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Abstract

The magneto-micropolar equations are important models in fluid mechanics and material
sciences. This paper focuses on the global regularity problem on the 2D magneto-micropolar
equations with fractional dissipation. We establish the global regularity for three important
fractional dissipation cases. Direct energy estimates are not sufficient to obtain the desired
global a priori bounds in each case. To overcome the difficulties, we employ various technics
including the regularization of generalized heat operators on the Fourier frequency localized
functions, logarithmic Sobolev interpolation inequalities and the maximal regularity property
of the heat operator.
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1 Introduction

This paper studies the global (in time) regularity of solutions to the two-dimensional (2D)
magneto-micropolar equations with fractional dissipation

ou+u-Vu+ (v +k)(—A)u=—-Vp+2kVxQL+b- Vb,

QR+ u-VQ+4kQ+ u (=AY Q2 =2«V x u,
ab+u-Vob+n(—A)Pb=0b-Vu, (1.1)
V-u=0, V-b=0,

(u(x,0), 2(x, 0), b(x, 0)) = (uo(x), Lo(x), bo(x)).
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Here the fractional Laplacian operator (—A)“ is defined via the Fourier transform,

(A f(E) = ] (&)

When o« = B = y = 1, (1.1) becomes the magneto-micropolar equations with standard
Laplacian operator dissipation. Micropolar fluids represent a class of fluids with nonsym-
metric stress tensor (called polar fluids) such as fluids consisting of suspending particles,
dumbbell molecules, etc. The magneto-micropolar equations model the motion of electri-
cally conducting micropolar fluids in the presence of a magnetic field. They govern a wide
range of fluids such as the motion of aggregates of small solid ferromagnetic particles in
viscous magnetic fluids. The magneto-micropolar equations are derived by combining the
equations of continuity, momentum, Maxwell and angular momentum (see, e.g., [4,14]). The
magneto-micropolar equations have recently attracted considerable attention in the com-
munity of mathematical fluids (see, e.g. [5-11,13,22,25,26,28,31,32,34,35]). Physically u
denotes the velocity of the fluid, p the pressure, 2 denotes the micro-rotation velocity, b the
magnetic field, v the kinematic viscosity, « the vortex viscosity, p the angular viscosity, and
n the magnetic diffusivity. In the 2D case, Q2 is a scalar function and V x 2 really means
V x (0,0, ) = (9x,$2, —0dy, £2), which represents a 2D vector. For the 2D velocity u, the
vorticity @ = V X u = dy,u2 — dx,u1 is a scalar function.

We remark that (1.1) with the fractional Laplacian operators is physically relevant. Replac-
ing the standard Laplacian operators, these fractional diffusion operators model the so-called
anomalous diffusion, a much studied topic in physics, probability and finance (see, e.g.,
[1,16,23]). Especially, (1.1) allows us to study long-range diffusive interactions. In addition,
(1.1) with hyperviscosity (¢ > 1) is used in turbulence modeling to control the effective
range of the non-local dissipation and to make numerical resolutions more efficient (see,
e.g., [12]). Two of our main theorems stated below, Theorems 1.1 and 1.2, deal with exactly
the hyperviscosity case. The results presented here assess the validity of employing (1.1)
with hyperviscosity in turbulence modeling.

Mathematically, by considering (1.1), we can examine a family of systems simultane-
ously. Our aim here is to establish the global regularity for (1.1) with the smallest amount
of dissipation and broaden the current global well-posedness results on magneto-micropolar
equations. The general approach to establish the global existence and regularity results con-
sists of two main steps. The first step assesses the local (in time) well-posedness while the
second extends the local solution into a global one by obtaining global (in time) a priori
bounds. For the systems of equations concerned here, the local well-posedness follows from
standard approach such as successive approximations. We are able to obtain the global reg-
ularity for three important fractional dissipation cases.

In the first case, we setv > 0,k > 0,7 > 0 and © = 0in (1.1). No dissipation due to the
angular viscosity is involved. More precisely, we consider

u+u-Vu+ v+x)(—A)%u=—-Vp+2kVxQ+b-Vb,
0+ u-VQL+4kQ2 =2V X u,
b +u-Vb+n(—A)Pb=0b-Vu, (1.2)
V-u=0,V-b=0,
(u(x,0), 2(x,0), b(x,0)) = (uo(x), 20(x), bo(x)).
Our regularity result can be stated as follows.

Theorem 1.1 Consider (1.2) withv > 0, k > 0, n > 0, and
l<a<2, 0<B<l1, a+B8=>2. (1.3)
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Assume (ug, 20, bo) € HS R withs > 2, V-ug = 0and V - bg = 0. Then (1.2) has a
unique global solution (u, 2, b) satisfying, for any T > 0,

(u, Q,b) € L0, T]; H* (R?)).

The proof of Theorem 1.1 relies on the global a priori bound for ||(u, 2, b)| gs. When o
and 8 satisfy (1.3), the global L?-bound follows directly from the equations. However, for
0 < B < 1, itis not easy to obtain the global bounds for the derivatives of (u, 2, ). Due to
the lack of dissipation in the equation of €2, we need a global bound for fé IVu(t)|| L~ dt
or for a quantity that is close to the regularity level of |Vu||p . In fact, our main effort is
devoted to the global bound, for some g € (1, 0o) and for any ¢ > 0,

t 2
/ A w]| e dt < o0, (1.4)
0

2
where @ = V x u represents the vorticity. | A7 w|rqs is close to ||Vu(t)|z~ in the sense
that, foro > 2,
2
IVulle < Cr(1 + llull2) + C2 | A4 wllLe logle + [[A7ull,2).
It is easy to check that the vorticity @ obeys
hwo+u-Vo+ v+i)(—A)*ow=>b-Vj—2k AQ, (1.5)

where j = V x b denotes the current density. However, direct energy estimates involving the
vorticity equation in (1.5) do not yield (1.4) due to the presence of the term A2 and the lack
of global bound on the derivatives of 2. We developed two different approaches to establish
(1.4). The first is to hide the term A in (1.5) and work with the combined quantity

2K . _
G=w+—"RN2 with Ry = (—=A)"“A.
V+K

G satisfies

G+u-VG+ (v+r)(—A)*G
44c? 2K 44c?

= Row — —[Ry,u-V|Q+b-Vj—
V4K “ v+/<[ “ 182+ ] V4K

Raf2.

By considering the equations of G and of j, we are then able to obtain a global L?-bound for
G and j. By showing a global bound for €2 in H~!, we able to obtain a global for @ in L? or
u in H'. Through an iterative process, we establish (1.4). The details are given Sect. 2. This
approach is useful in handling coupled systems of equations with high derivative coupling
terms. We remark that the practice of working with combined quantities has been exercised
in the study of several other equations (see, e.g., [8,15,17]).

An alternative approach for proving (1.4) is to first obtain extra regularity on b (beyond
what the basic L? estimate provides) and then rewrite the vorticity equation in an integral form
via the fractional Laplacian operator. Taking full advantage of the generalized heat operator
e~ (2% and controlling ||2(¢)||z¢ in terms of fot llo(t)|lLe dT, we are able to prove (1.4).
This alternative approach is provided in the appendix.

The global regularity for (1.2) witha+ 8 < 2 with0 < B < 11is currently open. It appears
extremely difficult to establish the global H'-bound on the solutions when « 4+ 8 < 2 with
B < 1. In fact, even in the special case when 2 = 0 [(1.2) then becomes the magneto-
hydrodynamics equations], the global well-posedness result still requires dissipation only
logarithmically weaker than the dissipation level @ 4+ 8 = 2 (see [30]).
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Yamazaki has previously established the global regularity of (1.2) wheno = 1and 8 = 1
[34]. Even this case is not trivial. The global regularity was achieved in [34] by fully exploiting
the structure of the system and bounding the Lebesgue norm of the first derivatives of the
solution.

The second fractional dissipation case examined here involves no angular viscosity and
no magnetic diffusivity, namely 4 = 0 and n = O in (1.1). More precisely, we consider

u+u-Vu+ v +x)(—A)u=—-Vp+2kVxQ+b- Vb,

02+ u-VQ+4xcQ =2V X u,

ob+u-Vb=>b-Vu, (1.6)
V.-u=0,V-b=0,

(u(x,0), 2(x, 0), b(x, 0)) = (uo(x), Lo(x), bo(x)).

We establish that (1.6) with « = 2 possesses a unique global solution when (uq, Q20, bo) is
sufficiently smooth, as stated in the following theorem.

Theorem 1.2 Consider (1.6) withv > 0, k > 0 and o = 2. Assume (ug, Q0, by) € H* (R?)
withs > 2,V -ug = 0and V - bg = 0. Then (1.6) has a unique global solution (u, 2, b)
satisfying, for any T > 0,

(u, Q,b) € L¥(0, T]; H* (R?)).

The effort of proving Theorem 1.2 is devoted to the global bounds for || (u, 2, b)|| gs. The
global L2 bound follows from (1.6) directly, but the global H !-bound relies on a logarithmic
interpolation inequality. Due to the lack of dissipation in the equations of 2 and b, it appears
to be difficult to establish the global H' bound for & < 2. We remark that Theorem 1.2 with
Q = 0 reduces to a global result on the 2D magneto-hydrodynamic equation [33].

The third fractional dissipation case dealt with here is given by

u+u-Vu+ v +x)(—A)u=—-Vp+2kVxQ+b- Vb,

4R+ u-VQL+4+4kQ2 — n AQ =2V X u,

ob+u-Vb—nAb=0>b-Vu, 1.7)
V.u=0,V-b=0,

(u(x,0), 2(x, 0), b(x, 0)) = (uo(x), L0(x), bo(x)).

We show that (1.7) with any & > 0 always has a unique global solution.

Theorem 1.3 Consider (1.7) with « > 0, v > 0, x > 0, u > 0 and n > 0. Assume
(uo, Qo, bo) € HS(R?) withs > 2,V -ug = 0 and V - by = 0. Then (1.7) has a unique
global solution (u, 2, b) satisfying, for any T > 0,

(u, 2, b) € L([0, T]; H* (R?)).

To prove Theorem 1.3, our focus is again on the global a priori bound for || (u, 2, b) || gs.
In this case, there is no essential difficulty to obtain the global L? and global H '-bounds, but
we need to resort to the maximal regularity principle of the heat operator in order to obtain
global space-time L?sz bounds for the vorticity @ and the current density j. These bounds
allow us to further obtain the global H2 and H* bounds.

The rest of this paper is organized as follows. Sections 2, 3 and 4 are devoted to the proofs
of Theorems 1.1, 1.2 and 1.3, respectively. The last part of this paper is an appendix, which
presents an alternative approach to the global H!-bound for solutions of (1.2).
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2 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, stating the global existence and unique-
ness of solutions to the 2D magneto-micropolar equations (1.2). The key step is to establish
the global a priori bound on the solution (u, 2, ) in H*. More precisely, we prove the
following main proposition.

Proposition 2.1 Consider (1.2) withv > 0,k > 0, n > 0, and o and B satisfying
l<a<2, 0<B<l, a+pB8=>2.

Assume (ug, Q0, bg) € H® (]Rz) withs > 2, and V - ug = 0, V - bg = 0. Then the corre-

sponding solution of (1.2) is globally bounded in H* (R?).

The proof of Proposition 2.1 requires several steps. We also need some preparatory facts.
For the sake of clarity, we divide the rest of this section into four subsections. The first
subsection provides several calculus inequalities and logarithmic interpolation inequalities
involving fractional Laplacian operators.

2.1 Inequalities involving fractional Laplacian operators

This subsection prepares several tools needed for the proofs of the theorems. The first contains
two calculus inequalities involving fractional differential operators. They can be found in

many references, e.g., [18], [19, p. 334]. We recall that A = (—A)% denotes the Zygmund

operator.
Lemma2.2 Lets >0.Letl <r < ooand’l_ = ﬁﬁ—q% = i—l—q%withql,pz e (1,00)
and py1, q2 € [1, o). Then,

IA®, Flgllr < C (IV flle IA " gllzar + I1A° Fllzrllgllze)
and

IA*Cf @)l < € (IA° Fller Ngllzo + 1 fllLe 1A gl Le2)

where C’s are constants depending on the indices s, r, p1, q1, p2 and q3.

The second tool provides an upper bound for the action of the generalized heat operator
on functions with Fourier transform supported on an annulus. The bound for the standard
heat operator can be found in [2]. This generalization can be established by modifying the
original proof.

Lemma23 Let A={& e Ry :r| <|E| <rm}withO <ri <r being constants. Let o > 0.
Then, there exist ¢ > 0 and C > 0 such that, for p € [1, oo] and f satisfying

f e LPRY, suppr AA,
we have, fort > 0 and ) > 0,
—(— A _ 2u
le™ 2 Fllppay < € e N fllLogga-

Another very important class of tools are the logarithmic Besov interpolation inequalities.
The version presented here is different from the standard ones and we provide a proof. In the
following lemma, Bg ~ denotes a Besov space.
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780 H. Shang, J. Wu

Lemma 2.4 Fors > 2 and q € (1, 00), there exists two constants C| and C such that
[Vullpee < Ci(1+ llullz2) + C2 III\EVMIIB;;Qo log(e + [ A%ull12). (2.1
Especially,
IVullpe = Cr(1 + llull2) + C2 I AT Vull o log(e + [ A%ul12).
In addition, a variant of (2.1) is to replace ||A§Vu||B{9,oo by the H'-norm of o = V x u,
IVullze < Ci(1+ llullz2) + Ca llwll g1 logle + A ull2). 2.2)

To help understand this lemma and its proof, we recall the definitions of the Fourier
localization operators and the Besov spaces, and provide some closely related facts below.
The materials presented here can be found in several books and many papers (see, e.g.,
[2,3,24,27,29]).

We start with several notational conventions. S denotes the usual Schwarz class and S’ its
dual, the space of tempered distributions. To introduce the Littlewood-Paley decomposition,
we write for each j € Z

Aj=[seRr?: 27 <jg <2i1]

The Littlewood—Paley decomposition asserts the existence of a sequence of functions
{®;}jez € S such that

supp®; C Aj, (€)= Dp(277E) or @;(x) =2/ ),

and

o~ . [1. if& e R0},
> q’f@)—{o, if £ = 0.

j=—00
Therefore, for a general function ¥ € S, we have
o0
D B EVE) =) fors e RU\(0).
j=—00
We now choose ¥ € S such that

Ve =1-) 9;¢). ek

0

~.
Il

Then, for any ¢ € S,
o0
U+ Y Ojxy =1
j=0
and hence

W f+> Ojxf=f (2.3)

Jj=0
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Global regularity for 2D fractional magneto-micropolar equations 781

in &’ for any f € S'. To define the inhomogeneous Besov space, we set

0, if j < -2,
Aif=3Wxf, ifj=—1, 2.4)
@i f, if j=0,1,2,....

Besides the Fourier localization operators A ;, the partial sum §; is also a useful notation.
For an integer j,

j—1
S;= 2: Ay,

k=—1

Forany f € S, the Fourier transform of S; f is supported on the ball of radius 2/ Ttis clear
from (2.3) that §; — Id as j — oo in the distributional sense. In addition, the notation Ay,
defined by

Ap = Ap—1 + A+ Ak,
is also useful and has been used in the previous sections.

Definition 2.5 The inhomogeneous Besov space B;’q withs € Rand p, g € [1, oo] consists
of f € & satisfying

11155, = 1271185 F Lol < oo,
where A f is as defined in (2.4).

Many frequently used function spaces are special cases of Besov spaces. The following
proposition lists some useful equivalence and embedding relations. For any s € R,

HSNBQZ.
Forany s e Rand 1 < ¢ < oo,

N

B g,max{g.2}"

s s
g.mintg,2y = Wg = B

For any non-integer s > 0, the Holder space C* is equivalent to B, .

Bernstein’s inequalities are very useful in dealing with Fourier localized functions. These
inequalities trade integrability for derivatives. The following provides Bernstein type inequal-
ities for fractional derivatives. The upper bounds also hold when the fractional operators are
replaced by partial derivatives.

Lemma26 Leta >0.Letl < p <gq < oo.
1. If f satisfies
supp [ C (& e RY: |8 < K2/},
for some integer j and a constant K > 0, then
2ai+idl_1
=) fll gy < C1 227G £l o gy

2. If f satisfies R . .
supp f C (€ e R . K12/ < |&] < K27}

for some integer j and constants 0 < K1 < K», then

) dai+idl—1
C 2% I flle®ay < 1(=D)* fll Laqray < C22 AR q)”f”Ll’(Rd)’
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782 H. Shang, J. Wu

where Cy and C, are constants depending on «, p and q only.
We are now ready to prove Lemma 2.4.

Proof of Lemma 2.4 For an integer N > 0 to be determined later, we write

IVl < 1A 1 Vullzo + Y 1A Vullzoo + Y 1 AnVullze.
0<m=<N m>N+1

It then follows from Bernstein’s inequality that

2m
IVulie < Cllullz+ > 29 [VAule + Y 22" | Apul2

0<m<N m>N+1
2
SClullz+ Y IATVAulle +C Y 2"C DA Ayl 2
0<m<N m>N+1
2
<Cllulliz+CN sup [[A7VAuulre +C2VE [ A%ull2. (25)
0<m<N

Since s > 2, we can take N such that 2V =9 || ASy ;2 < C, namely

N=1 +INT[ log(e + ||Asu||L2)] ,

1
(s —2)In2

where INT denotes the integer part of a real number. Inserting N in (2.5) and noticing that

2 2
sup [|ATVAuulze < |ATVullg

0<m<N

we obtain (2.1). (2.2) is obtained by setting ¢ = 2 in (2.1). This completes the proof of
Lemma 2.4. O

2.2 Global L2-bound for (u, R, b) and global bound for [IA°b|,2

This subsection provides the global L?-bound and a global bound for ||A%b]| 12 for any
0 < 0 < o — 1. To obtain the global L2-bound, we dot (1.2) with (u, 2, b) to obtain

1d
52,10 2. D)2 + 0+ I AU, + I APbI7,
:2K/(VXQ)-u+2K/(VXu)-Q:4K/(VXu)-Q

1—-1 1
< 4| Vullp2 1212 < drcllull o TA%ull 75 121122
v+ K
<
-2
Gronwall’s inequality then leads to

IA%ull2, +C (llull?, + 12103,) .

t
1), ), O + 0+ 5) /0 1A%u|2,de

t
4 [ IAPBIRdt = C (Juo. Q. bo)lz2.1) < oc. 26)
0
A better regularity can be further obtained for b by estimates involving the equation of b

only. This improved regularity for b is crucial for the global time integrability obtained in
the following subsection.
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Global regularity for 2D fractional magneto-micropolar equations 783

Lemma 2.7 Assume that (u, 2, b) solves (1.2). Assume o and B satisfy
l<a<2, 0<B<l, a+pB=>2.

Then b obeys the following global bound, for any t > 0,
t
IATb@II7> + 7 / IAP*b(@) 172 dT < C(t, g, bo, Q) < 00 forany0 <o <a —1.
0

Proof of Lemma 2.7 We focus on the case when a + 8 = 2 since the case o + 8 > 2 is even
simpler. Assume 0 < o0 < a — 1. Applying A? to the equation of b in (1.2) and dotting the
resulting equation with A% b, we have

1d
5 3 IATBIL: + nl APFBIT, = Ji + o, 2.7)
where

J1 = —/A"(u -Vb)-A°b, Jr= fA“(b~Vu) -A%b.
Due to V - u = 0, we write J; in the commutator form

Ji=— /(A”(u -Vb) —u-VA°b)- Ab.

By Lemma 2.2, Sobolev’s inequality and Young’s inequality,
|1l < CIIATDll2 (AT VullLe 1bllLe2 + | Vullpes |AD] Lrs )
CIIATD] L2 1A% 2 1APF7b] 2
n
2 IAPFOBIT, + CIA%uIT, 1A%,

IA

IA

where 2 < p1, p2, p3, pa < oo have been chosen to fit the Sobolev inequalities used above,

l+1 1 1 40 l-« I 1—-(B+o0)

poop 2 p 2 2 ; 2
1 1 1 1 2 —«o 1 1—-8

)

’

p3  pa 27 p3 2 ps 2
J» obeys exactly the same bound as Jj. Inserting these bounds in (2.7) and applying Gron-

wall’s inequality, we obtain the desired global bound after invoking the global L2 bound for
u in (2.6). This completes the proof of Lemma 2.7. O

2
2.3 Global time integrability of || A7 @ || 4

The major result of this subsection is the global bound stated in the following proposition.

Proposition 2.8 Assume that (u, 2, b) solves (1.2). Assume o and B satisfy

l<a<?2, 0<B<l1, a+p=>2.
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784 H. Shang, J. Wu

Then, (u, 2, b) obeys the following global a priori bounds,
lo@ 2 < C(2, uo, 20, bo) < 00;

12D r < C(t, ug, Qo, bo) < 00 forany?2 <r < oo,

t
2
/ A2 2w (1) || e dT < C(t, ug, Q. bg) < 00 forany2 < q < — 29
0 o —

As a special consequence, there is 1 < g < 0o such that
4 2
/ [A?w(T)lLe dT < C(t, uo, Qo, bo) < 00.
0

Proof of Proposition 2.8 To obtain the global H'-bound and the time integrability of

2 . .
|A 4wl L, we make use of the equations of o =V x u andof j =V x b,

(2.9)

osw+u-Vo+ v+ k) (—A)*w0=>b-Vj—2k AQ,
j+u-Vj+n—=A¥j=b-Vo+ Q(Vu,Vb),

where Q(Vu, Vb) = 201b1(0au; + d1uz) — 20111 (d2b1 + 91b2). We will just focus on the
case when 1 < o < % The case % < o < 2 can be treated similarly. It appears that direct
energy estimates on (2.9) would not lead to the desired global bound, due to the presence of
the bad term —A . The idea here is to hide this term by working with a combined quantity.
More precisely, we set

_ 2k
Ry =(—A)YA, G=w+—RuQ.
V+K
The vorticity equation becomes
w+u-Vo+ W+k)(—=A)*G=b-Vj.

To obtain an equation for G, we apply %Ra to the second equation in (1.2) to get

or <27K'RO,Q>+u~V(27KRaQ>+£RaQ=—L[Ra,u-V]Q+£Raw.
v +K v +K v+ K v+ K V+K
Adding them up yields
G +u-VG+ (v+x)(—A)*G
_ Rato — —X (Rt -VIQ+b-Vj 4 Ra . (2.10)
v+ K vk v+ K

We estimate ||G||;2 and || j|| ;2. Taking the inner product of (2.10) with G and the equation
of j with j, we obtain

1d _, " dic? 2k
EE”G”LZ‘F(V‘FK)”A G||L2:m Rew G — T [Ro,u-VIQG

v

. 2K 452
+ | b-Vjw+ —RuRQ) — Ra2G,
v+ V+K
1d
2dt
Adding them up yields

1172 + nll AP jII7 =/b-ij+/Q(w,Vb>j.

1d . .
EEH(G,nu";Q + W+ OIAGIE, +nIAP I3, = Ly + Ly + L3+ La + Ls, (2.11)
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Global regularity for 2D fractional magneto-micropolar equations 785

where
2K .
L= RowG, Ly= QG, L3i=—— | b-VjRyQ,
V+K V+K
2
Ly= ——& /[Ra,u-V]QG, L5=—/Q(Vu,Vb)j.
V4K
The terms on the right can be estimated as follows. For o < %
452 2 3.0
L] < Ra@ll 2 1G22 = 1A ull 2 Gl 2
V4K V4K

3a—3 32«
o
< Cllullz 1A%l 1G] L2,

where we note that 3= 2"‘ < 1. Recalling G = w + Z<- R, 2, we have

U+K
|La| <2 G132 + 2« flull 2 IIVGIIL2
<2 (G172 + 2 [lull 12 IIGII 2 IIA“GII

202

20
< 5(v +OIAYGI2, +C (1 + ||u||;j;') G125

Fora < % and @ + B = 2, by Sobolev’s inequality,

|L3]

I /\

2K
V“ Za(mﬂ‘ el SRR PRy o] /2

C||A3 2p|| R 7||9||Lz+cnb|| 7||A3 21 2l 2

IA

<C ||A5b||Lz||Aﬁ;||Lz ||9||Lz
n .
< Z”Aﬁjniz + CIAPB|2, 192117,

L4 can be controlled without appealing to the commutator structure. We split L4 into two
terms,

2
L= v-(uQ)G——K/u.VRaQG.
V+ kK

After shifting all derivatives from €2 and applying Lemma 2.2, we obtain

2K _ 2Kk _
|L4| < 12012 lullzar 1A322Gll L2 + —— 1212 IA3ull a2 |Gl Lo, (2.12)
V4K V4K

where g1, ¢» € [2, oo] and q]T + qiz = % The terms on the right of (2.12) can be bounded via

the dissipation term || A% G || ;2 and the time integral of || A%u||; 2. Intuitively, for 1 <« < %,
lue|| L1 can be bounded by || A%u||; 2 and A3~ La2 by |A% G| ;2. More careful estimates
are given below. Due to 3 — 2o < «, by Sobolev’s inequality,

lullzan < Cllul Ty 1A% u |Il 7 AT G e < CIGID IIA"‘GIIl ”,
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where o1, 05 € [0, 1] and

1 1 o 1 o
S 1— )=~ —opa,
o 2T Ul)( 2) ; ~ U=y
1 3 -2« 1 L ) o 1 (1 )(x
— - = —o —n)|lz—=z)=z—-U0-02)=,
P 2 272 2 2) "2 )

3—-2a <a(l —o).
Therefore, the first term in (2.12) is bounded by

2K
3-2
viIIQIILz lullar |A°"G | a2

2(1-ap) 209

v+ 1+ 1+ T+ T+
<7|IA“G||L2+CIIQII 2 ull,, 2 IA%ull, ;™ IG5

It is not hard to check that, for 1 < o < %, the indices g1, g2, 01, 02 can be selected. The
second term in (2.12) can be similarly bounded. Finally we turn to L5, which can be bounded

by
| 5| ” ” % ” ” 7125 ||.]||l2

at+p-2

25
< Cllull ,* 1A%ull,5 1A jllz2 1)l

2<0t+f3 2) 22=p)

||Aﬂ]||L2 + Cllull o AUl 2% 1072

Here we note that @ < 2duetoa+ B > 2. Inserting the bounds for Ly, Ly, L3, L4 and
Ls in (2.11) and applying Gronwall’s inequality yields the following global bound,

t t
G, HOI3, +<v+x>/0 IA“G|7, dr+n/0 AP jII7, dT < C. (2.13)

Due to the relation G = w+ =~ + R« 2, we would like to obtain a global bound on ||| ;2. We
need to bound R, €2, but we have difficulty bounding it directly. Instead we bound || R 2| -1
first. Applying A~! to the Q-equation in (1.2) and dotting by A~'Q yields

1d
5EHA—IQH 2+ 26 AT, _—/A—l(u.vsz) A—19+2K/A—19A—1w

<N Q2 1A' Q2 + 26 ull 2 1AT'Q 2
< (lullzoe 19201 22 + 2cllull2) 1AT Q2.

Due to the Sobolev inequality

l[ullpoe < CIIMII 5° IIA“ulle,

|lu|| Lo is time integrable. We then obtain a global bound for || ATIQ| 2. As a consequence,

forl <a <3,

IRaQ 2 < I1R0135% 1A' Q117572 < 00 (2.14)
for any ¢ > 0. Combining (2.13) and (2.14) yields a global bound on w,

lo@]l 2 < oo. (2.15)
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We further show the following global time integrability,
t
/ IA* 2w (7)||Le dT < oo forany2 <g < -2;. (2.16)
0
To do so, we first show that

1@ - <oo forany?2 <r < oo. (2.17)

(2.16) and (2.17) are obtained via an iterative process. First, we use the facts
Ly 2 2k
IA*G(D)lj2dT <00, G=w+ —RaR, [ <00,
0 v+ K

to obtain, for o < %,
142 20] 12 < A% 72G] 12 + 1R 2 < C Gl 2 + C IAGll 2 + 1Dl 2-

Consequently,

t
/ 1A% 20|12, dT < oo.
0

This information allows to show that, for r; = ﬁ

12| L1 < oo. (2.18)

Taking L™ norm yields

d _ -1
EIIQII’L‘r1 + 212217 =2waS2IQI’1 2 < 2wz (o] A

Since ||w|[pn < C ||A20‘_2a)||Lz, we then obtain (2.18). We can then use (2.18) to further
show that

t t 2/( t
/ 1A% 20l dr < / IA%2G | dr + —X— / 12017 d7 < oo.
0 0 v+k Jo

This information can then be further used to show that, if @ < %,
2

Qllprn <00, rp= .
120 <00, r2= -

This process can be repeated until ¢ is sufficiently large as long as
t
/ A% 72G |3 ,dt < oo.
0

This is exactly how ¢ in (2.16) is restricted. This completes the proof for (2.15) and (2.16),
and thus the proof of Proposition 2.8. O

2.4 Global H* bound

This subsection completes the proof of Proposition 2.1 by establishing the global H* bound.
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Proof of Proposition 2.1 We first note the global bound, for any g € (1, co) and for any fixed
t >0,
1€2()][za < oo, (2.19)

according to (2.8). Applying A*® to the equations in (1.2) and dotting the resulting equations
with (Au, A*Q, A°D) yields
1d ,
5 7 1w AT, AB) G + 0+ ONAT T, + nl A PBIT, + 4l A Q7
=K1+ Ky + K3+ K4 + Ks + K¢ + K7, (2.20)

where

K :—/Asu (A%, u-Vu, K2:2K/A3VXQ - Au,
K; :/Asu~AS(b-Vb), K4:—/A‘YQ A - VIR,
K5 =2/</A‘Ya)ASQ, K¢ = —/.Asb- [A*, u-V]b,

K7 =/ASb.AS(b-vu).

The terms on the right-hand side can be estimated as follows. By Lemma 2.2,
K1l < C [ Vullze [A%u] 7.
By Holder’s inequality and the relation w = V X u,
K2l |Ks| < CIA Q214 ul] 2.
Using the divergence-free condition V - b = 0 to shift one derivative to u, we have

IKal = CIA ull 2 DI 1B 2

2 |
L2—a
C A ull 2 | A*Dll 2 | APD| 2
V4K
- 8

IA

A

IASTul|3, + C [ APDI3, [ ATD3,.
By Lemma 2.2,
K4l < C|[Vullz= |IA°Q7, + C | A*Q]| 2 ||A1H”||L% Il 2,

< ClIVullie A QU7 + CIA Q2 1A ull 2 190 2
< R AU, + C I Vulle 14° Q12 + € 1217 2 1A
As in the estimate for | K3|, by Lemma 2.2, K¢ and K7 are bounded by
IKsl, 1K71 < ClIVullLes |ABIZ + C IABI L2 IA ull 2 I8l 2,
< %w*auuiz + C || Vull= |A*B|Z, + C AP, | A*B|7,.
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Inserting the bounds above in (2.20), we have

d ) ) ) ) ) )
—I(A%u, A'Q, A°D) 175 + (v + O AT ul| 7, + 0l A7, + 4| A°Q17,
dt
< ClIVullre [(ASu, AQ, A*B) |75 + C A Q| 2| A w2
+CIAPBIL IATDI + C 1217 2 1A Q.
We bound ||Vul|| L~ by Lemma 2.4,
2
IValzee < Cr(1+ flull2) + C2 | AT wll gy og(e + [A%ull2).
By Proposition 2.8,
! 2
/ ||A5w(t)||33 dt < oo.
0 L,00

In addition, due to the global bounds in (2.6) and (2.19), or

t t
/ IAPbI, dr < oo, f 1917 5 dr < oo,
0 0 Lo—T

We obtain the desired global H*-bound after applying Osgood’s inequality, which states that
a differential inequality on a nonnegative function f,

af

= a(t) f (1) log(e + f)
implies that f = f(¢) is bounded on [0, T'] if the nonnegative function a = a(¢) is integrable
on [0, T']. This completes the proof of Proposition 2.1. O

3 Proof of Theorem 1.2

This section proves Theorem 1.2. As we know, it suffices to establish the global a priori
estimates on the H*-norm of the solution (u, €2, b) to (1.6), which is obtained in the following
proposition.

Proposition 3.1 Consider (1.6) with v > 0, k > 0 and o = 2. Assume the initial data
(o, Qo, bo) € HS(R2) withs > 2,V -ug = 0 and V - by = 0. Then, the corresponding
solution (u, 2, b) are globally bounded in H*.

The proof of (3.1) is achieved via three lemmas, which consecutively establish the L2,
H' and H* global bounds. The first one is the global Z?-bound.

Lemma 3.2 (i, Q, b) obeys the following global L* bound, for any t > 0,
t
Il Cue, Q,b)(t)lliz + (v +K)/0 ||A’/l(f)||iz dt < C (|l(uo, Q0. bo) 12, 1) . (3.1

where C depends on the initial L*-norm and t.
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Proof Dotting (1.1) by (u, 2, b) and using V- u = V - b = 0, we have
EEII(M,Q,b)IILz+(V+K)||AMIIL2
=2K/(V><Q)-u—i—ZK/(VXu)-S2=4K/(qu)-S2

1 1
< dclVull 212112 < dicllull 1 Aull;, 192012
V+K
<
-2
where we have used Ladyzhenskaya’s inequality. Gronwall’s inequality then implies (3.1).
O

AU, + Clull?, + 1920132),

To prove the global H!-bound, we need a lemma generalizing the standard Osgood type
lemma. Li and Titi has previously stated an inequality of the Gronwall type with double
logarithms [21].

Lemma 3.3 Assume that Y, Z, A and B are non-negative functions satisfying

d
EY(t) +Z(t) <AQ)Y()+B@)Y(@) In(1 4+ Z(1)), (3.2)
Let T > 0. Assume A € LI(O, T)and B € L2(0, T). Then, for any t € [0, T],
Y@ < (1+ Y(O))E/a BOAT o of BOT (A(s) 4 B2 (s)) ds 3.3)
and . . .
/ Z(t)dt < Y (1) / A(T)dt + Y2(1) / B%(1)dt < oo. (3.4)
0 0 0

Proof of Lemma 3.3 Setting
i) =In(1+Y(@®), Zi@)=Z®)/(A+Y ),
we have
in (1) + Z1(t) <A@) + B@) In(1 + Z(@))

dt
<A@) + B@) In(1+ (14 Y (@) Z1(1))
<A@) + B@) In(1+Y (@)1 + Z1 (1))
<A@)+ B@®) Y1(t) + B@) In(1 + Z1(2)).

Using the simple fact that, for f > 0,

In(l+ (1) < F1(0). (3.5)

we obtain
1
%Yl (t) + Z1(t) < A(t) + B(1) Y1(1) + B> (1) + 2410

Gronwall’s inequality then implies

1 ! T
Y1(t) < Y1(0) ¢Jo B®dr +/ els BOAT (A(s) + B2(s)) ds,
0
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which yields (3.3). In addition, (3.3) allows us to obtain (3.4) by using the inequality (3.5)
in (3.2) and integrating in time. This completes the proof of Lemma 3.3. O

We now state and prove the global H! bound.

Lemma 3.4 (u, Q, b) obeys the following global H' bound, for any t > 0,
t
m@vaunﬁf+w+x{/uAmﬁﬁrscmwQOmeuo, (3.6)
0

where C depends on the H'-norm of the initial data and t.

Proof To prove (3.6), we make use of the equations of the vorticity ® = V x u and the
current density j =V x b,

dow+u-Vo+ W+ (—A)2?w=>b-Vj—2kAQ,
VL4 u-V(VQ) + 4k(VQ) = —(Vu) ' VQ + 2« Vo, (3.7
0rj+u-Vj=b-Vo+ Q(Vu, Vb),

where (Vu)T denotes the transpose of Vu and
O(Vu, Vb) = 201b1(d2u1 + dyuz) — 201u1 (3201 + 91b2).
Dotting (3.7) with (w, V2, j) yields

1d .
5 77 (0l + IVRIT: + 17172) + 4 IVRIZ + (v + 0 AwliZ,
=—2/([AQw—/(Vu)TVS2~VQ+2K/Va)~VQ—i—/jQ(Vu,Vb)
=L+ L+ L+ 1.

where, due to V - b = 0, we have used the fact

/b-ij—i—/b-Va)j:O.

11, I, Iz and 14 can be bounded as follows.
V4K ) )
I = I3 < 2k Aol 21122 < TIIAwlle + C 1172,
L < IVullz=VQI2,, Lo < 21Vullzllj]2..
By Lemma 2.4, we have
VullLe < Ci(1+ llull2) + C llol g1 loge + [|Aw] 2).
Therefore,
i 12 2
7 (@, V&2, D72 + (v + )l Al
< C+ Cloly logle + | Aol 2)(lll72 + VRN + [11172)-

Lemma 3.3 and the fact that fot [1€2(7) ||i2 dt < oo then implies (3.6). O

With the global H'-bound at our disposal, we now prove the global H* bound.
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Lemma 3.5 (u, 2, b) obeys the following global bound in H*, for any t > 0,
t
I, 2, ) ()15 + v +K)f lAu(@) | g2 dr < C(||(uo, 20, bo) |l a5, 1).
0

Proof Applying A* to the equations of w and j in (3.7) and A**! to the equation of Q in
(1.6) and then dotting the resulting equations with A®w, A®j and AS*tlw, respectively, we
obtain
1d s s+1 s 12 s+1 2 s+2 112
S I 0 AR A + 4 ARUL + 0+ 014 ol
=K; + K, + K3+ K4 + K5 + K,

where
K| = —fASw[AS, u- Vo,
Kzz—/ASj[AS,u-V]j,
K3 = / ANoAB-Vj)+AjA b Vo),
K4 = / A*j A Q(Vu, Vb),
Ks = —2« / ASAQ A o+ 2« / ATl AT,
Ko = —/[AS“, u-VIQATIQ.
These terms can be bounded as follows. By Lemma 2.2,
|K1| < C[[Vul= [ Aol
By Holder’s inequality and the standard commutator estimates,
|Kal < CIA* jll2 (IVallzoo I A jll 2 4+ A Vulipee 171 2) -
By the Gagliardo—Nirenberg inequality and the Calderon—Zygmund inequality,
1 1
IA*VullLe < C A Vul 2, A2 Va2,
1 1
< ClAollL 1A Pollf,.
Therefore,
1 1
Kol < CIVullz | A% jlI72 + C il 2 1A%l 2l A o]l 25 1A ol 2,
s 2 v+ s+2 112 . % s : % s %
= ClVullL=lIA”jll72 + TIIA oll72 +CHUI A 1A @l ,
sa2 L VK st 0 3 s 2 s, 12
= ClVullL=ll Al + —— 1A ol + C Il (I1A°71172 + 1A @ll72) -
Thanks to V - b = 0, we can write K3 as

K; =/Asw[AS,b-vn + AT A%, b Vie.
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Without loss of generality, we can assume s < 2. Since higher regularity bounds for s > 2
follow easily once the bound for s < 2 is obtained. By the commutator estimate and the
Sobolev embedding,

’/A%»[Af,b : V]j’ <INl 2 I[A*,b-V]jl2
< C(|oll2 + Aol 2) VDL A% fl 2
< C(loll2 + Aol 2) A% 113,
Similarly, for s <2,
'/Asjmb ~ V]w‘ < IA%jll2 I[AS, b - Viwl| 2
< CIAjl2 (1A jll2llwllze + IVl LellAS o]l 2)
< ClIVul= A% jlI3, + C (loll2 + 1Aw]2) 1A j]7..

To bound Ky, it suffices to consider the typical term

‘/ A*j A @by dun)| < CIAjll2 (1A 31b1ll 2 Vullzoe + | A B2ur |2 VD] oo )

< ClIVullz= [A°j1I32 4+ C Vbl L~ [ Aol 2 A%l 2
< ClIVullge A% 1132 4 C (loll 2 + [Awll2) A% 1172
Now we turn to the estimates of K5 and Kg.

1 1
IKs| < 1A ol 2 A Q2

1 s+1
512 s+2 s+2 s+1
Cllol 5" 1A ol 57 A Q2

=
V4K 2 2(s+2)
s+2 412 3 s+1 3
= A wll7, + C ol 5 AT Q5

and
IKel < 1A u - VIQ 2 145 2
= € (1A 2ul 419014 + 1 Vull oo 1A @1 2) AT 922

1 3 1 1
s & s+2 04 2 2 s+1 s+1
<C (IIA oll L 1A ol 1LV, + 1 VulloellA QHL2> ATl ;2

2 4 4
V4K s 3 3
— 1820l + CIA I IR0 5 1VRI 11411 2 + CllVul o AT Q17

v +K
<

4 4
< — 140l +C <||Q||22 ven?, + uwnLoo) (a2, + 18 )2,)

where we have used the classical commutator estimates, Young’s inequality and the following
Gagliardo—Nirenberg inequality

1 s+1
1 2 2 s+2
A o2 < Cll;s A ol
1 3
s+2 s+1 s 14 s+2 3
1A ulls < 1A ol s < ClA 0l 1A ol
and

1 1
120+ < CIRU LIV,
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Therefore, if we invoke the embedding inequality
Vulre < lAoll;2,

we obtain

d .
S (A0, AT, AT ) 17 + 1A ol
4 4 4 41 N

<C (anzz + Aol 2 + ||sz||zz||vsz||zz> (A0, AR, A ) 117,

2 2(s+2)
2

+C (ol + Aol 2) 1A%l + Cllol ;5 1A'Q) 57

The desired global H* bound then follows from the inequality above via Gronwall’s inequality
combined with the global H' bound in Lemma 3.4. O

4 Proof of Theorem 1.3

This section proves Theorem 1.3. Again we prove the global a priori bounds in H*. More
precisely, we prove the following proposition.

Proposition 4.1 Consider (1.7) witha > 0, v > 0, k > 0, u > 0 and n > 0. Assume
(uo, R0, by) € H* (Rz) withs > 2,V -uyg = 0and V - bg = 0. Then, the corresponding
solution (u, 2, b) are globally bounded in H*.

In order to prove Proposition 4.1, we make use of the maximal regularity and related
properties of the heat operator,

At _d _ﬁ d
e f=K(G,t)xf, Kx,t)=@nt)"2¢ 4, xeR t>0.
We recall the following simple facts.

Lemma4.2 Let1 < p < q < oo. Let B be a multi-index. For any t > 0, the heat operator
e and 8feA’ are bounded from L? to L1. Furthermore, for any f € LP(R%),

_Bl_d/1_1
19262 fll jgmay < C1t™ 2 2970 | fll L gays

where C1 = C1(B, p, q) are constants.

The following maximal regularity property for the heat kernel can be found in many
references (see, e.g., [20, p. 64]).

Lemma 4.3 The operator A defined by
t
Af (1) = / AP f(r)drT
0

maps LP(0, T:; LY(RY)) to L? (0, T; LY(R?)) for any T € (0, 0o] and p. q € (1, 00).

We are now ready to prove Proposition 4.1.
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Proof of Proposition 4.1 We start with the global L? bound. Dotting (1.7) by (u, 2, b) yields
%%n(u, Q.b)|72 + 4272 + v + O AU, + wIAQYT, + 0l AD]7,
:2/{[(V><Q)'u+2K/(qu)-Q:4K/(V><Q)-u
< diclull 2| AR 2 < %”AQ”iz + Cllul7..
Gronwall’s inequality then implies

t t
I, 2.D)I17, + (v + m/o IA®ul;, dT + u/o IAQI7, dT

t
+ n/o IABI2, dt < € (Il (o, R0, bo) I 2, 7) -

To estimate the H!-norm, we start with the equations of w, VQ2 and j,

w+u-Vo+ v +k)(—A) w0 =>b-Vj—2kAQ,
HVQ+u-V(VR) +4k(VQ) — pAVQ = —(Vu)T VQ + 2« Vo, 4.1)
0rj+u-Vj—nAj=b-Vo+ Q(Vu, Vb).

Dotting (4.1) with (w, V2, j) and using V- u =0 and V - b = 0, we have
L . V9 DI + 41V + O + O AP + LIARI + 1l VI
2dt b s] L2 K L2 K w L2 ,LL L2 77 ] L2
:—2K/A§2w+/(Vu)TVQ~VQ+/Vw-VQ—}-/jQ(Vu,Vb)

=L+ D+ 3+ Js. 4.2)

The terms on the right of (4.2) can be bounded by Holder’s inequality, Young’s inequality
and the Gagliardo—Nirenberg inequality as follows,

Ji, J3 <2k

"
/wm‘ < anniz + Clloll3 ..

B < IVull 21V, < ClIVull 21202 I1ALQ 2
n
< anniz + CI211311Vul?,,
Ja < IVull 20134 < CIVull 211121V 2

n . .
< SIViliZe + ClilIg I Vul ..

Combining these estimates, we obtain

d . " .
1@ V2 Dl + 20+ 0lA" @l + AL + 7l Vil

<CA+ QU5+ 1il3Dlel3 .
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Gronwall’s inequality then implies the global H' bound,
t t
. V2 DI + 0+ [ 180l dr+u [ 1821 dr
0 0

t
40 [ 1971 de < COltu. Q0,001 0.
0
We now prove the global H> bounds. Writing the equation of b in the integral form and
applying Lemmas 4.2 and 4.3, we have, for any p € (1,2) and % + % = 1, and for any
T >0,

13
1600, 1) <llbollz> + H/o A (b Vu —u - Vb)(v) dr

Lo°(0,T;L>®)
<lbollr= +C ||VK||L1(0,T;LP) ||u||LOO(o,T;L24) ||b||L<>0(0,T;L2t1)
<lbollLee + C(T) |I(u, D)l oo (0,7: 1y < O0-
By Lemma 4.3, for any p, ¢ € (1, o0) and for any T > 0,
||Vb”Lq(O’T;L[1(R2)) = ||K||Lq((),T;L1) IVbollLr + C(T) || (u, b)”LOO(O,T;H‘) < 0.
Similar estimates involving the equation of €2 lead to
120 Looo,7: 2002y NN Lo, 7:Lr@2y)s N1Vl Lago,7: 0 @2y < 0.

Furthermore, due to Lemmas 4.2 and 4.3,

1861320 = € (1AbollLr + b Vit = u- Vbl g,

1
! a
=C (IIAbolle + 1Bl Lerellel o, + (/0 IIMIIz;oIIVbII‘ZQ) )

(P=2)q rq

! q
20-1) 20—
< (1abollr + 1Bl r <ol a0 + (/ lall ;77 ol ||Vb||‘;p>
0 X X X

1
! q
=c (IIAbollLP +ll@llgz0 + <f0 (1+ ||w||jf)||w)||jf> ) , *3)
where we have used Holder’s inequality and Sobolev’s inequality. Similarly,
; 1
q
ARl <C (1 +1AR0lILr + 0l o, + (/O 1+ ||w||‘;f)||vs2||‘;5> ) @4

Multiplying the vorticity equation by w|w|?~2 with p € [2, 00), and integrating in space, we
obtain

+ V AQ - wlw|P?

1d
——olf, < ‘/b V- wlwP™?
pdt

. —1 —1
< bl IVl llwl?,” + AR lollf,
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Therefore,

t t
lollLr < llwollze +/0 ||b(f)||L°°||Vj(T)||LPdT+/(; AL (D)l LrdT

< llwollLr +C (IIbII 1 ”vj”L;?Lp + ||AQ||L?LP>
L7 L=

< lloollzr +C (IVill g0 + 1825010 )
Invoking (4.3) and (4.4), and applying Gronwall’s inequality, we obtain
lollzerr < 00, IVjllLazs <00, ALl < oo,

With these global bounds at our disposal, we now prove the global H2- bound. Multiplying
the equations of @, j and Q by —Aw, —A j and (—A)%$2, respectively, we have

d . .
5 77 1V, AR VI + 46 AQIL: + v +0O)IA"VolZ, + 1AV + vIAj I
—/V(u~Va))~Vw—|—/V(b~Vj)~Vw+2KfAS2«Aw+2K/w~(—A)2Q

—/u-VQ(—A)ZQ—/V(M-Vj)~Vj+/V(b-Va))-Vj —/Q(Vu,Vb)Aj
=K1+ Ky+ K3+ K4+ K5+ K¢+ K7 + Kg. 4.5)
We estimate the terms on the right as follows.

2
K1l < [VullLr Vel 2
LT

2(pa—1)
2+pa ”Aa ||2+poz

IA

||w||Lp

24pa
v+lc 24+ LF
IA*Voll7, + Clloll,, ™

IA

where we have used the Gagliardo—Nlrenberg 1nequality, for pa > 1,

Vol 2 < Cloly ||A“Vw||””“.
LP

By Holder’s and Sobolev’s inequalities,

|K2 + K7| < ||Vb”L°°||Vw”L2”Vj“L2
2p—2

<|Ivbl;57 2||Ab|| 0 (IVoll7: + 1Vll2) -

|K3 + K4| < 4k

/AVQ-V(U

"
< ZIAVRIL: + ClIVollL,.
|Ks| = ‘/M-VQ(—A)ZQ‘

=‘fVu-VQ~AVQ+/u-V29~AVQ‘
< IVull 4 IVQI 4 IAVRl 12 + llull 2| V22 2 | AV 2

1 1 1 1
< Cllol L IVol L 1VRIL A2 [AVE] 2
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p—2

+ Cllull 37 el 5 IV2Q 2 1AV 2

= ZIIAVQIILz + Clloll2Voll 21V 2| A2] 2

p—2

+Cllull?y ||w||"21||v29||L2
|Kel < IVull 21 Vjl7a
Clol 21V jll2 1A 2

A

Voo .
= JI8JIZ: + Clelz IV il
By the inequalities of Holder, Sobolev and Ladyzhenskaya,
|Ks| = ‘/ Q(VVu, Vb) -V +/ Q(Vu, VVb)- Vj’
< C(IVblLe Vol 21V il 2 + I Vull 211V jl74)

2p—2

C<||Vb||3" 2||Ab||3" 2(IVoll72 +1IVl72) + ol 21V jll 2 1A 7112)

IA

2p-2

P
< ||A]||Lz +C (nwan + VoI5 ||Ab||2’;*2) (IVol?, +1Vll72) .-

/\

Inserting these estimates into (4.5), we obtain

d (12 a2 2 2
7 1V, AR VDI + 0+ OIATVoll L + 1l AVERIT, +nllAjI7

2+pa —2 p

< Clloll,™ " +¢C (1 +llol7s + 10l IVl IVRI7 + lull)> el

2p-2

)4
+Vbl,5 2||Ab||27:2) (IVol3, + 1AQI7, + IVl3,) .

Then Gronwall’s inequality implies

t
|(Voo, A, V)12, +<v+x>f 1A“ Vo (D)2, d
0

t t
[ 1ave@IG et [ 181 <c.
0 0

This establishes the global H2-bound. The global H*-bound then follows via standard esti-
mates. This completes the proof of Proposition 4.1. O
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Appendix A: An alternative approach to the global H'-bound for (1.2)

A crucial component in the proof of the global bounds for Theorem 1.1 is the global (in

2
time) H'-bound and the global integrability of | A7 w(t)| zq. Sect. 2 provided one way to
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get these bounds. The purpose of this appendix is to provide an alternative approach to these
bounds. More precisely, we prove the following result.

Proposition A.1 Assume that (u, 2, b) solves (1.2). Assume o and B satisfy
l<a<2, 0<B<l1, a+p8=2.

Then, for any 1 < g < oo and for any t > 0,
t
sup 22«71 / IA10(D)|ILa dT < C(t, uo, R0, by) < . (A1)
I>—1 0

As a special consequence, forany 1 < q < oo and p <2« — 2,
'
/ ||C!)('L’)||BD1 dt < oo. (A2)
0 e

Especially, for p < 2o —2 and q = %,

! 2
/ <||a)(1')||Lq + ||Aaw||Lq) dt < 0. (A3)
0
Proof of Proposition A.1 We start with the following fact about 2, for any r € [1, 0o],

t
1201 < 1Rl + 2 /0 lo ()l d. (A4)

which can be obtained by performing the standard Lebesgue norm estimate on the equation
of €. Next, we write the equation of w given by (1.5) in the integral form

o) = e_(U+K)(_A)ata)() + /t e—(v+K)(—A)°’(l‘—T)(_AQ(.L.)) dt
0
t
+/ e VI S Vo (u@u)(t) + V x V- (b ® b) (1)) dr.
0
We further localize it by applying A; with/ € Z and [l > —1,

1
Ao (1) = Nje” VHIEN 4, +/ A~ VO (AQ (1)) dt
0

t
+/ A~ VHIEDNDG o v (4 @ u)(7) + (b Q b)(1)) dr.
0

For g € (1, 00), taking the L?-norm and applying Lemma 2.3 and Bernstein’s inequality, we
have

t
2al 2al
A0 @) lra < C e VTN A ]| g + C / 22 gm0 I A Q| g dT
0

t
+C / 22 =0t 2 (A (4 @ ) (7)1 + A1 (b @ b)(T)II1a) dT.  (AS)
0

To further improve the estimates, we invoke (A.4) to obtain

t
A1 OILe = [12()]lLe < [I€20] e +/0 lo()llLa dz.
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To bound ||A;(b @ b)(7)]| L4, noticing o + B = 2, we choose o satisfying

1
O<o<a—-1, o+B8=1——.
q

By Sobolev’s inequality,
1A ® b)(D)llze < [Ib®b(D)llLe < IIbll32, < CIAT b2,

Similarly, we can also estimate | A;(u ® u)(t)|| L4 ,
1A @uw)(D)lLe < C (llull72 + 1A%u]32) = C llulFe.

Integrating (A.5) in time and applying Young’s inequality for the time convolution, we obtain

t
/ | Ao ()10 dT < €272 | Aol
0

t T
+c2<2—2“>1/ <||Qo||Lq+f ||a)||qus> dt
0 0

t
40202 fo (3o + 1A°PB]12,) dr.

or
t t T
221 f IA1w (D) |ILa dT < A(t) + C / / lwlrads dz, (A.6)
0 0 JO
where, due to Lemma 2.7,
t
At) = C272 | Ajwollza + C |Q0llat + C / (lull3e + 1ATPD)2,) d < 0.
0

Noting that

lole < Y Apwle < Y 20720m2Ce=2m A 6] 4,

m>—1 m>—1
we obtain, due to o > 1,

t T t T
[ [ olzsasae = [ 30 ae=2moeem [ a0y asar
0 Jo 0 0

m>—1

t T
<C f sup 2(e=2m / |ApolLedsdr.
0 0

m>—1

Inserting this bound in (A.6) yields, for Y (1) = sup;>_, 2Qa=2)l fot lAjw(T)||Le dT,

Yt) < A@t)+C /IY(r)dr.
0

Gronwall’s inequality then leads to the global bound in (A.1). It is easy to see that (A.2) is a
special consequence of (A.1). In fact, for any p < 2o — 2,

t t
[ vy, dr = [ 3 1ol e

1>—1

t
E / Z 2(,07(20(72))[ 2(20[72)1”A1w”Lq dt
0 =1
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t
= Z 2(p=Qa=2)) 2(2"‘_2)1/ Al Ledt

I>—1 0
t
< sup 2(2""2)1/ lAw| Le dT Z 2(p—Q2a=2)!
I>—1 0 I>—1

t
=C sup 2(2“—2”/ A Le dT < 00,
0

>—1

which is (A.2). Finally (A.3) follows from (A.2) by taking g = %. This completes the proof
of Proposition A.1. m}
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