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Abstract. The Kawahara and modified Kawahara equations are fifth-order
KdV type equations that have been derived to model many physical phenomena
such as gravity-capillary waves and magneto-sound propagation in plasmas. This
paper establishes the local well-posedness of the initial-value problem for the
Kawahara equation in H*(R) with s > —7/4 and the local well-posedness for the
modified Kawahara equation in H°(R) with s > —1/4. To prove these results, we
derive a fundamental estimate on dyadic blocks for the Kawahara equation through
the [k; Z] multiplier norm method of Tao [14] and use this to obtain new bilinear
and trilinear estimates in suitable Bourgain spaces.

1 Introduction

This paper is mainly concerned with the local well-posedness of the initial-value
problems (IVP) for the Kawahara equation

Ut + Uly + QlUggg + ﬁumma:a:a: = 07 x,t e R7
u(z,0) = up(z).

(1.1)

and the modified Kawahara equation

us + 'U'QU.’E + QUzze + ﬁuT’I‘T’I"I' = 07 x,t € R7

u(x,0) = ug(x),

(1.2)

where o and 3 are real constants and 3 # 0. Attention is focused on solutions
in Sobolev spaces of negative indices. These fifth-order KdV type equations
arise in modeling gravity-capillary waves on a shallow layer and magneto-sound
propagation in plasmas (see, e.g., [3], [10]).

The well-posedness issue on these fifth-order KdV type equations has pre-
viously been studied by several authors. In [11], Ponce considered a general
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fifth-order KdV equation

Ut + Uy + CLUUL + CoUgyy T C3UgUgy + C4UUz gy + CsUgprrrr = 0; €, teR

and established the global well-posedness of the corresponding IVP for any initial
data in H*(R). In [7] and [8], Kenig, Ponce and Vega studied the local well-
posedness of the IVP for the odd-order equation

ug + 02Xy + Pu, Ogu, . .., 0% u) = 0,

where P is a polynomial having no constant or linear terms. They obtained local
well-posedness for
ug € H¥(R) N L?(|z|™dx),

where s,m € Z™. Cui, Deng and Tao [2] established local well-posedness in H*®
with s > —1 for the Kawahara equation. More recently, Wang, Cui and Deng [15]
obtained local well-posedness in H® with s > —7/5 for the Kawahara equation by
the same method as in [2]. Their method is derived from that of Kenig, Ponce
and Vega [9] for the cubic KdV equation. In [13], Tao and Cui studied the low
regularity solutions of the modified Kawahara equation (1.2) and proved the local
well-posedness of the IVP in any Sobolev space H*(R) with s > 1/4 by employing
an approach of Kenig-Ponce-Vega for the generalized KdV equations [5].

Our goal here is to improve the existing low regularity well-posedness results.
To this end, we first derive a fundamental estimate on dyadic blocks (see Lemma
3.2 below) for the Kawahara equation by following the idea in the [k; Z]-multiplier
norm method introduced by Tao [14]. We then apply this fundamental estimate to
establish new bilinear and trilinear estimates in Bourgain spaces. Combining these
estimates with a contraction mapping argument, we are able to prove the following
two theorems.

Theorem 1.1. Let s > —7/4 and ug € H*(R). Then there exist b = b(s) €
(1/2,1) and T = T(||uo|| =) > 0 such that the IVP(1.1) has a unique solution on
[0, T) satisfying

uwe C([0,T; H*(R)) and wue Xy,

where Xy, is a Bourgain type space (defined in the next section). In addition, the
dependence of u on ug is Lipschitz.

Theorem 1.2. Let s > —1/4 and uy € H*(R). Then there exist b = b(s) €
(1/2,1) and T = T(||uo||z=) > O such that the IVP for the modified Kawahara
equation (1.2) has a unique solution on [0, T] satisfying

uwe C(0,T; H*(R)) and wue Xy,
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and the dependence of u on uy is Lipschitz.

The proofs of Theorems 1.1 and 1.2 are given in the subsequent sections.

2 Linear and bilinear estimates for the Kawahara equa-
tion

This section provides the linear and bilinear estimates for the Kawahara equation.
We start with some notation. Denote by W (t) the unitary group generating the
solution of the IVP for the linear equation

Vg + QUggq + ﬂvwwwwm = O, xT € R, te I{7
v(z,0) = vo(z).

(2.1)

That is,
v(x, t) = W(t)vo(x) = St * vo(x),

where S, = €€ with p(¢) = —B¢° + a&3, or
Si(z) = /ei(mﬁﬂp(ﬁ)) de.

For s,b € R, let X ;, denote the completion of the functions in C§° with respect to
the norm

Ifl%., = /<€>23<T — (&) |F(&, ) de dr,
where (£) = 1 + |£|. Itis easy to verify that
1fllxes = 1AW (=) f 2,

where - . R
Jg(§) = (1 +1[¢) g(&), Ah(r) =1+ |r)h(r).

Let ¢ € C§° be a standard bump function, and consider the integral equation

u(t) = P W (t)up — w(é_lt)/o W (t — tu(t)opu(t') dt'.

Denote the right-hand side by 7 (u). The goal is to show that 7 (u) is a contraction
on the complete metric space

Y ={ue Xop:lullx, , < 26082 uol| -}

with metric

d(u,v) = ||Ju —v|x u,v €Y,

s,b)

where ¢ is the constant in Proposition 2.1 below. For this purpose, we need two
linear estimates and one bilinear estimate stated in the following propositions.
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Proposition 2.1. Forsc Randb > 1/2,
[ OW ()uollx. , < o622 |Jug| -,

stlt) / W ()

< (705(17%)/2 ||f||Xs b—1*
Xs,b

The proof of these estimates follows directly from Kenig, Ponce and Vega [6].

Proposition 2.2. For any s > —7/4, there is b satisfying 1/2 < b < 1 such
that

(2.2) |02 (uv)]

Xs, b-1 < cl||u||Xs.b||v| Xs, b

where c; is a constant depending only on s and b.

Proposition 2.2 is proved in Section 4. In the next section, we introduce Tao’s
[k; Z]-multiplier norm method and prove a fundamental estimate on dyadic blocks
for the Kawahara equation, from which a variety of bilinear estimates can be
derived. Once the estimates in Propositions 2.1 and 2.2 are available, a standard
argument then yields that 7 (u) is a contraction on Y.

3 Fundamental estimate on dyadic blocks for the
Kawahara equation

In this section, we introduce Tao’s [k; Z]-multiplier norm method and establish
the fundamental estimate on dyadic blocks, viz. Lemma 3.2 for the Kawahara
equation, from which Proposition 2.2 and other bilinear estimates (see Lemma 5.2
below) can be derived.

Let Z be any abelian additive group with an invariant measure d¢. For any
integer k > 2, let 'y (Z) denote the hyperplane

Iw(Z)={(&,.... &) €2 &+ +&=0}

endowed with the measure
[ o= [ e G~ God e dg.
' (2) Zk-1

Following Tao [14], we define a [k; Z]-multiplier to be a function m : T'y(Z) — C.
The multiplier norm ||m||(, 7 is the smallest constant such that

k

3.1) ’ /F PRGN

j=1

k

<c]] Il
J

j=1
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for all test functions f; on Z. In [14], Tao systematically studied this kind of
weighted convolution estimate on L2. To establish the fundamental estimate on
dyadic blocks for the Kawahara equation, we use the following notation.

We write A < B to mean that A < CB for some large constant C' which may
vary from line to line and depend on various parameters, and similarly write A < B
to mean that A < C~!B. We write A ~ B when A < B < A.

All summations over capitalized variables such as N;, L;, H are presumed to
be dyadic, i.e., these variables range over numbers of the form 2% for k € Z. Let
N1, No, N3 > 0. It is convenient to define the quantities N4z > Npmed = Niin
to be the maximum, median, and minimum of N7, N, N3 respectively. Similarly
define L4000 > Limed > Lmin Whenever Ly, Lo, Lz > 0. We also adopt the following
summation convention: any summation of the form L4, ~ --- is a sum over the
three dyadic variables L1, Lo, Ls 2 1; thus, for instance,

> -y

L'm,a:cNH Ll,LQ,ngliLnla,me

Similarly, any Summation Of the fOI‘m Nmaa: ~ e iS a sum over the three dyadlc
variables N1, No, N3 > 0; thus, for instance,

Niaz~Nmea~N N1, N2, N3>0: Nyjpaz~Nmea~N

If 7, £ and p(&) are given, we define

=1 —p(§).

Similarly,
Aj=1—p(&), i=1,2,3

In this paper, we do not go further on the general framework of Tao’s weighted
convolution estimates. We focus our attention on the [3; Z]-multiplier norm es-
timate for the Kawahara equation. In the course of the estimate, we need the
resonance function

(3-2) h(§) = p(&1) +p(&2) +p(€3) = —A1 — A2 — A3,

which measures the extent to which the spatial frequencies &, &2, {3 can resonate
with each other.

By dyadic decomposition of the variables §;, A;, as well as the function h(§),
one is led to consider

(3.3) ||XN17N27N3;H;L17L27L3||[3,]R><]R]7
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where X, Ny, Ns; H; Ly, Lo, L 1S the multiplier

3

(3.4) XNy, Na, Nai H; Ly, La, L3 (& T) 2= X|n(e)|~H H X|&;1~N; XA |~ L
j=1

From the identities
&1+&+E& =0

and
A+ Ao + A3+ () =0

on the support of the multiplier, we see that X, n,, g #: L., L., L; Vanishes unless

(3.5) Nmaz ~ Nmed,
and
(3.6) Lz ~ max(H, Lyeq)-

From the definition of the resonance function (3.2), we obtain the following
algebraic smoothing relation.

Lemma 3.1. If Npaw ~ Nipea 2 1, then

3.7) max{|A1], | Az|, | N3]} = N2

max

Nmin-

Proof. Noticing that p(§;) = —8¢7 + o€}, j =1, 2, 3, we have

h(€§) = =X — X2 — A3 = p(&1) + p(&) +p(€3)
= 6660Ba—58(8 + L&+ &)).

Now &7 + €16 + €3 ~ max{£?, €2}, and if Nyaz ~ Noea 2 1 and 3 # 0, we obtain
that )
max{[Asl, [Aaf, [As]} 2 (1A + A2 + As]) 2 Npax Nimin- O

Under the condition of Lemma 3.1, we see that we may assume that

(3.8) H ~ N} Nmin,

since the multiplier in (3.4) vanishes otherwise.
Now we are in the position to state the fundamental estimate on dyadic blocks
for the Kawahara equation.
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Lemma 3.2. Let H, N1, No, N3, L1, Lo, L3 > 0 obey (3.5), (3.6), (3.8).
o((++)Coherence) If Nypaw ~ Npin and Liyq. ~ H, then

(3.9) (3.3)< Y2 N2 [l/2

min® ' mar“med"*

o((+-)Coherence) If No ~ N3 > Ny and H ~ L1 2 Lo, L3, then

(3.10) (3.3) < LY2 N-2 min(H, x’"” Lmed)"?.

min®'max ]
min

Similarly for permutations.
o In all other cases, we have

(3.11) (3.3) < LY2 N2 min(H, Lypea)">.

min” ' max

Proof. The fundamental estimate on dyadic blocks for the Kawahara equation
is new. We prove it by using the tools developed by Tao in [14].

In the high modulation case L4, ~ Lmeq > H, we have by an elementary
estimate employed by Tao (see (37) on [14, p. 861])

(B3) < LY2NYZ < pl/2 -2 N2 N2 < pl/2 -2 p1/2

min® 'min ~ “min” max’ 'min® 'mar ~ “min”* ' max

For the low modulation case L,,,, ~ H, by symmetry we may assume that [, >
Ly > Ls.
By Corollary 4.2 in [14], we have

(3.3) S Ly%|{&2 : €2 — €3] < Noin; € — &2 — €3] < Nopin;

(3.12) p(E2) +ple — &) = 7+ O(La)}|

forsome 7 € R, &, €9, €8, €9 satisfying
To estimate the right-hand side of the expression (3.12), we use the identity

(3.13) p(&2) +p(§ — &) = p(&) +q(§; &2),
where
(&, m) =5Bn(€ —n)(&* — &n +n°) — 3aln(& —n).

We need to consider three cases: Ny ~ Ny ~ N3, Ny ~ Ny > N3 and Ny ~
N3 > Nj. The case N1y ~ N3 > N, follows by symmetry. By (3.13) and (3.12),
we have

(3.14) P(E) + (€ — &)(58662(€” — €62 + &) — 3ak&a) = 7 + O(La).
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(1) If Ny ~ Ny ~ N3, we see from (3.14) that the variable &, is contained in an
interval of length O(LsN,,4.); and then

max

(3.3) S LYPLYAN2 = M2 V2 N2

max min"~“med max?

so (3.9) follows.
(i) If N1 ~ N5 > N3, the same computation as in the case (i) gives

(33)< LMV2 2 N2

min~med” " max*

(iii) If N2 ~ N3 > N;p, we see from (3.14) that the variable & is contained in
an interval of length O(Lo N2 N1 ); and then

mazx* 'min

(3.3) S LYPLYAN-VAN=3/2  [1/2 [1/2 N=1/2-3/2

max min~—med” ' min max

But & is also contained in an interval of length < N,,;,. The claim (3.10)
follows. O

4 Proof of Proposition 2.2

This section is devoted to the proof of Proposition 2.2 with the fundamental estimate
on dyadic blocks in Lemma 3.2.

Proof. By Plancherel, it suffices to show that
H (€1 +&2)(61) " (&2) " (€3)" H <1

(1 = p(§1))" (2 = p(£2))" (3 — p(&3))' " i3, ) ™
By dyadic decomposition of the variables §;, A; (j = 1,2, 3), h(§), we may assume
that |;| ~ Nj, [Aj| ~ L; (j = 1,2,3), |h(§)| ~ H. By the translation invariance
of the [k; Z]-multiplier norm, we can always restrict our estimate on L; 2 1

4.1)

( =1, 2, 3)and max(N1, N2, N3) 2 1. The comparison principle and orthogonality
(see Schur’s test in [14, p. 851]) reduce the multiplier norm estimate (4.1) to
showing that

Ns3(N3)®
*2) Z Z (N1)s(No)s LY L Ly™"

Nmaz~Nmea~N Ly, Lo, L3> 1
X || XNy, Noy Nai Lunas L, Lo, Ls |l 3, pxr) S 1
and

N3(N3)®
@n o a N

Nimaz~Nmed~N Lmaz~Lmed HL Limax

X ||XN17N27N3;H;L17L27L3H[3;]R><]R] 5 1
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forall N > 1. Estimates (4.2) and (4.3) are obtained from the fundamental estimate
Lemma 3.2 and some delicate summation.
Fix N 2z 1. This implies (3.8). We first prove (4.3). By (3.11), we reduce to

(4.4) > 2. N 2N <.

N1)s (N SLbLbLlfb min® min ~
Nmaz~Nmea~N L'mamNLm,edZNéan”n < 1> < 2> 1+-2+3

By symmetry, we only need to consider two cases: Ny ~ No ~ N, N3 = N,,;;, and
Ny ~ N3 ~ N, No = Npin.-

(1) In the first case N1 ~ Ny ~ N, N3 = Np,.n, the estimate (4.4) can be further
reduced to

—2 :
N gNmm<Nmm>gL1/2 N2 <
E E Lb Lb Ll_b min® 'min ~ —°
Ninaz ~NmeaN Lupap~LmeqZNANpin min’/medmaz

Then, performing the L summations, we reduce to

C\s
min 7'"> <1
N4Nmin ~

—_2sn73/2
5 N-2N32 (N,
Nmaz~Nmea~N

which holds if 4 + 2s > 0. So, (4.4) holds if s > —2.
(i1) In the second case Niy ~ N3 ~ N, Ny = N,.:n, the estimate (4.4) can be
reduced to

> > - LN S
<Nmz'n,>sLb Lb L’}niabr min®  min ~v

Nmaz~Nmea~N L'rrzamNLmedZN4N7rLi'rL min~—'med

Before performing the L summations, we need to pay a little more attention to the
summation of N,,;,. So we reduce to

1/2
Lb71/2L1/2
Nmaz~Nmed~N, Nmin<1 Lyaz~Lmea 2 N*Nppin ~~min Zmaz
1/2—s
+ NNmm < 1
=12y ~

Nimaz~Nmed~N, 1< Npmin<N L?rLawNLmedZN4N']7L'i7L min max

which obviously holds if s > —7/2. So (4.4) holds if s > —7/2.

Now we show the low modulation case (4.2). In this case, Lqz ~ N2 o Noin.
We first deal with the contribution where (3.9) holds. In this case, we have
N1, No, N3 ~ N 2 1, so we reduce to

N—N
(4.5) S o LN S0

b b 1—b “min med ~
Lmas~N® Lmz’anedLmaac
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Performing the L summations, we reduce to

b oy
N1+sN5(1-=b) ~ 7
which holds if 14+s+5(1—b) > 0. So (4.5) holdsif s > —7/2and 1/2 < b < (6+4s5)/5.

Now we deal with the cases where (3.10) holds. By symmetry, we need only
to consider two cases:

NNN1NN2>>N3; HNL;}ZLLLQ
N~Ny~N3>Ny;; H~L > Ly Lz

In the first case, we reduce by (3.10) to
(4.6)

N3(N3)* N 1/2
> > NSy (N4N3, —Lmed) <1

NQSLbLbLl—b min N3 S
N3N 1<Ly,Lo<SN*N3 1243

Decompose the left-hand side of (4.6) into the following two terms:

Na (NS N 1/2
_ N WNo)® e e (N*N3, = Lonea)
) ) Nz Lb [b 18 Lmin Ny

N3<11<L1, LaSN4 N 1

N3(N3)® N 1/2
P > %%@N‘Qmin (N4N3, FLmed)
1<N3<<N1§L17L25N4N3N LYLS L, A

=11 + I>.

We estimate the above two terms separately.
We first consider the estimate of I;. If N*N5 = ]\%Lmeda then N3 = (%)1/2.
. 1/2 1/2
We lel;ie two cases: (%) / > 1 and (%) /
1/2
(Bpst) " > 1,

< 1 to estimate I;. When

N3 —2 72 a71/2
(4.7) I < Z Z b—1/2 NTZN“N3"".
N3<11<L;,L2<N*Ns NQSLmin/ LI;ned(N4N3)1ib

Performing the N3 summation in (4.7), we have

1
ns Y <1
~ sTb—=1/27p —p)
1521, Lot N2 Lininl Lo N1

LnLedZN3

if2s4+4—0b>0. That means that [; < 1ifs> —7/4and 1/2 <b < 4+ 2s.
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1/2

When (Lwmed) " < 1,
n< Y > Ny N—2N2N;/?
B N2L) 2 Lb (N4Ng)L=b

N3<( LKTL:(;,d )1/2 ISLl, L2§N4N3

N3
- e
(L'rrz§d )1/2<N3<1 ISLl, L2§N4N min med 3

N

« N~ 2N1/2L1/2 N—1/2

med

Performing the N3 summation, we have

(Ln).ed)%(%—‘rb) 3
N3 N—2
> -
~ spb=1/271p _ s b—1/2 7 b—1/2
1<Ly, Lo SN? N2 Lmvn L N4(1 b) 1<Ly, LySN4 N2 L,m“7 Lm N4(1 b)

1
S Z b—1/2, %1

1<Ly, Lo <N? NQSLmin L2 4N4(1 b)NQ( )

3

N2
+
1<L12L:2<N4 NzeLfmi/sz 1/2N4(1 b)

=011 + Iho.

Performing the L summations, we see that I1; < 1if 2s +4(1 —b) + 3(3 +b) > 0

and I1o < 1if 2s+4(1 —b) +3/2 > 0. This implies that I; < 1if s > —7/4 and
1/2 < b < st
Now we consider the estimate of the second term I>. The estimate is a little sim-
pler than the estimate of /;. We do not need to distinguish the cases (%) 12 >1
and (’"—“‘1)1/2
(4.8) .
I < Z Z N3 N3 N- 2N1/2L1/2N /2

b—1/2 med
2s b 4 1-b
1<N3<KN 1<Lq,L;<N*N3 N Lmzn L (N N3)

< 1. We obtain the following estimate for /> in a unified way:

Performing the N3 summation in (4.8) and noticing that if s — % + b < 0, we have

1
< <
Ir 3 Z N2s[b- 1/2Lb 1/2N4(1 b) N'3/2 St

1<L;, Ly <N5 min

under the condition that 2s + 4(1 —b) +3/2> 0. If s —1/2+ b > 0, we have

Ns—1/2+b

I S Sl
1<L12L:2<N5 stLfm;ﬂ b— 1/2N4(1 b) N'3/2
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under the condition that 2s + 4(1 —b) +3/2 > s — 1/2 + b. That means that I <1
if s > —7/4and 1/2 < b < min (4L, =£6) " Combining the estimates for I; and
1>, we obtain the desired estimate (4.6).

Now we deal with the case N ~ Ny ~ N3 > Ny; H ~ Ly 2 Lo, Ls. In this

case, we reduce by (3.10) to

(4.9)
Nlt+sp1/2 N 1/2
3 3 min_ min (B, = Lmea) S 1.
Ns < Ny >5 L5L37°(N4Ny )b Ny

N1<<N 15[42, L3SN4N1

Decompose the left-hand side of (4.9) into the following two terms:

> > N LY2 N1/2
NsLSLI=P(Nan, )b min !
N1<11<Ly, Ls<SN4N, 273 1
N1+s
+ ) > L2 N“2NS/ALM

sATsTbT1-b 4 b min
1<N1<N 1< Ly, L3<SNAN, N{N=L3Ly™"(N*Ny)

=:Ji + Jo.

In J;, we assume N; > N ~*; otherwise, the summation of L vanishes. Performing
the summation of L, we get

Z NNll/%b _ NN (4 (1/2-b) _

J1S N4~ N4b ~

~

N—4<N; <1
If we take 1/2 < b < 3/4 in J,, then performing the summation of L yields
N1/4N1—s—b - N1/4Nfsfb

J2 3 Z N4b ~ N4b S
1SN <N

if 464+ s+ b—1/4 > 0. The condition 46+ s + b — 1/4 > 0 holds if s > —7/4 and
1/2<b<1.SoJy S1ifs>—7/4and 1/2 < b < 3/4. Combining the estimates
for J; and J,, we get the needed estimate (4.9).

To finish the proof of (4.2), it remains to deal with the cases where (3.11) holds.
This reduces to

N3(N3)*
(4.10) -
Nm,am'\%;ned'\’]v L'rrzam“%;lN7rLi'rz <N1>S<N2>SLI{L3L§ ’

x L2 N=2min (H, Lyeq)? < 1.

min

To estimate (4.10), by symmetry we need to consider two cases: N; ~ Ny ~ N,
N3 = van and Nl ~ N3 ~ N; N2 = Nmzn
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(i) When N; ~ Ny ~ N, N3 = N,.:n, the estimate (4.10) further reduces to

Z N3(N3)?®
Z NQSLb L3b< 3(>]V4N )1_1, Lin/,iQnN_QL:r{e?d 5 1.
Ni~Ny~N Lyaw~N4N5 min"“med 3

N3N

Then, performing the L. summations, we reduce to

> NolMo)” <y
s _ 1—b ~ +
Noen N2+2s N4(1 b)]\[3
which holds if 2 + 25+ 4(1 — b) > 0. So (4.10) holds if s > —2 and 1/2 < b < 212,
(i1)) When Ny ~ N3 ~ N, Ny = N,,;n, the estimate (4.10) can be reduced to

DD DL 2 e
@.11) Cmin— nin(H, Lonea)/? S 1.
NNgooN L iy N2 L L cq Lmaz

No&KN

Before performing the L summations, as before we need to pay a little more
attention to the summation of No. Decompose the left-hand side of (4.11) into the
following two terms:

N
Z Z b—1/2 1 1-b N_QLir{:d(N4N2)1/4
N2<1 Lyaa~N4N; Lmin LmedLm"m
N —9.1/2
+ Z Z b—1/2 1-b N 2Lmed
1<N2<N Laz~N4No NQSLmzn/ Ll’r)nedL'E”‘“:)

=:J3 4+ J4.

It is easily seen that J3 < 1 forany 1/2 < b < 1. For Jy,if s+1—-0 > 0, we
always have J; < 1forany 1/2 <b < 1. If s+1—b < 0, we have J; < 1 under

the condition that 4(1 —b) + s+ 1+ (1 —b) > 0. So, (4.11) holds if s > —7/2 and
1/2 < b < (s +6)/5. This completes the proof of Proposition (2.2). O

5 A trilinear estimate and local well-posedness of the
modified Kawah ara equation

In this section, we prove a trilinear estimate in Bourgain spaces, which together
with the linear estimates presented in Section 2, enables us to derive the local
well-posedness of the initial-value problem for the modified Kawahara equation
(Theorem1.2).

Lemma 5.1. Lets > —1/4. Forall u1, us, uson Rx R xRand1/2 <b<1,
we have

(5.1) 10z (uruzus)l x, ,—, S lluallx, ,[luellx, ,llusllx, -
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This is the first trilinear estimate in Bourgain spaces associated to the class of
Kawahara equations. It seems difficult to obtain this kind of trilinear estimate by
the method first presented by Bourgain, Kenig-Ponce-Vega for KdV. We reduce the
trilinear estimate by the 77 identity Tao developed in [14] to a bilinear estimate
and then prove the bilinear estimate by the fundamental estimate on dyadic blocks
in Lemma 3.2.

Proof. By duality and Plancherel, it suffices to show that

‘ (&1 + & +&3)(&)®
(T4 — p(€a))10 H?:1 (&) — p(&))°

We estimate |1 + & + &3] by (&4). Applying the fractional Leibnitz rule, we have

< 1.

~

[4, RXR]

3
()T S (€)Y (g,
j=1

where we assume s > —1/2, and symmetry to reduce to

’ (61) (&)~ (&) /2 (&a) /2
(ra = p(E)) * TTi=y (75 — p(&;))"

We may replace (72 — p(£2))° by (12 — p(&2)) >'7? (this is true for any b > 1/2).
By the TT* identity (see Lemma 3.7 in [14, p. 847]), the estimate is reduced to the
following bilinear estimate. U

<1

~

[4, RXR]

Lemma 5.2 (Bilinear estimate). Let s > —1/4. For all u, v on R x R and
0<ex ],

(5.2) Huv||L2(R><R) S HU’HX—UQ,1/2—s(R><R)HrU”XS)1/2+6(R><R)-

This lemma can be proved in the same way as Proposition 2.2 by using the
fundamental estimate on dyadic blocks in Lemma 3.2. However, there are some
differences between this lemma and Proposition 2.2. Proposition 2.2 is a symmetric
bilinear estimate, while Lemma 5.2 is an asymmetric bilinear estimate, which leads
to a certain lack of symmetry in the proof of Lemma 5.2. On the other hand, since
there is no derivative in the left-hand side of (5.2), the proof of Lemma 5.2 is rather
simpler than that of Proposition 2.2.

Proof. By Plancherel, it suffices to prove that

H (£1) 75 (&) 12
(11— p(&1))V/2+e(my — p(&2)) /2~

(5.3) <1

[3,RxR] ™
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By dyadic decomposition and orthogonality as in the proof of Proposition 2.2, we
reduce the multiplier norm estimate (5.3) to showing that

(5.4) 3 $ (N1)=%(Ny)1/?

1/2+€,1/2—€
Nomaz~Nomea~N Ly, Lo, Ls>1 D17 Lo

X || XNy, Noy Nai Lunas L, Lo, Ls |l 3, pxcr) S 1
and

N 1/2
(5.5) 3 >y ﬁ

Nmaz~Nmed~N Lmaz~Lmed HL Limax
X ||XN17N27Ns;H;L17L27L3H[3;]R><]R] 5 1
forall N > 1.
Fix N = 1. We first prove (5.5). By (3.11), we reduce to
(N1 )" (N)2 1yn ag2
(5.6) Z Z WLminNmzn S L
Nimaz~Nmed™~N Lyaz~LmedZ N*Npmin 1 2

We consider two cases: s > 0 and s < 0.
(1) In the first case s > 0, the estimate (5.6) can be further reduced to

Z Z N1/2<Nmm>_“g Y2 N2 <

1/2+6L1/27 epsilon —Man” man ~
Nuaz~Nmea~N Lma,mNL¢yLedZN4Nm,7:n min med

Then, performing the L. summations, we reduce to

1/2a71/2 \—s
Z N Nm1n<len> <1

1/2— ~
Nmaz~Nmea~N (N N )1/27¢

which is always true for s > 0.
(i1) In the second case s < 0, the estimate (5.6) can be reduced to

1/2—
> > N LY2 N2 <,
1/2 min min nY

*van . LY2TE(NAN,,,) /2
Nmaz~Nmea~N LnLaa:NLm,edNN Nmin min

Performing the L summations, we reduce to

B

N2 4e ~
Nmaz~Nmea~N

which holds if s > —3/2. So (5.6) holds if s > —3/2.
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Now we show the low modulation case (5.4). In this case, we may assume
Lmaz ~ N2 .. Nmin. We first deal with the contribution where (3.9) holds. In this
case, N1, N3, N3 ~ N 2 1, so we reduce to

N*SNl/Q
(5.7) Z WLZ;NQLZQ S L

Lomaw~N® L'mm med
Performing the L summations, we reduce to

5e
B\
N3/24s ~ 77
which holds if s > —3/2.
Now we deal with the cases where (3.10) holds. Because of the lack of
symmetry, we need to consider three cases:

NNN1NN2>>N3; HNL;}ZLLLQ
N ~ Ny~ N3>Ni; H~ L 2 Lo, L3
NNN1NN3>>N2; HNngLl,Lg.

In the first case, we reduce by (3.10) to

N

1/2—s
58 Y S Y2 N2 (Vs ELmed)l/2 <1

L1/2+€L1/276 min
N3N 1<Ly, LoSN4N; “min med

Performing the N3 summation, we reduce to
N1/2727s+5/4 12 1/4
LY2 V4 <

Z 1/2+€e;1/2—¢ min~—“med ~
1<L;,L2<N%N3 Lmzn Lmed
which holds if s > —1/4.
Next we deal with the second case N ~ Ny ~ N3 > Ny; H ~ Ly 2 Lo, L3. In
this case, we use the first half of (3.10) and reduce to

N2 1/2 £/1/2
CONED DY ERT L2 N2 <1,
N1<KN 1<L>,L3<N4N; <N1>SL2/ (N4N1)1/2+€

which holds if s > —1.
In the third case N ~ Ny ~ N3 > Ny; H ~ Lo 2 L1, L3, we similarly reduce
by using the first half of (3.10) to

1/2
(5.10) DY (Ve) L2 N2 5,

Ns[1/2He Nan, ) 1/2—e M
S €
NoeN 1<y, Laaning VoL T (NANg) Y/

which holds if s > —3/2.
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To finish the proof of (5.4), it remains to deal with the cases where (3.11) holds.

This reduces to

1/2
(5.11) > > (Vo) LY2 N=2pY2 <,

1/2tc 1/2—c “min med ~
S
Nmaz~Nmed~N Lmaz~N4*Npin < 1> Ll L2

which is true if s > —3/2. This finishes the proof of Lemma 5.2.
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