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Regularity Criteria for the Generalized
MHD Equations

JIAHONG WU

Department of Mathematics, Oklahoma State University,
Stillwater, Oklahoma, USA

This paper derives regularity criteria for the generalized magnetohydrodynamics
(MHD) equations, a system of equations resulting from replacing the Laplacian —A
in the usual MHD equations by a fractional Laplacian (—A)*. These criteria impose
assumptions on the velocity field u alone and sharpen a result of He and Xin (2005).
In addition, these criteria apply to the incompressible Navier-Stokes equations and
improve some existing results.
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1. Introduction

This paper focuses on the generalized magnetohydrodynamics (GMHD) equations

u,+u-Vu+v(—A)*u=—-VP+b-Vb, xeRY t>0,
b,+u-Vb+n(—=A)b=0b-Vu, xeR? >0, (1.1)
V-u=0, V-b=0, xeRY t>0,

where v, n, o and f§ are positive parameters, u and b are d-dimensional divergence-
free vector fields, and P is a scalar. The GMHD equations generalize the usual
incompressible MHD equations by replacing the Laplacian —A in the MHD
equations by a general fractional Laplacian (—A)* (see Wu, 2003). When oo = f = 1,
(1.1) reduces to the MHD equations. Our goal here is to derive several regularity
criteria for solutions to the initial-value problem for the GMHD equations with the
initial data

u(x,0) = uy(x), b(x,0) =by(x), xeR%
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Aiming at the fundamental issue on the global existence of classical solutions to
the incompressible Navier—Stokes equations

u,+u-Vu=—-Vp+vAu, xeR? >0,

regularity criteria have been derived to reveal how far we are from resolving
this difficult problem. Regularity criteria are sufficient conditions under which
the corresponding solution becomes globally smooth. There are several types of
regularity criteria. The Serrin type criterion states that a Leray weak solution u is
smooth on [0, 7] if any one of the conditions

we L([0, T); L”(RY))  with 244 =1 ford < p < oo,
u € C([0, T]; L}(IR%)), (12)
u e L>([0, T]; LY(R?)) ford >4

holds. See Furioli et al. (1997), Lions and Masmoudi (2001), Prodi (1959), Serrin
(1963), Sohr and von Wahl (1984) and references therein. An alternative type of
criterion requires that

2 d d
Vu € L([0, T); L*(R?)) with =+ = =2 for 5 <P <o (1.3)
q P

See Beirao da Veiga (1987, 1995). Another type of criterion is expressed in terms of
the vorticity = V x u. The pioneering work of Beale et al. (1984) proves that if

[ 10, Dl < o (1.4)

then the velocity u of the 3D Euler equations maintains its smoothness on [0, 7.
For the 3D Navier-Stokes equations, (1.4) implies that u is smooth on (0, T]. The
condition in (1.4) was later weakened by Kozono and Taniuchi (2000) to

T
[ o Dlauods < o0

and further reduced in Kozono et al. (2002) to

r 2 d
/ lo. DIy gyt <00 with =+ =2 and d<p< oo, (1.5)
0 oo qg P

where Bg’m represents a homogeneous Besov space to be defined in the next section.
(1.5) currently represents the sharpest criterion in terms of vorticity.

As for the 3D Navier-Stokes equations, the global existence issue for the
3D MHD equations also remains open. Several regularity criteria are currently
available. Early criteria impose conditions on both the velocity field u and the
magnetic field b (Caflisch et al., 1997, Wu, 1997). Noticing the experimental
and numerical results that appear to indicate the dominant role of the velocity
field (Hasegawa, 1985; Politano et al., 1995), He and Xin were able to derive
several regularity criteria for the 3D MHD equations that put no constraint on b
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(He and Xin, 2005). One of them states that if a weak solution (u, b) of the 3D
MHD equations satisfies

2 3
Vu e L([0, T); L”(R®)) with =+ > =2 and 3 <p < oo, (1.6)
qg P

then (u, b) is smooth on [0, T]. The goal of this paper is to weaken the assumption
(1.6) and to extend the ranges of the indices. We consider a local solution (u, b)
of the d-dimensional GMHD equations (1.1) with an initial data (u,, b,) € B;,r for
l<p<oo,l<r<ooand —£ <s<4(1~ 7). We prove that if

T 2 d d
/ luC D%, godt <oo with =+ -—=2 and ~— <p<oo, (17
0 .00 (RY) qg ap 2u

then (u, b) remains in E;‘r on [0, T]. As a special consequence, (u, b) is smooth [0, 7]
when p > d. In the borderline case p = %, the assumption is modified to

sup [lu(-, 0)||p < Cmax(v,n) (1.8)
1€[0,T] e

for some constant C independent of v and 5. Another borderline case is when p = cc.
The situation is more complex. We establish for this case that either

T
145
/0 luC Ol51° gaydt < oo for some 6 > 0

or
T
/ (-, D)l pe (raydt < oo for some € > 0
) ‘

is sufficient for any solution (u, b) to be in L=([0, T]; H*) for s € [—p, p], where p
is related to 6 and e. Here B. _ denotes an inhomogeneous Besov space. Because
of the genuine inclusion W' c B},,w, (1.7) does represent a weaker condition than
(1.6). In addition, p € (£, ) in (1.7) extends p € [d, o) in (1.6).

Since the GMHD equations can be viewed as a generalization of the
Navier-Stokes equations, these results also apply to the Navier-Stokes equations.
Compared with (1.3), the assumption in (1.7) is weaker. In addition, the range of p
in (1.7) includes (£, d), which is excluded from (1.5).

This paper is organized as follows. Section 2 provides the definition of Besov
spaces. Section 3 details the regularity criteria (1.7) and (1.8) while Section 4 states
and proves the regularity criterion for the borderline case p = oo.

2. Besov Spaces

This section provides the definition of Besov spaces and related facts. We denote by
F(R?) the usual Schwarz class and &'(IR?) the space of tempered distributions. Let
f denote the Fourier transform of f, defined by the formula

F@=[ e e
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The fractional Laplacian (—A)* with ¢ € R is defined through the Fourier transform
(=8)7f = |1 ().

For notational convenience, we sometimes write A for (—A)%. We define ¥, to be
the following subspace of &,

S = {¢> = Ef’,/ d(x)x'dx =0,y =0,1,2, ... }
R4
Its dual & is given by
S =SS =S P,
where % is the space of polynomials. In other words, two distributions in &’ are
identified as the same in & if their difference is a polynomial.
For j € Z, we define
A, ={le R?: 271 < |¢] < 271},

Then there exists a sequence {®;} € #(IR?) such that

supp ®; C A;, (&) = By27E) or P,(x) = 24Py (20x).

and
o 1 if & € RY\{0},
(I) pr—
= 0 lo if ¢ = 0.
As a consequence, for any f € ¥},
> ok f=f 2.1

k=—o0

To define the homogeneous Besov space, we set
Aif=@,xf, j=0,£1,£2,.... (2.2)

Definition 2.1. For s € R and 1 < p, g < oo, the homogeneous Besov space E;, p is
defined by

B, ,={fe%:If

|B;,_q < OO} s
where

)Y for g < oo,

171 :(E.f (2" 1A,
Bs = .
. sup; 27 (|A; £ 1 for g = oo.
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To define the inhomogeneous Besov space, we let ¥ € C°(RY) be even and
satisfy

O =1- 3,0,

k=0

It is clearly that for any f € &,

\If*f+i<bk*f:f.

k=0
We further set

0, if j <=2,
Aif={¥=xf, if j=-1, (2.3)
D, x f, if j=0,1,2,...

Definition 2.2. For s € R and 1 < p, ¢ < oo, the inhomogeneous Besov space B;‘ p
is defined by

B, = {fed: ||f||3;,vq < oo},

where

o 1/q
( D (21-¥||A,-f||m)") . if g <o,
£y, = { V= (2.4)
sup 2'/S||Ajf||1,m if g = oo.

—1<j<oo

We caution that A; with j < —1 associated with the homogeneous Besov space
Ioi‘;’ , are defined differently from those associated with the inhomogeneous Besov
space B;,q. Therefore, it will be understood that A i with j < —1 in the context of
the homogeneous Besov space are given by (2.2) and by (2.3) in the context of the

inhomogeneous Besov space. For A; defined by either (2.2) or (2.3)and S, = >, _; A,,
AA =0 if [j—k[=>2 and A(S,_fAf) =0 if [j —k| =>4
The Besov spaces and the standard Sobolev spaces defined by
WP = A~LP and W = (1 — A)™**L?
obey the simple facts stated in the following lemma (see Bergh and Lofstrom, 1976).

Lemma 2.3. Assume that s € R and p, q € [1, oo].

1) If s > 0, then B;qq C B;,q.
2) If s <s,, then B2, C B} . This inclusion relation is false for the homogeneous
Besov spaces.

3) If1 < g, < g, < oo, then 105‘;’% C B;’qz and B;,ql C B;’qz.
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4 Ifl<p <p,<ocands =s,+ d(% - plz) then By (RY) C B2 (R).
5)If 1<p <p,<o0,1<¢q,,q, <00, and 5, > s, + d( L), then B3 (RY) C

1
d P1 P2 Pr-q1
X
Bl’z,qz (IR )

6) If 1 < p < oo, then

o

y C WP C B? B

A )
B p,max(p,2)° p.min(p,2

p,min(p,2 y C WP C B,

p.max(p,2)*
We will need a Bernstein type inequality for fractional derivatives.

Proposition 2.4. Let o > 0. Let | < p < g < 0.

1) If f satisfies
supp [ C {& e R [¢| < K2},

for some integer j and a constant K > 0, then

1

oj+jd(L—1
I(=8)"F | agray < CL227H070| £l oray-
2) If f satisfies
supp f C{£ e RY: K2/ < |¢| < K2/} (2.5)

for some integer j and constants 0 < K| < K,, then

ui M el 1
C,2 Nl zoray < 1= Fllaray < szh'/Jr]d(” q)”f”Lﬁ(]Rd)’

where C, and C, are constants depending on o, p and q only.

The following proposition provides a lower bound for an integral originated
from the dissipative term in the process of L? estimates (see Chen et al., 2007; Wu,
20006).

Proposition 2.5. Assume either . > 0 and p=20or 0 <a <1 and 2 < p < oco. Let j
be an integer and f € F'. Then

[ 11720 A fdx = €2 11,
R4

for some constant C depending on d, o and p.

3. Criteria in the Norm of B! _ with p < oo

This section presents two regularity criteria that are expressed in terms of the norm
of the homogeneous Besov space E}W with p < oo.

Theorem 3.1. Consider the d-dimensional GMHD equations (1.1) with v > 0, n> 0,
and 0 < o = B < 1. Assume the initial data (u,, b,) € IOS;J(IRd) with s, p and r satisfying

d d 1
l<p<oo, 1<r<oo and ——<s<—<1——>.

pr p r
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Let Ty > 0 and let (u, b) be a corresponding solution of the GMHD equations with
"
u, b e L*([0, T,); B, ,(R)) N L'([0, Ty); By, (RY)). (3.1)

Let T > T,. If u satisfies

[ 1Dl gt < (32)
with p and q obeying
max(l,%)<p<00, %4—%:2, (3.3)
then
(u,b) € L*(10. T]: By, (RY) N L ([0, T]; B}, (R)). (3.4)

Remarks. We make two remarks.

i) The condition in (3.2) is solely imposed on u. Since W'» c B!

hoor (3:2) 18
weaker than Vu € L4([0, T]; L?);

ii) In the theorem, we used the fact that for (u,, b)) € BS,, the GMHD

p.r’
equations have a local solution in the regularity class (3.1). This can be established
by a priori estimates and standard methods such as successive approximations.

We now exam the consequence of this theorem on the 3-D MHD equations. We
take d = 3,0 = f =1 and r = 2. Parallel to the regular class (1.2) for the Navier—
Stokes equations, any solution (u, b) of the MHD equations satisfying one of the
conditions

u, b e C([0, T]; L*(R?))
u,b e L*([0, T); LY“(RY)) ford >3

is actually smooth. Combining this fact with the inclusion relation
109;,2 c W for p>2,
we have the following corollary.

Corollary 3.2. Consider the 3D incompressible MHD equations, namely (1.1) with
d=3, and o. = § = 1. Let (u, b) be a local solution satisfying

u,b e L=([0, T)); B, ,(R*)) N L*([0, T)); B} (RY)) (3.5)
for some T, > 0, where _zi,, <5< zi,, If, for T > T, u obeys the assumption

! q .3 2 3
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then u and b remain in the regularity class (3.5) up to T,
u,be L°°([0, T B;,Z(IR3)) N L*([0, T]; B;,*Zl (IR3)). (3.6)
In particular, for s > 0 and p > 3, u and b are smooth on [0, T

The following theorem deals with the borderline case when p = %, which is not
included in Theorem 3.1.

Theorem 3.2. Letv > 0,1> 0, and 0 < o = f < 1. Assume that

d 2 2
p=—, l<r<oo and ——a<s<2<x——a.

200 r r

Let uy, b, € E;Yr(IRd) be divergence free vector fields and let (u, b) be s solution of the
GMHD equations (1.1) corresponding to (uy, by) and satisfy

ube L=(10, 1) B;,) n (10, T B;ﬁ) 3.7)
for some T, > 0. If u satisfies

sup [lu(-, )l < Cmax(v, n)
te[0,7]

for some constant depending on a, s, d and p, then (u, b) remains in the regularity class
(3.7) over [0, T).

We now prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. For the sake of a concise presentation, we shall only consider
the case when r = p. The general case of r can be treated in a very similar fashion.
It suffices to derive an a priori estimate that implies (3.4) under (3.3).

Let j be an arbitrary integer. Projecting the velocity equation of (1.1) onto
divergence-free vector fields and then applying A; (defined in (2.2)), we have

0,Au + v(—A)*Aju = —TPA(u - Vu) + PA (b - Vb), (3.8)

where P = I — VA~'V. is the projection operator onto divergence free vector fields.
Similarly, applying A; to the second equation in (1.1) yields

O, b+ +n(=A)"Ab = —A (1 - Vb) + A,(b - Vi) (3.9)

Multiplying (3.9) by p|A;b|"~2A;b, integrating with respect to x and applying
proposition 2.5, we obtain

A7, + Cn2 || Abl17,

d |
dt
< —p/|Ajb|1’*2Aijj(u . Vb)dx+p/|Ajb|1’*2Aijj(b - Vu)dx.
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Multiplying by 27 and summing over all j, we get
d p P
—blly, + Conlbll” o, =1 + L,
dt p.p By’

where

I=-py 2 / |A,bP2A,b - A (u - Vb)dx,

J

L=p)y 2" f |A;b]"2Ab - Ay(b - Vu)da.
j

To estimate I;, we use Bony’s notion of paraproduct to write

Au-Vb) = Y A(S_yu-VADL) + Y A(Aw- VS,_ib)

[i—k|=2 lj—k|<2
+ > Y Aj(Au- VAD).
k>j—1 |k—1]<1

Inserting this decomposition in (3.11), we splits /, into three parts,
Li=1)+ 1)+ 1
with

Li==pY 5 27 [10bIP2Ab - A (S, u- VAb)dx,

i lj—kl=2

Ly==pY % 27 [ 10617280+ A (8- VS, b)dx,

Jolj—kl=2

Ly==pY ¥ 27 [IApI 280 3 Aj(Au- VAb)x.

Jok=j-1 [k=1]=1

293

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

We first bound /,. Noticing that the second summation in /,, is over k satisfying
|j — k| <2, we only need consider the term with k = j. By Holder’s inequality

Iy < €327 A1 1A a1 | VS, bl -

J
Applying Bernstein’s inequality yields
Iy < C Y 27815 Al 3 209" A,, b

J m<j—1

Lr-

We write the right hand side as

1
P )1—;
Lp

. dy
I, < csz||Aju||U(2<P~Y+;>J||AJ.b
J

d

d 1 : .
x Z (2(ps+’{)m||Amb||€p)’72[5(17%)+173](M71)

m<j—1

= C) A;B/(CxD),
J
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where C x D denotes the convolution of two sequences, and

. Y 1-1
A =218l B = AL

2*[%(1*,%)“%]/’ it j>1,
0, if j<1.

J

C, = (27+7|Ab)%,)"" and D:{

By Holder’s inequality and Young’s inequality,

Ly < CI{A = 1{ B}l [{(C % D)},
< CI{A = I{B -0 I{Ci Lo 1 {D; -

When %(1 — i) +1—=5>0,[{D;}|lp < oo and thus

. 4 .
I, < Csup21||Aj”| L Zz(ps+”)j||Ajb||€ﬁ-
i .

J

Setting

we can further bound I, as

Iy < Clullyy, 32 (2" 1A;Bl15) (2777 |1A,11)

J
< Cllully |16

LI

PP

P1
By,

< clulj) el +<yp

|P
s+
p.p

We now bound 7. We rewrite I,; as

Li==pY 5 27 [IABIF2AD - [A, S u- VIAbdx

Joli—kl=2

—p X2 [ 1861728 (S Ab)dx
J

—pY X 27 [ A RA - (S — Syu) - VAAD dx
Jolj—kl=2
=Iin + Lo+ L,

where the brackets [ ] represent the commutator, namely

[A, Sete- VIAD = A (S, qu - VAD) — S,_yut - VA A

(3.15)

A key point of this decomposition is that the second term I;;, becomes zero since
u is divergence free. As we shall see in (3.18) below, the estimates based on this
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decomposition allow us to gain the good factor 2™ instead of 2/. To bound I
and I,;;, we notice again that k in the summations satisfies |j — k| < 2 and it suffices
to consider the typical case when k = j. According to Holder’s inequality,

LP»

I, = pZZPSj”Ajb”IL)ITI I[A;, S;_yu- V]A;b|

J

Ly < p 271815 14 ull = [ VA B

J

To bound the commutator, we have by the definition of A;

(A8 - VIAD = [ @00 = )(S; 1u(s) = S 1u(x)) - VAb()dy
= [V, (x = )+ (S, u0) — S, 1u(x) - A,b()dy.
R4
where we have integrated by parts. By Young’s inequality,

I14): 850 V18,5l = 198, qule 14,6l [ 1619, (0l
= C|VS,_jull~ |A;D]l (3.16)
Therefore,

I < CZZPSJ||AJ'I7|

J

Z;I(HA/‘””LM ”VAjb”LI’ + ||VS,>1”||L°° ”Ajb”LP)- (3.17)

It then follows from Bernstein’s inequality that

Iy < CY 27D A |, 1A D115,
J
+CY 27 \AbIL > 2(”%)’"||Amu||m. (3.18)
J m<j—1

Regrouping the terms on the right side, we have

Iy = Csup2/[[Aull, 3227 A bl
J .

J

s+4)j p m d(m—j
+C 27 ADI, 3 2 A, ull 2

J m=j-1

As in the estimates for I;,, we can bound /,; by
. dy;
I < CSl’l_p 2]||Aj“||u’ Z Z(pH”)J”Ajb”[ZP
J j

T Con

< Cllully 1615, + S 100",

PP
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We now estimate /,5. Since k and / in the summation satisfies |k — /| < 1, we can take
[ = k without loss of generality. By Holder’s inequality and Bernstein’s inequality,

s S C YA 2 S Al 1AB (3.19)

J k>j—1

To further bound 1,5, we write the right side as

o dyi 1-1 ps PR el 9,
Z(z(p +p)./||Ajb||lL’ ) > (2k||Aku||Lp)(2(’ +”)k||Akb||p ) "

Jj k>j—1

Therefore, for s + 1+ % > 0, /;; can be bounded by

. dy;
I; < CsujpzjnAj“”u’ Zz(pw”)]”Ajb”[L?ﬂ
J

J

£ C
o
< Cllully 1615, + ¢ 190

Collecting the estimates for I;;, I}, and I;5;, we have

Co’?

= Clally Wi, + 0

where ¢ = p/p; = p/(p — 3,)-
We now estimate 1, deﬁned in (3.12). By Holer’s inequality, we get

) < CZ2’"’IIA bIE 1A (B - V)|

Decomposing A;(b - Vu) into paraproducts as in (3.13), we can bound the L”-norm
of A;(b - Vu) as follows:

j oy dyy
||Aj(b'V”)||Lﬂ = 2'/||Aj”||u) Z 2°"|A,D L + ”Ajb”Ll’ Z 20+ [A,,ull

m<j—1 m<j—1

dy:
+2(1+”)J Z ||Aku”LP”Akb”LF’ (3-20)

k>j—1
where we have applied Bernstein’s inequality. Correspondingly, I, is bounded by
Ly = Ly + Iy + Ly,
where

S n—1rj 4y
Ly = CY 27 | Al 2N Aull, Y 20"1A,blL,

j m<j—1
. 1+4
Ly =CY 2|87, 322U A, ull,,,
j m=j-1

Ly = CZZ”” 18,515 2057 5 Al 1AL

k>j—1
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I,; can be bounded in exactly the same way as I;; (see (3.19)), while I,, admits the
same bound as I;; (see (3.18)). It remains to bound I,,. By writing it as

5 '+fl . P ],l
Lp)(zp Tt LP) ?

L, = Z(2j||Aj“|

J

x Y (@A, blE,) 20RO,

m<j—1

Ab)

we can show that for s — (1 — 1) <0,
P P

Ly < Csup2/||Aul|,, S 2t
j ' j

J

|A,bIIZ»

which admits the same bound as (3.15). Inserting the estimates for 7, and I, in (3.10),
we can conclude that

b e L*([0. 7): B}, (R)) 0 L2([0.7]: By, (RY)
when (3.3) holds.

Multiplying (3.8) by 2pS1p|Aju|P’2Aju, integrating with respect to x and
summing over j, we obtain

d
Sl +Covlel? = 15+ 1 (321)
PP
where
L=—py 2mi / |A,ul?2A,ulPA (u - Vu)dsx, (3.22)
J
L=py 2w / |Aul” A, ulPA, (b - Vb)dx. (3.23)
J

The estimates for I, can be applied directly to I; and we have

C,v
P 1 r
B, T g Il

p.p

L
L= Cllullyy

To estimate I,, we first apply Holder’s inequality to obtain

p—1
Lr

Io=p X2 Aull, 18,6 - VD)

J

As in (3.20), we have

j ‘—’m 4 m
”Aj(b'Vb)”LP = 2]||Ajb||L1’ Z 2°"|A,Dbl L + ”Ajb”LP Z 20+ A,

m=<j—1 m<j—1

.
RIS > 1AL A L

k>j—1
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Inserting this bound in (3.23) naturally splits the right of (3.23) into three terms
I, L, and I,;. To bound

i 1 4y
Ly =p Y 2 Aull7, 271400 32 20" 1A,5] L.

J m=j—1

we write it as

==

Ly = p X 2 Aull (277 H A gullf,) 7 (20214 b )
J

« Z (2psm+pm|IA b|%, )nz(p(l 3)=s)(m— D

m<j—1

As in the estimates for I;,, we have for (1 — 1) —s >0,

<o

; s+4)j - s+ 4)j
w = sup 2/ [Aull, [ Z20 Al | T[S 2 A
J

j j
We further write
20 Al = 20T Al 22 A
and then apply Holder’s inequality to get

2
2p
1-2)

pi(1— pa(1-
Ly = Cllullp Nully, || [ Joes | ||b|| .

P P I’ [’

By Young’s inequality, we have

"o+ Cllullg 115115 IIbllm 2

s+ p,oo s+7
By,

Ly = Cllully_ull lu

P 2 Cv ) Con
< b, + Clelf_1otg, + S0+ S, G20

P, I’ P I)

The bound for

[ m
Ly=p Y 2" | Al 1860 X2 295774,

J m<j—1

is the same as the bound for I, if $(1 — ) — 1 — s> 0. We now bound I;,

Iy =p Y 2 A5 2007 3 A

J k>j—1

1 [1A¢b]

Lr-

By writing the right side as

Ly = p Q7 NAull ) QP 27| A ull?,) 7

J

2 d i
I i TV A L A

k>j—1
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we have for s + 1% >0,

2

; dyi -3 dyi »
I < sup2f||Aju||L,,[Zz<l’-‘+p>f||Aju||'L’p] ”[Zz<w+p>JIIAjb||’L’p]’.
J J J

Thus 1,5 is bounded by (3.24). Inserting the estimates for /5 and I, in (3.21) leads to
(3.4). This completes the proof of Theorem 3.1.

Proof of Theorem 3.2. We establish Theorem 3.2 by modifying the proof of
Theorem 3.1. We shall not provide the details for all the terms, but focus on how
we deal with [}, differently. We start with (3.18). When p = %, we have

L) = Csu_pzj”AjM”Ll’ Zz(mﬂa)j”A]‘b”[L]n
J J

F O8I T 2 Al 2
J

m<j—1

< Cllu|

n b

p.oo

"
s+
P

Other terms can be similarly modified. When these estimates replace the
corresponding estimates in the proof of Theorem 3.1, we are led to the conclusion
of Theorem 3.2.

4. Criterion in the Norm of B,

This section derives a regularity criterion expressed in terms of the norm in B .
This result complements the theorems of Section 3.

Theorem 4.1. Consider the GMHD equations (1.1) withv > 0,n > 0, and a = > 0.
Let uy, by € H*(R?) with s satisfying —p < s < p for some 0 < p < o Let (u, b) be a
solution of (1.1) corresponding to the initial data (u,, b,) satisfying

(u, b) € L=([0, T H*(R)) N L*([0, Ty]; H*(IR"))

for some T} > 0. Let T > T,. If u satisfies either

T
/ (-, O|5r° (weydt < oo for some 6 > _r

or
T
/ (-, Dl pie (raydt < oo for some € > p,
) ,
then
(u, b) € L>([0, T); H*(RY)) N L*([0, T]; H***(IR?)). 4.1

Remark. As we shall point out in the proof of this theorem, a single term origi-
nated in b - Vb prevented us from extending s to the better range —p < s < 1 +p.
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Proof. Let j> —1 be an integer. Let A; be defined as in (2.3). Consider the
equations

0 Aju+v(=A)*Aju=—VA,P—A;(u-Vu) +A;(b - Vb),
0,A;b+n(—=A)"A;b = —A;(u-Vb) + A;(b - Vu).

Dotting the first equation by 2*7A ju and the second by 2XIA ;b, integrating with
respect to x, and summing over all j > —1, we obtain

1d
5 77 el 1D15) vl + bl = I+ Dot Tyt Jyy (42)
where
Jy=—Y 2% / Ab-A(u- Vb)dx, (4.3)
J
J= Y2 [ A Vs, (44
J
Jy=— Zzzsf/Aju - Aj(u - Vu)dx, 4.5)
J
J=Y 2% / Aju-Ay(b- Vb)dx. (4.6)

J

As in (3.14) of Section 3, we write J, as J, = J;; + J;, + J; with

==Y ¥ 2 [Ab-A(S - VA,

Jolj—kl=2

Ih=-Y % 22sj/Ajb~Aj(Aku - VS, _,b)dx,

Jolj—kl=2
Ih=-Y % 22~V‘/Ajb. > A (Au- VA b)dx.
j k=j—1 |k—1]<1

We can bound J;, in a similar fashion as we did to /;; in Section 3. Corresponding
to (3.17), we have

T = CE 2 VIADIE Al + C Y 2[R 3 274, ull.

J J m=<j—1

Noticing that A,, = 0 for m < —1 (see 2.3)), we have

Ju = Csup 2| Aull < |bl3 | + Csup 2"[|A,ull . 3 2% Ab]1 5277 (j + 1),
J ’ m -

J

200
(1+9)

where g = > 0. Letting ¢, =2 — 2 and ¢, = 2, we have

S22 A DI = Y (21 A,B) 2N ABIE) < 1515 ]G

J J
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Therefore,
Ji < Cllulg 1615 + Cllullp 1015 1617

5 n
< Cllullpy 15117 + Cllalli” 1515 + gllbllfqm- (4.7)
Alternatively, we can also bound J;; as follows.

Jip < Csup 2| Aull 16115 + Csup 20| Aju] o 3221 AN 30 27
j j j

i m<j—1

< Cllull pize 15117
Ji, is bounded by

le = CX:ZMHA;b”LZ”Aj””Loo Z 2m||Amb||L3 (4-8)
J

m<j—1

Writing the right side as

. . 1 1 .
Z i ”Aju“LDC (22,91 ||A,b||iz) 2 Z (22sm ”Amb”iz) 2 Z(s—l)(/—m)’

J m=<j—1

we have for s —1 < 0

Jio < Csup 2/ Ajull o 3222 Ab7. = Cllul gy 1517
; :

J

We can also modify the estimates to give s more freedom. In fact, if we rewrite the
right-hand side of (4.8) as

. . 1 1 Yy
le < Z 2/”A}M”Loc (2(2s+a)j ”A]b”iz) 2 Z (2(2s+z7)m||Amb”i2) 2 , 2(s—1—§)(/—m)2—6m’
J m<j—1
(4.9)
then the following bound holds for s — 1 — 2 < 0

2

. sto)i N 17
Jip = Csup 2/||Aull = 3723 VA BN < Cllull® 1B + g”b”%]ﬁ-’-
J j :

12
J

Alternatively, one can also bound J,, by
Jip < Cllull pize 15117
valid for any s — 1 — € < 0. J;; can be estimated as follows.

D = C21800122 30 Al |41l

J k>j—1

j 3 < Lo
< CZ (22S]||Ajb”i2)2 Z 2k||Aku||Loo (22.&k”Akb”iz)22(s+l)(1 k)
J

k>j—1
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When s+ 1 > 0,

2
B3yt

Ji3 < Cllullg, I

We will combine J, and J, to take advantage of some cancellations between
them. Using the notion of paraproducts, we write

A-Vu)y= Y A(Syb- VAU + Y A[(Ab- VS,_iu)

[i—k|<2 |ji—k|<2
+ Z Z Aj(Akb - VAu).
k>j—1k—I|<1

A j(l})l - Vb) can be decomposed similarly. Inserting these decompositions in J, and J,,
we have

Hh+dy=Iy+In+ Iyt Jp+ s,
where

=Y % 22 [Ab-A(S b VAw)dx

Jolj—kl=2

Y Y 2zs_f/Aju.Aj(sk,lb-VAkb)dx,

Joli—k=2

=Y X 27 [Ab-AAb-VS, udx,
Joli—kl=2

I=3 Y 2 [Ap ¥ AAb- VA,
J k=j-1 lk—1]<1

To=Y X 2 [Au-A,Ab- VS, b)dx,
Joli—kl=2

=3 Y 2 [Au- ¥ A(Ab- VAb)x.
J o kzj-1 [k=l]<1

The cancellation occurs in J,,. To see this, we use the notation of commutators to
rewrite it as

=3 Y 2% /(A_,b- [A,, S_1b - VIAu+Au-[A,, S, b VIAb)dx

J li-kl=2

+Y Y 2w /(Ajb-sk,lb-VAjAku+Aju.sk,1b-VAjAkb)dx

Joli—kl=2
= b + Do

The second part J,;, is more or less zero and this is where the cancellation is. More
precisely, we have

iy =2 [AbSib- VAudx+ Y2 Y [Ab-(Si b= Sb) - VA A udx

J Jj lj—kl=2
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+3°2% [Au-Sb- VAbdx

J

+Y 2 Y /Aju (Si1b — S;b) - VA, A b dx.
j

lj—k|<2
If we integrate by parts, we have
[ b (s VAwdx+ [Au-(Sb- VA b)dx=0.

Noting that S,_;b — §;b is the summation of a few A;b, we obtain

b= % [(ab-Ab-VAAu+Au-Ab-VAMD)x.

Jlj—kl=2]i-j]<3
To bound the commutators, we state and prove a lemma.

Lemma 4.2. Let 1 < g < oo. Let U be a divergence free vector.

1A, S U - VIA Ve < CIVS,_ Ul 1AV | 4 (4.10)
I[A;, Si_ U - VIA V]|, < C|[VS,_ U AV (4.11)

L4

Proof. (4.10) is essentially the same as (3.16). It suffices to prove (4.11). We write
[4;, S U - VIAY = /}Rd D;(x = y)(S, 1 U(y) — $,,U(x)) - VA, V(y)dy
= [, V0, =) (S, U0) = i1 U) - AV)dy.

Since

1 d
S U(Y) — S,y Ux) = /0 S Uty + (1= )x)ds

1
- /0 (y — x) - VS, U(ty + (1 — )x)dr,
we obtain
1

18 $2U - VAV < 18Vl [ [ 5= )9S 1 UGy + (1= D9y
where h(x) = |x||V®;(x)|. Making the substitution z = ty + (1 — t)x yields

[}Rd h(x = Y)|VS,_ Uty + (1 — 0)x)|dy = /}R (1 (x = 2))| VS, U(2)|dz.
It then follows from Young’s inequality that

A S U - VIAV e < ClAV 1= V81 Ul o
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where the constant C comes from the integral

C= /OI/IR th(r~"x)dx dt.

This completes the proof of Lemma 4.2.

We now bound J,,. It suffices to consider the term with k = j. Applying
Lemma 4.2 to bound the first commutator and Hélder’s inequality to bound the
second term in J,,;, we have

Dy = 222Sj||Ajb||L2||VS.f—lb||L2”AjM”L”° + Zzzsj||Aj“||Lw||[Aj’ Sj—lb : V]Ajb”Ll'

J J

The term |[A;, S;_1b - V]A;b||,1 can not be bounded suitably by Lemma 4.2, so we
bound it directly by Holder’s inequality

”[Aja Sj—lb : V]Ajb”Ll = ||Sj—1b||L3||VAjb”L2'
By Bernstein’s inequality,

by = Zzzsj”Ajb”Lz”Aju”Lm > 2"[A,D] -
J

m<j—1

+Z22Xj”Aju||L°°2j”Ajb”LZ Z 14,5l

J m=j—1
Holder’s inequality again yields

b = Z 2% 1A ull = ||Ajb||il‘

J

To further bound J,, = J,;; + J5;,, We write

Z225j||Aj”||Lm2j“Ajb“LZ > 1A,

J m<j—1

j s+0) j 3 s+o)m i s—2)(j—m)y—om
=3 270Aull = (2% )A6]17.) Y (RE"A,bl,) 220 DG
J

m<j—1
When s — 5 < 0, this term is bounded by
5 n
Cllully? 161G + bl

Therefore,

; n
Iy = Cllully, 160 + Cllul 5 1161 + gllblliw-

Alternatively, J,, also obeys

T = Cllull e 1613

valid for s — € < 0. We remark that the range for s could have been enlarged if we
had a better estimate for the term |[[A;, S, ;b - V]A;b| ;1. To estimate Jy,, we first
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bound it by

In < ZZZS'j||Ajb||L2 ||Ajb||L2 Z 2"|Aul| e s

J m=j—1
which is the same as the second part of J,,. For J,;, we have

Ty = 2201860227 37 Al (| AD] 2
j

k>j—1

. 1 , LA (s 1) (i
= S YIABIEL)T X 2 Al P IAb]2) 2D,

J k>j—1
Fors+1 >0,
Iy = C”””}g;\ 1]

©

2
Hs*

We now estimate J,, and J,;. First, we bound them by

Jp = Y2 Aul Al Y 2714l

J m<j—1
Jis = 222W||Aju||m21 > ”Akb”iZ'
J k>j—1

As in (4.8), we have for s — 1 < 0,
Ty < Cllullg 16117

We write J,; as

Ty =22 Al 32 2M|A, b2

J k>j—1
and for s > 0,

Jiy = Cllullz 5]

2
Hs*

To slightly relax the range of s, we can alternatively bound J,; as follows
of (4.12), we write

Jy3 = Z 2j||Aju||L°° Z 2(2.r+a)m”Amb”iz2(2x+a)(j7m)2,aj'

J k>j—1

Then for s > —%,

Ty < Cllullyy? o] -

2 n
s+ =|b
b+ 2l

305

(4.12)

. Instead

J; can be similarly estimated as the previous terms. It can be bounded either by

I < Clull ul3, + §||u||§,.\.ﬂ valid for —1 <s<1+0/2

or by

Jy < Cllull el + %uuu;m valid for —1 <s<1-+e.
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Inserting all the bounds in (4.2), we find that either

< (el 4 0815:) + Vllullses + mlBlGes = Cllalp?? (1815 + llaele)

or
d 2 2 2 2 2 2
2 Wl 4 1817) + vllullers +nllblGen < Cllull e (161G + lul:)-

(4.1) follows as a special consequence. This completes the proof of Theorem 4.1.

References

Beale, J. T., Kato, T., Majda, A. (1984). Remarks on breakdown of smooth solutions for
the 3D Euler equations. Comm. Math. Phys. 94:61-66.

Beirao da Veiga, H. (1987). Existence and asymptotic behavior for strong solutions of the
Navier-=Stokes equations in the whole space. Indiana Univ. Math. J. 36:149-166.

Beirao da Veiga, H. (1995). A new regularity class for the Navier—Stokes equations in R".
Chinese Ann. Math. Ser. B 16:407-412.

Bergh, J., Lofstrom, J. (1976). Interpolation Spaces, An Introduction. Berlin-Heidelberg-New
York: Springer-Verlag.

Caflisch, R. E., Klapper, 1., Steele, G. (1997). Remarks on singularities, dimension and
energy dissipation for ideal hydrodynamics and MHD. Comm. Math. Phys. 184:
443-455.

Chen, Q., Miao, C., Zhang, Z. (2007). A new Bernstein inequality and the 2D dissipative
quasi-geostrophic equation. Comm. Math. Phys. 271:821-838.

Furioli, G., Lemarié-Rieusset, P.-G., Terraneo, E. (1997). Sur I'unicité dans L3(R3) des
solutions “mild” des équations de Navier-Stokes [On the uniqueness in L3(R%) of
mild solutions of the Navier-Stokes equations]. C. R. Acad. Sci. Paris Sér. I Math.
325:1253-1256.

Hasegawa, A. (1985). Self-organization processes in continuous media. Adv. Phys. 34:1-42.

He, C., Xin, Z. (2005). On the regularity of weak solutions to the magnetohydrodynamic
equations. J. Differential Equations 213:235-254.

Kozono, H., Ogawa, T., Taniuchi, Y. (2002). The critical Sobolev inequalities in Besov
spaces and regularity criterion to some semi-linear evolution equations. Math. Z.
242:251-278.

Kozono, H., Taniuchi, Y. (2000). Limiting case of the Sobolev inequality in BMO, with
application to the Euler equations. Comm. Math. Phys. 214:191-200.

Lions, P.-L., Masmoudi, N. (2001). Uniqueness of mild solutions of the Navier-Stokes
system in LN. Comm. Partial Differential Equations 26:2211-2226.

Politano, H., Pouquet, A., Sulem, P.-L. (1995). Current and vorticity dynamics in three-
dimensional magnetohydrodynamic turbulence. Phys. Plasmas 2:2931-2939.

Prodi, G. (1959). Un teorema di unicita per le equazioni di Navier-Stokes [A uniqueness
theorem for the Navier—Stokes equations]. Ann. Mat. Pura Appl. 48:173-182.

Serrin, J. (1963). The initial value problem for the Navier-Stokes equations. In:
Langer, R. E., ed. Nonlinear Problems. Madison: Univ. of Wisconsin Press.

Sohr, H., von Wahl, W. (1984). On the singular set and the uniqueness of weak solutions of
the Navier—Stokes equations. Manuscripta Math. 49:27-59.

Wu, J. (1997). Viscous and inviscid magneto-hydrodynamics equations. J. d’Analyse
Mathématique 73:251-265.

Wu, J. (2003). Generalized MHD equations. J. Differential Equations 195:284-312.

Wu, J. (2006). Lower bounds for an integral involving fractional Laplacians and the
generalized Navier—Stokes equations in Besov spaces. Comm. Math. Phys. 263:803-831.



