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1. Introduction

The global regularity issue concerning the 3D axisymmetric Navier-Stokes and Euler equations has recently attracted
a lot of attention and much progress has been made (see e.g. [1-8]). The results presented here were motivated by recent
work of Hou and his collaborators on two models for the axisymmetric Navier-Stokes and Euler equations [4,6,7].

In several recent papers [3-5,9], Hou et al. proposed two systems of equations for study in order to understand the
stabilizing effects of the nonlinear terms in the 3D axisymmetric Navier-Stokes and Euler equations. We shall briefly
summarize their derivation of these model equations. The incompressible 3D axisymmetric Navier-Stokes equations can be
written as

D . @2 1 1\ ,
@ - r =—-prt+v 3rr+Far+azz_rj u,
D , wuu 1 1 4
—u+—=v arr‘l'*ar‘*'azz_*z u,
%t r 1r r (1.1)
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1
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where u", u’ and u? are the cylindrical coordinates of the velocity field u, and

b =0 +u'9, + 10
Dt t r Z
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When v = 0, these equations reduce to the axisymmetric Euler equations. The corresponding vorticity w = V X u obey

B r 1 1 r r v4 r
Ea) =v a,r+;ar+azz—r—2 o 4+ (00, + wo)u’,

D o' 1 1 u o’
—o’ + =v 0+ -0 +0,— = | + (@0 + ")’ + , (1.2)
Dt r r2 r
D Z 1 Z r Z Z
D—ta) =v a,r+;ar+azz o’ + (0" 0, + w*0,)u”.
Noticing that u™ and v can be represented by ¥?, »" and «? by u? and w? and /¥ are related by
2, 1 2 1Y 0
R+ + -5 )y =d, (1.3)
r r

the axisymmetric Navier-Stokes equations reduce to a system of equations for the swirl components %, u’ and «’. By
substituting the expansions of %, u’ and w’ near r = 0 and keeping the leading order terms, Hou and Li derived
an one-dimensional model that approximates the Navier-Stokes equations along the symmetric axis [9]. This model has
some interesting properties. In particular, the nonlinear terms have a very special structure and appear to have depletion
mechanism that prevents a finite-time singularity.

By substituting the new variables

in the swirl component equations of (1.1), (1.2) and in (1.3), and dropping the convection terms, Hou and Lei [4] obtained
the following system of model equations

3
Oy = v <8rr + ?ar + azz) u + 2821//'1 ug,
3
w1 =V <arr + ?ar + azz) up + az(u%)7 (1.4)

3
— (8,T + ;ar + 822) W1 = w1q.

Clearly this system of equations is self-contained. When the convection terms are added back to this system of equations, the
3D axisymmetric Navier-Stokes equations can be recovered. Even without the convection terms, these equations possess
many similarities as the 3D axisymmetric Navier-Stokes equations. As demonstrated in [4,5], regularity criteria of the
Prodi-Serrin type and of the Beal-Kato-Majda type still hold for this system of equations.

Our attention is focused on the open problem of whether classical solutions of (1.4) are global in time. This is an extremely
difficult problem and the intention here is to examine it from a more general point of view. We generalize this model to
include dissipation given by a general fractional Laplacian. For this purpose, we need to interpret these equations as a system
of equations in five-dimensional space. To be more precise, we sety = (y1,¥2, ¥3,Y4,2) € R® and write A, for the 5D
Laplacian, namely

4y = Z Oy + Ozz-

j=1

If a function f = f(y) is axisymmetric about the z-axis, then
3
Ayf = <8rr + ;ar + 8zz)f-

Identifying u4, w; and v as 5D axisymmetric functions, we can write the equations in (1.4) as

Oty = vAyug + 20,1 Uq,

w1 = VAywl + az(u%)a

—Aylﬁ] = w1.
Replacing A, by the fractional Laplacian —(—A,)® for a parameter « > 0 in the first two equations, we obtain the
generalized Hou-Lei model

8[1,[] = —u(—Ay)o‘ul =+ 2321/f1 uy,
O = _V(_Ay)awl + az(uﬁ), (1.5)
(=AY = 1.
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More generally, for any integer n > 3, we can consider the following equations of n+ 2-dimensional axisymmetric functions
uy, wq and Yy,

Oty = —V(=Anp2) U1 + 20,91 U
dwr = —v(—Any2) w1 + 0.(u}), (1.6)
(A 2V = w1,

where A,,, denotes the Laplacian operator in R"2. We study the initial-value problems of these generalized Hou-Lei
equations with the initial data

ur(x,0) =upk),  wi(x,0) = wp®), Y1(x,0) = Yr10(x). (1.7)

This paper establishes the global regularity of (1.5) for « > % and that of (1.6) for « > % + 7. We remark that the
condition on « is exactly the same as the condition for the generalized Navier-Stokes equations (see e.g. [ 10]). Through the
construction of the model (1.5), the convection terms in the Navier-Stokes equations have been removed and the nonlinear
terms in (1.5) are significantly weakened. The dissipation in (1.5) grows out of the original 3D Laplacian in the Navier-Stokes
equations and is represented by the axisymmetric 5D Laplacian. When « > % + %, we are able to control the nonlinear part
through the dissipation.

The global regularity results can be stated as the following theorems. In the these theorems and in the rest of this paper,
Ifll; with 1 < g < oo denotes the norm in the Lebesgue space LI(R®), ||f||;« denotes the norm in the space H*(R®) and
If Ilk,q the norm in the Sobolev space Wk4(R%).

Theorem 1.1. Consider the generalized 3D model (1.5). Assume that the initial data (uq9, w1g, Y¥10) in (1.7) satisfies
up € H'(R%), Y10 € H*(R®) and wip = —Ayrip.

When o > 2, the solution (uy, w1, Y1) emanating from (u1o, w10, ¥10) remains bounded in H'(R®) x L*(R®) x H2(R®) for all
time. More precisely, we have, forany 0 <t < oo,

t
(Il gs)y + 2ll1ll3) + V/ (IAyurll3 + 114y (i, Y15 + 2l Ay enl3) dt < C,
0

where A, = (—Ay)l/2 and C is a constant depending on ||u1o|| g1, w12 and |[ Y102 only.

A similar global result holds for the general system of equations given by (1.6).

Theorem 1.2. Consider the generalized model (1.6) with the initial data given by (1.7). Assume that (u10, w10, Y¥10) Satisfies
up € H'(R™?), Y0 € H*(R™?) and w0 = —Api2¥1o.
If

- 1 + n
@z -4,
-2 4
then any solution of (1.6) emanating from (usq, wig, ¥10) remains bounded in H' (R"2) x [>(R"*2) x H?(R"™*?) for all time.

The next section presents the proofs of these two theorems.

2. Proofs

This section proves Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Multiplying the first equation in (1.5) by u;, the second by 2y, integrating over y € R® and
performing several integration by parts, we obtain

1d
sar | @ 2Tu Pty [ (a4 2ia ety <o,
R R

where Ay = (—A4,) 3, Integrating in time yields

t
[ s zvppray e [ [ qagup s 2iapeniaydc= [ w290 . @1
R 0 JR R

To obtain further bounds, we multiply the first equation in (1.5) by A,uy, the second by 2 w1, integrate over y € R® to obtain

1d

5 dt (IVyus* + 2|w1]?) dy + Vf (1A w > + 214801 *) dy =J1 + 2. (2.2)
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where
2
J1 = /2821#1 LleyLH dy, ]2 = /2&)1 8Zu1 dy

We estimate J; and J,. By Holder’s inequality,

Uil = C 1 Ayuqll2 110:¢1 114 lug ]l 4. (2.3)
By the Gagliardo-Nirenberg type inequality, for o > 1,

-1 2
a=1 | 2
[Ayullz < Cllwlls™ 1A us ™, (24)
we obtain
b 1 d
luslla < Cllurll IVyually 1A U154y w5, (2.5)

where the indices a, b, ¢, d € [0, 1] and satisfy

1 a 1 1 1 « 1 1+«
b d=1, -=-+bl=-—-= —— = | +d(= - . 2.6
a+b+c+ 2=5 % (2 5>+c(2 5>+ (2 s ) (2.6)

Writing a and b in terms of ¢ and d, we have

a:—%—i—((x—l)c—l—o{d, b:%—ac—(l—l—a)d. (2.7)
Similarly,
18:91lla < CHOW IS IVy DIty 1AL Dy 1S 1Ay D, v 1}
< C IV llS oty ATy 115 | ALy lh, (2.8)

where the indices e, f, g, h € [0, 1] and satisfy

1 e 1 1 1 « 1 1+«
h=1, —=f45(1-1 =) en(s - : 2.9
et/tet 4 2+f<2 5)+g<2 5>+ (2 5 > (29)
Or
1 5
e=(a—1)g+ah—z, f=Z—ozg—(1+ot)h. (2.10)

Inserting (2.4), (2.5) and (2.8) in (2.3), we obtain

Zi_l_#a o o o Lﬂ“—d (3

Uil < Cluglls™ IV yllS 11V l1S ol 1A%u 1 Ayl Ay s, AT ], (2.11)

When
2

—— +d+h<2,

14+«
we apply Young's inequality with

h 1 d 1 2 1

—+ fo4-=1or p= @+ 1 (2.12)

2 14a 2 p 20 — (¢ + 1)(h+d)
to obtain

v V
2 1 2 Y Y- V: )L Ve 1 Ve
Uil = 5||A§w1||2 t3 Ay uill + CO) w3 IV 152 1 Vyunll3? lleon 3 1A% w3 1A Y15,

where

a—1
Vi=D +a), Y2 =Dpe, ys =pb, va=pf, ¥s =PpC, Y6 =D&
a+1

When y3 + y4 < 2 and y5 + ¥ < 2, namely
p(b+f) =2 and p(c+g) =2, (2.13)
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we can apply Young's inequality again to further bound J; by

Vv 1% o
Uil = EHA;(CUl”% t3 Ay uslly +C) w3 19913 (IG5 + leoil3) (1Ayunl® + 114,y 13) -

Invoking (2.7), (2.10) and (2.12), the conditions in (2.13) can be rewritten as
2+ 1)
20— (@+ Dd+h)
2+ 1)
20 — (@ + 1)(d+h)
Equivalently,

(g —alc+g) —( +Ot)(d+h)) =2

(c+g) =<2

a—+5 2a

- - < (c d+h) < ——.

2a(a—|—1)_( Te )_a—l-l
Whena > 2,

a—+5 20

<
2@ +1) o+ 1

(2.14)

(2.15)

(2.16)

(2.17)

and we can select suitable c, g, d and h so that (2.17) holds and thus (2.13) holds. Some special choices of the indices a, b, c, d

ande,f, g, hare

4 4 1
a=0, b= —, c=—, d=—, e=0, f=-,
9 9 9 9
in the case @ = 2, and
40 +3a —5 1
a:e:O’ b:f:a_i_ia’ c=g= , d=
4o(o + 1) oa+1

in the case of o > 2.

We now bound J,. By the third equation in (1.5), J, can be written as
L= —4/ Uy d;uy Ay dy.
Foranyp, q € [1, o] and % + % = 1, we have, by Holder’s inequality,

U2l = lluallp 18zusllgllwrll2.
Furthermore, by the Gagliardo-Nirenberg type inequalities
a b c 1 d
luallp < Clluglly" Vyunlly" 1A% l15 A w15,
b C; 1 d
8:u1llg < CIVyurlly” AUl 1A uy 15
with the indices satisfying

ag+bi+ci+di =1, by+c+dy=1,

1=(L1-I-b](l—l)-i—cl(1—g>+d1<1—l_l—()l>,
p 2 275 25 27 5

(a0l t),
q 5 2 5 2 5 2 s

we obtain

b o o, pd
llurllp 19:u1llg < C llurlly" Vyurll? 1A% [15° 1A uq |52,
where b3 = by + by, c3 = ¢1 + ¢; and d3 = dq + d,. Clearly
a1+b3+C3+d3 =2,
3 5—2«a 3 -2« 3

ap
—+bs—+c d = —.
> T Te T TE o 10

4 h—l
£=9 9
_ 5 — 3«

T da(e+ 1)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Inserting (2.20) in (2.18) and applying Young’s inequality, we obtain

v 2a1 2b3 2c3 2
o 2—d 2—d o ) 2—d
V2] < 5||A1+ urll3 +CO) ully 2 1Vyully 2 1A%l 2 lleoally
If
2C3 2b3 2
<2, + <2, (2.23)
2— d3 2 — d3 2— d3
a further application of Young’s inequality implies
v 2aq
" 2—d a
U2l = 5||A1+ urll3 + C) llurlly 1A% 113 (V113 + e ll3) - (2.24)

Whena > 3, we can choose suitable a;, by, c3 and d5 so that they satisfy (2.21)-(2.23). In fact, these conditions are equivalent

g
to

a; +c3 =2 — (bs+ds),

7
(b3 +d3) +a(cz +d3) = 7

c3+d; <2, bs4+d3; <1

and all of them are obviously satisfied if we set

5 5
a; =0, b3 =2— —, c3=1 and d3=— — 1.
1 3 20 3 3 20
Combining (2.2), (2.14) and (2.24), we find that
d
o U9t 5+ 2l 3) + v (14, w3 + 20 A7 1)
< CO) Il 19w 152 (1A%u 12 + 1Ay 113) (Vw13 + 2llw113)
2aq

—d o
+C) lull,”? 1A% l3 (1Vyul13 + 2l 13) -

It then follows from Gronwall’s inequality and (2.1) that
t
(IVyuill3 + 2ll1113) + v/ (1A w113 + 2] AS 1 [13) dt < C,
0

where C is a constant depending on the norms of the initial data, namely [[uoll2 + [[Vyu1oll2, IVy¥10ll2 and [|wioll2. When
the initial data are more regular, the solution of (1.5) can be shown to be more regular. In particular, smooth data yield
smooth solutions. This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. The proof is similar to the proof of Theorem 1.1. The estimates in the proof of Theorem 1.1 remain
valid although the associated indices should be suitably modified. For example, (2.6), (2.7), (2.9), (2.10) and (2.15)-(2.17)
should be changed to (2.25)-(2.31), respectively, where the new equations are given by

a+b+c+d=1, (2.25)
1 a—l—b 1 1 n 1 o d 1 1+«
_a 1 P 2 ,
47 2 2 n+42 2 n+2 2 n+2
n—2 n+2
a=— + (@ — 1)c + ad, b= —oac — (1+ a)d, (2.26)
e+f+g+h=1, (2.27)
1_e+f 1 1 N 1 @\ 1 1+«
4 2 2 n+2 £\ 3 n+2 2 n+2)’
-2 2
e=—" + (¢ — 1)g + «h, f:n: —ag — (1+a)h, (2.28)
2@+1) n+2
) — e d+h ) <2, 2.29
20 — (@ 4+ 1)(d+h) < . —eere -t ))_ (229
2 1
@+1) c+g) <2, (230)

20 — (a + 1)(d + h)
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nae+1)+2—2a
2(a + 1)

S+t = (231)
=eTs Ta+1 :

1

Whenazi—l—%,
nlae+1)+2—2a _ 2
2(ax + 1) T a+1

and the indices a, b, ¢, d, e, f, g and h can be selected so that all the estimates in the proof of Theorem 1.1 remain valid. A
special set of indices is

402 + (6 —n)a—n—2 1 -6 2
a=e=0, b:f: Ot+( n)a n s C=g= N d:h:w
da(a+ 1) o+1 da(a + 1)

We omit further details and this completes the proof of Theorem 1.2. O
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