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Abstract

Stability and large-time behavior are essential properties of solutions to many partial differential equa-
tions (PDEs) and play crucial roles in many practical applications. When there is full Laplacian, many
techniques such as the Fourier splitting method have been created to obtain the large-time decay rates.
However, when a PDE is anisotropic and involves only partial dissipation, these methods no longer apply
and no effective approach is currently available. This paper aims at the stability and large-time behavior of
the 3D anisotropic Navier-Stokes equations. We present a systematic approach to obtain the optimal decay
rates of the stable solutions emanating from a small data. We establish that, if the initial velocity is small in
the Sobolev space H YRHNH n 7(R?), then the anisotropic Navier-Stokes equations have a unique global
solution, and the solution and its first-order derivatives all decay at the optimal rates. Here H,,~ 9 witho >0
denotes a Sobolev space with negative horizontal index.
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1. Introduction

The goal of this paper is to understand the stability and more importantly the precise large-
time behavior of solutions to the 3D Navier-Stokes equations with only horizontal dissipation

osu~+u-Vu=—-Vp+vAju, x€R3,t>0,
V.-u=0, (L.1)
u(x,0) =up(x),

where u = (u1(x,t),uz(x,t),us(x, t)) denotes the velocity field, p = p(x, t) the pressure and
v > 0 the kinematic viscosity. Here A, = 8)%1 + 832. For notational convenience, we shall write
d; for ij with j = 1,2, 3. In addition, we use Vj, := (1, d2) for the horizontal gradient. (1.1)
arises in the modeling of anisotropic geophysical fluids for which the vertical diffusion is much
smaller than the horizontal one (see, e.g., [12, Chapter 4])).

Solutions of (1.1) emanating from general large initial data are not known to exist for all
time. Whether or not large smooth solutions can blow up in a finite time is an outstanding open
problem. However, any sufficiently small initial data with suitable regularity always leads to
a unique global solution. Significant progress has been made on the small data global well-
posedness and on the scaling invariant regularity criteria for (1.1) (see, e.g., [3-5,7,9-11,20,21]).
For the convenience of the readers, we provide a simple proof for the global well-posedness of
small data in H*(R3) with any k > 2 (see Proposition 1.1). The real issue concerned here is the
precise large-time behavior. The solutions in some the aforementioned references may grow in
time due to the application of Osgood type inequalities.

This paper aims at the exact large-time behavior and optimal decay rates of small global
solutions to (1.1). When there is full Laplacian dissipation, Schonbek and her collaborators have
developed powerful tools such as the Fourier splitting method to obtain the large-time behavior
of solutions to the Navier-Stokes and related equations with full dissipation (see, e.g., [13-16]).
However, these tools do not appear to work for the anisotropic Navier-Stokes equations like
the one in (1.1). New approaches have to be developed in order to extract the precise large-
time behavior for (1.1). This paper offers an efficient but not very sophisticated method for the
anisotrophic Navier-Stokes equations. The discoveries of this paper may help understand the
large-time behavior of many other anisotropic systems.

Before we describe our main ideas, we explain a basic fact about the decay of the heat equa-
tion. For any vy € L2, the solution of the heat equation

0;v = VvAwv,
v(x,0) =vo(x)
is known to decay to zero in the L2-norm,
lv(®)]l;2—0 ast — oo.
But this decay can be slow and there is no uniform rate [2]. In order to obtain an explicit decay
rate, extra assumptions on vy must be imposed. Two types of conditions are normally inserted, ei-
ther vg € L? with 1 < g < 2 or vg in a Sobolev space with negative index, namely vo € H 7 with

o > 0. This explains why we shall choose our initial data to be in the intersection of two Sobolev
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spaces, one with positive index and one with negative index. Since (1.1) involves only horizon-
tal dissipation, the negative Sobolev setting involves only negative derivatives in the horizontal
direction. To be more precise, we define H, 9 (R3) with o > 0 to be the space of distributions f
satisfying

1A, f 2 g, = / €172 1 F(§)1* d§ < oo,
R3

where &, = (&1, &) and the fractional Laplacian operator A;" is defined via the Fourier trans-
form

A0 FE) = &l FlE).

The exact functional setting for our initial data u is

upe H*®RHNH, " (R?), d3up€ H °(R?), <o <l.

AW

We will explain the range of ¢ later. Our aim is to achieve the optimal decay rates, namely the
rates for the corresponding heat equation,

a[M:UAhu, XGR3» t>0» (12)
u(x,0) =ug(x).
For ug € H*(R) N H, ° (R?), the solution of (1.2) satisfies
lu@Il e < Nuoll g4, IIM(t)IIHh—a = lluoll o
Furthermore, using the representation of the solution to (1.2),
u(t) = e’ yy,
we find
lu(®)ll 2 = [IA] €"2" A} Tugll 2 < C (v)~2 A, uoll 2. (1.3)
193]l 2 < C (v1) ™7 8345, uoll 2. (1.4)
_o+l _
IVhdsu()l 2 < C(v)™ 2 1A, uollz2. (1.5)

We are able to show that the solution of the anisotropic Navier-Stokes equation (1.1) obeys
the same decay rates as those for the heat equation (1.2). More precisely, we obtain the following
theorem.
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Theorem 1.1. Consider (1.1) with v > 0. Let % <o < 1. Assume
4 3 _ —0 —0 2 3
upe H°R”), V-up=0, A% uo, AT d3up €L (R7).
Then, there is € > 0 such that, if

luoll o3y + 1A, Tuoll 23y + 1A, 7 B3uoll 2 w3y < &,

then (1.1) has a unique global solution u satisfying

lu (@)l gar3y < Ce, (1.6)
A, Tu@®)ll2r3) < Ce, (1.7
@l 2@y < Ce(+07%,  [[Bsu@®ll 2@y < Cel+1)72, (1.8)

o+l
2

IVau@ll 23 < Ce(l+1) (1.9)
The decay rates in (1.8) and (1.9) coincide with those for the corresponding heat equation of
(1.1) and are thus optimal.

The decay rates in (1.8) and (1.9) are exact the same as those for the heat equations in (1.3),
(1.4) and (1.5), and are thus optimal. In addition, Theorem 1.1 assesses that the solution u re-
mains bounded and small in H, °, namely (1.7) for all time when ug € H, ° is small. This
especially implies that the anisotropic Navier-Stokes equation concerned here preserves and ac-
tually improves the regularity setting of the initial data. This distinguishes Theorem 1.1 from
many existing decay results, which provides no information on the boundedness of the solution
in the Sobolev space with negative index even though the initial data is required to be in this
space. In general it is not trivial to show that the solutions of partially dissipated systems remain
in the negative Sobolev setting for all time. Normally the solution regularity of such systems
deteriorates as time evolves.

Since the local-in-time well-posedness can be established by standard approaches (see, e.g.
[8]), we focus on the global a priori bounds on the solution. We adopt the bootstrapping argument
(see, e.g., [17, p. 21]). Assuming that ug € H*N Hh_a satisfies

luollgs =& and luolly-—o <

for sufficiently small ¢ > 0, the bootstrapping argument starts with the ansatz that, for r < T,

lu@ll s < Coe, (1.10)
A, u®)2 < Coe, 1.11)
()l 2, 1332()] 2 < Coe(1+1)7 2, (1.12)
o1l 2, 1d2u(t)ll 2 < Coe(1 +1)~3 73 (1.13)

for suitably selected Cp > 0. We then show via (1.1), (1.10), (1.11), (1.12) and (1.13) that
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Co
lu@ s < - & (1.14)
C
A, u(@®)]l2 < 708, (1.15)
CO _g
lu(@)ll L2, 103u ()2 < 78(1 +1)772, (1.16)
CO _o_1
II81u(t)||Lz,IIBzu(t)IIL2§78(1+t) 272, (1.17)

The bootstrapping argument then assesses that 7 = oo and (1.14), (1.15), (1.16) and (1.17) hold
for all t < oo.

Since the assertion that any small initial data in H* yields a unique global small solution
u € L*®(0, 0o; H*) itself represents an important fact, we take out this part and state it as a
proposition.

Proposition 1.1. Consider (1.1) with v > 0. Let k > 2 be an integer. Assume ug € H}(R3) with
V -ug = 0. Then there exists ¢ > 0 such that, if

luoll gx w3y <€,
then (1.1) has a unique global solution u € L*(0, co; H*(R3)) satisfying
lu() sy < Ce
for some constant C > 0 and for all t > 0.

As a special consequence of Proposition 1.1, we obtain (1.14). To show (1.15), we perform
energy estimates on || A, “u(t)|| 2. By invoking various anisotropic inequalities, we are able to
obtain a suitable upper bound for the nonlinear term

/ AL (u-Vu)- A, "udx
R3

1 o1 . B
<CIVi-unlljo luslly o * 1Vausll 2 103ull g2 (1A, T ull 2.

As a consequence, the time integral of this bound, together with the ansatz, yields the desired
upper bound in (1.15). In order to obtain the decay bounds in (1.16) and (1.17), we make use of
the integral representation of (1.1),

1
ut) =e"2nlyy — / "2y Vi) (1) dr,
0
where P = I — VA~!V. is the Leray projection onto divergence vector fields. This represen-
tation helps facilitate the estimates of ||u ()2, [|03u(?)||;2 and ||V4u ()| 2. The estimates of

the nonlinear terms are technical and involve many anisotropic inequalities. We shall leave the
technical details to the next section, which provides the proof of Theorem 1.1.
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2. Proof of Theorem 1.1

This section is devoted to the proofs of Theorem 1.1 and of Proposition 1.1. We need several
tools stated in the following lemmas.

The first lemma provides an upper bound for the L”-norm of a one-dimensional function,
which serves as a basic ingredient for anisotropic upper bounds. A proof can be found in [19].
Lemma 2.1. Let 2 < p < o0. Let s > % — % Then, there exists a constant C = C(p, s) such that,
Sfor any 1D functions f € H*(R),

1_l<l_i) l(l_L)
s\2 p 2 p

I fle@ < ClFll oy " 1A £l 2 g,

In particular, if p =00 and s = 1, then any f = f(x3) € H'(R) satisfies

1 1
1@y < C ANy 105 172 -

The second lemma provides an anisotropic upper bound for the integral of a triple product. It
is a very powerful tool in dealing with anisotropic equations. A simple proof of this lemma can
be found in [18].

Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.

1

1 1 1 1 1
/|fgh|dxs||f||zz||alf||zz||g||;2||azg||z2||h||zz||aah||zz,
R3

1 1 1 1 1 1
/|fgh|dx SUANE N0 £ 1002 f 12 10102 £ 17 181 25 1938 112 Al 2.
R}

The third lemma states Minkowski’s inequality. It is an elementary tool that allows us to
estimate the Lebesgue norm with larger index first followed by the Lebesgue norm with a smaller
index. The following version is taken from [1, p. 4] and a more general statement can be found
in [6, p. 47].

Lemma 2.3. Let (X1, 1) and (X3, 42) be two measure spaces. Let f be a nonnegative measur-
able function over X1 x X». Forall 1 < p <q < 0o, we have

” ILfCx) ey, m ”Lq(Xz,;Lz) = ” I1Lf (et I La (X, 00) “LP(Xl,m)‘

In particular, for a nonnegative measurable function f over R™ x R" and for 1 < p <gq < oo,

1Az @y | Lo ny < 1A Nz ]| Lo geom) -

The next lemma provides an exact L? — L9 decay estimate for the generalized heat operator
associated with a fractional Laplacian.
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Lemma24.letoc >0, >0,v>0,1<p<q <o0. Then

« o d (1 1
IAT e CA fll g may < Ct > 4 (; ‘f)IIfIILp RY)-
®R?) (

We introduce a few notations. We write || ||, » with j =1, 2, 3 for the L”-norm with respect
xj
tox;onR,and || f|l,» with j,k=1,2,3 for the L”-norm with respect to (x;, x) on R2. We
' Xj)(k
also write || f| L for || fll,«  to shorten the notation. In addition, the anisotropic norm
.X'])C2

WAllprg, =M lpg ey

is also frequently used.
We are ready to prove the proposition and Theorem 1.1.

Proof of Proposition 1.1. First of all, any initial data ug € H k with k > 2 leads to a local-in-
time solution. This is the consequence of the standard contraction mapping principle and a local
a priori bound on the norm ||u|| zx. The contraction mapping part can be verified via a standard
procedure and can be found in many references such as the book by Majda and Bertozzi [8]. We
focus on the global-in-time a priori bound for ||u(¢)]| g«. Due to the norm equivalence

3
If I3~ WG+ D llos f172 2.1)
m=1

and the uniform bound for the L2-norm of u,
t
w75 +2v / IVau()II3, dt = lluol?, (2.2)
0

it suffices to evaluate the last part in (2.1). Applying 8,1; to the equation in (1.1) and then taking
the inner product with 9% u yields

3 3 3
d
- D llopullys +20 Y IVadpulz,=-23" / Ok (u-Vu) - 9*udx =1 (2.3)
m=1 m=1 m=1

To estimate I, we rewrite it as

3 k

I=-2 %" Z(S)/a;;;uj ;0% ~%u; 0% u; dx, (2.4)

m,i,j=1a=1

k . . . . .
where o= m is the binomial coefficient, and we have used the fact that the term with

o = 0 vanishes due to V-u = 0. We divide the terms in (2.4) into two types, the terms with at least
one of m and j being 1 or 2 and the terms with m = j = 3. The first type can be handled directly
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by using the anisotropic inequalities in Lemma 2.2. Without loss of generality, we consider the
term with j = 1 and m = 3. By Lemma 2.2, this term can be bounded by, for any 1 <« <k,

'/ o uy 8§7°‘81u,~ Bé‘ui dx

1 1 1 1 1 1
3 3 pak— 2 k- 2 pak, 2 ko 12
< C 0% 12, 19105 w112 1105~ 0vu 1 2, 19305 yui 112, 105ui 112, 119295us 112,

2
< C I Vpull e el .

For the second type of terms, we have m = j = 3 and use the divergence-free condition dzu3 =
—d1u — dyuy. Therefore, these terms can be bounded by

‘[ 3§tu3 3§_a83ui Bé‘ui dx

= I/ ag’*l(alul + dun) 8§7“83ui 8§ui dx

1 1 1 1
—1 2 2 k+1— 2 k+1— 2
< C118 ™ Brunll 2, 15 01wl 195+ w12, 191051y,
1 1
k 2 k 2
x[0kuil7, a2k us
1 1 1 1
-1 2 2 ak+l— 2 k+1— 2
+C 13 dpuall 2, 105 Baua 2, 1051~ 12, 191051~ us 2,

1 1
k 2 k 2
x (195w 112, 113295 u;) 2,

< CIIVaullp Nl g
Thus any term of either type admits the same upper bound. Therefore,
1] < C ([ Vpull llull .

Inserting this upper bound in (2.3), integrating in time, adding to (2.2) and invoking the equiva-
lence, we find

t t
w13 +2v / IVau()I3 < lluoll 3 + Co f IV hl 3 lluell e d T (2.5)
0 0

When the initial data u is taken to be sufficiently small, say
ol g < Cg'w,

then (2.5) implies

t
2 2 2
)¢ + v/ Va2, < ol
0
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which yields the desired global uniform bound and the stability for |[u(?) || g«.
We now briefly explain the uniqueness at the H>-level, which can be quickly established.
Assume that u™ and u® are two solutions of (1.1) in the regularity class, for T > 0,

u®, u® e L>0,T; H).
The difference & = uY — u@ satisfies

Qi +uD Vi+u-Vu® =-Vp+vAi, xeR3 >0,
V.i=0, (2.6)
#(x,0)=0,

where p = p — p@ with p» and p® being the pressures corresponding to u" and u®,
respectively. Taking the inner product of & with (2.6) yields

d . - - ~
Enuniz + 20| Va7, = — / 7-Vu®  udx. 2.7

Since the dissipation involves only the horizontal dissipation, we need an anisotropic upper
bound for the term on the right. By Holder’s inequality and Lemma 2.1

~ 2) ~ ~12 ?)
— 7 vu® ddx < ||u Vu
/ <l ”L2L§3 I ”L%L?i

1 1
< C il 2 I Vil 2 1 Vu® 12, 1193V @) 2,

<VVaill 7, + CO) lu® |3, 1173

Incorporating this upper bound in (2.7) yields

d . ~ ~
Enuniz F VAT, < CO) @3 17117,

which leads to the uniqueness due to u® € L>(0, T; H?). This completes the proof of Proposi-
tion l.1. O

Proof of Theorem 1.1. The proof focuses on the global bounds in (1.6), (1.7), (1.8) and (1.9).

As pointed out in the introduction, the framework of the proof is the bootstrapping argument.
Assume that ug € H* N H, 7 satisfies

ol g + ol = + Nosuoll o <& 28)

for sufficiently small ¢ > 0. We make the ansatz that, forr < T,
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() 7+ < Coe.
1A, 7u@®)ll 2 < Coe,

@) 2. 183u ()]l 2 < Coe(1+1)7 7,
loru()l 2, 102l 2 < Coe(1 +1)~3 73

(2.9)
(2.10)
(2.11)
(2.12)

for suitably selected Co > 0. We then show via (1.1), (2.8), (2.9), (2.10), (2.11) and (2.12) that

Co
lu@)l e < > &
_ Co
||Ah0“(t)||L2 < 75,

Co _g
lu(@)l 2, 103u(®) g2 < 78(1 +1) 2,

o_ 1

Co 1
01 ()l 2, 12u(@) |l 2 < 78(1 +1)7 272,

2.13)

(2.14)

(2.15)

(2.16)

The bootstrapping argument then assesses that 7 = oo, and (2.13), (2.14), (2.15) and (2.16) hold

forall t < co.
As in the statement and proof of Proposition 1.1, if

luollgs < Crv

for some pure constant Cq > 0, then, for all time ¢ > 0,

lu()l g+ < lluoll 4

As a special consequence, if

e<Civ and |lupllgs <e,

then, for Co > 2,

Co
lu@llgs < lluollgs <€ < >

which is (2.13). We now show (2.14). Applying A;" to (1.1) and dotting with A;"u, we obtain

d  _ _ _ _
E||Ah°u||%2+2v||A}l Tull?, =—2/Ah"(u-Vu)-Ah"udx
=M.

M can be written as

M= —Z/A;U(ulalu +uzdou) - Ay “udx — 2/ A% (u3d3u) - Ay Tudx.
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Clearly the first two terms in (2.18) are better than the last term in (2.18) in the sense that they
contain the favorable horizontal derivatives. Therefore, the worst term is

M3 ZZ—/A;J(M383M1) ~A;0u1dx.

We set
1+a 1 2
—4+—=— or =
2727y =1 s
Clearly, for%§0< 1, we have
l<qg<?2.

By Holder’s inequality, the Hardy-Littlewood-Sobolev inequality and Lemma 2.3,

IM3| < [|A}, 7 (u3dzur)|lp2 | A, urllp2
= IIA;U(M333M1)||L]21 L A, utll 2
X3
= [lusdsurllpa| A, Turll2 (2.19)
nliez,
< || ||luz03u A %u
< |lluzd3 1||L§3 9 1A, utll2
< —0
=< |luslizgg 193unll 2, 9 A, T urllg2
<

lusll 2 N0suill 2,2 A, T utllze.
g s T T

The first part on the right-hand side can be further bounded as follows. By Holder’s inequality
with § = 1 + 221,

1
[[us | llusll; |I83M3IIL2

h —x3

<C ||u3||L2

H ||a3m||L2

< C ol ||u3||22 1
L',

1 1
EC”Vh'Mh”zz llus | 2
Lng,f"—l

1 o1 -
< CIVp-upl s llusll, o * IVRusll 57
Thus we have obtained the following bound
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1 ot I _
|M3| < CNIVi-unll 2 lusll o * I Vausll 2 103unll 2 1A, ull 2.
Similarly, the first two terms in (2.18) can be bounded by
— 2/ AL (updiu +uzdou) - Ay “udx
1 o1 - B
< Cllozurll;, lurll, o * I Vaurll, 57 W01l 2 1A, 7 ull 2

1 o1 - _
+ Clldsuall s lluzlly o 2 1Vauzll 2 12ull 2 1A, ull 2.

Integrating in time in (2.17) yields
1A, ul7, + 2v/ 1A, ull?,dt <N, (2.20)

where

t

o} - _
N:=C /I|33M1II 2 lunll o 2 IVl 27 Ndull 2 1A, ull 2 de
0

1— _
+c/uaan2 275 7 I 5 N0nul 2 A7l 2 de

+C/|IVh uh”Lz ||u3IIL22 Vw3l 27 193wl 2 1A, unll 2 d.

We then invoke the ansatz in (2.9) through (2.12) to bound N.

t

N<C / (Cos(l +r)—%)a (Coe(l +r)—”T“)H Coedt

Nl—

1 o—
+c/ Cos(1+1)~ %) (C05(1+r) )
0
o+1\ =0 o
. (Coa(l + r)_T) Coe(14+ 1) 2 Coedr

:CC883/(1+t)’%’1dr +ccga3/(1+r)*%*%dr 2.21)

<CC3é, (2.22)
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where we have used the fact that the time integrals in (2.21) are bounded for any % <o<l1.1If
we choose ¢ > 0 to be sufficiently small such that

1
CCpe < h (2.23)

then (2.22) and (2.23) implies

N < %cgez.

Inserting this bound in (2.20) yields
—o 112 1 2o
||Ah ””Lz < ZC()<’3 .

This completes (2.14).
To prove (2.15), we represent (1.1) in the integral form

t
u(t) ="'y —/e”AW—f)P(u -Vu)(t)dr, (2.24)
0

where [P denotes the Leray projection. Taking the L2-norm of (2.24) and noticing the bounded-
ness of P on L2 functions, we have

t
lu@ 2 < lle"* ugll 2 + / €20 (u - Vu) (7))l 2 d. (2.25)
0

The linear part in (2.25) can be easily bounded. In fact, by Lemma 2.4,
le"®uglly2 = € 1+ 0% (luoll o + lluoll 2 )
C o
< pe+n i, (2.26)

where Cy is selected to satisfy Cp > 4C. We bound the nonlinear part. Writing u - Vu = u101u +
u0ru + uzo3u, we realize that the worst terms are u3d3u and u3d3uz, which would yield the
worst decay rate. We should estimate them first. By Lemma 2.1 and Lemma 2.4,

t
/ le"2n =D 38311 (7)) 2 dT
0

t
A —
< f llle" 2 Duzdsur ()l 2112, T
0
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t
~1
s/na—w ?llusdsur (@)l 12, de
0

t
s/a—w%
0

t

1
< — )2
_/(t 7) I|u3(f)||L$§Lﬁ|I33u1(T)I|L§3L%df
0

llus (@Ol 2 193u1 (D)l 2 2 dt

t
_1
Sf(t—f) Hus(Oll 2o 10301 () 2 dT
0

t
1 : 3
s/}r—n Hlus @2, 10331, 31 (0]l 2 d
h™x3 h™x3
0

!
1 L 1
S/O—ﬂ_WwﬁM&UH®m1+%mXﬂﬁﬂzMwmﬂhﬂﬁ
X3 3
0

Invoking the ansatz in (2.9) through (2.12) yields

1
/lleuAh(t—f)u3a3u1(t)||L2dT
0
1
fcéng(t_r)—%(wr)—%(1+r)‘%_‘1“(1+’)_%df
0

t
=22 /(r —0) (1 41) 7 5 dr
0

C2e2(1+0)i° ifo <3
<) C3et1+n72 ifo>3
C22(1+0)"2In(1+1) ifo=3

<Gl (1+n72

for any % <o < 1.If ¢ is taken to be small such that

1
C()(C,' < FS, (227)

then
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t
C o
/ le" 2 =D 3830 (1)|| ;2 dT < E?s e(l+1)72. (2.28)
0
Similarly,

\ C
/ eV =D uzd3un (v) || 12 dT < EOS e(141)73. (2.29)
0

The terms with u191u or updu actually produce better decay rates. In fact,

t
/||e”Ah(’_T)u131u(r)||Lzdr
0
t
< [ WM Oupnuco) 13, de
0
t
_1
S[ll(t—r) 2||u131u(f)||L}1||L§3 drt
0

t
_1
s/(r—r) e @l 2 @l 2 g2, de
0

t

1
< [e =D @l ol ; dr
0

t
1
< [t =0 @l P de
0

2
LI

h™=Xx3

t
_1 3 3
S/(t—f) 2IILtl(T)IlzzL2 1031 (Dl 5,5 01(T)l 2 dT
A3
0

'
_1 ) i
s/(r—r) a2, 19501112, 191(0) ] .2 de.
0
Invoking the ansatz in (2.9) through (2.12) yields, for any o > %,

t
f”euAh(t_T)ulalu(T)“Lzdr
0
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t
=Gje? /(f — i+ T4+ T4+ de
0

t
=C}é? /(r — )i 41) " 1 dt
0

<C2¢? ((1 T G +t)*”)
<Cl2(1+n72
C() o
<Y a8, 230
< 1288( +1) (2.30)

where we have invoked (2.27). Inserting the upper bounds in (2.26), (2.28), (2.29) and (2.30) in
(2.25), we find

C o
le@lle < e (14075 @.31)
We now estimate ||d3u(?)|| ;2. Applying 03 to (2.24) and then taking the L2-norm, we have

t
83 ()]l 12 < lle " dsupll 2 + / lle"2n D3 (u - Vu)(t) || 12 d. (2.32)
0

As in (2.26), we have
le" " duoll2 = € 1+ (suol o + ol 2)
Co _o
< e+t (233)
To estimate the second part in (2.32), we write

03(u - Vu) = 03uq dju +u10301u + d3updou + up030ru
+03u303u + u3zd33u (2.34)

and realize that u3033u1 and u3d33u, are the terms with the worst possible decay rates. We deal
with them first.

t
/ eV 2n =D us d33u ()|l 12 dT
0

t

|

0

VA, (t—1) dr

le X
L,C3

u3 d33u(T)|l 2
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t
sc/a—w%
0

t
SC/(t—t)_%
0

13
_1
< [0l g Vol 2 e
0

u3 033u(t 1” dt
[le3 9330 ( )Ith 2

IIM3IIL5 ||333M(T)||L;1 2 dt
t
b !
=C [t —1) 2llusll;, 193u3ll, 1033ull 2 dT
0

t
BT 3 I yad i3
SC/O—I)HWﬂHH&m+ﬁwﬂUH%wyﬂ%wudt
0

We now invoke the ansatz in (2.9) through (2.12) to obtain, for % <o<l,
t
fﬂf“qus%whﬂuuh
0
t
<cale? /(r 1+ A+ i A+ Fdr
0

t
=CCé? /(r ) I+ 1) 1de
0

<CC2e2(1+1naots
<CCle? (14072,

The last inequality is exactly where we need o > %. That is, o > % is imposed to ensure that
n 1 .
——0+-<-—=.
6 4= 2

The other terms in (2.34) can be dealt with similarly. For example, the first term can be bounded
by

t
/ lle" 20 =D d3uy dyu(T)]|| 2 dT
0

73



R. Ji, J. Wu and W. Yang

Therefore,

Journal of Differential Equations 290 (2021) 57-77

t

5/Hnemh(’*f)awlalu(r)an , dr
h LX3
0
t
1
<c [a-o i o), ¢

X3

0

o3u ou(t dt
COUR I

t
sc/a—w%
0

t
_1
=c [0 il ol dr
0

t

_1 3 3
SCf(t—f) 21103urll > 1833u1ll 5 101U () || 2 dT
0

t
1 3 1
fc/h—wrfwwm;n%mmmeuwudr
0

t
) _1 _ 3 _1l_a
<CC& [t—1) 20 +1) (I +1) 2 Tdr
0

t
<CC2e? f(r ) I+ 02 de
0

<CcCle+nm.

t
/ e =D 83 (u - Vu)(r) || 2dT < CCRe> (1 +1)2
0

C ’
< Toe(l 1173, (2.35)

when ¢ is take to be sufficiently small. Combining (2.33) and (2.35) yields

o

Co _g
lo3u ()l 2 < 78(1 +1)7 2. (2.36)

(2.31) and (2.36) together verify (2.15).
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It remains to prove (2.16). Applying V}, to (2.24) and then taking the L?-norm, we have

t
VAU |2 < | Vhe " ug|l 2 + / [Vhe" 21D (- Vu) (1) || 2 d. (2.37)
0

As in (2.26), we have, for ¢ sufficiently small,
VAt —otl
195e" ull 2 = € (1 + 073 (Iloll o + ol 2)
o+l
2

L Co (14+1)"
—¢&
=7

To estimate the second part in (2.37), we first apply Lemma 2.4 to obtain

t
f [ Vhe" 200~ (u - Vu) (1)|| ;2 dT
0

t
<C /(r A I T Vu)(1)| ;2 dr. (2.38)
0

To distinguish between the horizontal and the vertical derivatives, we write u - Vu = u101u +
uydu + uzdzu. We remark that we cannot directly invoke the same estimates as those in (2.25).
For example, if we use the bound

1
lle"2n =D yusd3ul| 2 < C (1 — 7) "2

u3o3ull ;1
lle303 ”Lh .

as before, the integrand in (2.38) would involve (¢ — 7)~!, which is not integrable! To avoid this,
we perform different estimates. Let g satisfy

2
l1+o°

1

q

+ or g=

o
2

| =

For % <o <1, we have 1 < g < 2. We bound the worst term u#3d3u in (2.38). Applying
Lemma 2.4 yields,

t
/(r — )2 " 20— y3d3u(t)| 2 dT

0
1
:/(l‘—‘[)_%
0
1
< fu-o¥
0

VA, (t—1) dt

2
L2,

lle uzdzu(o)ll 2

drt.

2
L3,

Hu333u(T)HLZ
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‘We then bound

[[uzd3u(T) ”LZ L2 as in (2.19) to obtain
X3

1 o1
< A 2 2 l1—o
[ussue o 1z, 5 €IVl sl NV 37 ol

The term with #303u in (2.38) is thus bounded by, for any % <o<l,
t
/||vhe“Ah(’*f>u3a3u(r)||Lzdr
0

t
_lio 5 o1 1-
scf(t—r) 2 Va2 usll ] 2 I Vausll) 5 103ull 2 d

0

t
< ch &2 /(t — ‘L’)fl# 1+ t)f(%f")(%Jr%) (1+ T)*%(UJr%) dt
0

t
=CClé? /(r o T A4 i % dr
0

<CCR2(+n 7

< e anE
=T8°0°¢ '

The terms with u101u and u>d2u in (2.38) can be bounded similarly and they admit the same
upper bound. Therefore, we have verified that

C -
Va2 < 7°e<1 +n T

This completes the proof of Theorem 1.1. O
Acknowledgments

Ji was supported by the National Natural Science Foundation of China (NNSFC) under
grant number 12001065. Wu was partially supported by the National Science Foundation of
the United States under grant DMS 1624146 and the AT&T Foundation at Oklahoma State
University (No. 22-52300). Yang was supported by the NNSFC (No. 12061003), the NSF of
Ningxia (No. 2020AAC02029), the Third Batch of Ningxia Youth Talents Supporting Program
(No. TIGC2018054), and the Young and Middle-Aged Talents Program of the National Ethnic
Affairs Commission of the People’s Republic of China.

76



R. Ji, J. Wu and W. Yang Journal of Differential Equations 290 (2021) 57-77

References

[1] H. Bahouri, J.-Y. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differential Equations, Grundlehren
der Mathematischen Wissenschaften, vol. 343, Springer-Verlag Berlin Heidelberg, 2011.

[2] L. Brandolese, M. Schonbek, Large time behavior of the Navier-Stokes flow, in: Handbook of Mathematical Anal-
ysis in Mechanics of Viscous Fluids, Springer, Cham, 2018, pp. 579-645.

[3] J. Chemin, B. Desjardins, I. Gallagher, E. Grenier, Mathematical Geophysics. An Introduction to Rotating Fluids and
the Navier-Stokes Equations, Oxford Lecture Series in Mathematics and Its Applications, vol. 32, The Clarendon
Press/Oxford University Press, Oxford, 2006.

[4] J. Chemin, P. Zhang, On the global well-posedness to the 3-D incompressible anisotropic Navier-Stokes equations,
Commun. Math. Phys. 272 (2007) 529-566.

[5] D. Iftimie, A uniqueness result for the Navier-Stokes equations with vanishing vertical viscosity, SIAM J. Math.
Anal. 33 (2002) 1483-1493.

[6] E. Lieb, M. Loss, Analysis, 2nd edition, Graduate Studies in Mathematics, vol. 14, American Mathematical Society,
2001.

[7] Y. Liu, P. Zhang, Global solutions of 3-D Navier-Stokes system with small unidirectional derivative, Arch. Ration.
Mech. Anal. 235 (2020) 1405-1444.

[8] A. Majda, A. Bertozzi, Vorticity and Incompressible Flow, Cambridge University Press, 2002.

[9] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques, Rev. Mat. Iberoam. 21 (2005) 179-235.

[10] M. Paicu, Equation periodique de Navier-Stokes sans viscosité dans une direction, Commun. Partial Differ. Equ. 30
(2005) 1107-1140.

[11] M. Paicu, P. Zhang, Global strong solutions to 3-D Navier-Stokes system with strong dissipation in one direction,
Sci. China Math. 62 (2019) 1175-1204.

[12] J. Pedlosky, Geophysical Fluid Dynamics, 2nd edition, Springer-Verlag, Berlin, Heidelberg, New York, 1987.

[13] M. Schonbek, L? decay for weak solutions of the Navier-Stokes equations, Arch. Ration. Mech. Anal. 88 (1985)
209-222.

[14] M. Schonbek, M. Wiegner, On the decay of higher-order norms of the solutions of Navier-Stokes equations, Proc.
R. Soc. Edinb., Sect. A 126 (1996) 677-685.

[15] M. Schonbek, T. Schonbek, Moments and lower bounds in the far-field of solutions to quasi-geostrophic flows,
Discrete Contin. Dyn. Syst. 13 (2005) 1277-1304.

[16] M. Schonbek, T. Schonbek, E. Siili, Large-time behaviour of solutions to the magnetohydrodynamics equations,
Math. Ann. 304 (1996) 717-756.

[17] T. Tao, Nonlinear Dispersive Equations: Local and Global Analysis, CBMS Regional Conference Series in Mathe-
matics, American Mathematical Society, Providence, RI, 2006.

[18] J. Wu, Y. Zhu, Global solutions of 3D incompressible MHD system with mixed partial dissipation and magnetic
diffusion near an equilibrium, Adv. Math. 377 (2021) 107466.

[19] W. Yang, Q. Jiu, J. Wu, The 3D incompressible Navier-Stokes equations with partial hyperdissipation, Math. Nachr.
292 (2019) 1823-1836.

[20] T. Zhang, Global wellposed problem for the 3-D incompressible anisotropic Navier-Stokes equations in an
anisotropic space, Commun. Math. Phys. 287 (2009) 211-224.

[21] T. Zhang, Erratum to: Global wellposed problem for the 3-D incompressible anisotropic Navier-Stokes equations
in an anisotropic space, Commun. Math. Phys. 295 (2010) 877-884.

77


http://refhub.elsevier.com/S0022-0396(21)00269-2/bib8539EF1FBA74A70F5A77FCC3F25C1659s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib8539EF1FBA74A70F5A77FCC3F25C1659s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib716532E71EE658F71EEAFAC9A7905BB2s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib716532E71EE658F71EEAFAC9A7905BB2s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib8E284BCB799EE42A1A69623F98714EEBs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib8E284BCB799EE42A1A69623F98714EEBs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib8E284BCB799EE42A1A69623F98714EEBs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibE409747FC95D5D32C7CE0C114811A76Fs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibE409747FC95D5D32C7CE0C114811A76Fs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib786887572F6EF1C20F2D8177CB2F1639s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib786887572F6EF1C20F2D8177CB2F1639s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4502EA5DCC2B2CF1AC11FE01B5F68826s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4502EA5DCC2B2CF1AC11FE01B5F68826s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibD0F4E29F016AEA0F16545CC35FF347E7s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib6B5659E10FEDF712FE60941C3BF0E59Es1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibD4DDDABA501FA77740DB6709C57DC694s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibD4DDDABA501FA77740DB6709C57DC694s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib5E1C7D006031B20B132985A93E8BF06Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib5E1C7D006031B20B132985A93E8BF06Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib7E96E62F216196B2D95E325F90E68853s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibBDD4535ACD367077A4029FF0A9AA2900s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibBDD4535ACD367077A4029FF0A9AA2900s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib6EC9B0D9CF371BD211F26FEC07BC7300s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib6EC9B0D9CF371BD211F26FEC07BC7300s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib02A5B6439AC0B39402176E1F4D213D91s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib02A5B6439AC0B39402176E1F4D213D91s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4C8819286E244D97A04B5185CDC1A920s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4C8819286E244D97A04B5185CDC1A920s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibACE1785AC351E22A3D18E594D77A67DDs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibACE1785AC351E22A3D18E594D77A67DDs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibCA298CEF5838D7D69EF8335C8C19CE9Cs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bibCA298CEF5838D7D69EF8335C8C19CE9Cs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4D691600CC9F3FF81650BA9E98B5572Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4D691600CC9F3FF81650BA9E98B5572Bs1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4CEDA08D5AE7F13B8312B980EFCB5E95s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib4CEDA08D5AE7F13B8312B980EFCB5E95s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib43D24454C457093BA0FFA64C2B5C1B85s1
http://refhub.elsevier.com/S0022-0396(21)00269-2/bib43D24454C457093BA0FFA64C2B5C1B85s1

	Stability and optimal decay for the 3D Navier-Stokes equations with horizontal dissipation
	1 Introduction
	2 Proof of Theorem 1.1
	Acknowledgments
	References


