2) F Vo] £ Ha2).

Step 3. Estimate of I.
Using the fact Vu? = (9,,u?, —9,,u'), it is easy to get for m = 5,6,8, 9,

(BT (42, 85, V), AjARVY) + (B (u?, 05, V), A ARVY)

< Ccjp2” 4k\|¢um 1 [|VO2 | IV a0,

and for m = 4,7,
(BT (42, 85, V), AjARNY) + (BT (u?, 0, V), A; ARVY)
< Ceyu2 ¥ ulfa | V2, ul S VOl 59 o
For the commutator terms, we only show the following term
> 1TA; AR, S -1 AR u?] (A St 100, V) | 12

l7—3"|<4,k'>k—No

=C Z 2" j”vs’ 1Ak/u2HL§1LgoHA Sk’ 18x2V¢HL2 oo

E
|7—3"|<4,k">k—No

<C Z ok’ HAk,UQHLQ L= 1AV 12 poe

2 "El
li—3"|<4,k">k—No
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from which, it is easy to get

> ([A;AL, Sj 1 AR ] (A S 105, V), AjARVY)

l7—3"1<4,[k—k'[<4

—ak, 11 2 118 g g
< Cejr2 lull £2 || V2 ul| VRN £ IV 1s.0-

Step 4. Estimate of I4.
First of all, we consider I}. Following the proof of Step 1, we deduce that for m = 1,7,

(Bj i (Aul, 8,,9), AjARAY) < Cejp2™ || Aul| 1 1 [[VOZ 0| L2 V|20
2 1
< Cojp2 ™ (llull 1.0 + llull ,-1.0) "IVl 3 Ha (D),
and for m =1,4,7,
(B (Au?, 00,1), A AR AY) < O 2™ |[ul F IV s | V202, ul| 21Vl oo
For m = 2,3,8,9, we have
(Bl (A, 00, 0), 8 AR AY) < Cez 2 F IV s [ VOZ, | o [V s,
and for m = 5,6,

(B}, (AU?,05,0), AJARAY) < ch,k2*4k||v¢HH3|\v2a§1u|\L2||wHH3,o.

For m = 4,5,6, we have

(BY (Aut, 00, 0), A ARAY) < Ceju2™ ™ VOll5 oy lull ™" 5 a0, Ha(t).
—

1—-61

Now we consider I7. For the term <B;?}k(wi,axivw), AjARAYY with m = 4,---,9,
the estimate is similar to that of I}. For m = 1,2,3, it holds that

(B (Vul, 00, V), AjAGAY) < O 27|Vl Ly 1 || V202, 9| oIV ] 130
2 1
< Ocyu2 ™ (lull 30 + Nl 1.2) F IVl o Ha(t),
(B (Vai2, 0,, V), A ARAY) < Ce; 2 [ull 3| [VO2, 1l |2, [ V0] s [V a0

The estimate of I is the same as that of I2. For I} and I}, we have

2 1
I3+ 13 < Cepn2 ™ (Jull, o + lull, 1) IVl Ha(). O
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Lemma A.7.
I+ 15 < ch7k2_4ke(t)H2(t).
Proof. We only show the most troubled terms

<B]2~7k8u (uz, ui), AjAZui>

<C > 2| Akl sy 1A ull e e [|AsARu]
=3 1S4,k —k'|<4 o
< Cej 2 |lull 12 | VO, ul| .
and
(02,82 1, (uf, u'), A; AR AU
YR DR TN R 1 [P PN 2N

l7—3"1<4,|k—k'|<4

< Cej 2 |IVull 2|V, ul| ]| V202 ul| .. O
Lemma A.S8.
I3+ I < ch7k2_4ke(t)H2(t).

Proof. Using (A.5), we check two cases.
Case 1. o = 0.
Form =1,2,3,5,6,7,8,9, we have

(div By, (Vo 0z, 90), AjARut) < Coy k2 0] o1 3 IVl s [ VOZ | .,

and by (2.5),

(div B} (V) 85, ), A At
<C > 1A, V9|2 LooHAh/é’mleLglL%IlAjAZVuHLz

r2TT]
l7—3"|<4,|k—k'|<4

< Coj 2 V|2 Vel 120 | VO2, |-
For m = 1,~~~,6, we haVe

(O, By (0016, 0y 0), Ag Afut) < Czu2 6]y 4 9] 100 || V02, o

B2'2

and by (2.5), we get
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<a$1 B;’,k (amzwa amg w), A_j AZU1>

<c Y D 22800 g, ng | g Al Bl |45 A

|7/ —3"1<1,57,5"">j—No |[k—k’|<4
—4k 3 3 3 2 1|3
< Cep2 IV 5 VYl oo llull 22 | VOZ, ul| 7
The estimate for m = 8,9 is similar.

Case 2. a = 2.
Form=1,2,3,5,6,7,8,9, we have

(div B} (V) 00y ), A AR Aut) < Oy 2~ [0 L1 3 IVl 20| V202, ]| o,

and by (2.5),

(div B;{k (Vp, 0z, 0), AjAZAu1>

<C >y 2| AVl L2 Lo

2 "1
l7—5"|<4,|k—k'|<4

‘Ah/aﬂﬁlwuLgng% A A Al

< C ) 2—4k \V4 % \V/ % \V4 v282
= MGk ” ¢||H% H w”lﬂ” ¢||H3°H xluHL2'
ObViOUSly, we have

(AjALDy, (02y 000y 0), AjARVu) < Ccy 27 || VY| 1 LIV 30| [ V202 ul| .- 0

B22
Lemma A.9.
I; + Ig < CCj7k274k€(t)H2(t).
Proof. We first consider I7. It follows from (2.5) that

<le',k<ui7aﬂci¢)7AjA2Au2>
SC X Nl Akl aata,,

B2'2
l7—3'1<4,|k—k'|<4

2 1
< Cen2 * (ull 10+ llull ;- 3.0) * IV 72 Ha(2),

and for m = 3,4, 7, we have

2
3

(BY (!, 00,00), Ay AL AW < Oy~ (ull 1o+ llull, y.0) BV 2Ha(t),

and
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<B]2-,k (u', 0z ), A AL AU?)

<C Al
>

l7—5"|<4,|k—k'|<4

}Lgngg 1A V2 L HAJAZAUHH

zg Ty
1 5 5 1
< Coy k2 || 54| V02, ul |2, [V 2 | V0 | G0 || V202, 1| o,
and for m = 5,6,8,9,
(B (uh,00,10), Aj AR AU < Cej k27| V)| 12 \|va§1uy|;.

Next we consider Ig. Using Vu? = (9,,u?, —0;,u'), we infer that for m = 1,3,5,6,7,
8,9,

(BY (u', 00,0%), A AR AY) < Ccj2™ Ml L3 3 [|VOZ, | o IVl oo,

and for m = 2,4, by (2.5),

(B (u', 05,u%), DAL AD)
<C > 292R|| Aol 2. e |

x2 X1

Al

‘L§1L$|‘AjAZV¢|‘L2

li—3"|<4,|k—k'|<4

< Ccj 27| Vu| g2 Hvail’uHL2HV1/}HH3,O. a
Lemma A.10.
Iy — e1{ N AL, po, AjALAY) < Cej 12 Fe(t)Ha(t).
Proof. It follows from (2.5) that

(02, B} 1 (0,10, 00, 00), A AL AY)
<C Z 200y ¥ Lo HAJ"Ah’V21/’HL2HAJ’AZunm

l7—3"1<4,|k—k'|<4

< Coj k2 ¥ |V e + |V20]] ) * | V4] . [ V01 200,
and

<8x1332,k(a$1w7 a’mw)? AJA}kLAw>

l7—3"|<4,|k—k'|<4

1 5 PR 1
< O 2" ¥ VY| IV oo | 1D 0| 521V frs.0 [ VD 0.

PR ALY N TN

For m =4,---,9, we have
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(0, B3 (00,1, 02, 0), D AR AY) < O 27|V 2 [ V350

It is obvious that

02,02, O, _
(8781 (22252 00, 00,00) ) AgALAY ) < Cezu2 M Tl Tl

A.3. Nonlinear estimates for the high order energy

Recall that

+llullz,  g2(t) = llull 5.5

[

g1(t) = [0l ;3.3 + 1Vl 510 +lull 5103
+llull gy + 10l + 101, .-

I

ga(t) = llull s 5
We will use the notations of Lemma A.1-Lemma A.5 and always assume that s € [0, %)
and s; > —%.
Lemma A.11.
Ve, Pll-ssr + g2 () V[[7r—cr 01

I < Cej 2729 2%% (g1 ()| Vull o0
+ 93OV, Yl =22 [V r-c.c1 ).

and
Iy < Cej p 272592275 (g1 (8| V|| gr-sor01 |V Oy | sr—cor + g2(8) [ V|| 3=y 1
+ 93(t) IV, Wl pr-so1 + IVl o000 ) [V | pr—s0041).

Proof. We write I, as
Iy = —(NA} (AU, 0,,0), AJARAYY — 2( A AR (Vu - V), AjALAY)
— ([AGAL u] VA, AAAYY £ 1) + I3 + I3

Step 1. Estimate of I}.
It is easy to infer from (2.5) that
(B} o (Au- V), AjARAY) + (BF 1 (Au', 00, 00), A ALAY)
< ch7k2_2slj22ksl|u||3%,% VO, ¥l -1 [V | r—s61+1,
and using Au® = 92 u® — 9,,0,,u’,

(B x (AU, 00, ¥), A ALAY) < Cej 27222 ul| g 3 VNI —oor01-
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By (2.5) and s < 3, we get
(B3 (A, 0,,0), AjARAY)

ko (L_\p' Akl
<C > 222~ 2925 || AL V|,
lj—j'|<4 |k—k'|<1,k' k" >k—No ‘

X Q—k//SHAj/AZ,,V(?meLQ ‘|AjAZA¢HL2

S ch’k2—251j22k5’|u||B%7% ”Vamlq/}”H—s,sl ’vaH—s,sl—&-l.

LOO
1 %2

For m = 4,5, we have
(B (Aut, 05,9), A ARAY) < Cejp2 2228 1]| oy [Vl g-sisiss [Vl pr-sisr1,
(Bj (Au?, 00, 00), AjARAY) < Cej 27225 |9]| o g IVl r—sioa 1 [ VOs ] r-suon s

and by (2.5),

(BS 1 (Au, 85,0, AGALAD)

<c Y > 252~ (39K 9= K's

l7—3"|<4 |[k—K'|<1,E", k" >k—No

8, AL V] .

X 27 (| AL 00 ¥l o 1o 185828

< O 27209220 g 1 [Vl grson et [Vl rsior 1.

Noting that s; > —%, we can get the similar estimates as in m =4 for m = 7,8, 9.
Step 2. Estimate of I? and I3.

The estimates are almost the same as those of Step 1. We have

If + I3 < Cej27 2922 (qr (1) [Vl r—cor1 [ VO, Yl oo + g2 (O VE s 010
+ 938 (IVOr, ¥l pr—s.01 + [IVull gr=co100 ) [V pr=s.0151)..

Step 3. Estimate of I;.
We write I; as

L = —(NjA(Vu - V), AjARVY) — ([A;AL u]VVY, AJARVY) £ I + I3
For m=1,2,3,7,8,9, we have

(B (Vu', 00,9), AjARVY) < Cejr2™ 2225 |ul| o1 3 V00, ¥l pr—sa [V | pr—ove1

While for m = 4,5, 6, we have

(B (V' 0,0), AjARVYY < Ccj 27292751 1 1 [Vl - (| VO, || s

B2'2
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This gives the estimate of I$. The estimate of I? is similar. The proof of the lemma is
finished. O

In a similar way, the following lemmas can be proved by using Bony’s decomposi-
tion (2.4) and Lemma 2.1. So, we just present a sketch.

Lemma A.12.
I + I5 < Cejp2 2% | 2 (V| 3o + [ Vullfr—ci0)-
Proof. Due to s < % and s; > —%, it is easy to show that

I < Cej 272922 |ul| 2| V| F - oy

I < Copn2 92 |u) 2| Va3 O

Lemma A.13.

Iy < Ceyn2 92 (o (1) [V bl g —os [Vl s + g (OIVE oo IVl gy
10 V0l ool arss),

and

Is < Cejn27 2722 (g1 (D) [V Oz, ]| 7.
+ g3(O) |Vl g—se142 HVUHH*Sasﬁrl).

|vu||H75,51+1

Proof. For m =1,2,3,5,6,7,8,9, we have

(div B3 (V4,0 0), AjARut) < O 272922 F[0|| o 1 [[VOr, 00l .o

|VU||H—s,s1,
and
(div Bj (V4,0 0), AjARu") < O 272922 [0 s || V| o, IVl o1

and form=1,---,6,

(00, B 00y, 0 ), Aj AR ) < Cej 2722 M [Wl] Ly 1 IV 0o, 90| pr—voes [Vl -2

+ Cejp2 222 1P| Lo 1 IVl oo [Vl g-soes,

and by (2.5),



540 X. Ren et al. / Journal of Functional Analysis 267 (2014) 5053541

(00 B (D0, Oy ), A Aot
<C > S 2528|800, vl s, 1

r2 " T1
7' =3"1<1,5",5" >j—No |[k—k'|<4

< Cej2 2922 9| Ly s [V Oay ¥l r—sien

|AJ”Ah’8ﬂc2wHL2 HAJ’AZUHH

’u||H—s,S1+% .

The estimate for m = 8,9 is similar. This gives the estimate of I5. The estimate of I is
similar. Here we omit the details. O

Lemma A.14.

I; + Ig < ch7k2_251j225k (91 OVl g=s.51
+ g3V o010

‘VUHHfs,lerl

’quHfs,sl%»l).
Proof. It is easy to show that

I < Cop 229225 (]| 4 4 [Vl

+lull 3 s VYl a-con [V o),

B22

|VU||H—S,31+1

Iy < Cej 272922 [l Ly 1 [Vl oo

|VUHH—S,51+1. D
Lemma A.15.

Iy — e1{AjALOy,po, Ay AL AY)
< Ce;j k27219275 (g1 (0)|[V 0y, Y3 eor + g3V r—su1+1 | VO, Y] r—s.51 ).

Proof. Using (3.5), it is easy to deduce that

Ig — €1<AjA}]Z;’aT2p27 AJA2A¢>

< Cej 27225 (9] L1 5 IV, )1 F—ecs

10l g IVl [V Bl pgen). O
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