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Abstract

This paper solves the stability problem on a partially dissipated system of magnetohydrodynamic equa-
tions near a background magnetic field. Large-time behavior of the corresponding linearized system is also
obtained. These results presented in this paper rigorously confirm a nonlinear phenomenon observed in
physical experiments that the magnetic field actually stabilizes electrically conducting fluids.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

The magnetohydrodynamic (MHD) equations are an interactive and integrated system which
are composed of the Navier-Stokes equations of fluid dynamics and Maxwell’s equations of
electromagnetism. The MHD system arises in geophysics, astrophysics, cosmology, and has been
widely applied in engineering such as MHD generation and controlled thermonuclear reaction
(see, e.g., [5,11]). The standard incompressible MHD equations can be written as
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ou+u-Vu=—-Vp+vAu+ B-VB,
B+u-VB=nAB+ B-Vu,
V-u=V-B=0,

u(x,0) =uo(x), B(x,0) = Bo(x),

where u and B are the velocity field and the magnetic field, respectively, and v > 0 kinematic
viscosity and n > 0 the magnetic diffusivity.

Besides its wide physical applicability, the MHD system is also mathematically impor-
tant. Numerous efforts have been devoted to understanding several fundamental issues on
the MHD system including the global well-posedness and stability problems. Duvaut and Li-
ons [16] established the local existence and uniqueness of Sobolev solutions and proved the
global existence in the case of small initial data. Sermange and Temam [36] obtained the
global existence and regularity of solutions to the 2D fully dissipative MHD equations. More
recent studies focus on the MHD equations with only partial or fractional dissipation. Sub-
stantial progress has been made on the global existence and regularity problem concerning
various partially or fractionally dissipated MHD systems. More information on these results
can be found in a recent survey paper of Wu [45] and many other references (see, e.g.,
[7-10,13-15,17-19,24,27,28,34,35,39,40,42-44,49-54]).

During the last few years, there have been extensive interests on the stability problem con-
cerning partially dissipated MHD systems near a background magnetic field. Some of these
studies are partially motivated by significant nonlinear phenomena concerning electrically con-
ducting fluids. It is observed in physical experiments and numerical simulations that the magnetic
field can stabilize electrically conducting fluids and certain wave phenomena are associated
with the stabilization process (see, e.g., [1,2,20,21]). The MHD systems are capable of mod-
eling many different kind of wave phenomena. Most notably among them is the Alfvén wave,
which was studied by the Nobel laureate Hannes Alfvén in 1942 [3]. The Alfvén wave or the
electromagnetic-hydrodynamic wave is produced due to the interaction between the perturba-
tions of the velocity field and the magnetic field near a constant background magnetic field. As
stated in the work of Alfvén [3], if a conducting liquid is placed in a constant magnetic field,
every motion of the liquid gives rise to an electromagnetic field which produces electric currents.
Owing to the magnetic field, these currents give mechanical forces which change the state of
motion of the liquid. Thus a kind of combined electromagnetic-hydrodynamic wave is produced.
There are substantial recent developments on the stability problem near a background magnetic
field. The desired stability has been successfully established for various partially dissipated MHD
systems (see, e.g., [4,6,12,22,23,25,26,29,31-33,37,41,46-48,55-57]).

This paper focuses on the following 2D MHD system with partial dissipation and magnetic
diffusion

8,u+u~Vu=|: :|—Vp+B~VB, xeRz,l>0,
vAuy
AB
a,B+u.v3:[g ]:|+B«Vu, (1.1)
V-u=V-B=0,
u(x,0) =up(x), B(x,0) = Bo(x).
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This MHD system arises in special physical circumstances when the dissipation is only present
in the vertical component of the velocity and the magnetic diffusion only in the horizontal com-
ponent of the magnetic field. Our aim here is to understand the stability problem on perturbations
near a background magnetic field. Clearly,

u® =0, p@=0, BP=(,1
is a stationary solution of (1.1). The perturbation (u, p, b) near this steady state with
b=B—BY

satisfies

8,u+u~Vu=|: :|—Vp+b~Vb+82b,

vAuy
Ab
8;b+u-Vb=[nOl:|+b~Vu+32u, 1.2)

V-u=V-b=0,
u(x,0) =uo(x), b(x,0) = bo(x),

where v, 1 are both positive constants. Our motivation for studying the stability problem is two-
fold. The first is to verify that the magnetic field can actually stabilize the electrically conducting
fluids, a phenomenon that has been observed in physical experiments and numerical simulations
([1,2,20,21]). The second is to uncover the mechanism on how the wave phenomenon helps with
the stability problem on the MHD system with only partial dissipation.

We first point out that the system in (1.2) is globally well-posed. In fact, we can show that,
for any initial data (ug, bg) € H 2(R2), (1.2) always has a unique global-in-time solution (u, b)
that remains in H>(R?) for all time. The proof of this result is very similar to Theorem 4 of Cao
and Wu [8], so we omit the details. For the sake of later references, we write this well-posedness
result as a theorem.

Theorem 1.1. Assume (ug, by) € HX(R?), and V - ug =V - by = 0. Then (1.2) has a unique
global solution (u, b) that satisfies

(u,b) € L*(0, 00; H*(R?)), Vuy e L*([0, 00); H*(R?)), Vb, € L*([0, 00); H*(R?)).

The focus of this paper is on the stability problem and the large-time behavior. Due to the
lack of dissipation in the equations of u| and of by, the stability problem proposed for studying
here does not appear to be trivial. One difficulty is that the velocity, especially u, can potentially
grow in time. In fact, if we consider the equation of the vorticity w = V x u, given by

orw+u-Vo=vojjo+b-Vj+drj (1.3)
where j =V x b denotes the current density. (1.3) represents a forced Euler equation with only
horizontal dissipation. Even when the force is not present or b = 0, the stability problem on the

reduced equation
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dw+u-Vo=vijw, xeR2,t>0

remains open, the main difficulty is that Ve could grow in time. When we estimate the L2-norm
of Vw via the energy method,

d
EHVu)IIiz + v]|0; Va)||iz = —/Va) -Vu-Vodx,

N =

the term on the right-hand side can not be bounded suitably due to the lack of the vertical dissi-
pation. In fact, if we further divide the term as

M::—/Vw~Vu-Va)dx:—/81u1(Bla))zdx—/aluzalwazwdx

—/82141 alwazwdx—/am (0rw)? dx, (1.4)

the last two terms in (1.4) resist any suitable control due to the lack of the vertical dissipation.
This explains some of the difficulties we would encounter when we deal with the stability prob-
lem on (1.2).

How can it be possible to establish the stability for (1.2) if we can not handle the difficult
term in (1.4)? The magic here is that the coupling and interaction between the velocity and the
magnetic field actually stabilizes the fluid. The solution of the system in (1.2) behaves better than
that of each individual equation alone. To explain this phenomenon precisely, we first separate the
linear parts from the nonlinear parts in (1.2). Applying the Helmholtz-Leray projection operator

P=1-vA~lv.

to the equations in (1.2), we obtain

oru —vojju—ob=P0b-Vb—u-Vu), (1.5)
8:b —ndpb —hu=Pb-Vu —u-Vb), '
where we have used the facts that
0o 1_ nAby | _
P|:VAM2:|—I)81]M, IP’|: 0 i|—n822b. (1.6)

(1.6) is obtained by some simple calculations. In fact, by V- u =0,

0 7. [ 0 . 0
P[vAu2:|_|:vAu2:|_VA v'[vAu2:|

_ 0 _ 311141 _
= |:UALt2:| —vVohuy=v |:311u2:| =voj1u.

We can further decouple the linear parts in (1.5) by differentiating (1.5) in # and making several
substitutions to obtain
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{3nu— (v011 +1022)0u + v dr122u — d2ou = Ny, (1.7

05b — (V311 +1022)0:b + v d1122b — 022D = No,
where N and N, are the nonlinear terms,

N1 =0 —1n022)P(b-Vb—u-Vu)+ LP®b - Vu—u-Vb),

Ny =(0; —vo1)Pb-Vu—u-Vb)+ HhPWb-Vb—u-Vu).
In comparison with the original system in (1.2), the wave equations in (1.7) reveal more smooth-
ing and stabilizing properties of the solution. These fine properties allow us to establish the
desired stability by constructing suitable energy functionals. We now state our main results fol-

lowed by the description of their proofs.

Statements of the main results. Our first result establishes the global existence and stability of
solutions to (1.2) in the H>-setting.

Theorem 1.2. Consider (1.2) with v > 0 and 1 > 0. Assume (ug, bg) € H*(R2?) with V - ug =
V - by = 0. Then there exists a constant € > 0 depending on v and n such that if

(o, bo) | 2 < &,

then (1.2) has a unique global solution (u, b) satisfying

t
(@132 + 16115, + / Wl 17,2 + nlld2b(T)[13,2) dT
0

t
+ [ oy dr <22
0

for a uniform constant C > 0 and for all t > 0.

Our second main result explores the large-time behavior of solutions to the linearized system

oru —vojju — b =0,
0tb — ndpb — hu =0,

1.8
V-u=V-b=0, (18)
u(x,0) =uo(x), b(x,0)=bo(x),
which can be converted to the following system of wave equations
Orru — (VO11 + 1022)du + vy dri2u — dpu =0,
0rtb — (Vo1 +1022)9:b + v d1122b — 922b =0, (1.9)

V.-u=V-b=0,
u(x,0)=ug(x), b(x,0)=>bo(x).
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To obtain the optimal decay rates, we make use of the symmetric structure of (1.8) and exploit the
regularization of the wave equations in (1.9). As we know, the initial data needs to be a Sobolev
space of negative index or in the Lebesgue space L7 with 1 < g < 2 in order to attain the L2-
decay rate for the solution itself. Sobolev spaces of negative indices will be employed here.
To give a precise statement of our result, we provide the definition of the fractional Laplacian
operator. For any y € R,

(=) (&) =517 F(&),
where fdenotes the standard Fourier transform

1

fe = o / e f(x)dx.
T

R2

For notational convenience, we sometimes write A = (—A)Z. Similarly, the fractional partial
derivative operator Al?/ withi = 1,2 and y € R can be defined as

Al fE) =& F&).
With these definitions at our disposal, we can now state our second main result.

Theorem 1.3. Consider the linearized system (1.8) with v > 0 and n > 0. Its solution has the
following decay properties.

(a) Let o > 0. Assume (ug, bo) satisfies
(A7, Ay g e H, (AT, AS%)bo € H', V-ug=V-by=0.
Then the corresponding solution (u, b) of (1.8) satisfies
u, be L*(0,00; HY), dju, db € L*(0,00; H")
and, for a constant C depending on ug and by only and for any t > 0,
@l + 16l <€ A+D72. (1.10)
(b) Assume (ug, bg) satisfies
Ay'uge H?, Ay'boe H?, Vug=V-by=0.
Then the corresponding solution (u, b) of (1.8) satisfies

8,175 + 1d2u |72 + vlldu@)3, <CA+07", (1.11)
136172 + 13260175 + vnlldb@)|17, <C (1 +1)7" (1.12)
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We remark that it is much more difficult to establish the large-time behavior for the nonlinear
problem. There appears to be essential difficulties. The large-time behavior of solutions to the
nonlinear system relies crucially on the eigenvalues associated with the wave equation in (1.9).
Due to the partial dissipation, the wave equation is degenerate and this degeneracy makes one
of the eigenvalues really close to zero. More precisely, the characteristic polynomial associated
with (1.9) (in Fourier space) is given by

32+ WER + nEDA + vnElES + £ =0,

and the two eigenvalues are

8+ ngD) — 0 + gD — 40mgRE +63)

M= )
2
08 4 ned + 08 17— densied + )
2= .
2

Az could be quite close to 0 when &; is close to 0. In fact,

2(vnERET 4+ £3)

A= —
(87 +nED) + (&L + 1ED)? — 4wnlE] + £3)

~(0 for& ~0.

When we represent the nonlinear system in an integral form, this degeneracy of A, makes the de-
cay evaluation of the nonlinear terms extremely difficult. We will explore the large-time behavior
of the nonlinear problem in the future.

A brief outline of the proofs. We present the main ideas in the proofs of Theorem 1.2 and
Theorem 1.3. The framework in the proof of Theorem 1.2 is the bootstrapping argument (see,
e.g., [38]). We need to construct suitable energy functionals in order to derive self-contained
inequalities. Since the solution sought is in A2, a natural part of the energy functional is

0<t<t

t t
Ei(t)= sup (||u<r)||i,2+||b<r>||§,z>+v/||alu<r)||§,2dr+n/||azb(r>||§,zdr. (1.13)
0 0

As aforementioned, this part is not sufficient since the difficult term (1.4) emerged in the H?>-
estimate can not be bounded by E{(r). We seek a second part of the energy functional. By
examining the regularization provided by the wave equations (1.7), we are led to the definition
of the second part of the energy functional,

t
Ex(1) =/ 1922 () 1131 d. (1.14)
0

The inclusion of E; helps the control of (1.4). Of course, we also need to verify that £, can be
bounded by a combination of £ and E». More precisely, we set
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E(t):=E1(t)+ 6§ E2(t) (1.15)

for a suitable § > 0, and verify that, for a constant C > 0 and for all ¢ > 0,
E(t) < Co E(0) + Co E(1)2. (1.16)
Once (1.16) is confirmed, a bootstrapping argument applied to (1.16) would lead to the desired

global existence and stability of Theorem 1.2. Our main efforts are devoted to check (1.16). This
is a very lengthy process and we divided into two parts. The first part proves

3 3
Ei(t) <E1(0)+C1E} (1) +C2E; (1),

while the second part verifies

3 3
Ex(t) < E1(0) + C3 E1 (1) + C4 E{ (1) + Cs E5 (1). (L.17)
The proof of (1.17) makes use of the wave structure of (1.7). More details can be found in
Section 2.

We also briefly explain the proof of Theorem 1.3. The proof for Part (a) makes use of two
energy inequalities, one for the H'-norm of (u,b) and one for (A7%u, A;?b) in H't°. By
developing anisotropic interpolation inequalities, we are able to convert the H !-energy inequality
into an ODE type inequality, which leads to the desired decay estimate. The proof of Part (b)
relies on the following lemma providing a precise decay rate for a nonnegative integrable function
when it decreases in a generalized sense.

Lemma 1.1. Let f = f(t) be a nonnegative continuous function satisfying, for two constants
ap > 0anda; >0,

/f(r)dr§a0<oo and f(t)<ai f(s) foranyO<s <t. (1.18)
0

Then, for ay = max{2a; f(0), 2apa,} and for any t > 0,

@) <ax(1+07 "

With the help of this lemma, the proof of Part (b) is then reduced to verify that

o0
/ (N3 + 102013 + vnlld12u(®)]2,) di < €
0

and

13,1172 + B2 D172 + vnlld12u ()7 2

< [19:u($) 1172 + 1924() 117> + v7lldr2u(s)[|7,  forany £ >s > 0.
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These two properties are proven via the wave equations in (1.9). The equations in (1.9) are very
versatile and allow us to perform and combine different types of energy estimates. These two
properties follow as a consequence of suitable combination of three energy inequalities derived
from the wave equations in (1.9).

The rest of this paper is naturally divided into two sections. Section 2 proves Theorem 1.2
while Section 3 proves Theorem 1.3.
2. Proof of Theorem 1.2

This section proves Theorem 1.2. Our main efforts are devoted to verifying (1.16), namely

E(t) < Co E0) + Co E(1)2, 2.1

where E(¢) is a combination of E1(¢) and E»(¢) (see (1.15)) with E{(t) and E,(¢) given by
(1.13) and (1.14), respectively. (2.1) is accomplished by the following proposition.

Proposition 2.1. Let E and E; be defined as in (1.13) and (1.14), respectively. Then

3 3
Ei(t) < E1(0)+ CLEf () + CLE5 (1), 2.2
3 3

Ex(t) <E1(0)+ C3Ei(t) + C4 Ef (1) + Cs E5 (1). (2.3)

As a special consequence, by choosing & such that C3 6 < % and define E(t) asin (1.15), or
E@t)=E (1) +8Ex (1),
we obtain (2.1) for some suitable constant Cy.
The proof of Theorem 1.2 follows as a consequence of (2.1).

Proof of Theorem 1.2. First of all, for any (ug, by) € H 2 (1.2) always has a unique local-in-
time solution. This can be shown by following a standard process involving the contraction
mapping principle. One example of this process can be found in the book of Majda and Bertozzi
[30]. An application of the bootstrapping argument to (2.1) would yield the global uniform bound

that would guarantee the global existence and the stability of the solution.
To apply the bootstrapping argument, we take

€= —35 and |uoll g2 + lbolly2 < e.
4C,

Then

1
. 2 2
EO):= ol + ol < 1.

The argument starts with the ansatz that
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Et)<A=——.
®= 4C3

Then, by (2.1),
1
E(t) < CoE0)+ CoE(1)? < Co E(0) + SE®
or

1 1
E(t) <2CoE(0) < — = -A.
(1) <2Co ()_ch 5

The bootstrapping argument then concludes that, for all ¢ > 0,

1
E(t) < — <2Cp &
()_8C§_ 0

This concludes the proof of Theorem 1.2. O

It remains to prove Proposition 2.1. To deal with nonlinear terms, we need the following
anisotropic inequality (see [8]).

Lemma 2.1. Assume that f, g, 02g, h and 01h are all in LZ(RZ). Then,

1 1 1 1

f | fghldx < CILF 12 gl 2 021 2 1A 2 181A1 .
]RZ

Proof of Proposition 2.1. We first prove (2.2). Using V- u = V - b =0, the L>-estimate yields
the uniform global L2%-bound,

t t
sup [u(®)17, + 1637, +2v / IVuz ()3 d7 + 27 / Vb1 (0)]I3,dr
0<t<T o 0

2 2
< lluoll72 + lboll3. (2.4)

To estimate ||Vul|;2 and | VD] 2, we write the system of (w, j) withw =V xu, j =V x b,

{8,60—}-14-Vw:valAm—i-b-Vj—i-sz, 25

0j+u-Vj=—nohAb1+b-Vo+ Q + dho,
where
Q =201b1(0u1 + d1u2) — 201u1(d2b1 + 91b3).

Multiplying the first and the second equation in (2.5) by w and j, respectively, adding the results
and integrating by parts, we obtain
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1d
2 dt

=/mw

:/281b182u1jdx+/281b181u2jdx—/Zalulazbljdx—/281u181b2jdx

(U2 + 17172) + vildiel?, + 1l

=N+ b+ L+, 26)

where we used 0; Aus = 911w and —3,Ab; = 32 j. By Lemma 2.1 and Young’s inequality,

1 1 1 1
It < Cllanby [l 2 lldau I 181 82u 1 11175 1825112
1 1 1 1
< Cllawb1ll 2l 5 1712 181011, 121 7,
1 1 1 1
I < Cllanbll 2 1181uall 5 101810l 111251927112
1 1 1 1
I < ClLjll 2 19u 112, 191 3vue 12, 1820111 2, 1929261 12
1

1 1 1 1
= Clljll 2 N30u2 2, 191311 12, 18201 1) 2, 12921112,

where we used the simple fact ||d; Vu||;2 = [|91w] ;2. All these upper bounds are suitable since
the sum of the powers of the time-integrable parts in each upper bound is at least 2. For example,

1 1
the upper bound for /; contains three time-integrable parts, [|0151 |2, || 81w||z2 and |02 ||12‘2 and
the sum of these powers is 2. To estimate /4, we write j = 01by — 0201,

I4=—2/3]u131b2jdx
=—2/81u181b281b2dx+2/81u181b282b1dx
= Iy + Igo.

By integration by parts and Lemma 2.1,
14 =2/82u281b281b2dx = —4/u28281b231b2dx
1 1 1 1
< Cl1%01ball 2 w22, 19110212, 181211, 18201 b2 2
1 3 1 1
< Clluall 182015212, 1912l 181621
and
1 1 1 1
Lip < Clldrball 2 1Bru |l 5 1811w 115 110261115 118202b1 11
1 1 1 1
< Clld1ball 21822l 1910011 25 18261 125 18211
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Inserting the bounds above in (2.6) and integrating in time, we find

t t
lwl7, + ||j||iz+zv/ ||alw||izdr+2nf||azj||izdr
0 0

§E1(0)+CE1%(I), 2.7)

where we have used Holder’s inequality to show the time integral of the bounds are all controlled

3
by E} (t). For example,

t
1 1 1 1
/ 181011l 2l 2, 1712, 1310112, 102,11 2, de
0

1 1

t
1 1 1 1
< sup ||w||zz||1||22/||alb1||Lz 81012, 182112, d
0

O<t<t
1
< El2 E(2).

Next we estimate the H2-norm. Multiplying the first equation in (2.5) by (—Aw) and the second
by (—Aj), and integrating by parts, we obtain

L2 (1V0I. + IV /12,) + vl Vol + 1812
2 dr 12 12 1 2 TNIo2V /il 2
:—/Vu-VarVa)dx—i—/Vb-Vj-Va)dx—/Vu-Vj-dex
+/Vb~Va)-dex+/VQ-dex, (2.8)
where we used the facts,as V-u =V -b =0,

/u~VVa)-Va)dx=0, /b~VVj-Va)dx+fb-VVa)-dex:O.

Integrating (2.8) in time, we have

t
IVeoll7 2+ 1Vjl7, +2/(v||alw)||iz +18:Vj17,)dr
0

'
§E1(0)—CffVu~Vw~dexdr
0
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1 1
+C//Vb-Vj~dexdr—C//Vu-Vj-dexdt
0 0
1 1
+C/beoVa)-dexdr+C//VQ~dexdt
0 0

5
=E1(0)+Zfi-

i=1

We write Jj into the following four terms explicitly,

t t
Ji=-C / / dup(djw)*dxdt — C / / dou 191 wdhwdxdr
0 0

t t
—Cffaluzaza)ala)dxdt—C/fazuz(azw)zdxdt
0 0

=Ju+Jio+ Jiz3 + Jia.

By Lemma 2.1 and Young’s inequality,

t
1 1 1 1
I+ < c/ lrurll 21910l 2, 10201001 2, (910112, 19102, de
0

1

t
1 1 1 1
+C f 8121l 21310012, 201011 25 1200112, 191 8200117
0

t
<C sup ||[Vol /(HVuzniz + [91Voll7,)dr
0

0<t<t

<CEXOEL(0),

t
1 1 1 1
Jn<C f lourll 21310012, 3201011 2, 19200112, 181 820011
0

t

1 1
<C sup [010]},l00];, / (I02u11l32 + 119120117 . )dT

0<t<t
0
1
<CE[(t)(E2(t) + E1 (1)),
andby V-u =0,
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t
1 1 1 1
Jia < C/ 2l L2 13111l 2 1320111l 5 1020011 75 91820011 7,
0

t

1 1
<C sup ||alu1||zz||azalu1u22/(||azw||iz+||alazw||iz)dr

o<t<t
0

< CE}(t)(E1(t) + Ex(1)).

Therefore,

3 L
JI<CE[(t)+ E{ (1) Ex(1).

J, can be handled similarly as Jj,
t t
J2=C//31b181j81a)dxd1’+C/f32b181j32a)dxdf
0 0

' t
+C//31b282j31wdxdf+C//32b232j32a)dxd‘r.
0 0

By V - b =0 and Young’s inequality,

t
1 1 1 1
h=<C / 1811121826211, 1918252115 1310l 2, D290, dt
0

1
1 1 L 1
+C / 19261 ll2 10171211201 17 19200 |1 820011 d
0

1

t
1 1 1 1
+C / 1821211816211 25 1329162, 181011, 1181 0] 2T
0

I3
1 1 1 1
+C/||32w||L2||32192||zz||3232b2||22||32J'||zz||3231j||zzdf
0

t

<C sup (bl + ||u||Hz)/(||azb||§{2 + 910113, )dr

0<t<t
0

3
<CE[ ().
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Next we estimate J3,

J3 ——C//alulaljaljdxdr—i— //Bluzazjaljdxdr

t '
—C//32u131j82jdxdt —Cf/@zuzazjazjdxdt)
0 0

= J31 + J3.

By integration by parts,

' '
J31 = C/fazuzaljaljdxdf = —ZC//uzazaljaljdxd‘L'
0

EC/||3132J'||L2||142||Lz||<'31u2||Lz||31J||L2||3231J||2 dr
t
. 12 2
= C sup [uzll 2||8IJ||z2/(||8231]||L2+||31M2||L2)d7:

0<t<t
0

<CEX)E (),

1 1
Jazscf||alu2||Lz||azj||zz||alazj||;2||alj|| 13201 /112de
. - 1 1 1
+C / 182712111 711 18201 112 1320111 25 1912001 12, de

1 1
+C/||32M2IIL2||32j||22||3132j||22||32j|| 2||323sz|2 dc

t

<C sup (||b||Hz+||u||H1)/(||alu||i,l + 1820113, )dx

O0<t=<t
0

< CE{ (O E 0.

Summing them up leads to

B<EL0). (2.12)
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Next we bound Jy,

t t

J4:C//81b181w81jdxdr+c /31b232w31jdxd‘[
0 0
t t
+C//32b1810)32jdxdt +C//32b2820)32jdxd1’
0 0

= Ja1 + Jao + Ju3 + Jus.

By V. -b=0,

'
J41 = —C//szzala)a]jdxd‘t
0

1

t
1 1 1 1
<C / 191711 2 1182b211 25 18202021 2, D1 00112, 191 D1 0], d
0
t
<C sup ||81j||Lz/(||azb||§,l + [[01ull3,,)dr
0o<t<t 0

< CE}(OE (1),

By integration by parts,

t '
Ji = —C//azalbza)a]jdxdt — C//S]bzwaza]jdxdt
0 0

t

1 1 1 1
sc/(||w||zz||alj||zz)(||azalb2||Lz||alw||;2||azalj||zz)dr
0

1 1 1 1
+C | (lloll 21815211 72) (18201 j 1l 2131011 5 18281 b2l ;) de

oY

t

<C sup (||w||Lz+||81b||H1)/(||azb||§,z+||alu||§,l)dr

O<t<t
0

SCEl%(f)El(f),
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t
1 1 1 1
Jp+Ju<C / IVl 21182611 2, 1320151125 19271125 102021 de
0

0<t<t

t
<C sup ||Vol / 13213, d7
0
1
<CE{(OE\(1).
Therefore,

3
J4<CE{ (). (2.13)

We write J5 into four terms,

t t
J5://VQ-dexdt:—//QAjdxdt
0 0

t
= —/_/2[31571(32141 + 01uz) — 1u1 (321 + 91b2) 911 jdxdr
0
t
~ [ [ 2Lerb1 o+ 1) = v b + 210 o e
0
t t
= —//281b1(82u1 + 01u2)011 jdxdr +//281u1(82b1 + 01by)011 jdxdt
0 0

t
_ / / 20151 (Baus + ruz) — Bruay (3aby + 31b2)]onajdedr
0

3
= Z]si.
i=1

First we estimate Js3,

1
1 1 1 1
J3<C f 1822112 195112, 18295112, Va2, 1191 V| 2, de
0

t

scosup (IVBll 2 + I Vull ) / (182V01%,, + 181 Vul?,)dr
<t<t

0
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< CEl%(t)E](t).

By V - b =0 and integration by parts,

'
Js1 =//282b2(32u1 + 01u2)d11 jdxdr
0

' t
= —//23182b2(32u1 + 01u2)0;1 jdxdr —//Zazbzal(azu] + 01u2)01 jdxdr
0 0

1

t
1 1 1 1
<c / 181112, 10201 112, 13192621 2 Ve 2,191 Vel 2 de
0

1

t
1 1 1 1
+C/||31j||zz||3231j||zz||31VMIIL2|I32192||Z2||3132b2||zzdf
0

t

=C sup (||31j||L2+IIMIIH1)/(||32bIIi,z+II81u||2Hl)df

0<t<t
0

< CE}OE ().
t

t
J52=//231u182b1311jdxd7:+f/281u131b2811jdxdr
0 0

= Jso1 + Js520.

By integration by parts,

t '
J501 =—//28nu182b131jdxdr—//281u18182b181jdxdr
0 0
t
1 1 1 1
SC/||31j||L2||311M1||zz||3111u1||zz||32b1||zz||322b1||zzdf
0

1
1 1 1 1
+/||31j||L2||31u1||22||311u1||zz||3132b1||zz||31322b1||22df
0

t

<C sup 31,2 / (131112, + 19251125)de

O<t<t
0
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< CE}(OE1 (1),

By V - u = 0 and integration by parts,

'
J522=—//232u231b2811jdxd7:
0
t !
=ff2u28231b2311jdxd1’+f/2u281b282311jdxd‘r
0 0
t t
:—//281u28281b281jdxdr —//2u282311b281jdxdt
0 0

' t
—//Zaluza]bzazaljdxd‘[—//2u2311b23231jdxd7:,
0 0

1

t
1 1 1 1
Jsn < C/ 1011l 2 91uall 2 1911121}, 1182016211, 182291 B2l T
0

1
1 1 1 1
+C/”82811172”L2||u2||22||81u2||22||81j||zz||8281j||22df
0

t
1 1 1 1
+C [ 182012 orua . Wovial o onbal s Iosin bl
0
t
1 1 1 1
+C [ 1201522 ool 101121 N )i
0
t
<C sup (bl -+ lulip) [ (1ol -+ 10ab15:) e
0
< CE}OE ().

Therefore,

3
Js < E2(1).

(2.14)

Inserting (2.10), (2.11), (2.12), (2.13) and (2.14) into (2.9), and combining with (2.4) and (2.7),

we obtain
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3 1
Ei(t) < E1(0) + C1E[ (1) + C2E[ (1) Ex(1).
This verifies (2.2). Next we check (2.3). We rewrite

t

Ey(t) = / 2%, dr = / (132ull? > + 182Vu)3,)dr

0 0
t
= / (110201125 + 3200112, ) dr. 2.15)
0

Recalling the perturbations equations in (1.2), multiplying the second equation in (1.2) by dru
and integrating over R? and also in time lead to

t t t
/||32u||§2dr=/farb.azudxdr+//u-Vb.azudxdr
0 0 0
t !
—n//Ablazuldxdr—//b~Vu~82udxdr
0 0
13 1
://(St(b~82u)—b~8,82u)dxdr+f/u-Vb-82udxdr
0 0
t 1
—n//Ablazuldxdt—//boVu'azudxdr
!
:/ddr/b 82udxdr+//3ru drbdxdt
//u Vb - azudxdt—n//Ab132u1dxdr
—//b~Vu-82udxdt
0
1 '
:/%/b-&zudxdr—//qu-azbdxdt
0 0
t t
—f/Vp-szdxdr+/vau282b2dxdr
0 0
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t t

+//b-Vb-82bdxdr +//82b-82bdxdr
0

0
t

'
—i—//u~Vb-82udxdt—n//Ablazuldxdr
0

0

t

—//b~Vu-82udxdt

0
9

= ZL,-, (2.16)
i=1

where we have used the first equation in (1.2) as well.

L =/b-32udx—/bo~82u0dx
< ClIbll21192ull 2 + Cliboll 2 102uo |l 12
< CE(t) + CE(0). 2.17)

By integration by parts,

t t
LZ:—//ulaluazbdxd‘C—//M232u32bdXdT
0 0

t t

t
=—//u181u82bdxdt+//82u2u82bdxdr+//u2u322bdxdr.
0

0 0

By Lemma 2.1 and V- u =0,

1
1 1 1 1
L, < C/ lull g2 1Bvall; 2 9 1ull ;2 19261 72 1922611 ,dT
0

1 1 1 1

t
+C / 182212 ez 2, 02w 2, lull 2, 1y ull 2, de
0

t

<C sup Jlull f (131ul%,s + 1325113, )de

0o<t<t
0

< CEI%(I). (2.18)
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By V-b=0,

t

Lj =//p82V-bdxdt =0. (2.19)
0

Clearly,

t t
L4=f/vAu282b2dxdr=//v31w32b2dXdT
0 0

t
<c f 10102 19252 2de
0

<CE(1), (2.20)

where we used Au; = djw. By integration by parts,

t t
Ls Z//blalbazbdxdf—i—//bzf)zbazbdxd‘t
0 0
t t t
Z—ffalblbazbdxdt—//b1b3132bdxdt+//b282b32bdxdt
0 0 0
t t t
Z//azbzbazbdxdf—//b]balazbdxdf—i—//bzazbazbdxdt.
0 0 0

The terms on the right can be bounded as follows,

t
1 1 1 1
Ls=<c / 15112 185112, 191325112, 182112, 322511, de
0
t
1 1 1 1
e f 1301611215115 1916112, 16112 2D 1 de
0
t
<C sup ||b||sz||azb||i,1dr
0

0<t<t

3
<CE[ (). (2.21)
Obviously,
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t
Le= / 12bI122d < Eq(1).
0

By integration by parts,

t t
L7=//u181b82udxdt+//u282b82udxdt
0

0

t t
:—/f81u1b82udxdr —f/ulbalazudxdt

0 0

t t
—//32u232budxd‘r —//uz&zzbudxd‘c,

0 0

the terms on the right can be bounded as follows,

t
1 1 1 1
Ly §C/ 131ull 2 16112, 1925112, 18202, 1181 82 d
0

1

t
1 1 1 1
+C/ 181aull 2 llut 12, 1wl 2, 16112, 192112, de
0

1

t
1 1 1 1
+C/||u||Lz||81u1||zz||anu1||zz||azb||zz||azzbnzzdr
0

1 1 1

t
1 1 1 1
+C / 1822 2 ez 2, 02wz 2, lull 2, 10y ull 2 e
0

t

<C sup (||b||Lz+||u||H1)/(||am||i,l + 820113, )dr

O<t=<t
0

3

<CE{ (@),

where we used V - u = 0. By Holder’s inequality,
t
Lg= —77// (811b132u1 + 822b182u1)dxd1'

0
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t

< C/ (181320211 211820111 L2 + 1182201 | 2112141 ]| 2)dT
0

< éEz(t) + C Eq(1). (2.24)

By integration by parts,

t t
L9=—//b131u32udxdf—//bzazuazudxdt
0 0
t t
=/f81b1u82udxdr+//b1u8182udxdt
0 0
t t
+//82b2u82udxdr +//b2u822udxdr
0 0
t t
=//b1u3182udxdr+f/b2u822udxdt
0 0

= Lo1 + Loy,

where we used V - b = 0. The terms on the right can be bounded as follows,

1 1

t
1 1 1 1
Loi=C f 181320l 2 11 12, 19251 12, lull 2, 1y ull 2, de
0

1
1

1 1
<C sup |b ||zz||u||22/(||alun§,l+||azb1||iz)dr

0<t<t
0

< CEI%(I)El(t).

By Young’s inequality,

t
1 1 1 1
Lon<C [ 822l 2 1b211 2, 18202 2, el 2, 191 2, de
0

t t

1
§C/§”322“”i2df+c/||b2||L2||32b2||L2”“||L2”31’4”L2df
0 0
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t t

1
SC/§||322M||%2dT+C/(||32l72||iz+||31u||iz)df
0 0

1
=< gEz(t) + CE(1),
where the uniform L2-bound (2.4) is used. Therefore,

1 3
Lo = g E2() + CE1(0) + CE{ (). (225)

Inserting (2.17) through (2.25) in (2.16) leads to

t
1 3
/ I12u1,de < CE1(0) + CE(r) + 2 E2(0 + CEf (). (2.26)
0

Now we bound the second part in (2.15). Multiplying the second equation in (2.5) by dxw and
integrating over R? and also in time lead to

t t t
/||82a)||izdr=//8fj82wdxdr+f/u-Vsza)dxdt
0 0 0
t t
+nf/82Ab132wdxdr—ffb-Va)Bga)dxdr
0 0
t
—//Qazwdxdr

0

t t
=// (a,(jazw) —jt)zatw)dxdf—l—//u-Vjazwdxdr
0 0

t t
+77//82Ab182a)dxdr—//b-Vwagwdxdr
0 0
t
—//Qazwdxdr

0

' t
=//Bt(j32w)dxdr+//j82(u~Va))dxdr
0 0
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! !
—v//jaz(alAuz)dxdt—//jaz(b-Vj)dxdr
0 0
t t
—//jazf)zjdxdt —i—//u -V joywdxdr
0 0
t '
+nf/82Ab132wdxdr —f/b-Vszwdxdr
0 0

t

—//Qaza)dxdr

0
9
=Y H, 2.27)
i=1
where we have used the first equation in (2.5). Clearly,

H; =/j(x,l)32w(x,t)dx—/joazwodx

< jlizlld2wll g2 + lljoll L2 1020l .2
< E((t) + E1(0). (2.28)

By integration by parts,

t
H2=—//32j(u-Va))dxdt
0

t '
=—//82ju181wdxdt—//82ju282a)dxdr
0 0
t ' t
=—//azjulalwdxdt+//322ju2wdxdr+//82j82u2wdxdt.
0 0 0

The terms on the right can be bounded as follows,

1
L L 1 1
Hzsc/||u1||Lz||azj||zz||azzj||zz||alw||zz||anw||zzdr
0

t
1 1 1 1
+C / 1022112 2 1 2, 902 2, lloll 2, 11 0] 2, e
0
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t
1 1 1 1
+C/||w||Lz||azj||zz||am||;2||am||;2||auu1||zzdr
0

t

<C sup llully / (1825122 + loyull?,.)de

0<t<t
0

< CE]% ®), (2.29)

where we used V - u = 0. Hj is bounded by

t t
H3=—U/f8182j311u2dxdt—Uffalazjazzuzdxdr
0 0
t t
:—v//8182j811u2dxdt—v//3182j8281u1dxdt
0 0

t
sc/||alazj||Lz||am||H1dr
0

<CE\@). (2.30)

By integration by parts,

t
H4=//32j(b~Vj)dxd‘C
0

t t
=//32jb131jdxdl'+//32jb282jdxd‘c
0 0
t ' '
z—//alazjbljdxdt—//82j31b1jdxd‘t+//32jb232jdxdt.
0 0 0

The terms on the right are bounded by

1 1 1

t
L 1 1 1
Hi<C / 1000212 N1 121122 1122 182,17 e
0

1

t
1 1 1 1
+C f 1711221821125 1227125 181611125 1115111 e
0
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where we used V

By integration by

t
H6=/
0

Journal of Differential Equations 276 (2021) 368—403

t
1 1 1 1
+C / 16211 218271135 1918271135 182 1 182211 de
0

t
<C sup (Ibllz2 + 1jl2) f 192612,
0

0<t<t
1
<CE[(HE (1), (2.31)

-b = 0. Obviously,

t

Hs = / / 3 jdjdxdr < CE|(t). (2.32)
0

parts,

t
/ulaljaza)dxdl’+//M232j32a)dxdl’
0

' t r
= —//aluljaza)dxdr —f/u1j8182a)dxdt +//u282j32wdxdr.
0 0 0

We estimate the terms on the right as follows.

Clearly,

1 1

t
1 1 1 1
Hﬁscf||alu1||Lz||j||z2||azj||zz||azw||zz||alazw||zzdr
0

t
1 1 1 1
+C/||alazw||Lz||u1||zz||alu1||;2||j||;2||azj||;2dr
0
t
1 1 1 1
+C / 102 2 1]l 1dauall 2, a0l 2, 1912012, de
0

t
<C sup ([Ibll +||u||Hz)/(||alu||i,z+||azb||";,l)dr

0<t<t
0

< CEI% B E (). (2.33)
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1
H7 < | [102b1] g2l d2w]l p2dT < ZEz(l) + CE(1).
We write
t t
— / / b101wdhwdxdr — / / by0ywdrwdxdt = Hgy + Hgy.
The bounds for Hg; and Hgy are

Hg1 < C / 1316 21511 13261 125 1200125 | B0l 2

t

<C sup (||b1||Lz+||azw||Lz)/(||alw||i,1+||azb1||iz)dr

0<t<t
0

<CEX()E (1),

Hg) SCfllazwllLZIIbzll zllazbzlle||3260|le|I3132w||2 dr

1
=< C sup b2 z||32w||22/||32w||L2(||32b2||L2+|I3132w||L2)df

0<t<t

<C sup |b2ll; zllaza)ll 2(/ ||32wI|def)2(/ I|32bz||def)2

0<t<t

t
1
+C sup |baf; zllazwll 2(/ II32w||def)2([ 191020017 2d7) >

0<t<t

< CE\(OE; ().

Therefore,
3 1
Hg < CEl2 )+ CE(t) E22 (1). (2.34)

Finally,

t

t
H9=2/f31b182u132wdxdr+ (2/[31b181u232a)dxd‘[
0

0
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t t
—2//81u182b132a)dxdt—2//31u181b282wdxdt)
0 0

= Hog1 + Ho;.

The terms on the right can be bounded as follows,

t
1 1 1 1
Hoy S/||3260||L2||31b1||Zz||3231b1||Z2||32u1||zz||3132u1||zzdf
0

0<t<t

1
1 3 3
< sup ”82(0”L2/||82u1||22(”82b||12_1| +l10182u1ll},)de
0

t t

1 3

< sup [0l 2( f 1821113 ,dT) * ( / 132b117,,d7)
0 0

0<t<t

t t
1 3
+ sup [1Bawll o / apur 2.d7) / 191801 2d7) ¥
0 0

0<t<t

<E!()E; (DE] (1),

t
1 1 1 1
Hgy < C/ 820l 21151117 5 182015111, 10122l 5 1011 w2l 7 2T
0

1

t
1 1 1
+C / la2eoll 2 181w ll 2 11211125 1925111, 1822b1 1w
0

t
1 1 1 1
+C / 1311 1211815211 2, 1201622, 1820011, 11 B20] e
0

t

<C sup (||azw||Lz+||alb||Lz)f(||azb||i,l + l[0yull?,)de

0<t<t
0
1
<CE{(E(1).
Therefore,
5 1 3
Hy < CEl4 (t)E24 )+ Ef (1). (2.35)

Inserting the upper bounds (2.28) through (2.35) in (2.27), we obtain, after applying a simple
Young’s inequality,
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t
1 3 3
/ ||32w||izdt < E{(0)+ ZEz(t) +CE((t)+ Ef (1) + E22 (). (2.36)
0

Adding (2.26) and (2.36) leads to

Ex(t) <CE(0) + %Ez(t)+CE1(Z)+CE1%(Z)+CE2%(I).

Eliminating 1/2E>(¢) from both sides yields the desired inequality in (2.3). This completes the
proof of Proposition 2.1. O

3. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. The proof of Part (a) in Theorem 1.3
makes use of the symmetric structure of the linearized system (1.8). Anisotropic interpolation
inequalities are employed. The proof of Part (b) takes advantage of the wave structure in (1.9).
These wave equations are very versatile. They allow us to perform different types of energy

estimates and make various combinations. Lemma 1.1 will be used to facilitate the proof.

Proof of Theorem 1.3. We start with the proof of Part (a). Taking the inner product of (1.8) with
(u,b) in H!, we find

d
EL(I) +M() =0, 3.1
where

L) = [u®3, + 16Oll72 + IVu®)3, + Vb3,
M (1) = 2v[|91u ()17, + 201 d2b ()17 2 + 201191 V()17 2 + 201 92VD ] 7.

We also compute the norm of (u, b) in anisotropic Sobolev spaces of negative indices. Applying

A7° to (1.8) and then dotting with (A7%u, A7°b) in H't% and applying A5° to (1.8) and
dotting with (A5 u, A5?b) in H't9 we obtain

d _ _ 2 _ _ 2
T NO 20101 (AT, ATl + 2001 B2(AT7, ATDBOI
F20[| 0 AT AT AT U1, + 2019247 (ATT A7, =0,

where

N@® = I1AT7 AU, + (AT AS)BO)I
FHIATTATT A u@ 72 + AT AT ASDbD.

Clearly,
N() < N(0).
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We now bound L in terms of M and N and show that, for a constant C > 0,
L(t) < CM()T N() T, (3.2)

(3.2) follows from the interpolation inequalities below,

(@12 < 19155 1AT a5 <M(z>l+%N(r>l+*v, (3.3)
IVu®I2, < 1@l 5 AT ATuI TS < M) N (3.4)
16O, < Clasb )15 1437 bOITF < CM(,)I;%N(,)H%, (3.5)
196012, < Clasb O 1A A5 b0 <CMOTENOT.  (3.6)

We provide some details on proving (3.3) and (3.4). The proofs of (3.5) and (3.6) are similar. To
prove (3.3), we use Plancherel theorem and Holder’s inequality to obtain

lu®)7. = / @&, )| de = f (& PP ™ (€72 @?) T dé

< ( f Sflﬂlzdé> ( / |sl|—2"|m2ds) a

— N3 AT a5
< M) N7

and

IVu@®)|?, = / HETGIR'3

tcR2
f & P Pde / £ P20 |20 () g
cR?2 cR2

= ||alu<t>|| ||A1+"A“’u(r>||
<M T N T,
Since N(t) < N(0),
L) <CMNOTeNO)F7  or M(1)=CN©O) 7 L(1)*7.
Substituting the inequality above in (3.1) yields
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d
GLO+CNO “s L)'+ <0.

This inequality leads to
1 C _1\7°
L(t) < <L(0)‘o +—Ny ”t) ,
o

which is (1.10). We now turn to the proof of Part (b). According to Lemma 1.1 stated in the
introduction, it suffices to verify the two conditions in (1.18) in order to prove (1.11). That is, we
show that

o
/ (||atu(r)||iz + ldau®)3, + vnnalzu(r)niz) dt<C 3.7)
0

and

131172 + B2 D172 + vl d2u (D)3 5
<10u()[172 + 192u()[172 + villdiou(s)|I7,  forany t > s> 0. (3.8)

We take advantage of the wave equations in (1.9). Dotting the equation of « in (1.9) by d;u and
integrating by parts, we have

% (||atu||iz + l[B2ull7, + unnalzuniz) + 20101 3,ul7, + 2001 20ull7, =0.  (3.9)
Since the equations in (1.9) are linear, A5 'y satisfies the same equation
d 12 2 2 12 2
(10085l Nl + vl ) + 201018, A ullF + 20l 3,u)2 =0, (3.10)
It follows from (3.9) that

d
o (||atu||iz + l102ull7, + vnnalzuniz) <0,

which implies (3.8). To obtain (3.7), we need to establish one more energy estimate. We dot the
equation of u in (1.9) by u and integrate by parts,

d
25 (V0100 o) + 200201 + 20 ovauls +2 [ B =

Rewriting the last term in the equation above, we find

d
= (V910 + o} + 20, w)

+20102u|3 5 4 2vn D121, — 201dul7, =0, (3.11)
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where (3;u, u) denotes the L?-inner product. Let p = min {%, n}. Then the combination (3.9) +
(3.10)+ p x (3.11) yields

d
E(na,uniz + llull? s 420 @u, u) + (vn + pv)|91ull?,

+(1+ pm)l1doull 2, + 18, A5 ull, + vnnalzuuiz)
20181 8,u12 5 + 20l B29u |3, + 2v(1918 AL 'l
+2(n — P)18ull2, +2pl182ull, + 2vnp |B12u2, = 0.

Integrating the inequality above in time and using the fact that p < n and p < 1/2, we obtain

t
/ (20l + 25125 + 201910, A5 i
0

+2(1 = P)Idul 72 +2pll02ull3 > + 2vnp ||alzu||iz)dr
< CIIAS ol + I1A5  bol3,o,

which, in particular, implies (3.7). We have thus verified (3.7) and (3.8). Lemma 1.1 gives the
desired rate. Since b satisfies the same equation, the proof for (1.12) is the same. This completes
the Theorem 1.3. O
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