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RESUME

Cet article examine le probléeme de la régularité globale sur les équations de
Boussinesq bi-dimensionnels (2D) incompressibles avec dissipation horizontale
fractionnaire et avec diffusion thermique. L’objectif est d’établir ’existence globale
et la régularité pour les équations de Boussinesq avec dissipation minimale et
diffusion thermique. En travaillant avec cette dissipation laplacienne fractionnaire
unidimensionnelle assez générale, nous ne sommes plus limités a la dissipation
partielle standard, et cette etude nous aidera & comprendre le probleme sur combien
de dissipation est nécessaire pour obtenir la régularité globale. A cause de la non-
localité de ces opérateurs fractionnaires unidimensionnels, certaines des techniques
d’estimation d’énergie standard, par exemple 'intégration par partie, ne s’applique
plus, et des nouveaux outils comprenant l’injection anisotrope et les inégalités
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d’interpolation concernant des dérivés fractionnaires sont dérivées. Ces outils nous
permettent d’obtenir des bornes supérieures tres sharp pour les non-linéarités.
© 2018 Elsevier Masson SAS. All rights reserved.

1. Introduction

This paper concerns itself with the initial-value problem for the 2D Boussinesq equations with fractional
horizontal dissipation and thermal diffusion,

du+ (u-V)u+ pA2%u+ Vp = fes,
00+ (u- V)0 +vAZ9 =0,
V.u=0,

u(z,0) =uo(z), 0(x,0)=0(z),

where z = (21, 72) € R? ea = (0,1), u = (u1(z, t), uz(z, t)) denotes the velocity field, p = p(z,t) the
pressure, § = 0(x,t) the temperature, and g > 0, v > 0, « € [0,1] and 3 € [0,1] are real parameters. The
horizontal fractional operator A, := \/—02 is defined through the Fourier transform, namely

—_—
v
T1

AL F(&) =&l f(9).

The goal here is to show the global regularity for (1.1) for smallest «, 8 € [0, 1].
We summarize some previous work closely related to our study here. To facilitate the description, we
start with the general form of the 2D incompressible Boussinesq equations given by

Ou+ (u-Vu+ pliu+ Vp = fesy,
00+ (u- V)0 +vLef =0, (1.2)
V-u=0,

where £1 and L4 are Fourier multiplier operators, namely

Liu(€) =mi(&) (),  Lou(€) = ma(€) U(€).

When £ = L5 = —A, (1.2) becomes the standard model in geophysics as well as in the Rayleigh-Bérnard
convection (see, e.g., [26,28,31]). When u = v = 0, (1.2) becomes completely inviscid. When £; and L, are
given by various special symbols, we recover various partial and fractional dissipation cases, which naturally
bridges the fully dissipative Boussinesq and the complete inviscid Boussinesq equation.

The global regularity problem on (1.2) with partial or fractional dissipation has attracted considerable
interests and there have been substantial developments. The global regularity for (1.2) with £1 = Lo =
—A can be obtained via similar approaches as those for the 2D Navier—Stokes equations. In fact, any
L2-initial data (ug,6p) leads to a unique global solution to the fully dissipative 2D Boussinesq equation that
becomes infinitely smooth for any time ¢ > 0. In contrast, the completely inviscid Boussinesq equation is not
well-understood and the global well-posedness remains an outstanding open problem. Due to the similarity
between the 2D inviscid Boussinesq and the 3D axisymmetric Euler equations, the finite time singularity
indicated by the numerical simulations on the 3D Euler in a bounded domain with special geometry and
boundary data exhibits the complexity of this problem [25]. Sarria and Wu examined a special class of
singular solutions [29]. Two 1D models as well as several 2D models of the inviscid Boussinesq equations
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have been proposed ([7,10,11,18,22]). These models all possess finite time blowup solutions and may shed
light on the inviscid Boussinesq mystery.

The study on the global well-posedness of (1.2) with intermediate dissipation has gained substantial
momentum recently. The work of Chae [6] and of Hou and Li [19] solved the global regularity problem for
the case when either the full Laplacian dissipation or full Laplacian thermal diffusion is present. More recent
pursues are on (1.2) with fractional dissipation, namely

Oru+ (u- V)u+ pA%u + Vp = fes,
010 + (u- V)0 + vAP =0,
V-u=0,

u(z,0) = uo(x), 0(x,0) =60y(z),

(1.3)

where A = (—A)2. There have been very exciting developments. (1.3) with a broad range of a and 3 has
been shown to be globally well-posed. More precisely, as proposed in [20], the indices o and 8 have been
classified into three categories: the subcritical case when a+ 3 > 1, the critical case when o+ 3 = 1 and the
supercritical case when a + 8 < 1. Plainly speaking, the critical case corresponds to exactly one-derivative
dissipation in the whole system. Xu studied the subcritical case a + 8 > 2 with o > 1 and obtained the
global regularity [33] while the well-posedness of (1.3) with 4 = 0 and 1 < 8 < 2 was established by
Hmidi—Zerguine via the maximal regularity estimates for the semigroup etA’ [17]. The work of Miao and
Xue [27] dealt with the subcritical case when « and 3 satisfy

€ ((6-v6)/4,1), Be(1—a,min((7+2V6)a/5—2,a(l—a)/(V6-2a),2—2a)).

Constantin and Vicol [12] established the global regularity for the subcritical case with 5 > %La by applying
the pointwise inequalities for fractional Laplacian such as

V@

1
Vf-AV ZAYVfI?

Later this global regularity result was improved by Yang, Jiu and Wu [34] and further by Ye and Xu [36].
Very recent work of Zhou, Li, Shang, Wu, Yuan and Zhao knocks out more subcritical cases [37]. We note
that not all subcritical cases have been resolved. For instance, we do not know how to obtain the global
regularity for the case when a and S are close to % and a + 8 > 1. For the known results, we refer to the
works [12,27,34-37| for more details.

The critical case is in general more difficult than the subcritical case. The two particular critical cases,
a+p=1witha=1and =0 or with « =0 and 8 = 1, were studied by Hmidi, Keraani and Rousset [15,
16], who established the global regularity for both cases. By converting the Boussinesq equations with
critical dissipation into the critical surface quasi-geostrophic equation, Jiu, Miao, Wu and Zhang [20] was
able to establish the global regularity of the general critical case a4+ =1 with 1 > o > %ﬁ ~ 0.9132.
Stefanov and Wu made an improvement by allowing « in the larger range, « + 8 = 1 with 1 > a >
@ ~ 0.7981 [30]. A recent work of Wu, Xu, Xue and Ye [32] further enlarged the range of a to
1>a>10/13 = 0.7692.

The 2D Boussinesq equations with partial dissipation, another natural class of intermediate equa-
tions between the fully dissipative and the completely inviscid Boussinesq equations, have also received
considerable attention. Danchin and Paicu [13] first examined the 2D Boussinesq equations with either
horizontal dissipation ((1.2) with u > 0,v = 0, £; = —92) or horizontal thermal diffusion ((1.2) with
w=0,v>0 L = —8%1) and obtained the global regularity for both cases. Larios, Lunasin and Titi
obtained a sharp uniqueness result and the global regularity for the horizontal dissipation case [23]. The
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global regularity problem for the 2D Boussinesq equations with vertical dissipation was difficult. Due to the
mismatch between the partial derivatives of the vortex stretching term and the vertical partial dissipation,
it was difficult to establish the global Sobolev bounds. The work of Cao and Wu solved this global regularity
problem by proving a delicate global bound for the L"-norm of the vertical component of the velocity and
a double logarithmic interpolation inequality [5]. Adhikari, Cao and Wu obtained several interesting partial
results before the work of Cao and Wu ([2,3]). Recently Li and Titi were able to weaken the assumption on
the initial data from H? to H' [24]. Several other partial dissipation cases were dealt with in a very recent
work [1].

This paper focuses on the 2D Boussinesq equations with fractional horizontal dissipation and thermal
diffusion, namely (1.1). The aim is to prove the global existence and regularity for smallest possible indices
a, 8 € [0, 1]. By working with this general 1D fractional Laplacian dissipation, we are no longer constrained
to the standard partial dissipation and the study of (1.1) will potentially lead to a full understanding of
the issue on how much dissipation is necessary for the global regularity of (1.1). Due to the nonlocality
of these 1D fractional operators, some of the standard energy estimate techniques such as integration by
parts no longer apply and new tools have to be developed. Several anisotropic embedding and interpolation
inequalities involving 1D fractional derivatives are derived to gain sharp bounds for the nonlinearities. Our
main result can be stated as follows.

Theorem 1.1. Assume that u > 0, v > 0, (ug,8p) € H*(R?) x H*(R?) with s > 2 and V -ug = 0. If « and
B are in any one of the two ranges:

where

2a

o= T To T — e T T da? —2a 1

then (1.1) admits a unique global solution that satisfies, for any given T >0
u, 0 € C([0,T]; H*(R?)), A% u, AP 6 e L2([0,T); H*(R?)).

To prove Theorem 1.1, our main efforts are devoted to establishing the global a priori bounds for (u, )
in H*. This global bound is obtained by successively improving the regularity of the solutions. The starting
point is the natural energy bound for the velocity w and the global LP-bound on 6 for any 2 < p < .
In addition to the global bound for [|0||L», the fractional dissipation also generates a lower bound (see
Chamorro and Lemarié-Rieusset [8]), for any 5 € (0,1),

//A 59 $1,$2 ‘0(.131,.1‘2)|p 20(.%‘1,.732)) dﬂ?ldaﬁg Z C/||9(,x2)||p% d.’l?g,

R Bylp

where B;J. denotes a homogeneous Besov space associated with the variable x;. Invoking the vorticity
equation

w4 u- Vw4 A2w = 0,,0,

we show that, for any a € [0,1], 8 € [0,1] and a + 3 > 1,
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(]2 + / IA2 wl22 dr < C(t,uo, bo)-

We further prove the global LP-bound for w for any o« + 8 > 1 and 2 < p < 2(a + 3),

[lew(2) //Hw , T || 20 dxng < C(t, ug, o).

To prove this global bound, we make use of the upper bound of the form

HA';1(|w|p_2w)(.,x2)H . < Clw(., x2)||ga H|w ,x2)|P™ 2” , 0> K,

—1
LI

which can be regarded as a generalization of the Kato—Ponce type inequality to the 1D fractional operators.
Here B, . denotes an inhomogeneous Besov space associated with the variable 1, whose norm is given by

1 llsg,, =~ 11, + 1o

By deriving several anisotropic embedding and interpolation inequalities involving 1D fractional derivatives,
we are able to prove the global H!'-bound for # for « and § in any one of the ranges:

1
B>§, OZ+621
and

> 6> Bo, a+p>1.

Lo 1
g S=% g

This is the reason why we need to consider a and f3 in two different ranges in Theorem 1.1. We then proceed
to prove higher regularity global bounds. In the case when a > % and 3 > By, we are able to further prove
the global bound for ||Vw||z,

IVe®l3: + / A2, Ves(r) 22 dr < O, wo, o).
which leads to the global bound
/||Vu(7)||Loo dr < 0.

The global bound for ||(u, )| g- follows as a consequence. In the case when § > % and o+ 8 > 1, we need
to further restrict 8 to the range 5 > #. This restriction allows us to prove the global bound

||AB+29 7= + / ||A2ﬂ+29 )22 ds < C(t, uo, bo),

which leads to a global bound for fot |IVO| L dr and then for ||(u, 0)]| ms.
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We remark that the regularity assumption on the initial data may not be optimal. The optimal regularity
assumption depends on « and 3, and it is a complex process to make the assumption sharp. However, when
« is very small, it may be necessary to assume that ug € H® with s > 2. This assumption would lead to the
necessary regularity on the vorticity w =V X u.

The rest of this paper is divided into four sections. Section 2 establishes the global H'-bound and global
WP bound for the velocity. Section 3 proves the global H'-bound for #. The proof is divided into two cases
dealing two different parameter ranges. Anisotropic embedding and interpolation inequalities are derived
in this section. Higher regularity bounds are provided in Sections 4 and 5. Section 4 deals with the case
a > % and 3 > [y while Section 5 handles the case 8 > 2+4ﬁ and a + 8 > 1. For the rest of the paper, we
automatically assume (without stating) that p =1 and v = 1.

2. Global H!'-bound and WP bound for the velocity

As we have remarked in the introduction, the proof of Theorem 1.1 boils down to establishing global a
priori bounds on the solutions. This section proves the global H'-bound and WP bound for the velocity.
More precisely, we prove the following propositions. The global H'-bound holds for any « + 5 > 1.

Proposition 2.1. Let a + 8 > 1. Assume (ug, 0y) satisfies the assumptions stated in Theorem 1.1 and let

(u,8) be the corresponding solution. Then, for any t > 0,

||VU HL2 + / ||Aa VU ||L2 dr § C(t, up, 90), (21)

where C(t, ug, 6p) is a constant depending on t and the initial data (ug,6p).

When « + 3 > 1, we also obtain a global LP bound for w, or WP bound for w. This global bound plays
an important role in the proof of a global H' bound for 6 in the case when g < %

Proposition 2.2. Let a + 8 > 1. Assume (ug, 0g) satisfies the assumptions stated in Theorem 1.1 and let
(u, ) be the corresponding solution. Then, for any 2 < p < 2(a+ B) and for any t > 0,

t

Ol + [ [ Nl s doadr < C. o, 00, (2.2

0 R

where C(t, ug, 6y) is a constant depending on t and the initial data (ug,8o).

The rest of this section is devoted to the proofs of these two propositions. To do so, we first state the
L2-level energy estimates.

Lemma 2.3. Assume (uq, 6p) satisfies the assumptions stated in Theorem 1.1. Then the corresponding solu-
tion (u,0) of (1.1) admits the following bounds, for any t > 0,

16)IIz- +/|IA Tz dr < l6olZ2, (2.3)

10z < (0], (2.4)
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10(2) +c//w ) deadr < olly, Vp (2,50,

()]l +/|IA Tz dr < (luol| L2 + tll6oll2)?,

where B;T denotes the homogeneous Besov space associated with the variable x1.

193

Proof of Lemma 2.3. Taking the L? inner product of the equation (1.1), with 6 and using the divergence-free

condition, we find

S SIOIZ + 142,61 = 0

Integrating in time yields the desired estimate (2.3). Taking the L? inner product of (1.1); with u and using

the divergence-free condition, we obtain

1d .
3 Ol + 1A%, ull = [ bea - udo < Jul216]
R2
which together with (2.3) gives
Ju HLT+/MA P32 dr < (fuollze + ol )

Multiplying (1.1), by |#|P~26 and integrating by parts yield

1
L ooz, + [ A2o(0p=0)dz =o.

]RQ
Invoking the lower bound
/AQBH(IG\” 29 //A?ffe(l‘l,1‘2)(|9($1,$2)|p729($17$2))dxldﬂh
R2 R

ZC// |9 .’1?17.’172 |%)2d$1dl‘2

yields

16l e < l60llLr, 2 <p<oo.

Especially, (2.4) holds. Alternatively, if we employ the lower bound of [8, Theorem 2],

/Afcff(l”hxz)(lf(xl,fvz)lp”f(zh1’2))dwl 2 C(s,p)llf(-,zz)l\’;%w

R

we obtain

(2.8)
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/Ai?0(|0|p726’) do = //AQBH xl,xg)(|9(z1,:172)|p729(x1,x2))dxldzg

R2

>C ||9 y22)[I” 26

BPPP
and consequently

||9 e+ C ||0 L 22)||P 55 dza <0,

BTy
which yields (2.5). This finishes the proof. O
We are ready to prove Propositions 2.1 and 2.2.
Proof of Proposition 2.1. We make use of the vorticity equation
dw +u- Vw + A2%w = 0,,0. (2.9)

Taking the inner product of (2.9) with w yields

1d .
3 I + 188,01 = [ wo.,0d. (2.10)

Fora+p8>1,
(0% - 1 «@
/wazﬁdx < 1A, wllez 1Az, 20lle < SIAZ, Vulze + C(16]72 + 1AZ,61172)-

The desired bound in (2.1) then follows after integrating in time and invoking the fact that |Vul|p: =
wllzz. O

Proof of Proposition 2.2. Multiplying (2.9) by |w|P~%w and integrating over R?, we have

1d

Ll + [ AP do = [ 0,,60(up~) da. (211)
R2

R2

Applying (2.8), we have

/Aw (lwfP~2w) dz > C/IIw xz)H 20 di2. (2.12)

]RQ 1-71-7

By the interpolation inequality and the Young inequality, it concludes

‘/8w19(\w\1’_2w)dx‘
A

= ‘//8$19(|w|p_2w) dl’ldl‘g‘

<0/M“Wxﬁ%

A%, (P 20) (s w2)]| e, doy
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< /IIAl "G @), (s 22)llsy Il w2)[P72 e, do

1

<C/||9 222l w)llsy el o), des

<C [ oGl o otz e et )l o

PP

70/(”9(- z2)ll 2s + 1100, 22)llzg, )l 22l 20+l @2)llez )l 227, ? duy

pp PP

—/nw )l dxz+c/||e A dos
+C/||9(.,x2)||’££1 dxy +C/ ||u)(.,:452)||’£§1 dx
R R
¢
<5 [ 1ol sy dua+C [ 10027 o dos + CUI, + Cllwly, (213
® By R By¥p
where in the fourth line we have used the following inequality (see Lemma A.4)

1A%, (wl2w) ()| ey < Cllw, z2)lls; I (OR[N
L2 z1

o> K, (2.14)

and s in the sixth line satisfies
2 2
1——5<I€<0'<—a or p<2a+p).
p p

Combining (2.11), (2.12) and (2.13) yields

d
21 OIL, + / ||W(-7x2)|\’;m dwy < C [ 100, 22)|" 25 da + ClO@)ILs + Cllw(®)Ls,
op Bylp

which, together with (2.5), imply

llw(?) //Hw T | 20 dmsz<C(t o, 0o).

The proof of Proposition 2.2 is then completed. O
3. Global H!'-bound for 6

This section provides a global bound for ||V6| 2. We distinguish between two cases: § > % and 8 < %
In the case when § > %, the global bound holds for any oo+ 5 > 1. In the case when 5 < %, we need 8 > [y
and o > % The precise results are stated in the following propositions.

Proposition 3.1. Let 5 > % and a+ B > 1. Assume (ug, 0y) satisfies the assumptions stated in Theorem 1.1
and let (u,0) be the corresponding solution. Then, for any t > 0,
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Vo). + / A2, V0732 dr < Ot o, b0), (3.1)

where C(t, ug, 0y) is a constant depending on t and the initial data (ug,0o).
In the complement case when 8 < %, the global bound is given by the following proposition.

Proposition 3.2. Assume o and B satisfy

1

§<a§1, > B> Po, a+p>1. (3.2)

DN | =

Assume (ug, 6p) satisfies the assumptions stated in Theorem 1.1 and let (u,8) be the corresponding solution.
Then, for any t > 0,

V()2 +/||Aﬂ VO(r) |22 dr < C(t, uo, o), (3.3)

where C(t, ug, 6p) is a constant depending on t and the initial data (ug,6p).

Remark 3.3. In the proofs of the two propositions above, we shall restrict to the case «, 8 € (0, 1). Then
remaining cases either have been dealt with or are simpler than the case handled here. As stated in the
introduction, Danchin and Paicu [13] established the global regularity for the system (1.1) withv =0, a =1
orpu=0,8=1 Whena > 1or g > 1, the dissipative terms provide more smoothing and are mathematically
easier than the case a, 3 € (0, 1).

In order to prove the propositions above, we need anisotropic Sobolev inequalities.

. . . 1
Lemma 3.4. Assume f € L1, LP (R?) with p, q € [2, <], and g, h, A1 g, A2h are all in L*(R?) with v, > 5
and yo > %. Then, for a constant C = C(p,q,71,72) > 0,

/ / | gl dzadzs < C|f s, o, gl 77 IAZ gl s ™ A2 A 257, (3.4)

where we have used the notation
1
Il vz, = ([ Ity doa)"
In particular, if f, g, h € L*(R?) and AJtg, A2he L2(R?) with 71, 2 > %, then

/ / F gl dziday < C | fllz2 lgllse = AL GlIZE hllon ™2 A2 A 22, (3.5)
R

where C' is a constant depending on y1 and v2 only.
Lemma 3.5. Let p,q € [2,00]. Then,

1£leg ez, < CUPIZE™ IAZ AT 72 AT Fll s ™) IAZZAZ fllgs ) 07, (3.6)
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where C' is a constant depending on the parameters, and v1,v2 € [0,1], o1 > 0 and o2 > 0 satisfy

1 1 1 1
1-— - — = 1-— B
( Y1) o1 = 5 p’ ( Y2) 02 = 5~ p
Furthermore,
o1+o o U’Yl - o140 %(1_71)'72
1Fllzs, 22, < CFly NG FIZ " O agyees ) 777
XIIAiiA"lfII“_“ . ”2% (3.7)
where p is given by
=2+ (=) + (1)
P 172 01+0_2’71 V2 o1+ 0 Y1)7V2

In the special case when p = q = o0, (5.6) becomes

(1_ﬁ)(1_% o2 (1_%)% 201 2;2 01 A02 m
[fllzee < C Sl Le [AZ2 fIl 2 IAZ 22 AT AZ N 572

where 01,09 > %
We provide the proofs of the lemmas presented above.

Proof of Lemma 3.4. We start with the one-dimensional Sobolev inequality

1—-L 1
loll, 2, < Clloly TINLANY gy pEl2oc > (38)

Lt

where we have used the sub-index x; with the Lebesgue spaces to emphasize that the norms are taken in
one-dimensional Lebesgue spaces with respect to z1. Here and in what follows, we adopt the convention
2b. — o for p = 2. By Hélder’s inequality,

p—2
//|fgh| dydry <0/||f||Lgl

<c / 190z, sl 103301 24 B,

2p

y1p—1

<o [ 191, o) / loliZg, daz)
R

/ IS0l des) "B

2
Z Lzl

=Clfllze, e, HgHLz ”I\A”lgll”” [Pl 20 . (3.9)
Liy? L2,

By Minkowski’s inequality and (3.8),
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bl g, <© /uh o1 P 2y do)”

ac

1

29— 2 3
< C(/ ||h(331, ,)”L%;zq HAzih(ml, )H vzq d$1)
R

y29—1

1
<o [ Ihtern i, dn) / IA3Ren, s, dn) 7
R

1——L1_
= Cllhll = Az Rl 72 (3.10)

Inserting (3.10) in (3.9) gives
1— L1
/ / 1 ghl duvdzs < C | fllzs, e, lglla ™ |AZ gl 237 [Allos ™ |AZ2 R 7.

This completes the proof. 0O
Proof of Lemma 3.5. By Sobolev’s inequality for 1D functions,
£z, < CUAIT:, IAZ: £l 2

where vy € [0,1] and o7 > 0 satisfy

1 1 1 1 1
Sz 1- - 1— -
» 2714‘( 71)(2 01) or (I1-m)or= 57
Therefore, by Holder’s inequality with ¢, = —1 and ¢ = q,h ,
1 lzs, e, <C |I£13 IAZ AU
a1 o 1—71
<o |, \HA 31 Fr
<Clfllez, 17 HHA‘“flle1 I7 _”- (3.11)
By Minkowski’s inequality, for g > 2,
M flez e, < Mflleagllzz  HIAZ Fllze lleg, < MIAZ flce, llzz, - (3.12)
By Sobolev’s inequality for 1D functions,
I£1lzg, < CUFILE IAZ 2 flizz 2 (3.13)
IAZ: flleg, < CUIAZ Fllz, IAZ2AZ £l 2 (3.14)
where v, € [0,1] and o9 > 0 satisfy
1 1 1 1
25’}/24-(1—’}/2)(5—02) or (1—’72)0’225—5.

Inserting (3.12), (3.13) and (3.14) in (3.11), we obtain
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1 las, 2z, < C [|IF172, A2 13202

s 1Az 1, Az 1

< IR AL ”” IAZ: 715 7™ IAGAZ I, Z; -,

which is exactly (3.6). This completes the proof of Lemma 3.5. (3.7) follows from (3.6) and the embedding
inequalities

92
1423 ., < CUAINEE 1A% o= FITE .

r1T2

This completes the proof of Lemma 3.5. O

We also need the following simple interpolation inequality, which will be used frequently without men-
tioning.

1—2 x )
A2 fllze S ClIfllp2 NAS fllf2y 0<v <o i=12 (3.15)

The proof of (3.15) is quite simple and we give the proof in the Appendix for reader’s convenience.
The following standard commutator estimate will also be used as well, which can be found in [21, p. 614].

Lemma 3.6. Let s € (0,1) and p € (1,00). Then
A*(fg) —gA*f — fA°gllLeray < Cllgll oo @y |A° fl Lo (rays
where d > 1 denotes the spatial dimension and C = C(d, s,p) is a constant.
We are now ready to prove the propositions.

Proof of Proposition 3.1. Applying V to (1.1), and then dotting it with by V@ yield

2 2
5 dtnve( M7z + 147, V0|72 = - / >0 0:,00,,u,0,,0 da. (3.16)

g2 i=1j=1

The term on the righthand side of (3.16) is a quadratic form and can be written as

/ZZaxlea%uja Odr = — /3$1u18$198$10dx /5$1u23$293$10dx

]Rgll_]l

—/8x2u18x198x20d:c - /zeugﬁxﬁ@xzﬁdx

=K1+ Ko+ K3+ Ky. (3.17)

These terms can be bounded as follows. For any 0 < o, < 1 and a4+ 8 > 1, K7 and K5 can be bounded
suitably. For 0 < o, 8 <1 and a+ 3 = 1, we set

By Holder’s inequality and Sobolev’s inequality,
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(K| < 1102, 0l| 22 (|0, wa || Lo |0, 0| 2o
< O, 0] 2 [|A Doy ur || 2 [ A% 0, 6| 12

< 5 1A%, 012 + C A0y, w32 10,612
Due to Plancherel’s Theorem and the simple inequalities
GEi+e <g@+6),  gE+8)<g7 (g +4),
we have
JA Dyl e < 1A% Vullze,  [AP0,,0]10 < 1AL, V612

Therefore,

1 [e3%
K| < 16 1AZ, VOIZ= + ClIAZ, VullZ: (102,072

Very similarly,

1 [e3%
Kol < 15 1AZ, VOI7= + ClIAZ, VullZ: (102,072

When o + 8 > 1, one can perform the estimates above for & = 1 — 8 and 8 to obtain
1 a
K1l < 75 IAZ, V0172 + ClIAG, Vull72 102,072,
1 a
K| < 1 IAZ, V(72 + C 1A, Vull72 [10:,0] 7

and invoke the interpolation inequality

|t

~ 1_a
[AZ, VullLz < [[Vullpe * |AZ, Vaull 7

to get to the bounds

K| < = AL VOlZe + O (IVullZe + A, Vulf2) 02,0172,

1
16
1 «@
K| < 7 IAZ, VO[22 + C (| Vullfz + |AS, Vul72) 102,07
To bound K3, we need the assumption that 5 > % For g > %, we apply (3.5) with v; = v =8 > % in
Lemma 3.4,
1=355 175 25 1=355 12 35
Ks < C|Vull2 VO 12 * AL, 02,011 12 VO 12 = AL, VOl 12
1—-L 1 1— L 1
< C|[Vul 2 (VO] 7 [|A, VO 23 [Vl - 7 1AL, VO 75

2B
—1

1 522
< <= IAZ, V0)3 + C Va2 V0.

K, is handled differently. By (3.8) and Holder’s inequality,
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://8w1ula£208$20d£€1d1'2

R R
< | [ 1AL P oma) sz, 182, (00,00,,60) )12, de
< /||Aifﬁu1(-»$2>||Lgl||5m29( @2)|[pes 1AZ, 000 22) | 2, diﬂ2‘
1-.L L
< | [ 1AL P oma)laz, 1920 m2) ™ A2, 000 m2) I
R

<A2 0,60 22) 2 d@‘

28—-1

< CIAL Pz, ([ 1901, do)

2841

/||Aﬁ VO(wo)|Fs, dwa) T (3.18)

Furthermore, by (3.8) and Hoélder’s inequality,

1

— _ 2
1AS unll e r2, g /||A1 Pur (@, )13 dm1>

-

-1 B 1 3
<c / AL s, g ||A2A;1ﬂu1<x1,.>|\£gz dr,)

1
<c( [Iak P uten )R, do) / A2 AL s (a1, )3z, dr)
R

< CllA;T ulllLf 1V |23

< C(IIUH[ZzHVUIIEﬁ) 2 HVUIILm (3.19)
where we have used

IAZ, A5 Pullzz = [ll&2l’len = 7a(€)]] 1. < ClIENEE) 2 < ClIVul| e

Inserting (3.19) in (3.18) yields

K, <C Tul|15P) 5 |V 7 v A S
(lull?= 1 Vull127) 72 [ Vul 221Vl 27 || 2
1 :21
—6||A VO|2. + C |lul 33 HVUHLz V0|7 (3.20)

Combining the estimates above leads to

2B8(3—-2B)

d 2 1 28—1
— V0|72 + AL, VO[T < C(IVul 72 4 el 221Vl 277 ) V012
dt

+C (IVullZz + A2, VullZ2) 02,0172,

which yields the desired global bound. This completes the proof of Proposition 3.1. O
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We now turn to the proof of Proposition 3.2.

Proof of Proposition 3.2. As in (3.16) and (3.17), we have

5 dt ||v9( )32 + A2 V0|37, = K1 + K + K3 + Ky (3.21)
Since the bounds for K; and K in the proof of Proposition 3.1 hold for any 0 < o, 5 < 1 with a4+ > 1,
K7 and K> can be estimated exactly the same as before. We now bound K. The estimates for K3 are
complex and will be presented later. To estimate K, we invoke the assumption that

1 1
§<Ck<]., 0<ﬂ§§, CV“r‘ﬂZ].
We choose
~ 1 1 1
2<q, q<oo, - +===
qg q 2

and apply Hélder’s inequality to obtain
Ky = /&Clul 0z,004,0 dz
< 10z, urllngg 12, 10250122 1102201l 2 _p3, -

By Lemma 3.5, for (1 —8)yy = 2 — % and o € [0, 1],

1
2

HaizeHL? Lq <C||6129| ||A w29||1 ’YO'

Fora>%,wechoose%<02<a,01+02:aand

1
(1*71)01: s (1*’72)0215

N | =
Q| =

and apply Lemma 3.5,

100, | £y 19, < C 10w 757 [ AZ200, ua 75777

AT By 15 (AT ATy e 15T
< O 100 w152 1A2, Vul 17,

where

Y1 (1 —72) + (1 —=71)7

_ + o1 02
p=mmr o1+ 09 o1+ 09

Inserting the bounds above in K4 and applying Young’s inequality, we have

2(1—p)

1 [e3%
|Kal < 161107, 00,07 + C 102,072 IIGaclulll””" [A®Vul| 2

IN

1 14y [e%
16 A2, 02,011Z2 + C 102,072 102, wa | I (14 [A°Vu32),
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A particular set of values of q, q, Y0, 01, 02, V1, 72 and p are

4 4  3-2a
=390 1721 T i0-p)
and
201 C2a41 2 — 1 11

71 5 Y2 20[+17 2 Ao

o1 = 4 , 02 = 4 )

We now turn to K3. Our efforts are devoted to establishing sharpest possible bounds. One way to bound it

is to apply Lemma 3.4. In fact, by (3.4) with

P=q> 7, M =7=>75 (3.22)

|~

we have
|K3| = /3$2u18$198$29dx
]RQ

1— 4= L 1—-L L

< Cll0wyual| o 102, 0l 2 7 [|A7, 00,011 25 102,01 2 77 1AL, OO %
1— L L 1—-L 1
< Cllwlleo VOl L 1AL, VOl ZE VO 2 77 IIAZ, VOl 2

1 oe
< 1AL VOIL: + Cllwl 27 V012
According to (2.2),if a4+ >1and 2 < p < 2(a + ), then ||w| rr is globally bounded. Therefore, we need

Va2 42—«

5 (3.23)

%<p<2(a+ﬁ) or 3>

We now provide an alternative estimate for K3, which holds for a larger range of 3. By integration by parts,
K3 = /96zl8m2u18m29 + /Gﬁmzul Ogy 02,0 = K31 + K3o.
By Holder’s inequality and the boundedness of Riesz transform on L2,
Kot = [ A%,0,20,,0,,1 AL 2(00,,0) < A%, Duytr 12 AL (0 0,,0) 1
By Lemma 3.6,

1AL (0 02,0) |2 < C IOl A5, 0|2 + [[A570 O, 2

Z1

< Cll6l] o~ 450,00 L2 + (102,01l 22 | A7y Ol v -

Z1

Applying Lemma 3.5 with o1 and o9 satisfying

1 1
§<01<oz, §<02<a, o1+ 09 < a+ [,

we obtain
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o a5 o 1 (1 5k
[Ag; %Ol < ClAGT Ol ogsy - *7 AT A0l 13l ™

(1-5%) 1
XHAazAl a9||£32ug2) 2a1 HAcrzAalAl a9||z;2(;§12)

- 1 o990
< C([0]1p2 + IVOll =)'~ 777 [|AT, VO] 1227 a0
where we have used the simple facts

1Az Ol < 02 + [VOllL2, AT A0l Le < [16]]22 + VO e,
IAZ2 AL Ollze < N0l + [IVOll2,  IAT2AZIAL 0l e < [|AZ, VO L2,

1 1 1 1 1
Y Y RN B NIy R DI S R P
20’1 20’2 20’1 20’2 20’2 20’1 40’20’1

Combining these estimates yields

|K31| < C |00l [ AS, Opyuallr2 AL V0|12

+C [Ag, 0wt [l (10022 + 1V 22)*” 57 ||A7 v9||4””

1 o 2
< EIIA§1V9|\%2 +CIAg, Oz, wmall72 ([60ll 22 + [VO]l22)"
To bound K3z, we first apply Holder’s inequality and Lemma 3.6 to obtain

K32 = /AglA;116w18I29Azlvl_ﬁ(eawzul)

< CIA7, 02,0l 22 4077 (0 Oayun) | 12
< Cllfoll o [1A7, Ou,Bll e ([ A5 7 Oy | 2
+C AL 0,,0] 12 ||[AL 0 Dpyun | 2

To estimate ||AL 70 8,,u1| 12, we invoke the bound derived in Proposition 2.2,

lw@)|lLr < C(t, ug, 8p) for 2<p<2(a+pf). (3.24)
Since o > %, we set
 a—1)p+2 1 1
q= 20 ) q< 6, o2 > 9

and apply the interpolation inequalities to obtain
IAL70 0p,un L2 < |0nyunllLe, o M50 2o
z L3?2_2 3'1

C||8w2u1||Lp(i‘;w ||A;" w2u1||(2a 1)p+2||A52A1 [:39” m

IN

1 1—qB
x |AZ2AZ70) 75277

1— 2 S _1=49B8
CllOz,urllp, 7 [|AS, Oppua |l 27 ”””IIWH R

IN

« [AZ2AL 0] 7T
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= atpre Gam DT 1= 3los 2y
< Cllwllp» [AZ, Oz un [ 15 VOl 2
% ||A02A1 B9|| q(<72 Bﬁ)
T2
We further restrict our consideration to 8 > % and set
g9 — 25
It then follows from Young’s inequality that
K3y < 16||A V0|72 + Cll0ol|7 o (10nual|72 + [IAS, Oryun[|72)
+C ||WH 2q[3 1 (2((1 ;)p+2 ||A 812,“1” 2q[3ﬂ1 (Ca— 1)p+2 ||V9||%2

In order to close the energy estimate, we need

298 2 <9
2g6—-1 (2a—1)p+2 ~
which, due to ¢ = %, is reduced to
a+p a—p
> >
=% % P=a—1p

In addition, the condition that ¢ < % in terms of p is

2(a = pB)

P=Ga-1p

Consequently, p should satisfy

max{2, ﬁ} <p<min{2(a+ﬁ), (22(5%5)6}. (3.25)

Since a + 8 > 1, this condition is the same as
7(2283_16))5 <2(a+p),
which is equivalent to
5> V16a4 — 1603 + 2802 — 12a + 1 — 4a® + 2a — 1
4(2a0 — 1)

or

== V16at —16a° + 2802 30(12a+1+4042 —2a+1 (3.26)
It is clear that, for a > %,

Va2 +2—a 2a

> .
2 V16at — 1603 + 2802 — 12a+ 1 + 4a? — 20+ 1
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That is, (3.26) is less restrictive than (3.23). Inserting the estimates above in (3.21) yields

d [e3
ZIVOOIL: + AL, VOIIZ: < C(L+ [[AZ, Vul[fz + [Vuli:)

af(2a—1)p

x (1 n ||w||£;“<2“>f’>“) 1V6]2..

where p satisfies (3.25). Gronwall’s inequality then implies the desired global bound. This concludes the
proof of Proposition 3.2. O

4. Higher regularity for the case o > % and 8 > Bo

This section proves Theorem 1.1 for the first case when

> 6> Bo, a+p>1.

Lo 1
g S=% g

As we remarked before, it suffices to establish the global a priori bound for ||(u, 0)| g=. This is achieved in
the following proposition.

Proposition 4.1. Assume that (ug,6p) € H*(R?) x H*(R?) with s > 2 and V - ug = 0. Assume o and j3
satisfy

1
5<0[§1, 25>50a O/,+5>1,

then the corresponding solution of (1.1) obeys the following global bound

t
lu(®)l[r + 107 + /(IIA%U(T)H?IS + AL, 0(7)1F) dr < oo
0

To prove (4.1), we first derive a global H2-bound for w.

Proposition 4.2. Assume the conditions in Proposition 4.1. Then w =V X u satisfies
t
IVult)ls + [ 1A%, V()]s dr < O uo, b0), (11)
0

where C(t, ug, 0o) is a constant depending on t and the initial data (ug, o).
Proof of Proposition 4.2. Taking the gradient of the vorticity equation
dw + (u- Vw + A2%w = 8,,0, (4.2)

and dotting it with Vw, we have

N | =

d

aHVw(t)H%z + A2, Vwl|7. = —/(Vu-Vw) -Vwdz — /&glﬂAwdx
R? R2

= N1 —|—N2 (43)
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N; is a quadratic form and can be explicitly written as

N; = f/&clulamlwamlwdzf /8$1u26x2w8£1w da:—/axzulamlw@mw dx
R2 R2 R2

—/&Quz@xzwaxzw dr = N1 + Niz2 + Nis + Nig.
]RZ
Applying (3.5) with 41 =42 = @ > § and Hélder’s inequality, we obtain
1— L

a1 1_1 a1
Nit, Nig < C||Vw|[L2 (|00, ull 2 > [|AZ, Oxy wl| 75 (|02, wll 72 > |AF, Oxy ]l 753

2L 1—L 1 L
S CVwllp® flwllpe ™ 1AL, 0u, ull 75 [|AZ, VoI 25
< C V|22 wlhr 2 A2, Vul| 25 A2, Vo 25
S ONVllz: * llwllze * 1AZ, Vull 75 [AZ, Vel 75

1 4a:2 O‘27
< TelAL VellZe + Cllwll 57 AL, Vall 27 [ VellZe,

where in the third line we have applied the following estimate

148, 0z, ull 22 = [|[€2l*I& [a(©) || o < [|IEa|*[€[a(©)]| . = AT, Vul| 2 (4.4)
Once again, the inequalities (3.5) and (4.4) entail

1— L 1 1—-L 1
Nig < C[|0z,w| 22 [0z unll 2 ** AT, Oy ua [ 75 (|0, wll 72 ** (AL, Opy wl| 75

27% lfﬁ « i
< C||Vwlle** [Jwll g2 > [[AZ, Oxpu

S
L2 Aiﬁxlwﬂi‘%

2L 1— L 1 1
< Ol Vwllfe * llwlle > [|AG, Vul E3 [|AG, Vel 72

IN

1 da-2 2
1—6||A$1VWII%2 + Clwll 57 IAS, Val 557 Ve Ze,

Niy = /amlulamwamw dx

RQ
<Clo Dyt |32 7 A Dy |25 [0yl 2 27 [|A2, By 25
<C| ocz""”L2 | x1u1HL2 To x1“1||L2 l xzw”m H 21 z2W|| 12
2L 1—-L 1 1
< ClVwl[ze > lwllz2 > [IAZ, Vul 75 [AZ, Vwll 73
< o lIAS, VulFa + C il 1A%, Vul 3 9wl
— 16 1 L2 L2 1 L2 L2
By Hoélder’s inequality and the interpolation inequality (3.15),
|No| < Cl|AG, V|2 | Az V0| 2
3 l-o atp—1
< C|AZ, Vwllr2||AZ, VO 2 IVO]| 2"
1
< —[Ag, Vwl[72 + C(IAL, V72 + [IVO]72)- (4.5)

— 16

Combining the estimates above and invoking the fact ﬁ < 2, we have
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d
ZIVe®)lZ: + A2, Veols

da—2 2
< Cllwllzz™ IAg, Vull 57 IIVwlZe + C(IAZ, VOIIZ: + [ VO]1Z2)
da—2

< Cllwllga™ A+ A2, Vulg2) [Vwlz + C(IAL, VoIl + ([ VOI|7:).

Recalling the global bounds in (2.1), (3.1) and (3.3) and applying the Gronwall inequality lead to the global
bound in (4.1). This concludes the proof of Lemma 4.2. O

Now we are ready to establish the global H®-estimate.

Proof of Proposition 4.1. It follows from energy estimates that

d o
2 (e + 10@)1Fr) + A2, ullZre + A7, 0117
< COA A+ |[Vullze + IV 2 ) (lulls + 10117)-

To bound ||Vul|p~, we recall the interpolation inequality (see [13, Lemma A.2])

allz < CUIAIL: + 103 Allz2 + A2 R] =), + 5 <2 (4.6)

51 6

which implies that

IVullz < C(IVullzz + [IA*Vul L2 + | Az, Vul 2)
< Cllwllze +[1AZ, Vw2 + [Vl z2).

The global H2-bound in (4.1) then yields

t
/||vu<s)||2Loo ds < oo,
0

This bound leads to a global bound for ||V0| 1. In fact, for any ¢ € [1, 00],

t
IVOlLa < ||V9o||Lqexp[/HVU(T)IILOO dT]
0

It is then clear that

t
()]l + 107 + /(IIA%U(T)H?{S + AL, 0()1F) dr < oo.
0

This completes the proof of Proposition 4.1. O
5. Higher regularity for the case a« + 8 > 1 with 8 > 2"27‘/5

This section deals with the second case of the indices in Theorem 1.1. The goal is still to establish a
global bound for ||(u, )|/ gs. This is done in the following proposition.
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Proposition 5.1. Assume that (ug,0) € H*(R?) x H*(R?) with s > 2 and V - ug = 0. Assume o and j3
satisfy

2++2

a+p>1, 8 > )

Then the corresponding solution of (1.1) obeys the following global bound

t

lu() Il + 167 + /(HA%U(T)H%S + AL, 0(7) %) dr < oo
0

In order to prove this global bound, we first bound fot [AS 6(s)||L2 ds for § as large as possible. As a
matter of fact, we are able to prove the following result.

Proposition 5.2. Assume (ug, 0o) satisfies the assumptions stated in Theorem 1.1. If a + 8 > 1 and B > %,
then there holds

IAZ 20012 + / IAZTF20(5) 32 ds < C(t, uo, 00), 51)

where C(t, ug, 6p) is a constant depending on t and the initial data.

1
Proof of Proposition 5.2. We apply the operator Aﬁf > to the equation (1.1),, multiply the resultant by
1
Afj— 2¢ and integrate over R to obtain

B+3i 28+1

S S IAZT 00 + A2 el
:/Agfr%(wVG)AffL%de
RQ

<CHA2 (- VO)|| 2 [ A2 20 -

26+1 3
<35 HA 012 + ClIAL (u- VO)3

\ /\

2
HA TEROIZ, + Cllul3n (10132 + A2, V6]13.), (5.2)
where we have applied the following estimate
1
IAZ, (u- VO)|[ 2 < Cllull (IO 22 + AL, VO] 12)-

This inequality will be proven in the following Lemma 5.3. By (2.1) and (3.1), integrating (5.2) with respect
to time ¢ leads to the desired estimate

||A§1+29( )17 +/|\A2ﬁ+29( 32 ds < oo. (5.3)

This concludes the proof of Proposition 5.2. O

The bound in the following lemma has been used in the proof above. We provide a proof for this bound.
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Lemma 5.3. For any 8 > %,

IAZ, (u- V)2 < Cllullr (IV6] 22 + [|AZ, VO 12). (5-4)

Proof of Lemma 5.3. For any fixed x5, one has

1
(- VO a2l 3 < Cllulsa2)ll 3 VO a2l yve, 0<e<f—3.

1 >
HZ HZ 2

il

The above inequality is an easy consequence of Littlewood—Paley technique. By the Bony decomposition,
one gets

(u-VO)(.,z2) =T, VO(.,x2) + Twou(.,x2) + R(u, VO) (., x2),
which together with the properties of the paraproduct operators T' and R yields

ITuVO(, z2)ll 3 < Cllul 22)llpze VO 22)] 3

1

< Olful @)l 3 IVOC @)l gses

Tl

||TV9U(~,952)”HT%1 < CIVOC, za)lleellul, z2)ll

< Cllut,w)] g VO, 22)]

-

1
§+e7
Tl

IR (u, V0) (. 22) (w2l vy < Cllulowa)llgze V0022 .

@

< C”“("x2)||H§1 ||V9<"“”2)||H§1+"
Now we can show
1
1Az, (u- VO)|| 2 < C|(u- V9)(9017902)||L32H§1
< CIIU(-,mz)HL R LICE)] I
T2 Hg, zp T ®1
S C”UHHl ||V9(7 332)”[/5282 Hfl
< Cllullm (V0| = + [[AZ, VO] z2),
where in the third line we have used the fact ¢ < g — %, and
||u(.,x2)|\L;C2H§1 < Clul|ge- (5.5)
(5.5) is a direct consequence of the following trace theorem
5 In < s(R™) = y L2,y dn-1), .
o)l et sy < Cltliay, ' = a2, 0) (56)

which can be proven as follows. We write

u
/ inn i € G(¢!, £,) dEd,

Rn
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= [ ([ s )

Rr—1 R

One thus deduces

5 xn /ewnén f gn dén,
R

where uy, (&), T,) denotes the Fourier transform of u in terms of the variable z’. Now it is easy to see that
for any s > %

()2 < C / A )P+ [€12) de, / (1+ [€P) e,
R

R

<c / A, 6) 21+ [€2)°dé, / (L4 €2 + [6]2)2de,
R R

oo

C(1+ (€] / A )P (1 + [€2) de, / (1+72)%dr

0

Cu+ gyt [ )P+ €P)deo
R

where in the third we have used the change of variable |¢,| = /1 + |£/|27. Multiplying the above estimate
by (1+ |§’|2)5*% and integrating the resultant over R® ™!, we immediately obtain

/ (14 1€ ) H [T an)Pde < C / / A )P+ [€2)°dende’

Rn—1 Rr—-1 R

—c/|u 21+ |¢2)0de,

which implies

[l e g <

Tn Tx

< Cllullgs @r)-

This completes the proof of Lemma 5.3. O
We are now ready to prove Proposition 5.1.

Proof of Proposition 5.1. It follows from standard energy estimates that, for all s > 0,

5 dt\|9( e + I1AZ,01%: < CUIVullL= 161l + 101l o |l - 1611 1-)- (5.7)

According to (4.6), if 5 satisfies

1 1 242
-4+ ——<2 or > s
B 26-3 77

then
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28—1
102,01 < (102,012 + [IAZ,00,01| 2 + [ A2 02, | 2)
28+ 3
< O(IV8llze + 1AL, VBl + AL #6] =),

Consequently, due to the global bounds in (3.1) and (5.1),

t
/||6119(s)||2Lm ds < oo.
0

It then follows from the vorticity equation
Qw4 (u-Vw + A2%w = 9,,0
that, for any 2 < g < o0,
[w(t)l|ze < oo.
According to the classical estimate on Calderén—Zygmund operators (see, e.g., [9, Theorem 3.1.1]),
[Vu®)|lLs < Cqllw®)|[rs < Cqllw(t)||z2nr=, Vg€ [2, 00),
and thus

Vu(t q
sup [Vu®llee < Ollw(@®)|lr2nne < 0. (5.8)
q>2 q

Applying standard energy estimates on the vorticity equation yields

5 77 W@l + I1AZ, i

< Cl|Vul g il + IAZ, @]l 7=

A}U:O‘GHHS

a+§71
1611

l-a
< C|IVull o< [l + [1AG,wll - [AZ, 0]l 7

1, 1
< SIAZ Wil + SIAZ, 0% + CO+ 1 Vull ) (il + 10117-), (5.9)
Adding (5.7) and (5.9) leads to
d (0%
0@z + lw®7-) + IAZ, 61177 + I1AG, Wl
< O+ |0l + IVl o) (lwllFre + 110]17-)- (5.10)

To control ||Vul|r«, we use the logarithmic Sobolev interpolation inequality

IVu|| oo gC’—l—C(sup %) In (e—|—||w||Ha>, Vo > 1. (5.11)

q>2

Inserting (5.11) in (5.10) yields
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d
— (O + lw®)IFe) + I1AZ, 0l 7 + I1AZ, ] F-
dt

Vu
<C <1 + 116012 + (sup —” %
q>2 q

In e+ ||wlas) ) (lwl|Fe + 16]3-)
i (et ol

Vu La
<0 (1 (sup Y Y i (o ol + 160 ) el + 161572
q>2 q

Thanks to (5.8) and the Osgood inequality, we obtain the desired global H*-bound. (5.11) is consequence
of the high-low frequency techniques. By the Littlewood—Paley decomposition,

IVullzoe < 1SN Vullze + Y 1AVl e

Jj=2N
< C2¥ | Sy Vullpx +C Y 27]|4;Vul |12
jzN
SnvVu (l—oaio
< C’N% +C Z 2/(1=9) 217 || A juw|| 2
Jj=N
< CN sup IVullzs + C2N =y o (e >1)
q22
Vu| ra
SC’—%—C’(Supm) In (e—&—HwHHa), (5.12)
2 9

where in the last inequality we have selected

In (e + Hw||Ho)

N=|——F———~ 1.
c—Dmz | "

This concludes the proof of Proposition 5.1. O
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Appendix A. Besov spaces and several inequalities

In this section, we show some common notations about the Besov spaces and several inequalities. Now
let us begin with the Littlewood—Paley theory (see for instance [4]). We choose some smooth radial non
increasing function x with values in [0,1] such that x € C§°(R™) is supported in the ball B := {£ €
R", €] < 3} and with value 1 on {£ € R", |¢] < 2}, then we set (&) = X(%) — x(&). One easily verifies that
¢ € C§°(R™) is supported in the annulus C := {¢ € R", 2 < [¢| < 8} and satisfy
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O+ p27g) =1, VEeR"

7>0

Let h = F~1(p) and h= F~1(x), then we introduce the dyadic blocks A; of our decomposition by setting

Aju=0, j< =2 A_qu u—/h y) dy;

Aju= (277 D)u = 20" / h(29y)u(x —y)dy, Vj € N.

R‘n
We shall also use the following low-frequency cut-off:
S;u=x(2"7D)yu= Z Apu = 2]”/ (29 y)u(z —y) dy, VjeN.
—1<k<j—1 Bn
Meanwhile, we define the homogeneous dyadic blocks as
Aju= (277 D)u = 2" / h(2y)u(x — y) dy, Vj € Z.
R’VL

We denote the function spaces of rapidly decreasing functions by S(R"™), tempered distributions by
S’(R™), and polynomials by P(R™). Let us now recall the definition of homogeneous and inhomogeneous
Besov spaces through the dyadic decomposition.

Definition A.1. Let s € R, (p,r) € [1,+00]?. The homogeneous Besov space Bs . is defined as a space of
f €S (R™)/P(R™) such that

By, ={f €S [R")/PR");

B, < oo},

where

(2™ 1A715) . vr<s

JEL

sup 2°|| A fl e, V7 = 0.
JEL

Definition A.2. Let s € R, (p,r) € [1,+00]%. The inhomogeneous Besov space B; . is defined as a space of
f € 8 (R™) such that

By, =1{f €S ®RY;|fls;, < oo},

where

3=

( Z QjTSHAijEP) , Vr<oo,
1Flm, = =

sup 27%|| A fllze, V17 =00

jz—-1
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For s > 0, (p,r) € [1,+00]?, the inhomogeneous Besov space norm B; . is equal to

Ifls;, = I fllze (A1)
An another equivalent norm of the homogeneous Besov space B; . With s € (0,1) is given by
1
1@+ = FOl e, ]
g, ~ | [ o (A2)
]Rd

for any f € S'(R™)/P(R™).

Next, we introduce the Bernstein lemma which is fundamental in the analysis involving Besov spaces.

Lemma A.3 (see [4]). Let &« >0, j >0 and 1 < a < b < oo, then there exists a constant C = C(«, a, b)
such that the following inequalities hold
1A, fllze < C2HGDIS; £ e,
CTH YA f e < AA fll e < C2OTIMETD|A £ o

Now let us state the following generalized Kato—Ponce inequality, which was used in the proof of (2.13).

Lemma A4. Let 0 < k <o < 1,2 <m < oo, and p,q,r € (1,00)3 satisfying % ==+ % Then, there exists

C = C(k,0,m,p,q,r) such that

1
q

A2 o + AU 2 Pllze < Cllfllsg 1170 - (A.3)

Proof of Lemma A.4. Lemma A.4 was established in [14, Lemma 2.5]. For the convenience of readers, we
restate it here. For 0 < k < o and p,p € [1,00]?, one has

gl + 1A%l < Cllgllzg, = C (lgllin + s )- (A.4)

Actually, Lemma A.3 ensures
IA%gllLr < D A" Axgller = [A*A aglloe + D A" Axg]rr
k>—1 k>0

< Clglee + )27 A7 Ag| Lo
k>0

< Clgllze +Cliglsg -

By the equivalence definition of ng in (A.2), it gives

m—2 m—2 £(.\||P
HAK(|f|m_2f ‘iPSCH‘an 2f|| +C/”|f| f$+ ) |f| f()”Lpd

el

According to the Hélder inequality, we have

m— m— m—2
=211, < WA ™20 = AR 122

Due to the simple inequality
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la|™2a — b 72| < C(m)|a — bl(Ja[™ =2 + b %)

and Holder’s inequality,

A2 f @+ ) = A2 Ollze < Cllf @+ ) = FOllzalllF™ 22
< CNf(x+-) = FOllzall FIITR -

We therefore obtain

® m— m— m— f
AR P < C AR IS, + O p1 s / .

m—2 m 2
< CIfIBFIEE2) +Clf)bm? DIfIG,
< CIAIGEEF 1, .

This ends the proof of (A.3). O

Proof of (3.15). For example, we just consider ¢ = 1. Simple computations yield

1A%, 2 = / 142, £2) [,

203140 = o\
<c| [l P IAg Ca)l s des
R
‘o 2%
<c{ [y, do / 12, 7 () 22, des
R

1-2 x
= Clfllg2 “ A2, FIIZ2

which is (3.15) with the case i = 1.
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