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Well-Posedness of a Semilinear
Heat Equation with Weak Initial
Data

Jiahong Wu

ABSTRACT.  This article mainly consists of two parts. In the first part the initial value problem (IVP)
of the semilinear heat equation

qu—Au = Wt lu, on R*x(0,00), k=2
u(x,0 = uglx), xeR”

with initial data in L., is studied. We prove the well-posedness when

2 n 2 n
1 —<—, and r=——-— (<20
<P< T Sy Sk-r M =, oy €0
and construct non-unique solutions for
k-1 2
1<p<n(2 )<k+1, and r<%_7c——l'

In the second part the well-posedness of the above IVP for k = 2 with ug € H* (R") is proved if
~l<s, forn=1, —;——2<s, forn=>2.
and this result is then extended for more general nonlinear terms and initial data. By taking special

values of r, p, s, and ug, these well-posedness results reduce to some of those previously obtained by
other authors (4, 14].

1. Introduction

This article can be divided into two main parts. In the first part we consider the IVP for the

semilinear heat equation:

deu — Au ul¥"'u, on R"x (0,00), (1.1
ulx,0) = ug(x), x eR*, (1.2)
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where k > 2 is a fixed parameter. We are mainly interested in the well-posedness result for initial
data ug in the homogeneous Lebesgue spaces, ug € L, p(R") (defined below). By well-posedness
we mean existence, uniqueness, and persistence (i.e., the solution describes a continuous curve
belonging to the same space as does the initial data) and continuous dependence on the data.

Here the homogeneous Lebesgue space L s.g(R™) consists of all v such that

(-A)Y?vell, seR, l<g<oo

and the standard norm is given by

Iolleg = (=)

Le

These spaces are also called the spaces of Riesz potentials. Kato and Ponce [11] consider the
Navier-Stokes equations with initial data in this type of space.
The main results of this part include two theorems. The first theorem shows that the IVP of
(1.1) and (1.2) is locally well-posed in L. p if r and p satisfy
2 n

2 n
_< —— d = —- - —— <0
k-1 ~pk-r MM =50 <O

l<p<oo,

while in the second theorem we construct non-unique solutions to the IVP (1.1) and (1.2) with initial
data zero for k1) 5
L—<k+l, and r<£——————

p k-1
The non-uniqueness indicates in some sense the sharpness of our well-posedness results. The precise
statements of the main results are given in Theorem 1 of Section 2 and Theorem 2 of Section 3.

Dimensional analysis might be employed to explain “why” the index r = 5',; - k%l' We only

l<p<

2
need to notice that if u(x, t) is a solution, then uy = AFTu(rx, A2¢) (for any A > 0) and

s Ol =70 fuc, 220,

Lrp

But, unfortunately, we do not know if dimensional analysis always works and how to give a generally
applicable criterion to detect the indices.

The problem of well-posedness for semilinear heat equation has attracted the attention of many
mathematicians, but not many results related to very weak initial data have been published. The
results concerning the IVP (1.1) and (1.2) in L7 setting obtained by Weissler and others are as follows:
for p > ’3—"—12 , there is well-posedness [14, 15]; for 1 < p < ntk 1 , non-unique solutions can be

constructed [7]. Bylettingr =0,ie., p = M, our results reduce to those in the L7 theory. In [1]
Baras and Pierre prove that the IVP (1.1) and (1 .2) has a solution if and only if the initial measure is
not too much concentrated. Clearly Sobolev spaces of negative indices contain distributions. In [13]
Kozono and Yamazakl consider the IVP (1.1) and (1.2) with initial data in real mterpolatron space
N’ guoo (r = p 1), which is slightly larger than L, p (by noting that N’ = B" o} L,.',,,
where BI’,‘ isa homogeneous Besov space, see, e.g., [2, p- 147]. However, they obtain existence
under the assumption thatk < g < pandn(k — 1) < 2p < nk(k — 1), which is slightly more strict
than our assumption. Furthermore, we provide an example of non-uniqueness when r < ; - k_zi

We prove the well-posedness result by contraction mapping arguments while non-unique so-
lutions are constructed by seeking solutions of self-similar form and using a result in L? setting
obtained by Haraux and Weissler [7].

In the second part we seek solutions to the IVP (1.1) and (1.2) fork = 2, i.e.,

du—Au = u?, on R"x(0,00) (1.3)
u(x,0 = uo(x), x eR*, (1.4)



Well-Posedness of a Semilinear Heat Equation with Weak Initial Data 631

with initial data in H*. Here H’ is the standard inhomogeneous Sobolev space consisting of all v
such that

<.

5/2
Ivllps = ”(1 +1g12) " 68
L2
We find that a family of specially weighted Banach spaces BC,;((0, T], H") are quite appropriate
for our situation. Introduced by Dix [6] in solving the IVP for the nonlinear Burgers’ equations,
BC (0, T}, H )(s < r,s,r € R, T > 0) denotes the class of all functions u € C([0, T], H*) N
C((0, T, H") that also satisfy the condition

E =

3 5.
lelscyomem = swp | (1+167)° (1+16P) T a®)|  <oo,
1e{0,T] L?
Here f denotes the Fourier transform of f.
We prove that if ug € H*® with s satisfying
~-1<s, forn=1, %—2<s, forn>2, (1.5)

then the IVP (1.3) and (1.4)is locally well posed and forsome T > Othe solutionu € BC,((0, T], H")
forany r > s. See Theorem 3 of Section 4 for a precise statement. Actually the arguments employed
in proving this result can be extended to establish well-posedness of the IVP (1.1) and (1.2) with
nonlinear term #* in homogeneous Lebesgue space L, p- This more general result states that if k > 2
is an integer and ug € Ly p with

k 2 n 2
P=r=17 7Tk T T k=1
Then we have local well-posedness. Further details are given in Theorem 4.

As we explained before, the index s = 7 —2 forn > 2 is exactly the number from dimensional
analysis. But for n = 1, our method only allows us to prove well-posedness for s > —1 and fails
to extend to s > —3/2. It would be desirable to show that s = —1 is actually sharp by providing a
counter example.

By taking special values of s and ug, the well-posedness in this part reduces to some of those
previously obtained by other authors [4, 14]. Letting s = 0, our result (for n < 4) reduces to the
LP theory of Weissler and others [14, 15]. In [4] Brezis and Friedman prove for ug = &(x) that the
solution exists for0 < k < 1 + % and does not exist fork > 1 + % Forn =1, §(x) € H*(R) for
any s < — 1 our result reduces, by taking up = 4, to Brezis and Friedman’s result in 1-D. When
n>22>1+ %, the IVP (1.3) and (1.4) with ug = &§(x) has no solution as indicated by Brezis
and Friedman, but our results implies that the IVP is well posed for ug € H* withs > 7 — 2, which
is slightly more regular than §(x) since §(x) ¢ H*(R") for s > 5 —2. The fact that forn =2,
5(x) € H™'(R?), but 8(x) € H~'"¢(R?) for any ¢ > 0, combined with the non-existence result
implies that our well-posedness result in 2-D is actually sharp.

The well-posedness result in this part is again proved by the contraction mapping arguments
and we only deal with the IVP (1.3) and (1.4) for s < 0. The proof for s > 0 can be given in a
similar (and actually easier) way.

2. Well-Posedness in L, ,

First we define the spaces of weighted continuous functions in time, which have been introduced
by Kato, Ponce and others in solving the Navier-Stokes equations [9, 11, 12].
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Definition 1.
Suppose T > 0 and a > 0 are real numbers. The spaces Ca,s,q and Cas 4 are defined as

Cosg= {f € C((0, 7), Ls.q)a | fllas.g < OO}

where the norm is given by

| flla,s.qg = sup {tu”f"s.q: t € (0, T)}

Ca,s,q is a subspace of Cy 5,4-
C = € C ,  lim¢® =0
as.g { f a,5.q9 10 ” f”s.q

When a =0, C_’,,q are used for BC({0, T), Ls.q)- O

These spaces are important in uniqueness and local existence problems [9, 11, 12]. f € Cq ;54
(resp. f € Cq,5q) implies that || f(¢)[ls,q = O(t™%) (resp. o(t™%)).
The main result of this section is the well-posedness theorem which states the following.

Theorem 1. ‘
Assume ug € Ly, p with p and r satisfying

<& @1

) (2.2)

1< p < oo, =n <

-

Then for some T = T (ug) > 0, there exists a unique solution u = U(ug) to the IVP (1.1) and (1.2)
such that

uetrs= (n,,sqmég_}%r' q) n (n,,sq,<°o Neo-gtr Clmtagy) /z_w) 2.3)
In particular, (2.3) implies that
ue BC([0,T), L, ,)N(Ns»,CUO, T), Ly, )
Furthermore, the mapping
U:Ar—Yr: ur—u
is Lipschitz in some neighborhood A of ug.

We make several remarks concerning this theorem.

Remark 1.
It is easy to see from our proof of this theorem that if |luoil Lr, is sufficiently small, we may

take T = oo. d

Remark 2.
The homogeneous spaces Ly 4 can be replaced by inhomogeneous spaces Ly 4 (i.e., spaces of
Bessel potentials):

= . — 2
Log={v: vl = |1 - a) u"Lq < oo}
to obtain quite similar well-posedness results. O

We prove Theorem 1 by the method of integral equation and contraction-mapping arguments.
This method has been extensively used by Kato, Ponce and others to prove the well-posedness of the
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Navier-Stokes equations in various type of functional spaces {8, 9, 10, 11, 12]. First we write (1.1)
in the integral form

u=Uu®)+G (Iulk”lu) () = e Dug+ /ot e~Al=T) (Iulk'lu) (t)drt .
Then we estimate the operators U and G separately. The main estimates are established in the
propositions that follow.
Proposition 1.
(1) IfseRandq € (1, 00), then
Uug(t) > ug, in Ls'q ast —> 0.

2) Ifsi<sunq1<q,and

n n
a2=<s2—s1+————>/2,
9 Q@

then U maps continuously from Lg, g, into Coy 554y (When oz = 0, Cqy 4, g, should be
replaced by Cy, 4, ).

Proof.  The proof of (1) involves the definitions of the norms and the dominated convergence
theorem. See [10] and [11] for the proof of (2). O

Now we give the estimates for the operator G:

t
Gelt) = f 26D g(r)dr
0

Proposition 2.
Ifq1, q2, @1, @y, 51, and 57 satisfy

q = ¢
i n n
ay<l, o = a1—1+—-|:s2—sl+———j|
2 9 @
@-3)
0 < s—51<2—n{—-—1},
91 92

then G maps continuously from Cq, 5,41 10 Cay.53.42-

Proof. The proof of this proposition is quite similar to that of Lemma 2.3 in [11]. We just want
to point out that the restrictions

1 1
aj <1, s5s-15 <2—n(—-———-)
qa 92

are imposed to guarantee the finiteness of a Beta function involved in the estimates of G. O
Now we turn to the proof of Theorem 1.

Proof of Theorem 1. We consider two cases: r < 0and r = 0. For r < 0, we define
X = C,‘p N C—%,O‘p ,
with norm for 4 € X given by

lullx = e = Usollo,.,p + lull_g 0.



634 Jiahong Wu

and the complete metric space Xg to be the closed ball in X of radius R. Consider the operator
AW, ug) : Xp x A— X

Au, ug) (1) = Uno(t) + G ([ulk"lu) ), 0<t<T

where A is some neighborhood of ug in L. PE O

Using Proposition 1 with
r

si=r, 2=0, qa=q=p, wm=-7,

we find that Uug € Xg if T > 0 is small enough and A chosen properly. To estimate G, we use
Proposition 2 with

)4 kr l 0 21 +
= —, =P, Q] = ——, ay) = —, S =0, 5§ = — r,
q1 X qg2=p 1 2 2 A 1 2 X
we obtain
k—1 k=1 k k
|o “Wa%wmfcuw' “Uogog =1¥l-go, = <R

foralll € [0, —%r). Here it is important to notice that the restrictions on p and r (2.1) and (2.2)
are necessary in order to apply Proposition 2.

Furthermore,
A @ uo) - AGuoly = |G (ul='u) -G (1ar'a)|
< le (|u - a|k-‘u) || + ”G (|u - a||a|"-1)[| .
X X
Using Proposition 2 again
IAG )~ A uo)ly < 2fw—attu] +2|w-aakt]
Y- oYY

IA

= k1 S0 = nk—]
cllullxllu —ally " +cllu—ullxhaly " -

So, if we choose T to be small and R properly, then A(u, up) maps X g into itself and is a contraction
map when k > 2. Consequently there exists a unique fixed point u € Xg: u = U(ug) satisfying
u = A(u, ug). Itis easy to see from the above estimates that the uniqueness can be extended to X 5/
for all R’ by reducing the time interval and thus to the whole X.

To show that u is in the class of Y7 (defined in Theorem 1), we notice that

u(t) = Au, u0) () = Uug(t) + G (1u|’<-‘u) "), tel0T).

‘We apply Proposition 1 twice to Uug to show that

8 Uu ¢
UVuo€Cytg U €C(ain)ng

forany p <qg <ocoand s > -;i - k‘%T To show the second part

k-1 A
G(Iul u)eC%_E‘q, p=g<
we use Proposition 2 with
14 kr n 2
== — = = ——, =O, =0, == - - —
q1 PR 2 =99, a) ) a2 51 52 7 k-1
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and obtain
G (jut="u)] sclmttu) ey,
| - pop S50,
We apply Proposition 2 once again with
Q= %, =q, =0, =5,
kr n + 2 P
o] = ——, np=|s——+-——o
! 2’ g k-1
to show that 5
k=1 : n__z
G (]ul u) € Clmpag)ee 7 7" T 2.4)

but s should also satisfy
(kn n)
s<2—|——~
p q

which is required by Proposition 2. For large s, (2.4) can be shown by an induction process (see an
analogous argument in [9, p. 60]).

To prove the Lipschitz continuity of U, let u = U (up) and v = U (vg) for ug, vg € A. Then
A (u, ug) — A (v, vo)llx

A (u, ug) = A (v, uo)llx + A (v, uo) — A(v, vo)llx

yllu —vlix + U (uo — vo)ll x

lluw — vilx

IA 1A

For small T and properly chosen A, y < 1 since the mapping is a contraction and we obtain asserted
result by using Proposition 1 to the second term.
In the case r = 0, we define

X=C0'pncﬁklfﬁ-0v§f

Wlth the norm
”u X u UuO" u 1 4

and X is again the closed ball in X of radius R. By Proposition 2,
o (ur)l, = Jo(uttu)l,, +lo ()] o

k k

< cllull <cR

4p — 1 4p =
Z(Ek_l)~0v3‘E 3?75—“‘0'—;

and the rest of the proof reduces to the previous case. This completes the proof of Theorem 1.

I

.y

. n 2
3. Non-Uniqueness for r < i

In this section we consider the situation when

k—1
1<p<£(—2——2<k+1

and prove that if
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then the solution of the IVP:

du—Au=uflu, xeR", 120 3.1)

u-—>0, in L., ast—0 (3.2)

is not unique. This is accomplished by constructing a non-trivial solution of the above IVP. The
precise statement of our result is the following.

Theorem 2.
Assume that

k-1 2
PE=D b1 oand r< o2 (3.3)
P

1 .
<p< 1
Then for some T > O, there exists at least one non-trivial solution ® to the IVP (3.1) and (3.2) such

that . '
®eC(0,T),L.p)NC((0,T),Crf20p)

Thus we get at least three different solutions ®, —® and 0, corresponding to the same initial data 0.

We seek solutions to (3.1) of the self-similar form

1 x
Sx, )=t HFlo|—
G0 (%)
Then (3.1), which & should satisfy, reduces to an O.D.E. of w,

Aw(x) + 12‘- Vo(x) + kﬂg% +lo@) i lox) =0, xeR”

By assuming w is radial, i.e., w(x) = v(|x|) with v : [0, o0) —> R, the equation is further reduced

to
-1
@+ (L 2 )+ 2 @ lua) =0, x>0 G.4)
X 2 k—1
Haraux and Weissler [7] consider the solutions of (3.4) and we need to use the following result
of theirs.

Proposition 3.
Letk>1landn>11If
nk - 1)
2

then for some v, there is a unique solution v € C 2(10, 00)) to (3.4) with v(0) = vg and v’ ® =0
such that

1 < <k+1

lim x"v(x) =0, forallm>0.
X=>00
To prove the theorem, we only need to prove the following assertions about the solution

1
D = t'mv(%) constructed above.

Proposition 4.
Assume that the indices k, n, p, and r satisfy (3.3). Then

0)]
@) - 0, in S(R") as t—>0

where S'(R™) is the space of tempered distributions.
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3] ;
o) — 0, in Lp as t—0

Proof. To prove assertion (1), we calculate for any ¢ € S,

lim f O Np()dx = lim (rrh f v (%)q&(x)dx)

1 n . 1 1
tim (7 FT 5 ol lgllee ), with —+ = =1
t—0 r q
Since |jv|{ s is finite as implied by Proposition 3, we conclude that the above limit is zero.
To prove (2), we need the following lemma.

Lemma 1.
Letqg € (1,00),0 < T < o0, and vg € S'(R"). If v € C((0, T), L?) solves the IVP of the
linear heat equation

1A

dv—Av=0 xeR* t>0,
v(x,t) > vy, inS (R") ast— 0,

then v is uniquely given by v = Uvyg. Especially vo = O implies that v = 0.

Now we prove assertion (2). Itis easy to check that ® — A(®, 0) solves the linear heat equation
with initial data zero and hence, by Lemma 1, must be zero. That is

o) =G (|¢|“-1<1>) o

Using Proposition 2,

oo, = |c(ietle)m),
3 Lr.ﬂ
< k—1 < ||k,
< cfiette Cgag 150,
Therefore,
. . _rk k . kfn__ 2 _ s
fim (1001, < tim (- F101t,) = im (G-, )
The above limit is zero for r < % - E%T This finishes the proof of the theorem. il

4. Well-Posedness in H®

In this section we first state and prove the main result. Then we extend it to the general
situation.

Theorem 3.
Assume ug € H* with s satisfying

-l<s, forn=1, %—2<s, forn =2

Then for some T = T (ug) > O, there is a unique solution u(t) of the IVP (1.3) and (1.4) on the time
interval [0, T] satisfying
u€BCs((0,T1,H"), foranyr=0
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Furthermore, for any T’ € (0, T), there exists a neighborhood V of ug in H* such that the mappin
pping
®: Vi BC; ((0, T'] , Hr) ,

is Lipschitz.
Remark 3.

The theorem remains unchanged if the nonlinear term u? in (1.3) is replaced by —u?. At this
point the nonlinear heat equation is similar to the nonlinear Schridinger equation for which the
Sfocusing and defocusing cases are the same for short time but quite different for long time results

(see, e.g., [3]). O

The proof of this theorem is again based on the contraction mapping principle. We write (1.3)
in the integral form

t
u=Uw)@®)+G (u2> () = e Pug + / e80T (u2> (v)dt .
0

Then we estimate the operators U and G on BC((0, T], H”). The main estimates are established
in the propositions that follow.

Proposition 5.
Let0 < T < 00,5 € Randug € H*. Thenforanyr > s, u = U(up) € BC;((0, T}, H")
and

flullse,o.11.07) < Ca lluoll gs
§

where Cp = [I(l + IEIZ)% exp(—|&|%) || is a constant.

The proof of this proposition involves merely the definition of |lullzc, (.71, #7) and can be
found in [6]. .

Proposition 6.
Let0 < T < 1 and s be a real number satisfying
-l<s, forn=1, %—2<s, forn=>12.
Assumer > O0andu € BC,((0, T1, H"). Then forany q :
n
< 2— =
sfqg<r+ 2

the function ug(t) = G(u?) e BC;0({0, T}, H?) and

G (uz) ll < CATE+2=5)72) 12 .
“ BC.(O.TLHY) — © lellzc, o)

where Cg isaconstantand BC; o((0, T, H?) isasubspace consisting of thoseu € BC((0, T, HY)
such that u(0) = 0.

The proof of this proposition is lengthy and similar to that of Theorem 3.4 in [6]. For com-
pleteness, a sketch of the proof will be given at the end of this section.
‘We now sketch the proof of Theorem 3.

Proof of Theorem 3. Letr > 0 be any real number, X7 = BC;((0, T], H") and X1 g be the
closed ball centered at zero of radius R, where T, R are yet to be determined. Define the nonlinear
map ¢ on Xt g

PW(©) = U o) ) + G (7))
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Using the results of Proposition 5 and Proposition 6,
s+2-2
10Wlxy < CakK +CoT 2 |lull,
where K = {{ugllgs. Foru,u € Xr g,
s+2-%

[®@@) — 2 @ix, < 2C6T T |lu+ llx, e — dllx,

It is not hard to check that if .
$+2--
4CACGKT—TF <1 4.1)

then for some R > 0, ® maps X7 r into X7 g and is a contraction. Thus there is a unique fixed
point u = ®(u) in Xr g. Itis clear that by reducing the time interval (0, T'), we can extend the
uniqueness to X7 g for any R’ and thus to the whole class in X7.

For T’ € (0, T), we can see from (4.1) that K can be replaced by a larger X’ such that (4.1) still
holds for K’ and T’. That is, ® is still a contraction map for vg € V where V is some neighborhood
of ug. The Lipschitz continuity of @ is easily obtained by using the fact that & is a contraction map
on V. This finishes the proof of this theorem. O

Now we state a lemma that will be used in the proof of Proposition 6. In what follows we will
denote (1 + |£]%)1/2 by w(£) where £ € R".

Lemma 2.
Letr > 0, a be real numbers. If g, h € H', then

lwEay BR®)] o0 < |wEa) 3®)] 2 |wisay b

B
The proof of this lemma is simple and can be found in [5].

Proof of Proposition 6. First we estimate |ug | sc,(0.77.59)- We only need to prove for the
caser < g <r+2— 7 since the norm is a nondecreasing function of g. It is easy to check that for
0<T<l1,-2<s<0=<r

(F <wErw(e?) sigl+et
and it then follows that |lu|l ¢, (.71, #7) is bounded by
< lullge,¢o.11.87) (4.2)

jglw (62 @@ , =1+ 11

suporr 17 |w (61'7) ()8

< supgerzr 17 |0 (522) 2()(®))

L2

12 +SUPg <7

So to bound ||« || B¢, ((0.7],H9), We only need to éstimate I (ug) and I (ug). We first bound I (ug):

f t w(EV/De B0 (1) (E)dr
[}

LZ
Clearly, forany £ e R*and 0 < 7 <¢,

w (£v7) < w (EVE=T) wEYD)

Therefore,

¢ = o) Y e
x |w Ev7) @@®) a0

L2
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Using the result of Lemma 2 and (4.2),

_ )
I 2,112 ’“"’(E‘/;)q "w(ET) e L2
< t u r d
ll ||13c.,((o.11.H)/0 = o) t
— 2
1 “w(éa“l/z)q T w(g) el l
< Crlot? 7)/2"”“%@((0,7"],11')/0 “do

(1 —o)bslgn/4

The integral in the last inequality is finite if ¢ — r < 2 — 7 and this follows from the estimate for
0<Lr <1

w(ge™2)" = (14 |§|za-1)i; S1+ETeT T

and the fact that fora > 0, b > 0 the Beta function
1
B(a, b) = / (1 = x)* xb—lgx
0

is finite. I can be estimated in a quite similar way and the final result is the same as that of I apart
from that the constant C may be different. O

Now we show that ug : (0, T] — HY is continuous. Let 71, #2 € (0, T] and we estimate the
difference

A

| , A
luG (1) — uG (Dlge < Nw(&)" / TR0 23 (0 (£ )d e
n

L2

+ "w(&)" /” [e—lElz(tz—f) - e—|e|2(n—r)] w2(T)(E)dT
0

1HHI+1V

L?

In a similar manner I1] and IV can be estimated and consequently we can show that fors < g <
r+2-— %:
111, Iv—-90, a t©-1 —0

Finally, we show that
ug(t) >0, inH ast— 0.

We estimate

t o~
lucllgs = ”w(;)f f e BP0 2(ry(£)d
0 L2

and this can be done similarly as before. We omit details.

Actually the arguments employed above in proving Theorem 3 can be extended to establish
well-posedness of the IVP (1.1) and (1.2) with nonlinear term u* in weighted Lebesgue space L;. pe
To state the result, we need to define the general space BC;((0, T], Ly,,p), where L p, is the weighted
Lebesgue space of all v such that |w(§)*D(&)|lLr < 0.

ForT >0,5s <s1,1 < p <00,

BC; (0, T), Ly,p) = [u € C([0,T), L;,p) NC (0. T], Ly, p) :

[l “BC; ((O.T]-Ln-l’) = 00}
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where

w@yw (2)" 2@

fuell = Supre(0,T
BC; ((0.T)Lsy.p) 0.7] Lo/

Theorem 4.
Let k > 2 be an integer and p = k%l Assume that ug € L p with

2 n 2
s> ——, §> — = —
k

p k-1

Then for some T = T (ug) > 0, there is a unique solution u(t) of the IVP (1.1) and (1.2) on the time
interval [0, T] satisfying

u€BC((0,T]Ly,,), foranyy =0
Furthermore, for any T' € (0, T), there exists a neighborhood V of ug in Ly, , such that the mapping
®: V> BC (0, T'],Lyp): uor—>u

is Lipschitz.

This theorem reduces to Theorem 3 when k = 2. We can prove this theorem by generalizing
the arguments used in the proof of Theorem 3. For example, Lemma 2 should be extended to the
following.

Lemma 3.
Let y > 0, a be real numbers. Iffor1 <i <k, 1 < p; < 00,
1 1 1
—t+—+F—=k—-1,
Pt p2 Pk

and g; € Ly p;, then
w(€a) g1877 gr(E)| 1o < C |w (&) B1E)| 10 -+ - |w(EQ) B (E)| 1

where C is a constant.

We omit further details because the modifications are straightforward.
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