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Abstract

This paper investigates the global (in time) regularity of solutions to a system of equations that generalize
the vorticity formulation of the 2D Boussinesq—Navier—Stokes equations. The velocity « in this system is
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to the standard velocity—vorticity relation when ¢ = y = 0. When either 0 > 0 or y > 0, the velocity
u is more singular. The “quasi-velocity” v determined by V x v = w satisfies an equation of very special
structure. This paper establishes the global regularity and uniqueness of solutions for the case when ¢ = 0
and y > 0. In addition, the vorticity o is shown to be globally bounded in several functional settings such
as L2 for o > 0 in a suitable range.
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1. Introduction

This paper aims at the global regularity problem on the generalized 2D Boussinesq equations

dhw+u-Vo+ Aw = 0,
u=Vty = (=0, 0¥, Ay = A (log( — A))Y , (1.1)
0,0 +u-Ve =0,

where w = w(x,t),¥ = Y¥(x,t) and 6 = 6O(x,t) are scalar functions of x € R2 and
t > 0,u = u(x,t) : R? — RZ? is a vector field, o > 0 and y > 0 are real parameters, and

A= (—A)% and A? are Fourier multiplier operators with
AfE) =117 F(&).
For a given initial data
w(x,0) = wo(x), O(x,0) = 6p(x), (1.2)

we would like to determine whether or not the corresponding solution is global in time.
The model studied here can be regarded as a generalization of the vorticity formulation of the
2D Boussinesq equations

oru+u-Vu=vAu — Vp+6ey,
V-u=0 (1.3)
0,0 +u-VOe =xA0,

where v > 0 and « > 0 are real parameters and e; = (0, 1) is the unit vector in the x>-
direction. Boussinseq type equations model geophysical flows such as atmospheric fronts and
ocean circulations (see, e.g., [25,30]). Mathematically the 2D Boussinesq equations serve as
a lower-dimensional model of the 3D hydrodynamics equations. In fact, the 2D Boussinesq
equations retain some key features of the 3D Euler and Navier—Stokes equations such as the
vortex stretching mechanism and, as pointed out in [26], the inviscid 2D Boussinesq equations
are identical to the Euler equations for the 3D axisymmetric swirling flows outside the symmetry
axis. It is hoped that the study of the 2D Boussinesq equations may shed light on the global
regularity problem concerning the 3D Euler and Navier—Stokes equations.

The global regularity problem for the 2D Boussinesq equations has been extensively studied
and important progress has been made (see, e.g., [1-3,6-8,13,15-22,24,27]). When v > 0, x >
0, (1.3) with any sufficiently smooth data has a global solution (see, e.g., [6]). In the case of
inviscid Boussinesq equations, namely (1.3) with v = « = 0, the global regularity problem
remains outstandingly open. The global regularity for the case v > 0 and k = 0 was obtained
by Chae [8] and by Hou and Li [22]. The case when v = 0 and ¥ > 0 was dealt with in [8].
Their results successfully resolved one of the open problems proposed by Moffatt [29]. Further
progress on these two cases was recently made by Hmidi et al., who were able to establish the
global regularity even when the full Laplacian dissipation is replaced by the critical dissipation
represented in terms of ~/—A [20,21]. The work of Hmidi et al. was further generalized by
Miao and Xue to accommodate both fractional dissipation and fractional thermal diffusion [27].
In a very recent preprint [13], Constantin and Vicol applied the nonlinear maximum principle
for linear nonlocal operators to obtain another global regularity result when the fractional
powers of the Laplacians for the dissipation and thermal diffusion obey certain conditions.
The global well-posedness for the anisotropic Boussinesq equations with horizontal dissipation
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or thermal diffusion was first studied by Danchin and Paicu [17]. Recently Larios et al. [24]
further investigated the Boussinesq equations with horizontal dissipation via more elementary
approaches and re-established some results of Danchin and Paicu under milder assumptions. The
global regularity problem for the 2D Boussinesq equations with vertical dissipation has been
studied by Adhikari et al. [2,3] and was successively resolved by Cao and Wu [7].

We first point out that the vorticity equation in (1.1) does have a corresponding velocity
formulation

2
v +u-Vo—Y u;Vj + Av=—Vp + ey, (1.4)
j=1
where v satisfies

V.v=0, u= A%{log(I — A)v or Vxv=ow.

When o = y = 0, u = v and (1.4) reduces to the Boussinesq velocity equation after redefining
the pressure by p — %|u 2. The details of the derivation is left in the second section.

Our motivation for studying the global regularity of (1.1) comes from two different sources:
the first being the models generalizing the surface quasi-geostrophic equation and the 2D
hydrodynamics equations (see, e.g., [11,10,9,12,14,23,28]) and the second being the the
Boussinesq—Navier—Stokes system with critical dissipation [20]. In a recent work [20], Hmidi
et al. successfully established the global regularity of the Boussinesq—Navier—Stokes system
with critical dissipation, namely (1.1) with 0 = 0 and y = 0. Their key idea is to consider
the combined quantity

G=w-RH,
which satisfies
0G+u-VG+ AG = —[R,u-V]b. (1.5)

Here R = A~!9,, stands for a Riesz transform and the brackets denote the commutator. The
advantage of (1.5) is that we can avoid evaluate the derivatives of 6 when estimating the Lebesgue
norm of G. This approach is also useful in the handling of the generalized Boussinesq equations
(1.1).

Our goal here is to extend their work to cover more singular velocities and explore how far
one can go beyond the critical case. When either ¢ > 0 or y > 0, the corresponding velocity
field u is more singular. We are able to obtain the global regularity and uniqueness of solutions
to (1.1) for the special case when o0 = 0 and y > 0.

Theorem 1.1. Consider the generalized Boussinesq equations (1.1) with 0 = 0 and y > 0.
Assume the initial data (wq, 6p) satisfies

0,y
oo, 1

wye L>’NLINB 6y € L>N BYY,
for some g > 2. Then (1.1) has a unique global solution (w, 0) satisfying, for anyt > 0,

wel>NLINLBYY 6el>NL®NL!BY,.

00,1°

Here B&Vl is a space of Besov type and its definition is provided in the Appendix. Although
it is not clear if this global regularity result still holds for the more singular case when o > 0,
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we can still show that the L2-norm of the vorticity w is bounded at any time for 0 < o < % and
y > 0. More precisely, we have the following theorem.

Theorem 1.2. Consider (1.1) with 0 < o < % and y > 0. Assume (wy, 0y) satisfies the
conditions stated in Theorem 1.1. Let (w, 0) be the corresponding solution. Then, for any t > 0,

lo@®ll2 = B@)

for a smooth function B(t) of t depending on the initial data only. In addition, G satisfies the
basic energy bound

t
1
1GOI2, + fo 1A3G2,dr < B(@). (1.6)

4
1+20]
is also globally bounded in time when 0 < o < % and y > 0 (g # ﬁ when y > 0). In

Further regularity can also be established for certain o > 0. In fact, ||| s for g € (2,

addition, for 0 < o < A—IL and y > 0, the space—time norm Zf B;,l of G is also bounded for any
t > 0. The precise statement is given in Theorem 4.3. This bound especially implies that G is in
L! L. However, we need to assume o = 0 in order to obtain the global bounds for  and 6 in
LIL%.

The rest of this paper is divided into four sections. The second section derives the velocity
formulation of a generalized Boussinesq vorticity equation. The third section proves the global
L? vorticity bound stated in Theorem 1.2. It requires a commutator estimate involving the
Riesz transform R. Section 4 proves the aforementioned global regularity bounds and part of
Theorem 1.1 while Section 5 establishes the uniqueness part of Theorem 1.1. Throughout the
rest of this paper, B(¢)’s denote bounds that depend on ¢ and the initial data.

2. Derivation of the velocity equation
This section derives the velocity formulation for the generalized 2D Boussineq vorticity
equation given by

dw+u-Vo+vA%w =0y,
u=VIiy = (=05, )V, AY = P(Nw, 2.1)
8,0 +u-Vo+xAPo =0

where v > 0,k > 0,0 <o < 1,0 < B < 1 are real parameters, and P (A) is a Fourier multiplier
operator with

PN f(E) = P(E])F&).

Clearly, (1.1) is a special case of (2.1). A special consequence of Theorem 2.1 is the derivation
of (1.4).

Theorem 2.1. For classical solutions of (2.1) that decay sufficiently fast as |x| — oo, (2.1) is
equivalent to the following equations

v+ ut (V- v) +vA% = —Vp + fes,
Vouv=0, u= P, 2.2)
30 4+u -V +xkAP0 =0,
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In addition, the equation for v can be written in the more familiar form
2
ov+u-Vv— Zuvaj +vA% = —Vp + fe;.
j=1

Proof. It follows from the second equation in (2.1) that

u=vV+rAT' PN, Vxu=Vt u=Ay =PNo.
Therefore, if we set

v=P(A) u,
then

v=V+A"ly and w=PU) 'Vxu=Vxu.
Applying VA~ to the first equation in (2.1), we obtain

dv+ ATV - Vo) +va% = A7vEe,

To rewrite the nonlinear term, we consider the components of Vi@ - Vo):

—0x, (U - Vo) = —0,(V - (uw))
= _axz (ax] (u1w) + axz (urw))
= Oy, (=0, (u1w)) — A(urw) + 9y, (3x, (u20))
= —A(urw) + 9y, (—0x, (U1®) + Oy, (u2w)),
Oy, (- Vo) = 0y, (V- (uw))
x, (Ox, (U1®) + Oy, (u20))
= axlaxl (nw) + axz(axl (urw))
= A(uiw) + 9x, (3x, (u2w) — O, (u1w)).

That is,
AW w - Vo) = utw — ATIVV - (utw)).

In addition,
—9,,0,,0 . (=, 0) 0
1 _ x1 Oxp _ [ 9x X2
v, = ( 926 ) = (axZ(—ame)) T (AG)

ATIVEe, = 0ey + ATIV(=0,,0).

and

Inserting (2.6) and (2.7) in (2.5), we obtain, after noting w = v
v+ ut(VE - v) +vA% = —Vp + e,
where

p=-A7H (V- @tV —a,0).

(2.3)

2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Clearly, (2.9) is a simple consequence of (2.8) with V - v = 0. We can rewrite the nonlinear term
into more familiar form. Inserting the identity

2
uL(VL V) =u-Vv — Zuvaj
j=l1

in (2.8), we find

2
8,v—|—u-Vv—Zuvaj—|—v/1°‘v=—Vp+9e2. (2.10)
=1

(2.2) 1s a combination of (2.8), (2.9) and the last equation in (2.1). (2.3) is just (2.10). This
completes the proof of Theorem 2.1. [J

3. Global (in time) bound for ||w]| ;-

This section proves Theorem 1.2, the global a priori L?-bound for the vorticity w. To do so,
one considers the equation for G = w — RO,

G +u-VG+ AG = —[R,u - VIe. 3.1)

Clearly, in order to control ||G||;2, we need a bound for the commutator [R, u - V]6. For this
purpose, we start with the following lemma.

Lemma 3.1. Let p € [1,00] and § € (0, 1). If [x|°¢ € L', f € BS  and g € L™, then

g (fg) — f(@*llr < Cllix’ll ||f||1§g’oo||g||L°°- (3.2)
In the case when § = 1, (3.2) is replaced by
¢ *(fg) — f(@*xlLr < ClIxI@lpIVfllLrligliree. (3.3)

ngv o here denotes a homogeneous Besov space, which is defined in the Appendix. (3.3) was
previously obtained in Lemma 3.2 of [20, p. 2153]. Our extension to cover the case for § € (0, 1)
is necessary in order to deal with the generalized Boussinesq equations (1.1). Since now the
velocity field u is more singular, namely

u=V+tAT1A%(log(l — A) w,

it is necessary to consider the fractional derivative A'~%u, which, roughly speaking, is more or
less w when evaluated in a Lebesgue space. When o > 0, we can no longer control Vu in terms
of w, as in [20].

Proof. By Minkowski’s inequality, for any p € [1, oo],
p 1/p
dx:|

1/p
< f[/ |¢(Z)(f(X)—f(x—z))g(X—z)lpdx] dz

o+ (fg) = f@*QlLr = [/' (@) (f(x) — f(x —2)glx —2)dz

< IIgIIwalflﬁ(Z)l 1f() = fC—=2lrrdz
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< gl sup 1O =SC=Dler
|z|>0 |1z

1zI%1p ()1l .

(3.2) then follows from the definition of Bf,’oo. ]

We now present a general proposition that provides an estimate for the commutator as in (3.1).
The proof of this proposition is obtained by modifying that of Proposition 3.3 in [20]. Since the
proof is slightly long, we leave it to the end of this section.

Proposition 3.2. Let u : RY — R? be a vector field. Let R = Oy, A~ denote a Riesz transform.
Lets € (0,1),s <d<1,pe(l,00)and q € [1, o). Then

3
IR, ulFllgy,, < Cillullgs  IFlgss +C2 ) 1Ajud;FlLr. (3:4)
j=—1

where C1 is a constant depending on d, s, §, p and q only and C, is an absolute constant. When
8 =1, |lullgs is replaced by ||Vul|Lr.
p,00

We now apply Proposition 3.2 to the special case when u is determined by w through the
relations in (1.1). We obtain a bound for the commutator involved in the equation for G, namely
(3.1).

Corollary 3.3. Let u : R? — R? be a vector field determined by a scalar function w through the
relations

u=vViy, Ay = A% (log(I — A)) w, (3.5)
where 0 < o < % and y > 0 are real parameters. Then, forany) <s <1 —o, p € (1, 00) and
q €1, 00],

IR, uldlls, , < ClloliLr 101l gsror + CllwllLe 101 Lr2, (3.6)

where p1 and p> satisfy

1 1 1 1—0o
p]e[l,OO), pZE[l,OO], — t — = — 4
P1 P2 p 2

and C’s are constants depending on o, v, s, p, q, p1 and ps. Furthermore, for any p3 > ——,

IR, ullz = C llwol> (100 + 161 2 ). (3.7)
where C is a constant depending on o, s and p3 only.
Proof of Corollary 3.3. By Proposition 3.2,

3
IR ul6llsy, =< Cllullgs N0Nges +C D 1 Ajud;0lLr.
j==1

According to (3.5),
u= VA7 (log(I — A)) w.
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Since s + 0 < 1, we choose € > 0 such that s + o + € = 1. Then,
lullgy = I (log(1 — A))” @l grro-
<C ||0)||1§;jrog+€—1
< CllwllLr.
In addition, for any —1 < j < 3, we have
1Aju A;Bllr < | Ajullga 14012 < C AT @llLar 0] Lr

where g1 € (1, 00), p> € [1, oo] and qil—l—é = % By the Hardy-Littlewood—Sobolev inequality,

14° o)l L1 < Cllw| e

where 1 < p; < g1 < oo and qil = % — 1_7" Therefore,
3

D 1AjuAblLe < CllollLr 0]
j=—1

with p; and p» satisfying % + %
2, p» = —= in (3.6) and applying the embedding relation

l1—0o

= % + 152, (3.7) is obtained by taking p = ¢ = p1 =

+o—1
LP3 — B;og .
This completes the proof of Corollary 3.3. [J
With Corollary 3.3 at our disposal, we now prove Theorem 1.2.

Proof of Theorem 1.2. Multiplying (3.1) by G and integrating over R?, we obtain

%%”m@ + ||/1%G||i2 — —fGV [R,ul0dx.
By Holder’s inequality,

‘ / GV - [R.ulfdx| < [A3Gl 2 IR, ulbl 2 (3.8)
By (3.7) in Corollary 3.3,

IR, w6l gz = C ol (60l + 1600 2 ). (3.9)

where p3 > 1/2%0 is any constant. In addition,

lollzz = 1Gl2 + 1RO 2 = 1G22 + 1160l 12 (3.10)
Inserting (3.9) and (3.10) in (3.8) and applying Young’s inequality, we obtain

d 1

NGl + 142Gl < CIGIL, +C,

where C’s are constants depending on the initial norm |||/ 147 It then follows from
Gronwall’s inequality that, for any ¢ > 0,

t
1
||G<r>||§2+/0 143G |12,dr < B(1).
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where B(?) is an explicit smooth function of ¢. The global bound for ||w||;2 is then provided by
(3.10). This concludes the proof of Theorem 1.2. [
Finally we prove Proposition 3.2.

N

Proof of Proposition 3.2. By the definition of the Besov space B, ,

o0
IR ulFIl, = Z] 297 Aj[R. ulF I,
=

We decompose A;[R, u]F into paraproducts,
Aj[R,ulF =5 + I + I,

where
I = Z Aj(R(Sk—1uAp F) — Sk—1u RAF),
lk—jl1<2
L= Z Aj(R(Axu Sg—1 F) — AruRSk—1 F),
lk—jl1<2
Iz = Z Aj(R(AkquF) — Aku'R,ZkF).
k>j—1

Here Zk = Ax—1 + Ak + Ag41. For k > 3, the Fourier transform of S;_juAx F is supported
in the annulus 2% .4, where A denotes a fixed annulus. By Proposition 3.1 of [20], there is a
smooth function & with compact support such that R acting on this term can be represented as a
convolution with the kernel A (x) = 29¥h(2¥x). More precisely,

R(Sk—1uli F) — Sk—1u RARF = hy % (Sk—1udi F) — Sg—1u (hg * A F).
Since

I P2 R @50 < €27,
we apply Lemma 3.1 to obtain

IR(Sk_1u Ak F) — Sk_1u RALF | < C2‘3"||Sk_1u||,;gOOIIAkFIILoo.

For k < 3, we do not need the commutator structure and this difference can be directly estimated
as follows. By the boundedness of R on L? for p € (1, 00) and Bernstein’s inequality (see
Proposition A.6 in the Appendix),

IR(Sk—1u Ak F) — Sk—1u RAFllzp < C |[Sk—1u A Fllrr

3
<C Z ||AjI/tAjF“LP.
j=—1

Therefore,

00 00 3
> 2, < ¢ Zz“—mnsj_lungg 1A FllS +C Y 1 Aju AjF|E,
j==1 j=3 " j=—1

3
q q q
< Cluls WFI - +C E 1Ajuld;FI;,.
P00 00,q =
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The idea of bounding /5 is similar. In fact, we have

3
Z 299 L)Y, < C Zz“ VU Ajulld, 1Sj-1Flfw+C D I1Ajud,FI,

j=—1 j>3 Pro0 j=—1
Furthermore,
0
—8)J q q
D207 A, 1Sj-1Fll
j=>3 oo

q
< llullg, Z 26~ ‘””[ > ||AmF||Loo}

< j=-1 m<j—1

o) q
<ful, Y [ Y 2umumm 2“—5)’”||AmF||Loo}
q
< Clullgy IFIG

where we have used the fact that s < & and the series inside the bracket can be viewed as a
convolution of two other series. The contribution from /3 is bounded by

o0
S 2inl, < ¢ Y2 Y 27K Ay N AF I

=1 j=3 k=j-1

+C Z 1AjuA;F|e,
j=—1

The first part can be further controlled by

Zz”" . 2 Al, Al

j=3 k>j—1

< llull, Z Y 2 Uhakay AL FY ]

]:—1k>] 1

< A F
_IIMIIBg’ I ”Béof,

We obtain (3.4) by combining the estimates above. This completes the proof of
Proposition 3.2. [J

4. Global bound for ||w]||zs for g > 2

This section establishes the global bounds stated in Theorem 1.1. For the sake of clarity, this
section is divided into four subsections. This first one provides a global bound for ||w| s for
q € (2, 20‘%]. This bound holds for 0 < o < % and y > 0. The second subsection proves the

global bound for G in the space-time norm L B; This bound requires that 0 < o < Z and
y > 0. The third subsection shows that, for 0 = 0 and any y > 0, both w and 6 are bounded
globally in L, B0 |- The final subsection presents the global LY-bound for any ¢ > 2 as long as
oc=0andy > > 0
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4.1. Global bound for |l|zs for g € (2, 7271

This subsection proves a global bound for ||w|/z¢ for g € (2, ﬁ]. This result holds for any
0<o < % and y > 0. More precisely, we have the following theorem.

Theorem 4.1. Consider (1.1) with 0 < o < % and y > 0. Assume that (wg, 6p) satisfies
the conditions in Theorem 1.1, especially (wg, 0g) € L4 for q € (2, %H]. Let (w, 0) be the
corresponding solution of (1.1). Then, for g € (2, z;‘ﬁ) withy > 0and g € (2, ﬁ] with
y =0,and anyt > 0,

lo@)lze < B(1), (4.1)
t
1GOOI, +C fo IG@I,, dt < B(), (4.2)
where C is a constant depending on q only and B(t)’s are smooth functions of t.
The following lemma, proven in [20], will be used in the proof of Theorem 4.1.

Lemma 4.2. Let g € [2, 00) and s € (0, 1). Then, for any smooth function f,
2

A1 200 < CIAN NS

o _2.
Hs+1 7

Proof of Theorem 4.1. Multiplying (3.1) by G|G|¢~2 and integrating with respect to x over R?,
we obtain

1d
—EIIGII%q + / G|Gl1?AG dx = —/G|G|q—2v -[R, uld dx.
q

The dissipative part admits the lower bound

2
/G|G|‘1_2Ade > Cf ‘A% <|G|%>) > CIG|l4

L%4°

where C is a constant depending on g only. When y = 0, we take
+1 2_ ]
, S ——=—-.
20 +1 q 2

In the case when y > 0, we take s > o. By Holder’s inequality,

sza,qe(2,

K = VG|G|‘1—2V-[R, ulf

< IGIGI" 2|l g5 IR, ulBll g1-s-

By Lemma 4.2,

-2 L -2
IGI%5, = ClIAZGI 2 1G],

IGIG1??|lgs < CIIG] . T

osd]_2
HS—H 3

By Corollary 3.3,for1 —s <1 —ocors > o
(R, w0l s = Clollz2 (1611 + 100 2 ).

Therefore, by Theorem 1.2.
I[R, ulf|| 1-s < C B(t).
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Combining the estimates above, we obtain

d 1 -2
EHGIl%q + quIGlquzq < CB@) [A2G]||2 ”GH%Zq :

Splitting the right-hand side by Young’s inequality and using the bound in (1.6), we obtain
(4.2). (4.1) follows from (4.2) together with ||RO|z¢ < [00llzs. This completes the proof of
Theorem 4.1. [

4.2. Global bound for ”G”I:{B“' 1
q,

This subsection presents a global bound on G in the space—time space if Bfl |- The precise
theorem can be stated as follows.

Theorem 4.3. Consider (1.1) with0 < o < % and y > 0. Assume that (wg, 6p) satisfies the

conditions in Theorem 1.1. Let (w, 0) be the corresponding solution of (1.1). Let r,q and s
satisfy

2 4
€ [1, oo], 1 —o, .
rell,oo], s< o 1—0<Q<1—|—20
In the case when y = 0, we can take g = 4/(1 + 20). Then, for any t > 0,
IIGIIi;B;] < B(). (4.3)

Proof. Let j > —1 be an integer. Applying A; to (1.5) yields
0A;G+u-VA;G+ AA;G = —[Aj,u-VIG - A;[R,u-VIb.
Taking the inner product with A;G|A; G972, we have
é%m;cnz + f AjGIA;GI* 2 AA;G = ]y + Do,
where
Ji = —/Aj(u-VG) A;G|A; G972,
Jr = —/Aj[R, u-V10 A;GIA; G972,
For j > 0, the dissipative part can be bounded below by
/AijjGw—Z AA;G > C21A;G|Y,

where C is a constant depending on g only. For j = —1, the dissipative part is nonnegative and
can be neglected. To estimate J1, we write

Ajw-VG)=Jun+Jio+ Jiz+ Jis+ Jis
with

= ) [Aj S u-VIAG,
|j—k|=2
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Jip = Z (Sk—1u — Sju) - VA; AiG,
|j—k|<2
J13 = SJM . VAJG,

Jig = Z Aj(Agu - VSi_1G),
lj—klI=<2

Jis = Z Aj(AkMZkG).
k>j—1

Since V - u = 0, we have
/ Ji314;Gl72A;G = 0.
By Holder’s inequality,

'/ InIAjGI2A,G| < 10101 A,G 1%

We write the commutator in terms of the integral,

Ji= f ik — ) (S (y) — Se_1u(x)) - VAG(y) dy,

where @; is the kernel of the operator A; and more details can be found in the Appendix. As in
the proof of Lemma 3.1, we have, for any € > 0,

1—o—
Iillze < Ml =700l Sk—1ull g1—g—e IV A Gllzee.

Throughout the rest of this proof, € > 0 is taken to be a small number such that

2
—4+o0o+e—1<0.
q

By the definition of @; and Bernstein’s inequality (see Appendix), we have
1 1lle < Nxl' =7~ @o@) 1 277 FNS - rull g1-g-l| A; Gl s

< 20 ol 14,6110,
For j > jo with jo = 2,
IJ12llLe < CllAjullLa|[VA;GllLee
< 200 oL 14;Gll1a.
Similarly, for j > jo with jo = 2,
I1allLs < ClIAjullLallVS;—1Gll

< ) e 3 204,61

m<j-—2

< ) o > 243} 4, Gl o

m<j-—2
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J15 1s bounded by
; 2 j—k)(1—0—e—2
sl < €240 Y e 2029000 a6

k>j—1

< D g 3 20 a6,
k> j—1

Thus, we have obtained that

Il < c2/l0reH) ||w||Lq[||A,~G||Lq 3 2 (414,60

m<j-—2

v Y 2uliened) ||AkG||Lq}.

k>j—1
By Holder’s inequality and an argument as in the proof of Proposition 3.2,
-1
|2l < I1A;IR, u - VI0lLa 1 4;GIIT,
; -1
< CY Nl 14;601= 14;GIIT,

Collecting the estimates, we have
d j j(o+e) j(d+e+2)
E”AjG”Lq +C24;Glg =C2 lwliza 60l + C2 “ Nlwllza L(1),
where

i 2 i g —e—2
Lo =186+ 3 2P 14,61 + 3 290 G,
m<j—2 k=j—1

Integrating in time and using the fact that |w||z¢ < B(t), we have

. | | .
1A;G(O)La < e 2 A;GO)||La +C 27TV 6p) 1 B(r) + C2’<U+6+q)
ro
X / e 2 L(s) ds.
0

Taking L"-norm in time and applying Young’s inequality, we obtain

B(t)

L o
14;GllzLe < C27 [ A;GO)|ze + C 2/ T1H7F96p ]| L B(2)

(—1+O‘+6+%)

+c? B(0) LIl

Multiplying 2/%, summing over j > —1 and using the fact s < 1 — o, we obtain

1 + C [|6ollL=B1(t) + K1 + K2 + K3, (4.4)

‘877

q,1

1Gllzrgs = CIGO
q,1 B

where

il — 2 .
Ki=C Y. 2 ”(’*6*4)3(;)218 1A;Gllz; 1a.
jz-1
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Ky = C Z 2J(—1+o+e+§)B(t) 2is Z 2(m_j)(l+§>”AmG||L§an

j=—1 m<j—2
i — 2 . i g —e—2
Ki=Cp ) 2’< 1+"+€+q>B(t)2“ > 2l B(1-o-e-3) 1AG 1 1a-
j=—1 k>j—1

Since —1 +0 + € + % < 0, we can choose an integer N > 0 such that

—1+o+e+§)

1
C N B() < 3.

We then decompose the sums in K1, K7 and K3 into two parts: j < N and j > N. Using the fact
that |G|z« is bounded, the sum for j < N can be bounded by B(¢)2*" for a smooth function
B(t). The sum for j > N is bounded by %llGllers g That is,

q,

1
K1, K2, K3 < B02™ + 2lIGlgrp - (4.5)

Inserting (4.5) in (4.4) yields (4.3). This completes the proof of Theorem 4.3. [

4.3. Bounds for ”CL)HBO,)/] and ”9”30,)/1
0, 0,

This subsection provides global bounds for ||wl|| PR and ||6|| B0 -

00,1 00,1

Theorem 4.4. Consider (1.1) with 0 = 0 and y > 0. Assume that (wg, 6p) satisfies the

conditions in Theorem 1.1, especially (wg, 6p) € Bgéyl. Let (w, 0) be the corresponding solution
of (1.1). Then, for any t > 0,

o]l < B(), 161l < B(»). (4.6)

1 0.y 1 p0.¥
Lt Booyl Lt BOO,l

Proof. Taking » = 1 and % < s < 1 — o, we obtain from Theorem 4.3 that
1G5, < BW.
This bound especially imply that

1G] < B(»).

1p0.¥
LtBOO’1

In fact, by Bernstein’s inequality,

2.
”G”ngl = Z:l(l + 1iDYI1A;Gllpe < Z:l(l + 1707247 14;GllLe < CliGligs -
JZ— J=Z—

Since G = w — RO,
ol 0.y <Gl 00 + RO 0.y -
[l 0 < IG g0 + IRAN o,
In addition,

IRON go.r < I1A-10]lLoe + 101l go.r < 160l 2 + 1€ o.r -
00,1 00,1 00,1
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By Lemma 4.5 and

Vulze < llwllp2 + ol go
00,1

we obtain

t t
Ol o < 6ol ,o. l—i-f wll;2dt | + 6] .o, f ol 0.y dt.
191555, = V6ol g0y, (14 | ol ol | ol

Therefore, we have obtained

1
||60||B<J,y1 < ”G”BO,)/ + 6ol L2 + ||90||BO,7/1 (1 +f ol 2 dt)
00, 00, 0

+ [l6oll OV/ ol B, dr.

If weset Z(t) = ||o|| then

1 0¥ »
L, Boo,l

t
26 = B + Il [ 2@,
.1 Jo
(4.6) then follows from Gronwall’s inequality. [

The following lemma has been used in the proof of Theorem 4.4.

Lemma 4.5. Let 0 satisfy
90 +u-Vo+ A0 = f.
Lety > 0and p € [1, 00]. Then, for anyt > 0,

t
”9(0”35,’;? = (IIGOIIB% + IIfIIL;B;?i?) (1 +f0 IVl Lo dt)-

Proof. Theorem 4.5 of [21, p. 432] states a similar result for the Besov space B0 The

generalization to the Besov space B presented here is not completely trivial. For an 1nteger
k > —1, consider the solution 6; of the equation

00k +u - VO + A6 = A f, 0(x,0) = Axbp.
Forany s € (—1, 1) and p € [1, oo], we have the standard Besov estimate

16l gs . < C (1 AB0llps . + 1Al pigs ) eV, 4.7)
0, P, t Pp,00
where V (t) = ”V“”L}LOO' Setting s = :I:% in (4.7), we obtain
_ Ly
146010 = 2738 (1 Aol + 1Ak fll 110 ) ¥, (48)

Clearly 6 = ) A6 and thus

19150 = Z A+ D740l < Z Z(Hmmm Okl Lo

j=—1 j=—1lk=—1
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For an integer N to be fixed later, we decompose the double summation in the inequality above
into two parts: Jy for |j — k| > N and J, for |j — k| < N. Invoking (4.8), we have

0
. Y W
h=C Yy a4ljprazi (”Aonlle-l—IlAkf”Ltle) LCV®
=1 SRI=N

o .

A+ 13D a5

=C > X i T (14l + 18 f N ) VO
J=—11j~kI=N

In the summation above, in the case when k > j+ N, we certainly have (1+]j])" /(1+k))Y < 1.
In the case when j > k 4+ N, we have

a+1jD” 28—k < ¢
(I + kDY B

for any fixed § > 0, where C is independent of j and k. Therefore, for 0 < § < %, we have

—(1-8)N
J<2<2)CV(’)9 L+ L),
To bound J, we handle || A ;6| .~ differently. Through a standard L”-estimate,

1A;6kllLe < Ol < 1 AkbollLe + 1Ak Sl L1 ze-

Therefore,

e}

h= 30 30 D (1ol + 1A ) -

j==11j—kl<N
We have, for each k satisfying |j — k| < N,

0.¢)
> A+ 107 (140l + 14k f 1110 )

j=1

o (DY
= 2 iy O R (1868l + 14 liy)

= C (60l o + 1 f1y o ) +C sup L+ 17D (1A 6000 + 141 flly 10 )
B, LB} Pt /

=C <||90||Bo,¥ + IIfIILllBo,?)
o o

where C’s are constants independent of N. In the last inequality we have used the fact that
Bg’jl/ > Bg’,};}r Y. The inequality above can be established by writing k = j — m with
—N < m < N and splitting the summation for j into two parts: one part for j < 2N and

the other for j > 2N. We omit further details. Therefore,

h<CN (neonBo,¥ + IIfIIL}B%) .
P, P,

Consequently,
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IA

J1+ )

—(1-8)N
<2 (2 ) VO (”90”30”1/ + ”f”LtlBOJI’)
p. p.

O(t
161 .

+CN@%%%+wmyﬂ0.
P, L =p,

The desired inequality follows by taking N such that 2=G=INCVW® s of order 1. This
completes the proof of Lemma 4.5. [

4.4. Global bound |w||r4 for any g > 2
The goal of this subsection is to establish a global bound for ||w|/ ;¢ for any g > 2.

Theorem 4.6. Consider (1.1) with o0 = 0 and y > 0. Assume (wq, 6p) satisfies the conditions
stated in Theorem 1.1. Let (w, 0) be the corresponding solution. Then, for any q > 2,

lo@)|lLe < B(1). 4.9)
Proof. It is clear from (1.5) that, for any g > 2,

t
Gl = 1Gollza +/ (R, u-VO]lLadt.
0

According to the commutator estimate of Proposition 4.7,

t
IGllLe < IGollza +/0 [ (s) | e ||9(S)||Bo,y1 ds.

Therefore,

t
lo®lize < 10ollLe + 11GollLa +/O lx@s) e 10l gor ds.

Gronwall’s inequality combined with the bound in Theorem 4.4 yields (4.9). [
Proposition 4.7. Let y > 0. Assume that u and w are related by

u=V=rty, Ay =(logl — A) w.
Then, for any g > 2, we have

IR, u-VI10llgo = Cllwlrallfll zo.r -
q,1 00,1

Proof. For any integer j > —1, we write

Aj[R,u-V10 = Ji + Jo + J3,

where
Ji= Y AjRSu-VAO) — Aj(Siiu - VRA),
lk—jl<2
h= Y AjRAu - VS10) — Agu - VRS;_16),
|k—jl<2

=Y AjR(Au-VAH) — AR - VAH).
k>j—1
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Estimating these terms in a similar fashion as in the proof of Proposition 3.2, we have
IJillLe < CISj—1wllza (14 D7 I1A;0] p<.

For j > jo with jo = 2, we have
12l < CllollLa2™ (14 DY 1810 L

2" (1 4 |j])
< Cllolle ) S+ |m)" [ Anf] >

w51 2/ (L mDyY
and
153llLe < Cllwlze Y 2970 + [k))Y | Acbl Lo
k>j—1
Therefore,
IR u-V10llgo < > I1A;[R, u-VI0llLe < CllolLellO] o -
q.1 B
s jZ—] 00,

This completes the proof of Proposition 4.7. ]
5. Uniqueness

This section proves the uniqueness part of Theorem 1.1. For the sake of clarity, we state it as
a theorem.

Theorem 5.1. Assume that (wq, 6y) satisfies the conditions stated in Theorem 1.1. Let 0 =
0,y > 0and g > 2. Let (0,00 and (0®,6P) be two solutions of (1.1) satisfying, for
anyt > 0,

oV, 0@ el?nLinL!BY,,  6D,6® cL’nL>®nL!BY,.

Then they must coincide.

Proof of Theorem 5.1. Let 4" and u® be the corresponding velocity fields, namely
W) = vy Ay = (log(l — A e, =12

Let v = (log(I — A))Yu'”), j =1, 2. Then the differences

p=u® D g g® g @y @ 0
satisfy
2
o+ u® Vot u Vo = 3 (WP + Vi) 4+ Ay = =Vp + e,
j=1

3,0 +u-voh + 4@ .vo=0.
By Lemmas 5.2 and 5.3,

t
10Ol < 10O + C fo [l 160 @)l g0 ds

t
+C / 1™ ()] yor 10(5)] g1 dis,
0 00,1 2,00
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||v(t)||,ggpo =< IIU(O)IIBS’OO + HG(S)”BE,éo
t D (2)
+C / lo(s)ll2 (uw( Ol gor + llo <s>||Bo,y) ds.
0 00,1 00,1

To further the estimate, we bound |[|v]|;2 in terms of [|v]| BY by the interpolation inequality (see
Lemma 6.11 of [20, p. 2173]) ’

V|| g1
lvll2 < Clullgo log 1+ SLLVE
2o 1ol _
and use the fact that [|[v|| ;1 < oM 12+ lo@|| ;2. Combining the inequalities above and setting
Y(0) =1001p;1 +lv®llg

we obtain
t
Y(t) <2Y0)+C / Di1(s)Y (s) log(1 4+ Da(s)/ Y (s))ds
0
where Di(s) = 0D yor + 10V ) o + 0P ()] o, and Da(s) =l ($)ll2 +
00, 00, 00,1

@ ()| 12. Since Dy and D are integrable, we obtain by Osgood’s inequality that Y (z) = 0.
A statement of Osgood’s theorem is provided in the Appendix. This completes the proof of
Theorem 5.1. [

Lemma 5.2. Assume that 0 satisfies
30 +u-vo +u® .ve =0, (5.1)
where u, 0V and u® are as defined in the proof of Theorem 5.1. Then, for any t > 0,

t
100l g1 < 1651 +C /0 1)z 160 6l o, ds

t
+C /0 |w® (s)||Bo,y1 ||9(S)”BZ_(1>O ds (5.2)
where v is as defined in the proof of Theorem 5.1.

Proof. Let j > —1. Applying A; to (5.1), taking the inner product of A ;6 with the resulting
equation and applying Holder’s inequality, we obtain

1d

7] A0l < 1A - VO 2145002 — / Ai0A;u® - V6)dx. (5.3)

To estimate the first term, we write
Aju-voW) = Ji+ Jhh+ I, (5.4)
where Ji, J> and J3 are given by

Ji= Y Aj(Siiu-VAGD),
lj—kl<2

h= Y Aj(Mau- VS0,
lj—kl<2
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= > Aj(Au-VAHD).
k>j—1

J1, J» and J3 can be estimated as follows.

1ill2 = C27NSj—qull 21460 o
< CYull (L + 1DV 1460
< C2 ol 161 o -
I 2ll2 < CUA;ull211Sj-1 V6 Lo
< ClAplA+1iD7 > 2" An0 "L
m<j-—2
- 2" (1 + |m|)~" |
< C2 |vllo e (L (m Y A0 [ o
Br.00 m;_z 2/ (1 + )7 "
< CU ol D A ImD? 14000
m<j—2
J ey
= €2/ fvllgg 1650
I5ll2 < €20 ) (A + kD7 | Akvll g2 | A0V | Lo

k>j—1
< C2 v 21 .
= €2l 16V g0

To estimate the second term in (5.3), we write

A;jw® Vo) =K, + Kr+ K3 + K4 + Ks, (5.5)
where
Ki= ) [4) Si-u® - VIA,
|j—k|=<2
Ky= Y (Sicu® —5u®).va; A0,
|j—k|<2

K3 = Sju(z) : VAJ'Q,

K4 = Z Aj(Aku(z) -VSr_10),
|j—k|=<2

K5 = Z Aj(Aku(z) . VZke).
k> j—1

Correspondingly the second term in (5.3) can be decomposed into five integrals. Since
V-u® =0,

/Aj9K3dx =0.

Therefore, by Holder’s inequality,

/AjeA,-<u<2> VO dx| < 14012 (1K1l 2 + 1 K202 + IIKall 2 + K5l 2) -

By a standard commutator estimate,
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IKill2 < Cllx®; 0l IVS;—1u@ | 1o VA;6] 12

< Clx @)l 021 gor 14611 2.

For j > jo with jo = 2, we apply Berstein’s inequality to obtain
1Kl 2 < ClIAuP 11V 4,612
< CllA;Vu® |~ 14,612

< Clo@ oy 14,002

Again, for j > jo with jo = 2, we have

IKall 2 < CUAuP N 1Sj-1VO ]2
< C2 A VUP e D 22027 A0 2
m<j—2
11y (2)
= C2 100y 191551 -
IKsll2 < €27 Y 1 Au® |1 | Ak0] 12
k>j—1
< C2Y ) 27 AVUP Lo || Arb] 12
k>j—1
117y (2)
= €210l g 161151

Inserting the estimates in (5.3), we find

d : ‘

- . J ey VATPN )

o 14012 < C27 ]2 (|6 IIBgé’y1 +C2 o ”ngl HQHBiéo'
Integrating in time leads to

t
277114002 <27 ||A,-0(0>||Lz+C/O lo() 2 100 )1l oy ds

t
+C fo I @)l go.r 1051 ds.
Taking the supremum with respect to j yields (5.2). [

Lemma 5.3. Assume that v satisfies

2
v + u® . Vo +u-vol) — Z (u&z)ij + uvaﬁ.l)) + Av=—Vp+6es. (5.6)
j=l1

Then

lv@lgy = 10Oy + 1051

t
+C fo lo(s)ll .2 (nw(“(s)nBo,yl+||w<2>(s>||Bo,yl) ds.

Proof. Letk > —1. After applying Ay to (5.6), taking the inner product with A v and integrating
by parts, we find
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1d
2dt

where

1AvII3 > + 21 Agvll3 > = Ly + Ly + L3 + L + Ls, (5.7)

L =— / Agv - Ag(u® - Vo), L, = —fAkU - Ap(u - Vo),

2

2
Ly =— Zf Agv - Ak(ug.z)VUj), Ly=— Z/ A - Ak(uvaﬁ.l)),
j=1

=1
Ls = — / Arvy - A6,

To estimate L, we decompose Ay u® . V) as in (5.5) and bound the components in a similar
fashion as in the proof of Lemma 5.2. We obtain after applying Holder’s inequality

2
IL1] = C A2 Il 2o ] o
0,

To handle L, we decompose Ay (u - Vo) as in (5.4) and obtain

1
Lo < CllAkvllz2 vl g2 o™l oo -
00,1

For L3, we integrate by parts and use the divergence-free condition to obtain
2 @)
Lz = Zf Apv - Ak(vjVuj ).
j=1

Decomposing A (v; Vu&z)) as in (5.4) and estimate the resulting components as in the proof of
Lemma 5.2, we obtain

2
IL3] < C 1Akl 2 Il 2 o o
0,

Clearly L4 admits the same bound as L,. Ls can be bounded by applying Holder’s inequality
|Ls| < | Avllp2 1 4012 < 251 Mgl 2 191 5,1 -

Inserting the estimates above in (5.7), we find
ol iz + 20 Al = C ol (Ilw(”llgggl + “w(z)“ggt,,n) 20005
Integrating in time yields
14@ 12 < e 14Oz + /0 l e 20K N0(5) 1 ds
+C / D ()0 (uw(“(s)uBo,y + 0@ ()l oy ) ds.
0 00,1 00,1

Therefore,

lo®lgy = 10Oy + 1051

t
+C /0 lo(s) 1l 2 (nw(”(s)nBo.yl +||w<2>(s)||Bo,yl) ds.

This completes the proof of Lemma 5.3. [



D. Chae, J. Wu / Advances in Mathematics 230 (2012) 1618-1645 1641

Acknowledgments

Chae’s research was partially supported by NRF grant No. 2006-0093854. Wu’s research was
partially supported by NSF grant DMS 0907913 and the AT&T Foundation at Oklahoma State
University.

Appendix. Besov spaces and the Osgood inequality

This appendix provides the definitions of some of the function spaces and related facts used
in the previous sections. In addition, the Osgood inequality used in Section 5 is also provided
here for the convenience of readers. Materials presented in this appendix can be found in several
books and many papers (see, e.g., [4,5,31,32]).

We start with several notations. S denotes the usual Schwarz class and S’ its dual, the space
of tempered distributions. Sy denotes a subspace of S defined by

Soz{qﬁeS:/dqb(x)xydx:O, |y|:0,1,2,...}
R

and S(/) denotes its dual. S(/) can be identified as
Sy=8/Sy =8P

where P denotes the space of multinomials.
To introduce the Littlewood—Paley decomposition, we write for each j € Z

Aj:[geRdzzf—l 5|g|<2f+1}. (A1)

The Littlewood—Paley decomposition asserts the existence of a sequence of functions {®;} ez €
S such that

supp &; C Aj, ;) = Bp27/E) or Dj(x) =2/ Py(2/x),
and
o 5 1, if&eR {0},
3 @,-(5):{0’ ISR

j=00

Therefore, for a general function ¢ € S, we have

i i)V (E) =¥(E) fors e R\ {0).
e
In addition, if ¥ € Sp, then
i ;)Y (E) =P(E) forany & € RY,
That 1;_ for ¥ € Sp,
i Pixy =9y

j=—00
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and hence
o
Y dixf=f feS
j=—00
in the sense of weak-# topology of S. For notational convenience, we define

Aif=0jxf jeL. (A.2)

Definition A.1. Fors € Rand 1 < p, ¢ < oo, the homogeneous Besov space Bg}‘,’ q consists of
f € & satisfying

||f||§?~7q = 127114 f lLp llia < o0,

We now choose ¥ € S such that

o0

VE) =1-) ¢, &R

j=0

Then, for any ¢ € S,

U+ Y Pixy=y

j=0
and hence
o0
Uaf+> Oixf=f (A.3)
j=0

in &' for any f € S’. To define the inhomogeneous Besov space, we set

0, ifj<-=-2,
A/jf: Uk f, ifj=-—1, (A.4)
Pix f, ifj=0,1,2,....

Definition A.2. The inhomogeneous Besov space BIS)’ q with 1 < p,qg < oo and s € R consists
of functions f € &’ satisfying

1 lsy, = 127 14%f o lle < 0.

The Besov spaces éj,’ gand B, withs € (0,1)and I < p,g < oo can be equivalently
defined by the norms

_ )4 1/q
”f”é;,,q:( Mfx+8)— f&)lLr) dt) ’

|t|d+sq

(N fx+0 = f)Le)? dt)”q |

|t|d+sq

1 flls;, = 11l +<

R4
When g = oo, the expressions are interpreted in the normal way. Sometimes it is also necessary
to generalize the Besov spaces to include an algebraic part of the modes.
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Definition A.3. For s,y € Rand 1 < p, g < oo, the generalized Besov spaces Bgf,’f; and B;’,Z
are defined by

11 g = 127 QL+ 17D 1A, f llze lie < 0o,
11 gy, = 127 QL+ 1DV IAG f llzw llie < oo,

We have also used the space—time spaces defined below.

~

Definition A.4. Fort > 0,5,y € Rand 1 < p,q,r < oo, the space-time spaces L' B}, and
L7 B)," are defined though the norms

10z ey = 127 1DV NA f g o,
1A Ny = 127+ 1DV IAS g o

These spaces are related to the classical space—time spaces L! By and LB} via the
Minkowski inequality.

Many frequently used function spaces are special cases of Besov spaces. The following
proposition lists some useful equivalence and embedding relations.

Proposition A.S. For any s € R,
B ~BS,  H'~Bj,

Foranys e Rand 1 < g < oo,

o

B

N

s 278 B
gminfg.2) < Wg = By max(q.2)-

. OO q 00
In particular, Bq,min{q,Z} — L9 Bq,max{q,Z}'

For notational convenience, we write A; for A/j. There will be no confusion if we keep
in mind that A;’s associated the homogeneous Besov spaces is defined in (A.2) while those
associated with the inhomogeneous Besov spaces are defined in (A.4). Besides the Fourier
localization operators A ;, the partial sum S is also a useful notation. For an integer j,

j—-1
S; = Z Ay,

k=—1

where Ay is given by (A.4). For any f € S’, the Fourier transform of S; f is supported on the
ball of radius 2/.

Bernstein’s inequalities is a useful tool on Fourier localized functions and these inequalities
trade integrability for derivatives. The following proposition provides Bernstein type inequalities
for fractional derivatives.

Proposition A.6. Leta > 0. Let 1 < p < g < o0.
(1) If f satisfies
supp f C {& € R : |¢] < K2/},

for some integer j and a constant K > 0, then

2aj+jd(L-1
(=) fll pomay < C1 277 (; q)||f||Lp(Rd>-
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(2) If f satisfies
supp f C £ e RY : K12/ < [ < K72/)
for some integer j and constants 0 < K1 < K>, then
; 2ej+jd( L -1
G 22a]||f||Lq(]Rd) < (=) fllpgway < C22 T <” q)

where C1 and C; are constants depending on o, p and g only.

IfllLp ®dy

Finally we recall the Osgood inequality.

Proposition A.7. Let «(t) > 0 be a locally integrable function. Assume w(t) > 0 satisfies

/oo : dr = oo.
o ()

Suppose that p(t) > 0 satisfies

t

p(t) <a+ f a(s)o (p(s))ds
1

0
for some constant a > 0. Then if a = 0, then p = 0, if a > 0, then
t

—2(p(t)) + 2(a) 5/ a(t)dr,

Ty

where
L dr
20 :/x o)
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