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Several inviscid models in hydrodynamics and geophysics such as the incompressible
Euler vorticity equations, the surface quasi-geostrophic equation, and the Boussinesq
equations are not known to have even local well-posedness in the corresponding
borderline Sobolev spaces. Here H* is referred to as a borderline Sobolev space
if the L°°-norm of the gradient of the velocity is not bounded by the H*-norm
of the solution but by the H*-norm for any 5§ > s. This paper establishes the lo-
cal well-posedness of the logarithmically regularized counterparts of these inviscid
models in the borderline Sobolev spaces. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4725531]

Dedicated to Professor Peter Constantin on the occasion of his sixtieth birthday.

. INTRODUCTION
It is not clear if the 2D Euler vorticity equation
0w+ u-Vo =0,
u=Vty =(=d,,0,)¢, A¥ =0

is locally well-posedness in the Sobolev space H'(R?). Since H'(IR?) is not embedded in L>(R?),
the classical Yudovich theory'? does not apply. A simple energy estimate reveals that one may need
to control the L*°-norm of Vu in order to obtain even a local bound for ||@|| 41, but unfortunately
| V|| 1o is not bounded by ||| 1. H'(R?) is at the borderline in the sense that L>°(IR?) is embedded
in H*(R?) forany s > 1 and (1.1) is actually globally well-posed in #* with s > 1. This phenomenon
of lack of local well-posedness result in a corresponding borderline space appears to be universal for
several other inviscid models. Among them are the 2D inviscid Boussinesq and the 2D ideal MHD
equations. Another outstanding model with this property is the inviscid surface quasi-geostrophic
(SQG) equation

(1.1)

0,0 +u-vVo =0,

1.2
u=VvV=ty, Ay =6, (12)

where @ = 6(x, 1) is a scalar function of x € R? and 7 > 0, and A = +/—A. (1.2) models actual
geophysical flows in the atmosphere and is useful in understanding certain weather phenomena such
as the frontogenesis (see, e.g., Refs. 5,7, and 10). (1.2) is locally well-posed in H* with s > 2 (see
Refs. 5 and 6), but the local existence in the borderline space H> remains unknown. The phenomena
of lack of local well-posedness result also exists for the 3D inviscid models. For example, the 3D
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Euler vorticity equations and the 3D Boussinesq equations are not known to be locally well-posed
in H>(R3).

This paper studies the local posedness of the logarithmically regularized counterparts of the
aforementioned inviscid models, although a global result is also provided for the regularized 2D Euler
equation. “Logarithmically” refers to the regularization at the level of logarithm of the Laplacian.
This study is partially inspired by a recent work of Chae, Constantin, and Wu,? in which a general
framework is laid out for dealing with inviscid models generalizing the 2D Euler and the SQG
equations. In the following P(A) denotes a Fourier multiplier operator, namely,

P(A)f(§) = P(ED F&).
We assume that the symbol P(|£]) satisfies
P >0, Pisradially symmetric, P € C(RY), P e C®R\{0}) (1.3)
and, for any integer jandn = 1,2, ..., 1 + [%],

sup  |[(I — A" PQ/InD)| = C P(Cy2Y), (1.4)
2-I<|p|<2

where C and Cy are two constants independent of j and n. As pointed out in Ref. 3, (1.4) is a very
natural condition on symbols of Fourier multiplier operators and is similar to the main condition in
the Mihlin-Hormander multiplier theorem (see, e.g., Ref. [11, p. 96]). All the operators that we care
about satisfy this condition. For the logarithmically regularized 2D Euler vorticity equation
dw~+u-Vo =0,
u=v=y, Ay =P o, (1.5)
(x.0) = wo(x),

we are able to show that any wy € H' leads to a unique local solution when P(|£]) obeys an explicit
integral condition as stated in Theorem 1.1. In particular, the result holds if

1
P(§D) = (n(e+ €)™ forany y > .

Theorem 1.1: Let wy € H'(R?) and consider the initial-value problem (IVP) (1.5). Assume the
symbol P(r) of the operator P(A\) satisfies

0o 2
f PO i < . (1.6)
1

r

Then, there is T = T (||wo|| 1) > 0 such that (1.5) has a unique solution w on [0, T] satisfying
6 € C(0, T1; H'(R?).

In particular, if we take
1
P(A)=(ne—A)"", y> X
then (1.6) is fulfilled and (1.5) has a unique local solution.

A key point in the proof of this theorem is that the nonlinear part can now be bounded in terms
of ||w|| 1. Similar local results hold for logarithmically regularized 2D Boussinesq and the 2D MHD
equations. The details are provided in Sec. 1.

Attention is also paid to a family of regularized SQG equations

86 +u-Ve =0,
u=VvV-+ty, APy =P(A)S, (1.7)
0(x, 0) = Op(x),
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where 1 < 8 <2. When 8 =2, (1.7) reduces to (1.5) while (1.7) with 8 = 1 is a regularized version
of (1.2). When P(A) represents a logarithmic regularization, (1.7) possesses a unique local solution
in H3~#(R?), as stated in the following theorem.

Theorem 1.2: Let 6y € H3P(R?). Assume that the symbol of the operator P(A) satisfies the
integral condition in (1.6). Then, there exists a T = T (||0y|| g3-8) such that (1.7) possesses a unique
solution 6 € C([0, T]; H>~#). Especially the logarithmically regularized inviscid SQG equation,
namely, (1.7) with B = 1, is locally well-posed in H>.

To prove this theorem, we identify H°>~# with the Besov space B;;ﬂ and estimate the norm
1ol B through the Besov space techniques. For the convenience of the readers, the definition of
Besov spaces and some of its properties are provided in Appendix. This theorem is proved in Sec. III.

Even though the vorticity formulation of the 3D Euler equations involves the vortex stretching
term, the local well-posedness theory can still be established for the logarithmically regularized
3D Euler equations and for the logarithmically regularized 3D Boussinesq equations. Here the
regularized 3D Euler vorticity equations and the Boussinesq equations assume the form

oow~+u-Vo=w-Vu,

(1.8)
u=Vxvy, AYy=PAMNow

and
doow+u-Vo=w-Vu+V x (fe3),
u=Vxy, Ay =PANo, 1.9
9,0 +u-vVe =0,

respectively, where es denotes the unit vector in the z-direction. The local theory in the space H H
can be stated as follows.

Theorem 1.3: Consider (1.8) with an initial vorticity wy € H%(R3). If the sygnbol of the op-
erator P(A) satisfies (1.6), then (1.8) has a unique local solution w € C([0, T]; Hi(R3))f0r some

T=T <||a)0||H%) > 0.

Theorem 1.4: Consider (1.9) with wg € H%(R3) and 6y € H%(R3). If the symbo{ of the op-
erator P(A) satisfies (1.6), then (1.9) has a unique local solution w € C([0, T1; H2(R?)) and
6 € C([0, T];H%(R3))forsome T=T <||a)0||H%, ||90||H%) > 0.

The proofs of the two theorems above involve Besov spaces techniques. The vortex stretching
term @ - Vuis handled differently from the convection term u - V. The details are given in Sec. I'V.
Finally we remark that it appears to be very difficult to extend the local well-posedness result for
the slightly regularized 2D Euler equation into a global solution in H'. Nevertheless, we are able to
obtain the global existence in W!?(R?) for any p > 2. The precise result is stated in Theorem 5.1 of
Sec. V.

Il. LOGARITHMICALLY REGULARIZED 2D EULER AND RELATED EQUATIONS

This section is devoted to proving Theorem 1.1. In addition, we also obtain parallel local well-
posedness theory for the logarithmically regularized 2D inviscid Boussinesq equations and the 2D
ideal MHD equations. First we prove Theorem 1.1.

Proof of Theorem 1.1: The key component of the proof is a local a priori H'-bound for w.
Once the bound for ||w|| 41 is established, the local well-posedness follows from a standard Picard
fixed-point theorem (see Ref. 8). It is clear that, for any 1 < g < oo,

lw(, Dllze < llwoll e
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We now estimate ||Vw|| 2. Dueto V - u =0, we have
1 2 2
S Vol = — | Vo Vu- Vo < [Vul~ [Vol?.. @.1)

In the Fourier space, u is related to w by

WE) = ETIEIT? P(IE) (&) (22)

and thus, thanks to (1.6),

Vil =< /RZIP(I";'I)I@(E)IdE

< U IP(IEI)|2I$|2d$}2 U £ P2 @@)Fds}z
R2 R2

= C|Vol . (2.3)

Inserting the bound above in (2.1) and combining with the L?>-bound yields

d 2
Zlelm = Cloll,

which implies

[0 1
ooty )l < — ol
I~ Crllanlm

To complete the proof for the H'-local well-posedness, a Picard type theorem on a Banach space
suffices (see Ref. [8, pp. 100—112]). One starts with the mollified equation

0w + J.(Jeu€ - VJ.w) =0,

u¢ = Vg, Ay = P(A)of
and treats it as an ordinary differential equation on H'. One then verifies that the nonlinear part
defines a locally Lipschitz map on H' and the Picard theorem assesses the existence of a local

solution w. A limiting process then yields a desired local solution. This completes the proof of
Theorem 1.1. g

Similar local well-posedness can be established for other logarithmically regularized 2D inviscid
models that share similar structures with the 2D Euler. Especially, the H' local well-posedness holds
for the logarithmically regularized 2D Boussinesq and the 2D ideal MHD equations.

Theorem 2.1: Consider the generalized inviscid 2D Boussinesq equations in vorticity
formulation

ow+u-Vo = o p,
ap+u-Vp=0,

u=vV+iy, Ay =P o,

o(x, 0) = wo(x), p(x, 0) = po(x).

2.4)

Assume that wy € H'(R?) and py € H*(R?). If the operator P(A) obeys the condition in (1.6), then
(2.4) has a unique local solution (w, p) € C([0, TT; HY x C(0, T1; H?).

We now turn to the generalized 2D ideal MHD equations. We use the formulation in terms of the
vorticity w and the current density j. It is easy to check that this formulation is formally equivalent
to the standard 2D MHD equations of the velocity and the magnetic field (see, e.g., Ref. 2).
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Theorem 2.2: Consider the generalized ideal 2D MHD equations
dw+u-Vo=>b-Vj,
0] +u-Vj=b-Vo+ 20, b(0yus+ 0y,u1) — 20y, u(dx, b2 + 9x,b1),
u=vV=y, Ay =P o, (2.5)
b=V+p, A¢p=P(A)j.
w(x,0) = wo(x), j(x,0) = jo(x).

Assume that wy € H'(R?) and joe H IRY. If the operator P(A\) obeys the condition in (1.6), then
(2.5) has a unique local solution (w, j) € C([0, T]; H'(R?)) x C([0, T]; H'(R?)).

lll. LOGARITHMICALLY REGULARIZED INVISCID SQG TYPE EQUATION

This section proves Theorem 1.2. The approach is to identify the Sobolev space H° with the
Besov space Bj, defined the Littlewood-Paley theory (see Appendix). This allows us to employ
the techniques associated with the estimates of Besov norms. An important ingredient in the proof
involves bounding Vu in terms of 6 and we need a proposition from Ref. [3, p. 41]. In this proposition,
Ajwithj= —1,0,1,2,... denotes the Fourier localization operators as defined in Appendix.

Proposition 3.1. Let u : R? — R? be a vector field. Assume that u is related to a scalar 6 by

(Vix = RiRm P(A) 0,

where 1 < i, k, I, m <d, (Vu)y denotes the (i, k)th entry of Vu and R, denotes the Riesz transform.
Assume the symbol P(|€]) satisfies (1.3) and (1.4). Then, for any integer j > 0,

18 Vitlze < Ca P(Co2) 186110, 1 =g < o0, 3.1)

where Cy is a constant depending on d only.
Proof of Theorem 1.2: As we have explained in the proof of Theorem 1.1, it suffices to establish
a local a priori bound for ||0|| y3-s. For this purpose, we write 0 = 3 — 8 (purely for notational

convenience) and identify H° with the Besov space B ,. Applying A; to the first equation in (1.7),

taking the inner product with A;6, multiplying by 2%/ and summing over j = — 1,0, ..., we find
li||9||m =— i 22‘”'/A-9A-(u -V6O)dx

2 dt o

j=—1
=L+L+L+1L+ I,
where, by the notion of paraproducts,

oo
L=-Y% 2201‘/Aj9 D 1A, Seoqu - V1AW,

j=1 lj—kl<2

oo
L=-Y 2% / AjO - Y (S — Sju) - VA AW,

Jj==1 [ —k|<2

L=—) 2 / A0 - (Sju-V)A;b,

j=-1

o0
==Y 2201‘/Aj9. D A M- VS10),

j=1 lj—kl<2

o0
Is = — Z 22‘71/A_,«0- Z Aj(Agu - VALO)

j=—1 k>j—1
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with Zk = Ag—1 + A¢ + Ag41- Thanks to V - u = 0, we have I3 = 0. We now bound /;. Noticing
that the summation over k contains only a finite number of terms, namely, |k — j| < 2, it suffices to
bound the typical term with k = j. By Holder’s inequality and a standard commutator estimate,

L1 <C Y 228013 1VSj—1ullee < ClIVUtllaolOll0- (3:2)
j=—
The second equation in (1.7) implies that u is related to 6 by
) =&HEPP(EN OE)
and thus, thanks to (1.6),

IVitlloo < /R £~ P(IED19()| dE

SU (ISI"P(ISI))Z}Z [/ (I#EIHI?(E)I)sz}Z
R2 R?

< Cllollne. (33)
Inserting this bound in (3.2) yields
111 < C 11013 (3.4)

Noticing that S; _ju# — S;u is a sum of a finite number of terms A; with [ between k¥ — 1 and j and
that |k — j| < 2, we apply Holder’s inequality to obtain

[e.¢]
1Ll < Y 227 1A011A jullee VA6
j=—1

To further estimate, we shift the derivative from VA;6 to A;u. For this purpose, we divide the sum
into two parts j <2 andj > 3,

2 oo

LI [ Y +D ] 2701801204l VA8 (3.5)

j=—1j=3

For the part j < 2, we apply Bernstein’s inequality of Appendix, Proposition 3.1 and the Hardy-
Littlewood-Sobolev inequality to obtain

1Ajulloo [VA;B]2 < CIA; VAP P(A) oo 14,012 < C1A;6]]3.
For the large mode part j > 3, the lower bound part of Bernstein’s inequality then applies and yields
1Ajulloo IV A6z < C 1A jullos 27 1A;601l2 < CIIVAjulloo | A;6]l2.
Bounding ||V Ajull« by (3.3) and inserting these estimates in (3.5) lead to
L] < C 0113 (3.6)
By Holder’s and Bernstein’s inequalities,

Ll <C Y 227A;002 Aju-VS; 6],

j=—1

o0
< D 228012 1A jul227 1116l oo- (3.7)
j=-1

As in the estimate of /;, we split the sum into two parts: j < 2 and j > 3. The low mode part j < 2
can be bounded as before and the high mode part satisfies

|Aull22) < CIIVAul, for j > 3.
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By Proposition 3.1, we have
IVAully < CP@Q)[A,6].

In addition, by (A1), ﬂ is supported on the ball of radius 2/ and thus

||S,,19||oos/ |ﬂ(s>|ds=/ w,-(s)|6(s>|dssc/ 16(8)| d&
R? R? |&]<2/

[ / (&) BN de]z ,
RZ

(ST

c -26-p) g }

(3.8)

(3.9

where (§) = /1 + |£|2. Since 1 < 8 < 2, we evaluate the first integral by polar coordinates and find

1
15101l < € (log(1 +27)* 1611
Inserting (3.8) and (3.9) in (3.7), we find that

. N
[Is] < C sup PQ27) (log(1 +27))* (1613

jz-1

Clearly, (1.6) implies that, there is an integer j, > 0,

. 1
sup P(27) (log(l + 21))2 <dC,
Jj>Jo

where C is a constant independent of j. Thus,

4] < C 1613,

To bound /5, we first apply Holder’s and Bernstein’s inequalities to obtain

oo

15| < Y 22711800 Y 27 1Al A0

j=—1 k>j—1
Interchanging the order of the double summation, we have

o]

Is| < > 2R 2K | Al 1801 Y 227D A 6.

k>—1 j<k+1

(3.10)

@3.11)

(3.12)

We again split the summation over k into the low and high mode parts. The low mode part is easily

handled and the high mode part obeys
2 Agull < C IV Al

Invoking similar estimates as in (3.8) and (3.10), we obtain

o0

. N
Is| < ClOlla Y 278 [ A013 ) 227 TDURP2b) (log(1 +27))7 .

k=—1 Jj<k+1
Thanks to (3.11), we have

|I5] < C 1613
Combining (3.4), (3.6), (3.12), and (3.13), we find

d
Eueuéa <Cl6l}.,

which yields a local bound for ||| g-. This completes the proof of Theorem 1.2.

(3.13)
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IV. LOGARITHMICALLY REGULARIZED 3D INVISCID MODELS

This section provides the proofs of Theorem 1.3 and Theorem 1.4, the local well-posedness of the
logarithmically regularized 3D Euler equations and the logarithmically regularized 3D Boussinesq
equations in the borderline space. The approach here is to identify the Sobolev norm H® with the
Besov space B, and apply the Besov space techniques. Direct manipulations with the Sobolev
space H* does not appear to work.

Proof of Theorem 1.3: For notational convenience, we write s for % in the entire proof. Since
the Sobolev norm H* is equivalent to the norm in the Besov space B; ,, the proof takes advantage of
the Besov space techniques.

Applying A; to the first equation in (1.8), taking the inner product with A;w, multiplying by
229 and summing over integers j > — 1, we obtain

1d )
- s =Ji+ o, 4.1
2dt”w”H 1+ 4.1)

where

oo

J| = Z 22S-7/Aj(w-vM)-A,a),

j=—1
h=-3" 22”‘/A,- - Vo) Ajo.
j=—1

To estimate J;, we decompose Aj(w - Vu) into paraproducts and write J; as

Ji=Ju+ Jio+ Jis,

where
Ji = Z 2251‘/ Z Ai(Si10 - VAw) - Ajo,
j=-1 lk—jl<2
o0
Jip = Z 22‘fo Z Aj(Aww - VS iu) - Ajo,
j=-1 lk—jl<2

00
Jiz = Z 22Sj/ Z Aj(Akw . Vzku) . A,w

j=—1 k=j—1
By Holder’s inequality, we have
oo
[Inl < C Y 22|80 VAjuly Aol (4.2)
j=—1

Noticing that Vu = VA~!'V x P(A)w and the boundedness of Riesz transforms on L2, we have

I1S;10-VAjulla < 1Sj-10lle IVAull2 4.3)

= ClISj—iolle 1A P(A)wll>.

By the definition of S;_ ; and Holder’s inequality,

1S, -1l s/@_l\w@nds 5/ @(6)] d&

1§12/

< C ol (log(1 +27)%. (4.4)
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Therefore, by Proposition 3.1,

IS;-10 - VAully < C [l (og(l +27) PQ7) A

Inserting (4.5) in (4.2) and noticing that, due to (1.6), for some j, > 0,
N .
sup (log(l + 2/))2 PR =<CcC,
J=Jo
we find

[e¢]

1l < € supog(l +27))2 PQ/) llu Y 22|03

J=Jjo j=—1
< C |l

J12 can be bounded easily. In fact, by Holder’s inequality,

oo

[Tl < C Y 22 (|Aj0 - VS qullz Aol
j=—1
< C [ Vullo |l 3

By a similar calculation as in (2.3), we have

Vulloo < Clloll s
Therefore,

|Ji2] < Cllwlly..

To bound J,3, we apply a different Holder’s inequality to obtain

oo
T3l < C Y 2YAolle Y A0 - VA,
j= e j—1

o0
<C Y 200k Y 1Al IV Azl
j==1 k>j—1

o0
<C Y ol IVAwlz Y 2[4 0] .

k=—1 j<k+1

Similarly as in (4.4), we have

.
[Ajolleo < C llwlly: (log(l +27))2.
In addition, by Proposition 3.1 again,

IVAw]> < CPQY) Akl

Inserting (4.11) and (4.12) in (4.10), we find

oo
il < Cllolla Y 2 awl} Y 22070 P2) (log(1 +27))2.

k=—1 j<k+1

Thanks to (1.6), we have, for large &,
P(2") < C(log(1 +2%):

and thus

o0
2ks 2 3
T3l < Cllolm Y 2% Awll} = C ol
k=—1

(4.5)

(4.6)

“4.7)

(4.8)

(4.9)

(4.10)

@.11)

4.12)

(4.13)

(4.14)
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Combining (4.7), (4.9), and (4.14), we have
11l < Cllol3.- (4.15)
We now turn to J;,. By paraproducts decomposition, we write
Jo = Jo1 + J2 + I3 + Joa + Jos,

where

00
]21 = Z 225-7/Aja)- Z [Ajv Sk,1Lt : V]Aka)’

j==1 lj—k|<2
o]

In=Y 225-'/Ajw. D Seciu = Sju) - VA Ao,
j=-1 |j—kl<2

[
J23 = Z 22”. / Aja) . Sju . VAJ'(U,
j=—1

o0

Joy = Z 22xj / Aja)- Z A_,-(Aku . VS](_]CL)),

Jj=-—1 |j—k|<2
o0

Jrs = Z zsz/Ajw. Z Aj(Agu - VA ).
j=—1 k>j—1

By Holer’s inequality and a standard commutator estimate, we have

o0
[l £ C Y7 2180l VS 1ullo Ajoll
j=—1

< ClIVullsollolF: < Cllwl.. (4.16)

To estimate J»,, we first notice that S;_ju — S;u contains only a finite number of terms Au for /
between k — 1 and j. By Holder’s and Bernstein’s inequalities,

ol < C Y 22V Aj0l2 1A julle 211 A ol 2.

j=—1

In order to apply the lower bound part of Bernstein’s inequality, we split the summation into the low
and high modes. That is,

2 o0
Il <C [ D0+ 2218002 1A jullw 21 Ajoll2. (4.17)

j=—1 j=3
For the high mode part j > 3, the lower bound part of Bernstein’s inequality and (4.8) imply that
1Ajulloo 2! < ClIVAjulloo < Cl|Vuulloo < Clloo]l s
For the low mode part j < 2, by the Hardy-Littlewood-Sobolev inequality
1Ajulee 2’ < CllAjulls = C IV x AT P(M)A0lls < CllA 0l

Inserting these estimates in (4.17), we find

|J22] < Cllwll.. (4.18)
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By V - Sju =0, we have J,3 = 0. To bound J»4, we first apply Holder’s inequality and Bernstein’s
inequality to obtain

o0
|| < C Z 22| Ajolla 1A jull2 27118 -10]l o
j=—1

As in (4.17), we split the summation into two parts. Since the low mode part can be easily handled,
we shall only present the details for the high mode part. Then

oo
[Jal <C Y 2 Aj0la VA jull2 1810 (4.19)
j=—1

Bounding [|[VAjull» ||S; - 1@ll« as in (4.3), we can bound Jy4 in the same way as for Ji1,
|12l < Cll@ll3..

Finally we bound Js. The idea is to first shift the derivative from w to u as we just did in estimating
Jo4 and then to bound it as in J;3. The bound is still the same,

3
| /25| < C ol

Collecting all the estimates, we obtain that

d, 2 3
210l = Clolly..

which yields a local bound for ||w|| gs. This completes the proof of Theorem 1.3. O
We now prove Theorem 1.4.

Proof of Theorem 1.4: The proof of this theorem is parallel to the previous proof. Since the
Boussinesq vorticity equation only differs from the Euler vorticity equation by the term V x (0e3),
a similar procedure as in the proof of Theorem 1.3 yields

d
el y < Clloll s + 1615 lol,3- (4.20)

We now estimate the evolution of ||0 ||H ;- Applying A; to the second equation in (1.9), taking the
inner product with A;6, multiplying by 2% and summing over integers j > — 1, we obtain
1d

o0
o ”6”2% =-> 251‘/A_,~ (u-V0)-A;0. 4.21)

j=—1

The term on the right-hand side can be further decomposed into the sum of

o0
Ki=-Y 251fAje- S (A, Seoiu- VIAW,

j=1 |j—k|<2

o0
K=-Y 251'/A,e- 3 (Seiu — Sju)- VA A,

Jj==1 lj—kl<2

Ky=->Y" 25f/Aj9-S,-u-VAj9,

j=—1

o0
Ki=— Y 25ijj9. 3 Aj(Awu-VS10),

Jj==1 lj—k|=<2

o0
Ks=— Y ZSJ/A]@. 3 A (A - VA).

=1 k>j—1
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As in the estimates of J,; and J,,, namely (4.16) and (4.18), we have
2 2 2
[K1] < CIIVMIIOOIIHIIH% =Clel,; I|9I|H%, IKa| = Clloll 3 ”9”11%'
Thanks to V - Sju = 0, K3 = 0. By Holder’s inequality,

o0
K4yl = C Z 28012 1A jullz 151 V0 [l co-
j=1

As in (3.8), forj > 3,
2 Ajuls < CIVAjullz < C P2 || Ajol).
Following a similar calculation as in (4.4), we have
1S;-1V8llo0 < C 18], 3 Qog(l +27))7.

Due to (1.6) and thus (4.6), we have

o0
[Kal <C )" 2914,61L 180ll 161,
j=—1

2
3 =Clloll 101 ;-

To bound Ks, we employ the idea used in dealing with J;3. By Holder’s inequality,

[o¢]
Ks| <C > 2918100 D Akl 1AV

j= k>j-1

o0
=C Y 1Al 1AVO 2 D 21 A;6]|oo-
k=—1 j<k+1

Similarly as in (4.22) and (4.23), we have

. . 1
2 Al < € PQY [ Mwola. 2 (1481 < 11611, 5 (og(l +27)3.

Therefore,

o0
[Ksl < CU0ll,5 D 22 1Akl 22 [AcVEL
k=—1

x Y 273D pY) (log(1 +27):.
Jj<k+1

Using the fact that P(2F) < C(log(1 + 2¢))~2, we obtain
2
|Ks| < C ||9||H% lell, .

Combining the estimates and inserting them in (4.21), we obtain

d 2 2
101, = CHOT s llell ;3

(4.20) and (4.24) together then yield the desired local bound. This completes the

Theorem 1.4.

(4.22)

(4.23)

(4.24)

proof of
O
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V. GLOBAL SOLUTIONS OF LOGARITHMICALLY REGULARIZED 2D EULER

This last section presents a global regularity result for the logarithmically regularized 2D Euler
equation (1.5). The global bound is obtained in a slightly different functional setting from the
borderline space.

Theorem 5.1: Let p > 2 and wy € WP(R?). Then the vorticity o of solution to (1.5) with P
satisfying (1.6) obeys

w € C(0, o0; WHP(R?)).
Proof: Applying V on (1.5), and then taking L*(R?) inner product with Vw|Vw|P ~2, we obtain

after integration by part,

1d » »
;EIIW)IIU < IVullL=lIVellz,.

and thus

d
IVl = IVullx Vol G.D

Since %”C{)”Lp = 0, we have from (5.1) that

d
7@l = ClIVull=ofw.r. (5.2)

We recall the following inequality proved in Ref. 9,
[ fllze = C{1+ I fllsmo InCe + [ fllwr2)},  p>d,
where d is the dimension of space. Then, we have
IVullp~ = C{1 + |[Vullgmo In(e + [ Vullwi.r)}
= C{l+ llwlsmo In(e + lwlwr)}
= C{l + oz~ In(e + wlwr)}
= C{l + |lwollr~ In(e + [|o|lwi.r)}, (5.3)

where we used the fact

Vu) = QED(E), Q) = &&1IE T P(ED,

and the operator defined by the multiplier Q maps BMO into itself. Substituting (5.3) into (5.2), one
obtains

d

7 lelwe = Clofw {1+ llwoll L~ log(e + llwllwr.r)} - (5.4)
By Gronwall’s inequality this provides us with the desired global bound. O
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APPENDIX: BESOV SPACES AND RELATED FACTS

This appendix provides the definitions of Aj, S;, and inhomogeneous Besov spaces. Related
useful facts such as the Bernstein inequality are also provided here. Materials presented in this
appendix here can be found in several books and papers (see, e.g., Refs. 1 and 4 or 12).
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Let S(RY) and S’(R?) denote the Schwartz class and tempered distributions, respectively. The
partition of unity states that there exist two nonnegative radial functions ¥, ¢ € S such that

cho11 ¢cAo311
supp ' 13) suep T )

VE+Y ¢\ =1 for EeR!,  ¢;&) =927 8,
Jj=0

suppy Nsuppp; =0 if j > 1,

suppp; Nsuppd =¥ if|j — k| = 2,

where B(0, r) denotes the ball centered at the origin with radius » and A(O, ry, r») is the annulus
centered at the origin with the inner radius r; and the outer radius r;.
Forany f € &', set

Af=F  'WEF)=Vx*f,
Af=F " (p;®)F () =% f j=01,2...,
Ajf=0 for j<-2,

j—1
S = Z Ar when j >0,
k=—1

where we have used F and F~! to denote the Fourier and inverse Fourier transforms, respectively.
Clearly,

V=Fl0), S=0=F @) ;00 =F#)0x) =2 0@

In addition, we can write
27

With these notation at our disposal, we now provide the definition of the inhomogeneous Besov
space.

f(ij)=lﬁ<é-) F(H- (Al

Definition A.1: For s € Rand 1 < p, g < 00, the inhomogeneous Besov space By,  is defined by

By ={res: Ifls, <o,

where
> ala
(X (2% 1a5f1e)") " if g < oo,
I fllss, = j==1 (A2)
sup 27 1A fller, if g = o0.
—1<j<oo0

The following Bernstein type inequalities are very useful and have been used in Secs. III-IV.

Proposition A.2 (Bernstein inequalities): Let o > 0. Let 1 <p < g < oo.
(1) Iff satisfies
supp f C (§ € R': [5] < K2/},
for some integer j and a constant K > 0, then

kj+jd(t -1
max |0 f o) = €270 L,

2aj+jd(L -1
(=2 fllLawey < C 229G~ | Lowey

for some constant C depending on K, p, and q only.
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(2) Iffsatisfies
supp f C (& e RY: K2/ < || < K»27)
for some integer j and constants 0 < K; < K, then

: gl 1
C 21 fllzowey = max 1D fllzaey < €240 f oy,

4 o
C 22| fll Loy < (=D fllawey < € 229G £l Loy

where the constants C depend on K, K», p, and q only.
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