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1. Introduction

The magnetohydrodynamic (MHD) equations reflect the basic physics laws govern-
ing the motion of electrically conducting fluids such as plasmas, liquid metals, and
electrolytes. The velocity field obeys the Navier-Stokes equations with Lorentz forcing
generated by the magnetic field while the magnetic field satisfies the Maxwell’s equations
of electromagnetism. The MHD equations have played pivotal roles in the study of many
phenomena in geophysics, astrophysics, cosmology and engineering (see, e.g., [3,14,36]).

The MHD equations are also mathematically significant. The MHD equations share
similarities with the Navier-Stokes equations, but they contain much richer structures
than the Navier-Stokes equations. They are not merely a combination of two parallel
Navier-Stokes type equations but an interactive and integrated system. Their distinctive
features make analytic studies a great challenge but offer new opportunities.

Two fundamental problems on the MHD equations have recently attracted consider-
able interests. The first is the existence and uniqueness of solutions while the second
concerns the stability of perturbations near physically relevant equilibrium. There have
been substantial developments on these problems, especially on those MHD systems with
only partial or fractional dissipation.

This paper focuses on a stability problem concerning the following 3D incompressible
MHD system with mixed partial dissipation and magnetic diffusion,

du+u-Vu—8%u—03u+VP=B-VB,
9B+u-VB— 03B =B-Vu, (1.1)
V-u=V-B=0,

where u represents the velocity field, P the total pressure and B the magnetic field.
We provide some relevant physical backgrounds for the MHD system in (1.1). The
Navier-Stokes equations with anisotropic viscous dissipation arise in several physical
circumstances. It can model the turbulent diffusion of rotating fluids in Ekman layers. A
standard reference is Chapter 4 of Pedlosky’s book [34]. In addition, anisotropic viscous
dissipation also arises in the modeling of reconnecting plasmas (see, e.g., [12,13]). When
the resistivity of electrically conducting fluids such as certain plasmas and liquid metal
is anisotropic and only in the vertical direction, the vertical magnetic diffusion may be
relevant (see, e.g., [35]).

It is clear that a special solution of (1.1) is given by the zero velocity field and the
background magnetic field B(®) = ¢, where e; = (1,0,0). The perturbation (u, b) around
this equilibrium with b = B — e; obeys

ou+u-Vu—Apu+ VP =0b-Vb+ 010,
b +u-Vb—093b="0b-Vu+ O, (1.2)
V-u=V-b=0,
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where, for notational convenience, we have written
2 2
Ah = 81 + 62

and we shall also write Vj, = (01, 02).

This paper aims at the stability problem on the perturbation (u,b). Equivalently, we
establish a small data global well-posedness result for (1.2) supplemented with the initial
condition

u(z,0) = ug(x), b(x,0) = bo(x).

Our main result can be stated as follows. The notation A < D means A < C'D for a
pure constant C.

Theorem 1.1. Consider (1.2) with the initial data (ug, bo) € H3(R3) and V-ug = V-by =
0. Then there exists a constant € > 0 such that, if

[uollms + [|boll s <€,

then (1.2) has a unique global classical solution (u,b) satisfying, for any t > 0,

t

[w(®) s + 108 s + / (IVhullzs + 1030l 75 + 01bl[2) dr < e
0

This new result constitutes an important contribution to the stability problem on
the MHD equations. Prior to this stability result, we only know the stability of the
background magnetic field for two cases, the ideal MHD equations and the MHD equa-
tions with kinematic dissipation and no magnetic diffusion. The nonlinear stability for
the ideal MHD equations was established in several beautiful papers [2,6,22,33,41].
The stability problem for the MHD equations with no magnetic diffusion was first
studied in [31], which inspired many further investigations. The stability has now
been successfully established by several authors via different approaches (see, e.g.,
[1,15,23-25,31,33,37-39,43,44,51]). To give a more complete view of current studies on
the stability and the global regularity problems, we also mention some of the other
exciting results in [9,16,17,19-21,26,28,29,42,45-50,52] and the references therein.

A special consequence of Theorem 1.1 and its proof is the stability or small data global
well-posedness of the 3D Navier-Stokes equations with only horizontal dissipation. It is
not clear if the stability for the 3D Navier-Stokes still holds if there is only one directional
dissipation (say, in z; or zs direction, but not both). The 3D Navier-Stokes equations
with full dissipation have small data global well-posedness while the 3D incompressible
Euler equations are ill-posed and have norm inflation in any Sobolev space H* or C* for
any positive integer k [4,5,18].
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The proof of Theorem 1.1 is not trivial. A natural starting point is to bound
lw(®)|| s + [|6(t)]| s via the energy estimates. However, due to the lack of the verti-
cal dissipation and the horizontal magnetic diffusion, some of the nonlinear terms can
not be controlled in terms of ||u(t)||gs + ||b(¢)|| g3 or the dissipative parts |Vyu| gz and
||03b]| 3. Consequently we are not able to obtain a closed differential inequality for

t
Bo(®) = sup {Ilr) s+ Io(r) o }+ 2 [ 190u(r)ls + 000 .
This forces us to include suitable extra terms in the energy estimates. We discover that
the following term

Eu(®) = [ os(r) e dr
0

serves our purpose perfectly. All nonlinear terms involved in the estimates of Ey(t) can
be bounded in terms of Ey(t) and Ej(t). The selection of this term is based on the
structure of (1.2) and through trial and error. We remark that the process of estimating
Ey(t) involves many terms and is very lengthy. Even with the combination of Ey(t) and
E4 (), it is still very difficulty to directly bound some of the nonlinear terms. Two of the
most difficult ones are

/Blul 8§b1 85’()3 dr and /81”3 Bg’bl 85’1)3 dzx. (13)
R3 R3

It does not appear possible to bound them directly in terms of Ey(t) and Ej(t). Our
strategy is to make use of the special structure of the equation for b in (1.2) and replace
O1uy and dyug in (1.3) via the equation of b,

Ovu = b +u-Vb—03b—b-Vu. (1.4)

Substituting (1.4) in (1.3) generates more terms, but fortunately all the resulting terms
can be bounded suitably by Ey(t) and E;(¢).

In addition, in order to make most efficient usage of the anisotropic dissipation, we
employ extensively the following anisotropic bounds in the estimates of the nonlinear
terms. These anisotropic bounds are extremely powerful in the study of global regularity
and stability problems on partial differential equations with only partial dissipation.
Similar inequalities have previously been used in the investigation of partially dissipated
2D MHD systems and related equations (see, e.g., [7,8]).
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Lemma 1.2. The following estimates hold when the right-hand sides are all bounded.

1 1 1 1 1 1
/ [fghldz S FIZ 010 F 11 2291l 221102912 12l 72 M| Ol 7 2
R3

1 1 1 1 1 1 1 1
/\fghvld%‘ S AN 100Nl 221102 F1 £ 10102 11 £ 19l 22 191911 £ 102911 22 1918291 12
R3

1 1 1 1
Pl 22119311 22 ([0l £ |95l 2,

2

1 1 1 1 1 1
/|f9h|2d$ S ANz 100 £ 211021 2210102 f 1| 22 9 2219591 £2 1P 222,
R3
1 1 1 1 1 1
/\fghld:vS 1Az 101 F Nl 2211021 22110102 f (| 22 9 £211 D59 £2 1 2] 22
R3

Combining all aforementioned ingredients, we are able to drive the following energy
inequalities

Eo(t) < Eo(0) + Eo(0)2 + Eo(t)2 + By () + Eo(t)? + B (t)? (1.5)
and
Ei(t) S Eo(0) + Eo(t) + Eo(t)% + Ey(1)%. (1.6)

These inequalities, combined with the bootstrapping argument, allow us to prove Theo-
rem 1.1.

We remark that many important results on the stability problem concerning the
3D anisotropic Navier-Stokes equations with horizontal dissipation have been obtained
(see, e.g., [10,11,27,32]). Since the equation of the magnetic field involves only vertical
dissipation, the situation here is different from two parallel Navier-Stokes equations with
horizontal dissipation. In fact, the stability problem on the 3D Navier-Stokes equation
with only vertical dissipation remains an outstanding open problem. The stability on
the MHD system studied here is only made possible by fully exploiting the stabilizing
effects of the background magnetic field and making use of the hidden structure in the
MHD system.

The rest of this paper is divided into three sections. Section 2 provides the proofs
of Theorem 1.1 and of Lemma 1.2. Section 3 derives the energy inequality (1.5) while
Section 4 proves (1.6).

2. Proofs of Theorem 1.1 and Lemma 1.2

This section proves Theorem 1.1 and Lemma 1.2.
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Proof of Theorem 1.1. We employ the bootstrapping argument (see, e.g., [40, p.20]). It
follows from (1.5) and (1.6) that

Eo(t) + Ex(t) < Eo(0) + Eo(0)% + Eo(t)? + Ex ()% + Eo(t)® + Ex(t)?
or, for some pure constants Cy, C7 and Cs,

Eo(t) + E1(t) < Co(Eo(0) + Eg(0)%) + C1(Eo(t)% + Er(t)?)
+ Oy (Eo(t)* 4 Eq(t)?). (2.1)

To initiate the bootstrapping argument, we make the ansatz

1 1
< mi —_— — . .
Ey(t) + E1(t) < min { 16C2" 105 } (2.2)

We then show that (2.1) allows us to conclude that Eo(t) + E1(t) actually admits an
even smaller bound by taking the initial H>-norm Ey(0) sufficiently small. In fact, when
(2.2) holds, (2.1) implies

Eo(t) + Ex(t) < Co(Eo(0) + Eo(0)%) + C1/Eo + B (Eo(t) + Ex(t))
+ Ca(Eo(t) + E1(t))(Eo(t) + Er(t))
< Co(Eo(0) + Eo(0)}) + 3 (Bolt) + 1 (1)
or
Eo(t) + E1(t) < 2Co(Eo(0) + Eo(0)%). (2.3)

Therefore, if we take Ey(0) sufficiently small such that

1 1
2C0(Eo(0) + Eo(0)* ing ——, — 2.4
o(Ea(0) + Eo(0)) < min { . 70 b (24
then Fy(t) + E1(t) actually admits an smaller bound in (2.3) than the one in the ansatz
(2.2). The bootstrapping argument then assesses that (2.3) holds for all time when E(0)
obeys (2.4). This completes the proof. 0O

Next we prove Lemma 1.2. A simple fact to be used in the proof is the following
version of Minkowski’s inequality, for any 1 < g < p < oo,

I llzs ey Iz @®my < M llze@m)lloa@nys

where f = f(z,y) with z € R™ and y € R” is a measurable function on R™ x R™. A
more general version of Minkowski’s inequality and its proof can be found in [30].
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Proof of Lemma 1.2. The proof makes use of the following basic one-dimensional in-
equality, for f € H'(R),

1 1
1@y < V22 1112 - (2.5)

By Hoélder’s inequality and Minkowski’s inequality,

r3TTr2Ta] r3 T2 I] x3 w2y

/ Fahlde < 1l 12 oo ooz oo pe Ihllos 2o e
R3

< |Ifllez, 2,05 llg9llez, 22 pos [IhllL2, L2 Lo

3 1 1 1 1
< 25 ‘ 2 a 2 H 2 8 2
> HfHLgl ” 1fHL31 2, ||g||L§2 H 29”[,32 2
([ rely
X 3
Lig L§3 Lglw

3 1 1 1 1 1 1
< 22 [|fl1Z2 191 F1 72 gl 22 102911 72 IRl 2 (| OBl 7

Here Hf”Lgngng? represents the L>°-norm in the z-variable, followed by the L?-norm
in o and the L?-norm in x3. This finishes the proof of the first inequality. The proof
of the second inequality is very similar. In fact, by Holder’s inequality and Minkowski’s
inequality,

/|fghv|dx S fllzz, oo nee Nlgllzz, poo poo |Pll22. . e V22 . roe-

xgz Pz Hxg xgz Pz Hxg xyxo T3 xjxg T3

By (2.5) and Hélder’s inequality,

1 1 1
1llz e nsg <28 |[IF152, I0S 17,

r3 T T2

2 oo
L2 L3
1
2

=

IN

25 || s

102111225

1

2
2 2
L:c2:1:3 L:cg:cg

3 1 1 1 1
<22 [ flIZ 100 f 1l 72 10211 22 10102 f | 72

Hg||L§3L;c1 Lz obeys a similar bound. ||h||L§112L2c3 and ||vHL§112 Lz can be estimated as
in the proof of the first inequality. Combining all these estimates leads to the desired
second inequality in Lemma 1.2. The other two inequalities are obtained similarly. This
completes the proof of Lemma 1.2. O

3. Proof of (1.5)

This section proves (1.5), namely

3

Eo(t) < Eo(0) + Eo(0)2 + Eo(t)% + E1 (1) + Eo(t)® + Ei(t)%
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The proof of this inequality is very lengthy and involves the estimates of many terms.

Proof of (1.5). Due to the equivalence of ||(w, b)|| gs with ||(w, b)||L2+]|(w, b)|| s, it suffices
to bound the L? and the homogeneous H3-norm of (u,b). By a simple energy estimate
and V-u =V -b=0, we find that the L2-norm of (u,b) obeys

t
lu(®)lIZ> + b1 + 2/ IVhu(r)[72 + 110sb(7) |72 dr = [u(0) |72 + [[6(0)[1Z--
0

The rest of the proof focuses on the H3 norm. Applying 8? (i = 1,2,3) to (1.2) and then
dotting by (93u, 93b), we find

N —
Q~.|&

3
; Y I0Pullze + 107672) + 107 VaulZe + 18705l 72 = L + Lo + Is + Lo + Is, (3.1)
=1

where

3
I :Z/a?albﬁf’waﬁalu.a?b dr,

i=1gs

I :—Z/@?(U-Vu) - O3u dr,
i=1Rs
3
I3y=>) /[a?(b -Vb) —b- V] - OPu dx,
i=1Rs
3
I =— Z/af(u-w) - 920 du,
i=1ps
3
I :Z/[af(b Vu) = b- Vo] - 9% da.

i=1Rs

By integration by parts, I; = 0. To bound I, we decompose it into two pieces,

2
IQ:—Zfﬁf(u-Vu)-8?udx—/8§’(u-Vu)~8§’udx
R3

i=1Rs

By Holder’s inequality,

Iy SIVR(u- V)l o Viull o S lull s 1Vl Zs. (3-2)
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By Holder’s inequality and Lemma 1.2

I o = —/3§(uh V) - O3u dx — /3§(u333u) - O3u dx
R3 :

3
=— ZC§ Ouy, - V305 Fu - O3u + O5uz03 Fu - O3u du
k=1  ga

3

< S 108w | 2 10105 un |24 |V 502 ul| 2, 1|08 V003 *ul| 2, | 030 2, || 02020 2
> 05 un 2210005 unl 22 Vh 05 ul 2105V 05~ ul| 22|05 2. | 0205 ul 2.
k=1

1 1 1 1
+ 1057 Vh - un 7210805 Vi - wn 221105 ull 2210105 ull 2.
3 1 3 1

x[|O5ul| 72 [|0205ul| -
S Ml s Vil Fs-

(3.3)
Now we turn to the next term I3,

3 3
5=Y Zc’f/afb V- QPudr = I3y + 30+ I33
=1 k=1 R3

By Hoélder’s and Sobolev’s inequalities

I31 < (H5’1b||L~°>||VafbHL2 + [|070]| L3 [ VOnb| L2 + H&fbHLzHVbHLs) |07 ul| o
S 16l z231[010]| 72 || Oru]| 15 -

(3.4)
By Lemma 1.2,

132NZ||32b||Lz||51526||L2||V3§’ b)) 105V 03] 7 |03 ul 72 0205 ul ;-
k=1

105011 25 10805b]| 22 | V0| 72 (|01 VO 2 |05l 22 10205 ] .-
S 16l s (101611 72 105| Fs |02l 7o (3.5)
and

2

1 1 1oL T 1 1
Iy S ) 0500211010501 72 V057 %00 72 105 V03~ b] 221105 £ 110205 ul £
k=1

1 1 1 1 1
+|058]1 21| 0305b]1 72 | V0 221101 VBII 72 |95 £ 0205l £
1 1 1 1
S 1011 s llull s 191011 > 11930l s | Ol s
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The next term I is naturally split into three parts,
3
I =— Z/a?(u Vb)-02bdr = I4q + o+ Iy 3.
i=1Rs

147 and Iy 3 involves the favorable partial derivatives in z; and x3, respectively, and
their handling is not very difficult. In contrast, I, » has partials in terms of x5 and the
control of I, 5 is extremely delicate. By Lemma 1.2,

3
Iiy=— Zc;f/afu -VOFFb - 03 da,
k=1 Rs
3
S 10l o= [IVOTD]| 2030 22 + D [0Full o V7~ bl| s 07D 2
k=2

S 116l 31| 0vul 3| 910]| 2

and

3
Iis=—) C§ /5‘§u -VO3Fb - 93b d,

k=1 Rs
N e 1 g 15 ot T T
S 105ul 22110205l 2. VOS] 2,105V 05 Fbl| 2. || 05b]| 2. 101030 2.
k=1
o -
S Mull Zs 1011 2rs 102l 77511 030]] Frs- (3.7)

We now turn to Iy 2, one of the most difficult terms. We further decompose it into three

terms,
1472 = — / (8§(u1816) + 8S(UQ82b) + 83(’&383[))) . 85’1) dx
]RB
=1I421+ 1422+ 1423.
By Lemma 1.2,

3
Iiog =— ch/aéulala;”*’“b . ag’b dx

k=1 Ra
3
SO 1105wl 10105 * bl 15 93Dl L2 + [|O2ws || o< [|9105]| 2| 950 .2
k=2

S 116l zs|02ua || 23 (| 016 122
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and

3
Iyo3=— ZC§/8§U3833§’_kb - 03b dx
k=1 Rs

S N105usl 2o 19505 0] o |030] 2
k=1

S 110l 1 (| O2us | 2| O30 2.
14,22 is much more challenging and we further break it down,
3
Ipg0=— ch/agwa;‘*kb - 83b da — 3/82u28§’b - 83b da
k=2 R3 R3

3
= ZC§/8§u28§‘kb - 03b dx + 3/a3u383b - 93b da
k=2 R3 R3

+3 / O u103b - 95bdr = Iy 921 + L1222 + L1223
R3
By Lemma 1.2,

1 1 1 1 1 1
Iip2a S [|05us| 2 0205wzl 22105 bl £. 110005 0] 72 10301172 195930 -
k=2

1 1
S N0l as | O2ual| 3 (0101 72 (| 93b] s -

3

By integration by parts and Lemma 1.2,

1 1 1 1 1 1
Iioos S llusl fall0vus| 2 | 0z2us| ;2 101 O2us|| £2 | 03] 2. |03 03b] 22 [| 03030 1.2
1 1 3 1
S 0l s lusll Frs 103011 £ l| O2us || 7 -
H H H H

1,223 can not be directly estimated to yield a suitable bound. If we attempt to directly
apply Lemma 1.2 as follows,

1 1 1 1 1 1
/alulag’bag’b do < [|01u |72 [10102ua || 32 |03D] 72 (| 03030 2. |03 b]| 2. || 01 O3B 2.2,
R3

which involves [|01b|| s and the differential inequality would not be closed. Fortunately

the equations in (1.2) have a special structure. The equation of b allows us to replace
Oruy via
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Ou=0b+u-Vb—093b—b-Vu

and bring us the hope of controlling I4 2 2 3 suitably. We write I4 22 3 as

Iy223= 3/51U13§’b - 03b da
RB

= 3/[8tb1 +u- Vb — 03by — b - Vuy]|03b|* dx
R3

=h+Jo+ I3+ Js

Jo, J3 and Jy are relatively easier to deal with. By Lemma 1.2,

1 1 1 1 1 1
Jo S llullf2 101wl £ [|02ul] 12 |0102ul| 12 VOl 12|01 V|| £
1 1
x [|02V0|| ;. [|0102 V| |03b]| L2 | 0395 ]| L2

1 3 1 1
S Null Fra 1011 s [V nwll s 1| 0161l 772 11950 5
By Holder’s inequality,
I3 < 1103b1]| 2 (103030l 12 1030] 2 < [1bl] o 105bl 775
Again by Lemma 1.2,

Ju S IVurl| 72101Vl f2[102Vu [ 12[|0102Vua | 1.2
x[[B][ £ 10161 £21102b]1 2 01020 £2 [|95]] 12| 03050 12

1 3 1 1
S Nl s 1011 s IV el s 10161 72 1030 5. (3-8)

To deal with J;, we rewrite it as

Ji= 3% /b1 O5b]2 dz — 3/blat|8§b|2 de = Ji1 + Jra. (3.9)
R3 R3

To estimate J; 2, we use the equation of b in (1.2) again to write is as

Jig=— 6/b16§b- (= 05(u-Vb)+0303b+ 03(b- Vu) + 0301u) dx
R3
=Jig1+Ji22+ J123+ J124.

By integrating by parts and applying Lemma 1.2, we have
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3
Jio1= GZ/cgblagb-(agu -VO37*b) da — 3/u - Vby|03b|* da
kleg R3
1 1 1 1
S ol 721101011 72110201 | 12|01 0201 || £ 2
1 1 1 1
X ||O2ul| £ 2 |0102ul| } - [|0202ul| } - || 010202ul| £ »
1 1 1 1
X ||030]|3.1|0305b]| 72 V050 7. ]| 0V D50 | .
3

3 1 3 1 k 1 L 1
+ > b1l 110301122 110305b] £ 105 wll £ 10205 ] ;-
k=2

X [VO37*b] 21101 VO3 bl| 22 + | Je]

1 3 1 1 1 1
< ull s 101 7ra | Vel s 101811 772 1050 ] 12+ (11345 [Vl 2 19101 | 95b 7o

By integration by parts and Hoélder’s inequality,

Jias— 3 / 02,(83b|7 dz-+6 / b1 |0503b]2 da
R3 R3
S sl + (11 o< [1830]| 7
< bl 231193 s

By Lemma 1.2,

3
Jio3=—6 Z/cgblagb - O8b - VO3 Fu dx
k=0ORs

2
=—6 Z/C§b18§’b-(8§b VO3 Ru) dr — 6 / b103b-(03b - Vu) dx
k:1R3 R3
- ﬁ/blagb.(b.vagu) dx

R3

< D bz 1038l1 - 10503811 2. | 9501 £ 102050 2 | VO3~ ul|£.1102V 05 ul| 2
k=1

1 1 1 1
+ [|b1][ 12110161 12 (0211 £ 21| 010201 ]| »

X |Vl £ 1|01Vl 2 |02Vl 210102V ul| £2 | 03] 12 |03 03b]| 2

1 1 1 3 1 1
< NBllrs 102l 2721101011 22 193bl 7rs + lull 772 101 275 Ol 772 1010 72 95 e

+ 11Dl 2219101 £: 1920 £ 1910281 ;210511 2 105950 22 1Bl 122 | D2l 122

13
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1 1 1 3 1 1
S 1011 Zss 192l 1221010 72 195l 27 + Nl 7y 101 s 1Ol Fys 1010 72 | Dbl 122

1 1
+ 110l 7 |92l 2 1191611 7721|9301 772

The last term Jj 2 4 can also be bounded via Lemma 1.2,

1 1 1 1 1 1
Jr2,4 S [bull7: 10001172 1026112 (|01 9261172 19511 221183501 22 |05 1w 2
1 1
S N0l s (|01l 1251016l 721 93| Fr-
It remains to estimate I5,
3
Iy = Z/ (af(b V) —b- vafu) - OBbdr =I5y + Iyo+ Is.
i=1R3
By Holder’s and Sobolev’s inequalities,

3
I5q :ch/afb.vaf—ku-afb da
k=1 Rs

2
S 110Fb s IV OF Full o |07l L2 + 107b]1 72 |Vl oo
k=1
S 10l s | Ovual| s [|910] 2 + (|l 175 ]| OBy
and

3
Is 3 :ZC§/8§b~V8§’_ku-3§’b dz

k=1 Rs
3
S 11050] 13 VO3 ul| o2 [|03b]| s
k=1
S [l o1 93b]| 77
The difficult term is I5 5, which is further decomposed into
1512 :/ {83(1)181@ + 8§(b282u) + 8§(b383u)—b . V@g’u} . 83() dx

RB
=1Is01+ 1522+ I523.

The last two terms I5 22 and I5 2 3 can be directly bounded. By V - b =0,
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3
Ipo =) Ck / O5b20205 " - 93b da
k=1 Rs

2
S 1105 (01by + D3bs) || 15 [10205 Ful| Lo || 03D .2
=1
+ 1103 (8161 + Dsb3) || L2 |02 ul| L= | 93D 12
S 16l 2 1020l 12 (1016 2 + (|95 112
By integration by parts and Lemma 1.2,

3
Is23 = ZC§ / O8b30505 % - 930 dx

k=1 g3

:_ch/agagbgaB Fu - 03b dx—ZC3/82b383 *ud3 - 03b dx

k=1 Rs k=1 Rs

’ i 3—k, |4 3—k, 1%
<D 105 0sbsl 21105l 12 10205 ull {2 110205 ul ;2
k=1

1 1 1
< 1010203 ull . 930]1 3. 9030 .
1 1 1 1 1
+ 1|05 bs]| 22110305 b | 2105 Ful 12 10105 ull 2 )|0205 Ful| £
3—k, 1% (193
X [|010205 " ul| 15[|0503b|| 2

1 1 1 3
S Nwll g 161 77 1V nwll s | Ol s -

The estimate for 5 21 is much more complex. We further break it down,

3
Is 21 =ZC§ /3§b1818§’_ku - 03b dx

k=1 Rs

3
> ok / O5b10105 Fu103by + 05610105 Fugd3by + 05010105 Fusd3bs da
k=1 R

3

=1Is011+Is212+ 15213

We estimate I5 21,1 and I5 21 2 directly. By Lemma 1.2,

Isoi1 = ZCS /aleala 03 d:c+/8§b131u18§b1 da

k=1 R
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2
1 1 1 1 1 1
S § 105011210105 b1[| 22110105 *ua || 2211020105 ur || 2. (10361 ]| 221103051 || 2.
k=1

+ L1223

1454

1 1
S0l s IV nul| s (| 0101 72 105b] 75 + [4,2,2,3

By Holder’s inequality and doby = —01b7 — O3b3,

2
1572,172 :ch/ﬁgblalag’_kugagb dar+/8§b181uQ8§b2 dx
k=1 Rs R3

2
SO 1105011110105 Fus 16 103b2 | 12 + 105by || 2| Ov vz | o |95 ba | 2
k=1

S N0l s 101wl s ([[016]| 2 + (|3 s).-
The last term I5 5 1,3 contains a part that can not be directly handled,

2
1572,173 :ZC§/8§b1818§_kU38§b3 dxr + /83[)181’&383[)3 dzx
k=1 Rs R3

2
1 1 1 1
SO 10501112: 1010511210105 Fus)| 2211020105 us]| 2.
k=1

37 (13 37 |3
x [|0303||}21|0305b3]| 7> + K1
1 1
S 10l ms (| Onul| 3|01 £2 1030l £ + K

where

K1 = /8§’b181u38§’b3 dz.
R3

It does not appear to be possible to give a direct estimate on K. As in the estimate
of Iy 223, we use the special structure of the equation for b in (1.2) and make the
substitution

Orug = Opbg +u - Vbg — 03b3 — b~ Vus.

Then K7 can be rewritten as

R3
=Ki1+Kio+Kis3+ Kia.
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We estimate K 2, K1 3 and K 4 similarly as J, J3, J4 to obtain

1 3 1 1
(K| S [l 75 101 5s 1V il 75 10161l £r2 | 930l s,

K1 < (1Dl 21950 7

1 3 1 1
(K1l S Ml fs 100 57 |V el frs [ 010]] 7211 O30 | -

By integration by parts,

d
Kl,l = % /bgagblagbg dl‘ — /bgat(agblagbg) dl’ = K17171 -+ KLLQ.
R3 R3

According to the equation of b in (1.2),

838#)1 + 85’(’11, . Vb1) — 8%8%()1 = (’)S(b . Vul) + 83811“,
8§8tb3 + 8§(u . Vb3) — 833%[)3 = 8§(b . Vug) + 3381U3.

Hence,

K1,1,2 :/bgag[’u . Vbl - 8§b1 —b- Vul — 81u1]8§b3
R3
+ b38§ [u -Vbs — 8§b3 —b-Vus — 81U3]a:23b1 dx
= / b3[05 (u - Vb1)3bz + 85 (u - Vb3)d3b1] — b3[85030195b3 + 95030305 b1]
RS
- b3 [8§(b . VU1>8§b3 + ag(b . VUg)agbl] - bg[@%@lulc’)gbg + 8:23811@,83[)1]
=Ki101+ K122+ K123+ K124

s La4y sLady 1Ly 4s sLady

As in the estimate of the term Ji 21, we have

1 3 1 1 1 1
Ki121 S lullzs 16l 2 [V nwll s [|010]1 32 03Bl s + 116137 1V ]| 3|01 b || 2 || O | s -

Similar to the terms Jy 2.2, Ji,2,3 and Jy 2.4, we have

KLLQ,Q :/21)385831)16383()3 + O3b3 [8383[)3(93[)1 + 8363b18§b3] dx
R3
S 10l 2o 118301175 + [1b3]| e || 3Dl s [|D]| 0

< [1bll 221195013,
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1 1
K123 S 116l | 02wl 12110101 312 1930 5
1 3 1 1
+ llwll Zs [1B]] £ 1| Onull s |01 0] 772 (| O3 | 7o
1 1
+ (111575 | G2l 113 (| 0161 712 [|03b] s
and
1 1
Kia24 5 |6l ms 101wl ms 1010 72 [ 03611 7s -

Integrating (3.1) in time, namely
¢
Eo( +/ +I3 +I4(T)+I5(T))d7’
0

and inserting all the bounds obtained above for Iy through I, we obtain (1.5) after
applying Holder’s inequality. To be clear, we provide some details. The bounds for I5 in
(3.2) and (3.3) yield

t t
/uﬂms/wmwww%m
0 0

<ﬁPMHm/WMWW<%U

The bounds for I5 in (3.4), (3.5) and (3.6) lead to, by Holder’s inequality,

t

/MﬂWS/WWWMmWMWW
0

0

t
1 1
Jr/||b||H3Hall)”]zq?||83b||[2{3||82UHH3 dr
1 1 1 1
+/||b||}‘}s l[ull £a 1016l 772 |0l a3 || Oz ul| £7s dT
The bounds for I, involve a lot of terms and we shall just choose some typical ones to

bound the time integral of I. For example, the time integrals of the bounds for I 3 in
(3.7), Ja in (3.8) and Jy 1 in (3.9) obey, by Hélder’s inequality,
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Ol

t
1 1 1 3 1 1
/ e Zps 1811 s 1022 2y 195D 2 dr < Eo(t)? Bo(t)? Eo(t)s = E¢ (1),
0

t
1 3 1 1 1 1 1
/IIUIIésHbllifsllvhUIlés||3lb||132||336|\H3 dr < Eo(t) Eo(t)* Ex(t)* Eo(t)?
0
S E3(t) + EX(t)
and

t
/Jl’ldT = 3/b1(a§b)2 dx — 3/b1(x,0)(a§b)2(m,0) dz
0

R3 R3
< B0 (0) o 15005 + (1B (Bl e [1B(E)| s
< Bol0)? + EE (1),

The time integral of I5 is similarly bounded. This completes the proof of (1.5). O
4. Proof of (1.6)

This section proves (1.6), namely

Nl

Ei(t) S Ei(0) + Eo(t) + Eo(t) + Ey(t)5.

Proof of (1.6). Due to the equivalence of the norm ||01b||g2 and the norm ||01b|2 +
|010]| ;72 it suffices to estimate the L?-norm and the homogeneous H?-norm of §;b. We
make use of the velocity equation in (1.2) to write

ob=0u+u-Vu—Apu+ VP —-0b-Vb.
Therefore,

01032 = /8tu~81b d:c+/u~Vu~81b dx
R3 R3

—/Ahu-albdx—/b-Vb-albdﬂc
R3 R3
= N1 4+ No + N3 + Ny, (4.1)

where we have eliminated the pressure term due to V -b = 0. We integrate by parts and
use the equation of b in (1.2) to obtain
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d
N, :E/u~81bdx—/u-@l(—u-Vb+8§b+b~Vu+81u)dx
R3 R3

=Nio+ Ni1+ Nig+ Niz+ Nyg.

By Lemma 1.2 and Holder’s inequality,

Ny Z—/u- (O1u - Vb+u-Voib)dz
R3

1 1 1 1 1 1
SlOvull 2 [ull 22 0vull 22 92wl 12101 02w 12 [ VOI| £ [V 93Dl £
1 1 1 1 1 1
+ lull 22 10vull 2 [lull 22 [102ul 22 [V O1b] £ [V 0105| £

3 1 1 1
<Vl fs 19301l fs 1l g5 101 s + [Vl s [|910]| a2 [|ul s,

Nys = — / w- 0,020 < ||V o Osb] o,
RS

N1z Z/(U (01b-Vu) +u-(b-Vou)) dr
R3

1 1 1 1 1 1
SlullE2 10vull 22 [ Vul 22 102 Vul £21| 0101 22 | 01950l £ »
1 1 1 1 1 1
+ lull 22101 ul £2[|bll 22 (|03l £2 [V Orul £ [|V 01 Dz £

3 1 1 1
<IVrullas 016] g2 [[wll s + 1V null 75 10301 Fs lull 7 1611 s

and

Nig= —/u ~O0fu dr < ||Vaul|3s.
R3
Similarly,

NQZ/U'VU'albdx
R3

1 1 1 1 1 1
Sllull 2101l L2 Vel 221V Ozl £21 0151  £21] 01 9| -

<IVaull gsl[01b] 2 [[ull ms,

Ny = — / Apu- Ohb do < [Vyul s | 0rb] a2
R3

and



J. Wu, Y. Zhu / Advances in Mathematics 377 (2021) 107466 21
N4:—/b-Vb~31bdx
R3
1 1 1 1 1 1
SHbl 22 1010]1 22 V0] 72V Osbl| 72| 0161 72 (| 0182011 7 »

<[|010]] 212110301 775 1Bl 223 -

This finishes the L? estimate of &1b. Now we turn to the H? estimate. According to the
equation of u in (1.2), we have

3 3
S0l = Y [0t etos ao
i=1

i=1gs

3
—I—Z/af(u - Vu) - 0201b dx

i=1pgs
3

—Z/afAhu - 9201b da
i=1Rs
3

—Z/af(b-vz))-afalb dx
i=1Rs

= My + My + Mz + M. (4.2)

To bound M;, we integrate by parts and use the equation of b in (1.2) to obtain
q4 3
_ 2 2
M, —EZ/aiwaialbdx
z:1R3

3
- Z/afu 0201 (—u - Vb + 82b+ b - Vu 4 0yu) dx
i=1ps

=Moo+ M1+ Mo+ M s+ M 4.

By Lemma 1.2,
My, = /afu 03 (u - Vb) + d3u - 0301 (u - Vb) + 0501w - O3(u - Vb) da
R3
< 9 null s (Il s 16l s + 1010] 2l s )

1 1 1 1 1 1
+IVaul g <||33UH£2 10105ull 72 (| 020sul| 21|01 0205ull 1 [V 72 [V Osbl|

1 1 1 1 1 1
Fllullg2 10vull 22 02wl 221101 O2ull 12 |95 V0| £ ||V3§b\|iz)
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1 1 1 1
< | Vhullgs (I\thl\Hallblle + 010 2 [|ull s + ||th||1213\|33b||133||u\\133||b||?}3)~
Clearly,
3
Mys— — Z/alagu L 0,02b da < || Vull s |93l s
i=1Rs

By Lemma 1.2,

M3 =— /afu 203 (b Vu) + 02u - 920, (b - Vu) + 0501w - 93(b - Vu) da
R3

<V nealzs (I neal o bl s + 118l el s )
A P (A A EA A FA A T A R A A
+ IV 0sull 10105 Va2 10205 Vull . 010205V 1 1] £ 950 )
< nullo (9wl s bl 20 + 191l 72l —+ 11V el s 19l ol o o0 s )
Obviously,
3381u‘2 dz < ||V ull%s.

3
M4 < Z/
=g,

By Lemma 1.2, M5 is bounded by
M, :/af(u -Vu) - 036+ 03 (u - Vu)ds - 01b + 0y (u - Vu) - 93b dx
R3
<1010l 5= [V nul | g3 [[ull s
1 1 1 1 1 1
o+ 10sbll s (19l £ 101Vl 2 1029l 2 191059l . vl 2 | 9n D5l .-
1 1 1 1 1 1
+ [[ull 22 [|Ovull 22 [|O2ull 22 |01 O2ull 2 ||31VUI|22||3133VUI|22)
<1010l = [V null gs l[ull s + [|03b]l s |V aull s [|ul s
The bound for M3 is straightforward,
3
Ms = Z/afAhuafalb dz < ||Opul| 3| 81b]| 2.
i=1gs

The last term M, can be bounded via Lemma 1.2,
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M, :/8f(b~Vb) O+ (b Vb) - 20+ B2(b- Vb) - 9201b d
R3
<[|01b1372 18]l 5 + [|010]| 12| 93b]| 115 [|b]| s

+ 118010l 22 (101152 19V 2102V £ 0105V £ 03] . 10300 .-
+ 10312 191021 930113210103 92V bl £ 9205V .
0115 191 1261 £ |0n 22 - 103 Vb 7. 930590 £ )
<110xbla bl + 191 21105bl s 16 225 + 11810115 195l o ol 2.

Adding (4.1) and (4.2), integrating in time, invoking the bound for Ny through N4 and
M; through My, and applying Holder’s inequality to the time integrals, we obtain (1.6).

For the sake of clarity, we provide the details. The time integrals of Ny o and M are
bounded by

Niodr = [ u(z,t) - 01b(z,t) de — [ u(x,0) - 01b(x,0) dzx
[roee] /
< Eo(t) + Eo(0),

/MlodT— /82 l‘t 8281 (Z‘ t)

= 1R3

Z/ - 9201b(x,0) da < Eo(t) + Eo(0).
By Holder’s inequality,
3 3 3 3
/Nl,ldT 5 E02 (t) + Ef (t), /N1,3 dr 5 EO2 (t) + Ef (t)

Clearly,

t t
/NLQ dr S Eo(t), /N174 dr § Eo(t)
0 0

and
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The integral of Nj is slightly different. By Holder’s inequality,

By (t) + C Eo(t).

] =

t
/N3 dr < Bo(t)} By(1)} <
0

Furthermore,

t t t t
3 3
/Ml,l dr, /M1,2 dT,SE'O2 (t)—l—Ef(t), /Ml,g dr, /M1,4dT§E0(t),
0 0 0 0

t t
3 3 3
/Mz dr < EE (1), /M4 dr < B () + B2 (1)
0 0

and

[N

< SE(t) + C Eo(t).

R

t
/@@mgaﬁﬁ&m
0

Combining all the bounds above yields

Fy(t) < Bol0) + 5Fa(t) + C Bo(t) +C Bo(t)} + C By (1),
which gives (1.6). This completes the proof of (1.6). O
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