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Abstract

The present work focuses on an approximating control design for optimal mixing of a non-dissipative
scalar via Navier-Stokes flows in an open bounded and connected domain 2 C R2. The objective is to
achieve optimal mixing at a given final time 7" > 0, via the active control of the flow velocity through the
Navier slip boundary control, where Sobolev norm for the dual space (H 1 (Q)) of H 1 (2) is adopted for
quantifying mixing. Both passive and active scalars governed by the transport equation will be investigated.
Our current approach will lead to a more transparent optimality system for characterizing the optimal so-
lution compared to our previous work [12]. This is achieved by first introducing a small diffusivity to the
transport equation and then establishing a rigorous analysis of convergence of the approximating control
problem to the original one as the diffusivity converges to zero. Moreover, uniqueness of the optimal solu-
tion is obtained.
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1. Introduction

Consider a scalar field that is advected by an incompressible flow in an open bounded and
connected domain € C R?, with a sufficiently smooth boundary I'. The transport equation is used
to describe the mass distribution or scalar concentration, where molecular diffusion is assumed
to be negligible. Consider the flow velocity induced by control inputs acting tangentially on the
boundary of the domain through the Navier slip boundary conditions as addressed in [12]. Our
motivation is based on the observation that moving walls accelerate mixing compared to fixed
walls; see, e.g., [5-7,24]. The objective is to design an optimal Navier slip boundary control that
optimizes mixing at a given final time 7' > 0. The system of equations reads

00 +v-Vo=0, (1.1)
v —vAv+v-Vv+Vp=£E&bes, (1.2)
V.v=0, (1.3)

where 6 is the mass distribution or scalar concentration, v is the velocity of the flow, v > 0
is the viscosity, and p is the pressure. For the convenience of notation, we set £ = 0 for the
passive transport and £ = 1 for the active transport, via buoyancy-driven flows modeled by the
2D Boussinesq approximation. The Navier slip boundary conditions are given by [19],

v-nlr=0 and Qvn-D@W)-t+av-7)lr=g-71, (1.4)

where n and 7 denote the outward unit normal and tangential vectors with respect to the domain
Q,and D(v) = (1/2)(Vv + (Vv)T). The friction between the fluid and the wall is proportional
to —v with the positive coefficient of proportionality . The nonhomogeneous boundary term g
with g - n|r = 0, is the control input, which is employed to generate the velocity field for mixing.
The initial condition is given by

(0(0), v(0)) = (6o, vo). (1.5

With the help of divergence-free condition (1.3) and no-penetration boundary condition v - n|r =
0in (1.4), it is easy to verify that; see, e.g., [3,8], any L”-norm of 6 is conserved, i.e.,

10 llr) = l60ollLr), t=0, pell, ool (1.6)

Throughout this paper, we use (-, -) and (-, -), without ambiguity, for the L2-inner products
as well as the duality in the interior of the domain €2 and on the boundary T, respectively. The
symbol C denotes a generic positive constant, which is allowed to depend on the domain as well
as on indicated parameters.

1.1. Boundary control for optimal mixing

As discussed in our previous work [12], we study the vortex-enhanced mixing since it is
widely recognized that mixing can be enhanced by introducing strong streamwise vortices [4,
26,27]. Consider the optimal control problem as follows: For a given 7 > 0, find a control g
minimizing the cost functional
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T
1 2 Y2 ¢ 2
T8 = 3101 g + 2181, - 5/ IV x vl2.dr, ()
0

where V x v = d1vy — dpv; stands for the vorticity, { > O is the regularization parameter for
vorticity, U,gq is the set of admissible controls, and the parameter y > 0 is chosen to establish
the relative weight depending on the first and the third term. However, it is also true that the
long-time dynamics may be dominated by strong coherent vortices that can possibly slow down
mixing. Therefore, parameter ¢ can be used to test the sensitivity of mixing rate with respect to
vorticity. Soblev norm | - || 1(g)) is adopted to quantify the degree of mixedness because of the
property of weak convergence [18,23,25], which is defined by

[(fs @) as )y, He ()]
1fll sy = sup W Q@) H @) e (g5(Q)) for s>0, (1.7)
eH () 1l prs

where (f, ) (s @)y, 13 @) = Jo f® dx. We have the Gelfand triple
HY(Q) C LX(Q) C(H Q). 5>0,

with the embeddings being continuous and compact. The space H*(2) may be defined as the
domain of an operator A® equipped with the norm || - || gs, where A is self-adjoint, positive
and unbounded in L(). Correspondingly, the space (H*(£2))’ can be identified as the domain
of A™% equipped with the norm || - ||(gs(g)y, and hence A% € L(HY (), (H*())"). In this
paper, we continue to adopt || - [[(1(q)y for qualifying mixing as in [9,12]. In particular, we set
A = A"1Y2 where A is given by

0
Ap=(-A+ D¢, ¢eDA) ={peH (Q: %Ir=0}- (1.8)
Then D(A) = D(AY?) = HY(Q) and D(A™") = D(A™'/?) = (H(Q))'.
To set up the abstract formulation for the velocity field, we use the same notations as defined
in[12]

VIQ)={ve H(Q):divv=0, v-n|r =0}, s5>0,
ViM) ={geH M) :g-nlr=0}, s=0.

1.2. Preliminary results

To solve problem (P), it is crucial to identify the set of admissible controls U,4, which is
usually chosen to establish the well-posedness of problem (P) and the existence of an optimal
solution. In fact, derivation of U,qg requires a more in-depth analysis in studying differentiability
properties of the control-state map. In the current approach, the first-order optimality conditions
for solving the minimum of J subject to model (1.1)—(1.4) will be derived by using the variational
inequality, that is, if u is an optimal solution of problem (P1), then

J'(u)-(g—u)=0, Vg€ U, (1.9)
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where J'(u) - g stands for the Giteaux derivative of J with respect to u in every direction g € U,g.
As afirst step to carry out (1.9), one needs the map u — (9, v) to be Gateaux differentiable, which
gives rise to the following major difficulties [12].

Due to zero diffusivity and the nonlinear coupling v - V6 in the transport equation, establishing
the well-posedness of the Gateaux derivative of 6 with respect to u, i.e., 8'(u) - g, for g € U,y,
requires sup; ¢ 77 | V0|l 12(q) < 00, which in turn demands the flow velocity to satisfy

T
/||VU||LOO(Q)dT < 00. (1.10)
0

Therefore, the initial condition and the control input for system (1.1)—(1.5) have to be identified
such that (1.10) holds. As shown in our recent work [12], for boundary control the time regularity
on the boundary data has to be imposed on the cost functional J. Furthermore, establishing
the a priori estimate (1.10) needs a sharp estimate on the state space so that the compatibility
conditions for the boundary and initial data can be possibly avoided. The a priori estimate (1.10)
becomes the major obstruction since ||[Vv|| .~ can not be bounded by ||v|| 2 based on Sobolev
embedding in 2D domain [8,12,13]. Utilizing spectral decomposition analysis in [12], we were
able to establish the existence of an optimal Navier slip boundary control to problem (P) for
(0o, vo) € (LN HY) x H! and the first-order optimality conditions for solving such a controller
in both passive and active cases. This indicates that the compatibility conditions for initial and
boundary data are not required for Navier slip boundary control, and hence the control input can
act only on a portion of the boundary I'. In addition, vorticity can be clearly addressed on the
boundary using Navier slip boundary conditions. However, due to (1.10) the time derivative of
control input was imposed on the cost functional in order to obtain the Gateaux differentiability of
(6, v) with respect to u. For computational convenience, the first derivative du /9t was employed
rather than the lower order fractional time derivatives. The set of admissible controls was chosen
to be

9
Ud = {u e L20, T; V,,*T () : a_L; e L*0, T; vno(r))} , V86>0, (1.11)

equipped with the norm

u
”u ” Uga = ” u ” LZ(O,T; V,,l/2+8(l—')) + ” 5 ” LZ(O,T; V,?(F)) .
As a consequence, the second derivative % appears in the optimality conditions, and therefore

it is intractable to characterize the features of the optimal velocity field [12, Theorems 4.6 and
5.5].

1.3. An approximating control approach

In this paper, we propose an approximating control strategy to lower the regularity required
on the boundary data, which is applicable for solving more general optimal control problems
governed by the semi-dissipative systems. A dynamical system is called semi-dissipative if the
system is dissipative in some variables, but not in others [3].
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To relax the regularity required on the boundary data, we consider an approximating control
approach by adding a small diffusion term € A8, for € > 0, to the transport equation, and then
establish a rigorous analysis of convergence of the approximating control problem to the original
one as the diffusivity approaches to zero. The approximating control problem is formulated as
follows: For a given T > 0, find a control g. minimizing the cost functional

T
1 14 ¢
Je(8) = S 10D ey + S gellt, — 5 / IV X vell 72 g dt, (Pe)
0

subject to an approximating system governed by

0i0c +ve - VO =€ANb., €>0, (1.12)
0tVe + Ve - Ve + Vp =vAve +Eb6cer, & €{0,1}, (1.13)

with the Neumann boundary condition is imposed on the scalar equation

on
and the Navier slip boundary conditions
ve-nlr=0 and Qun-Dwe) T+ ave-T)lr =g 7. (1.15)
The initial condition is given by
(6(0)., ve (0)) = (60, v0) € LX(R) x V, (). (1.16)

With a small diffusivity in (1.12), it is possible to prove the existence of an optimal control to
problem (P¢) for

g € Ueyy = L*(0, T; V().

Moreover, the Gateaux derivative J/(ge¢) - ke, for he € Ue,,, is well-defined, and thus the varia-
tional inequality (1.9) can be established without involving the time derivatives of g.. It is also
worth to point out that although the set of the admissible controls U, has low regularity in time
and space, the optimal control g} solved from the resulting optimality system usually gains reg-
ularity [12]. The key is to investigate the relation between the approximating control problem
(P¢) and the original one (P). This approach has been applied to solve the passive mixing via
Stokes flows in [10]. Although the parabolic regularization of the transport equation is standard,
new and significant challenges are encountered in the treatment of the active scalar case when
E=1.

The outline of the rest of this paper is as follows. In Section 2 we first address the well-
posedness of the nonhomogeneous Navier slip boundary value problem (1.1)—(1.5) with low
regularity on the boundary data. Next we analyze the convergence of the approximating system
governed by (1.12)—(1.16) to the original one governed by (1.1)—(1.5). In Section 3 and Sec-
tion 4 we establish the existence of an optimal solution to the approximating control problem
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(P¢) and derive the first-order necessary conditions of optimality by using a variational inequal-
ity. Then we show that the optimal solution (g}, v}, 6}) to problem (P.) strongly converges to
some (g*, v*,0%) as € — 0, which turns out to be the optimal solution to the original problem
(P). In Section 5, we present the sufficient conditions on the parameters ¢, y, and T, to obtain
the uniqueness of the optimal solution (g*, v*, 6*).

2. Well-posedness of the nonhomogeneous Navier slip boundary value problems
We first discuss the global well-posedness of the nonhomogeneous Navier slip boundary value

problem (1.1)—(1.5) with low regularity on the boundary data. First recall the Stokes problem
with Navier slip boundary conditions

—VvAv+Vp=0, 2.1
V.v=0, 2.2)
v-nlr=0 and Qvn-D@)-t4+av-7)r=g¢g- 7. 2.3)

The following results and lemmas are provided in [11,12,14] and the references cited therein. To
be self-contained, we present the complete statements.

Lemma 2.1. Assume that  is an open bounded and connected domain with boundary T € C'+1,
Let g € H=Y/2("). Then, there exists the pressure unique up to a constant such that

lollZ + 121172 < cllgly -1 (2.4)
Moreover, if T '€ C*! and g € an/z(F), then (v, p) € Vnz(Q) x HY(Q) and
loli3 + P15 < clglfynry- 2.5)

Lemma 2.2. Ler Q2 C R?2 be an open bounded and connected domain with boundary T’ € C?. Let
v,ueC3(Q)nc! (R2) satisfying the Navier boundary conditions (1.4). Then

/AU “Yrdx = —Z/D(v) D) dx +/(%g-r)(1ﬂ~r)dx —/ %(U-‘L’)(Iﬁ~‘[)dx. (2.6)
Q Q r r
In particular, when = v, we have
2 1 « 2
/Av'vdx=—2/|D(v)| dx+/(;g~r)(v-r)dx—/;(v-r) dx. 2.7
Q Q r r

In addition, if letting @ = V X v, then by [12, Lemma 2.2] we get

1
w=-Yw-1)+-g-t on T, (2.8)
v V
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where k denotes the curvature of I'. If each component of I'" is parameterized by arc length s,

on __ dn __
thenﬁ_ Iy =kT.

Define the bilinear form
ao(w. ¥) =20 ). DY)+ =(v. 9. ¥ €V, ().
By Korn and Poincare’s inequalities and trace theorem, it is easy to check that
ctlvl?) <ao(w,v) < callvll3,,

for some constants ¢y, ¢ > 0. Thus ag(-, -) is H'-coercive. Define the operator A : an (Q) —
(V) ())' by

(Av, ¥) = ao(v, ¥).

The Lax-Milgram Theorem implies that A € E(an (), (an (2))"). This also allows us to identify
A as an operator acting on V,?(Q) with the domain

P(A)={ve an (Q): ¥+ ag(v, ¥) is Lz—continuous}.
According to (2.6), A = —PA is the Stokes operator associated with the Navier slip boundary
conditions, where PP is the Leray projector on L>(£2) on the space V,?(Q) [22, p. 13]. Note that A

is self-adjoint, strictly positive, and hence the fractal powers of A are well-defined. It immediately
follows that for v € an (2)

1l AV2v] 2 < D)2 < c2ll A0 2. (2.9)

Moreover, it is proven in [12, Proposition 2.7] that the domains of A° for 0 <o <1 can be
identified as follows

3
PA) =V, 0=o<, (2.10)
3
and 2(A%) ={veV>?(Q): Qun-D)-t+av-1)|r =0}, J<o=L
Furthermore, the Poincaré inequality holds

1A%v]l 2 <27 P IA ]I, 0<e<p <l (2.11)

To address the nonhomogeneous boundary value problem, we define the Navier slip boundary
operator N : L) — VHO(Q) by

1
Ng=v = a,¥)=(-g. V), V€ V).

Based on (2.6) in Lemma 2.2, v = Ng satisfies the Stokes problem (2.1)—(2.3) and
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1
N*A1ﬂ=;w|r, Y e P(A). (2.12)

Moreover, by Lemma 2.1 and (2.10)

N: L2T) = V22 @) c V75 Q) = DAY+ /2y, ¢ >0,
and thus
AN € L(LA(D), V(). (2.13)

By virtue of (2.4) and (2.10) it is also true that
AYVIN e L(HTV2(T), V(). (2.14)

Making a change of variable, we can rewrite the solution to the nonhomogeneous boundary
value problem (1.2)—(1.5) by using the variation of parameters formula

t t
v(t)=e—"A’vo+fe—“A<’—f>P(v-W)dr+/e—“A<’—f>JP(.§9e2)dr+(Lg)(t), (2.15)
0 0

where e V4! ¢ > 0, is an analytic semigroup generated by —vA on V,,?(Q) and L in (2.15) is
given by

t
(Lg)(t) = / vAe "ATI Ng (1) dr. (2.16)
0

The following properties hold for analytic semigroups (cf. [20, p. 74, Theorem 6.13], [15, Propo-
sition 0.1]),

e Vel (vno(sz), L*(0,T; D(Al/z))) , (2.17)
(A e 4| < Mot e, o >0, (2.18)
for My > 1, w > 0. Also,
t
—VA(t-1) . . 2 . 1/0 2 .
e dt: continuous L=(0, T; V,/ (2)) — L“(0, T; D(A)) (2.19)

0

t
and / e™"AU=Y) gt continuous L2(0, T; V() — C([0, T]; D(AY?)).  (2.20)
0
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For v - n|r = 0, the regularity properties of L can be derived by following the similar ap-
proaches as in (cf. [1, Theorem 3.1.4, Theorem 3.1.8], [15, Lemmas 3.2.2-3.2.3], and [21,
Theorems 2.5-2.6]). For 0 <s < 1/2,

L e L(L*0,T; V()N H*(0,T; V(I)),
L2, T; V7 P2@) n H P40, T; vO(Q)). 2.21)

For 1/2 < s <1, (2.21) holds if g(0) = 0. With the help of (2.14), (2.10), and (2.19) we get
L e L(LXO,T; V, 2(T), L0, T3V, (2))). (2.22)

Furthermore, the L2(0, T'; -)-adjoint operator L* of L is given by

T T
(L*Y)(t) = / VN*Ae ATy (1) dr = (/ e ATy (1) dT)|p. (2.23)
t t
Slightly modifying the proof in [, Theorem 3.1.9] yields
L*el (LZ(O, T: V() N H 0, T; Vo)), L20, T; V22 n B W40, T v,?(r))) ,

(2.24)

for 0 < s < 1. The results in (2.21) and (2.24) are obtained by using the regularity of N
given by (2.13), the properties of an analytic semigroup given by (2.17)—(2.20), and the in-
termediate derivative theorem, based on the similar procedures as in the proofs of (cf. [15,
Lemmas 3.2.2-3.2.3], [1, Theorem 3.1.4 and Theorem 3.1.8], and [21, Theorems 2.5-2.6]).
Now we are in a position to discuss the well-posedness of the nonhomogeneous Navier slip
boundary value problem (1.1)—(1.5) with different initial data.
Let

S=L%0,T:V,/** () nH'/*20, T; vO(I)), V50, (2.25)
equipped with the norm
”g ”S = ”g ||L2(O,T; V,,1/2+5(F)) + ”g ||H1/4+2/5(0,T;V,9(F))' (226)
The following theorem provides a sharper estimate on the boundary data in order to establish the
well-posedness of (1.1)—(1.5) compared to [12, Theorem 4.1 and Theorem 5.2], where the first
order time derivative is required on g.

Theorem 2.3. Consider the nonhomogeneous boundary value problem (1.1)—(1.5).

(1) If By, vg) € L*°(R2) x an (), g €S8, then for any T > 0, there exists a unique global solu-
tion to (1.1)—(1.5) satisfying

(0,v) € L0, T; L®(2)) x (C([0, T1; V}(2)) N L*(0, T; VZ()), (2.27)
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and
ov
101 Lo 0.7: o)) + IVl oo, 7: 1)) + IV 2200, 7: H2(2)) T | TS lz20.7:22(2))
<C(l8olle=, lvoll g1, lIglls, T). (2.28)

() If (6o, vo) € HY(Q) x Vn1 (RQ) and g € S, then for any T > 0, there exists a unique global
solution to (1.1)—(1.5) satisfying

0,v) € L®(0, T; H'(Q)) x (C([0, T]; V() N L0, T; VX)),  (2.29)
v
191 o0 0,751 @) + IVl Lo 0,73 10 () F WV 220, 72020 157 20,7 22(02))
< C6ll g1, lvoll g1, lgls, T), (2.30)
and (1.10).

Proof. It suffices to prove these results hold for the active scalar case, i.e., & = 1.
Part (1). The proof for (2.27) with homogeneous Naiver slip boundary conditions has been
established in [11, Theorem 1.1], where to show the existence of a unique solution, one needs

T
/ vl g2 dt < oo. (2.31)
0

For g # 0, it suffices to identify the regularity of the boundary datum g such that

Lge L0, T; VI(Q) N L*0,T; VZ(Q)). (2.32)

Applying the variation of parameters formula (2.15) and the regularity of L given by (2.21), we
obtain

IL&ll 20, 7;v2@)nH! 0.7:v0@) = lIglls: (2.33)
where L2(0, T; V2(Q)) N H'(0, T; VY()) c C([0,T]; V,}()) by [16, Theorem 3.1, p. 19].
Thus (2.32) follows immediately.

Part (2). To complete the proof for (2), we make use of the results in [12, Theorem 5.2] for
(6o, vo) € HL(Q) x an (€2). It remains to show that

T
/ IV(Lg) L~ dt < oo,
0

for g € S. Using Agmon’s inequality for d = 2 together with (2.21) yields
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T T
/ IV(Lg)llzdi < CVT( / ILgI% 1 dD'? < CVT|glls. (2.34)
0 0

forsome 0 <e <1/2ande <§. O
Next theorem establishes the global well-posedess of the approximating system (1.12)—(1.16).
The proof can be easily carried out using the variation of parameters formula together with energy

estimates for (v, 6¢).

Theorem 2.4. Consider the approximating system (1.12)—(1.16).

(1) If (B¢, ve) € L°(R) X an () and g¢ € L%, T; Vno(l")), there exists a unique weak solu-
tion (O¢, ve) satisfying

(0. ve) €(C (10, TT; L®(R)) N L*(0, T; H' ()

x (€0, T1; V2 () N L2(0, T; v, > ())). (2.35)

Moreover, if (Oc,, Ve,) € L(R2) X Vn1 (RQ) and ge € S, then

(6. ve) € (C([0, TT; L®(2)) N L*(0, T3 H'(R))) x (C([0, TT; V,/ () N L*(0, T; V,A())).
(2.36)

(2) If (O, vey) € HY(Q) x VH(Q) and g € S, then

(e, v (C([0, T1; H' () N L*(0, T; H*(2))) x (C([0, TL; V,/ () N L*(0, T; V,}()))

(2.37)
and
96,
19l oo 0.7: 1 2y + VENO Nl 120,72 202y + I WHLZ(O,T;LZ(Q))
dve
+ Vel poo0,7: 1 () + Vel 20,7 2 () + ”W”Lz(O,T;LZ(Q))
< C0eoll s vl s lIgellss T)- (2.38)

2.1. Convergence of the approximating system

This section addresses the convergence issues of the approximating system (1.12)—(1.16) to
the original system (1.1)—(1.5).

Proposition 2.5. Assume that (Oc,, ve,) = (00, vo) € L*(2) x an (RQ) and gc = g € S. Let
(O, ve) and (0, v) be the corresponding solutions to the approximating system (1.12)—(1.16)
and the original system (1.1)—(1.5), respectively. Then for any T > 0,
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10 —Oll (g1 (@yy = O uniformlyint €[0,T], as €—0, (2.39)
lve —vll;2 = 0 uniformlyint €[0,T], as €—0, (2.40)
T
and / ||Al/2v6 — A1/2v||%2 -0 as e€—0. (2.41)
0

The proof utilizes the Yudovich techniques and the Osgood inequality as in [11, Theorem 1.2].
We present the necessary details for the convenience of the reader. The following Osgood type
inequality will be used, which can be found in [11, Lemma 2.5].

Lemma 2.6. Let T > 0and I = [0, T). Let f > 0 be a measurable function on I. Let A > 0 and
B>0,and A, Be L' (I). Let M > 0 be a fixed constant. Assume that f satisfies, fort € I,

% <Af+Bf(InM —1Inf).
Then, fort € 1,
£y < )¢ PO pp1-e BEOE i Awyeli B (2.42)
Especially, f(0) =0 implies f(t) =0fort e I.
Proof of Proposition 2.5. Let ® =6, — 0, P = p. — p and V = v — v. Then
0 +v-VO 4V .Vl =€cAb,, (2.43)
%V +v-VV+V.-Vy.=-VP+vAV +£0O¢;, (2.44)
with boundary conditions
Veonlr=0 and Qvn-D{V)-t+aV - -1)|r=0. (2.45)
The initial condition is given by
(©(0), V(0)) =(0,0).
Define n and n, by
An=6 1in £, g—Z—i—n:O onT, (2.46)
Ane =6, in L, 88% +n.=0. onT. (2.47)
There exist unique solutions to equations (2.46)—(2.47). Let H = ne — n. Then
AH=0 in{, E—i—H:O onT. (2.48)

on
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Taking the inner product of the velocity equation with V yields

1d .
EEnvu;=v/Av-Varx+/sg®e2-x/czyc—fx/-v1;€-x/cz)c. (2.49)
Q Q Q

By Lemma 2.2,

/AV~de=—2/|]D)(V)|2dx—[oe(V~r)2dx

Q Q r
and
|/V-w€ Vdxl < IVuel 21V Is < CIVvell 2 IV IV V2
Q
U
= f|1D><V)| dx+fa<v D2 dx) + Cl|Vue 24V
r
Moreover,

|/s®é'z~de| <EIVVILIVHI ss£<2/|D<V>|2+/a<v-r)zdx>+C§||VHlli2.
Q Q

Thus,

d
SIVIZ+ v(2f|1D>(V)|2 +/a(v 1)2dx) < C|IVe| 3, I VI3, + CEIVH?,.  (2.50)
Q r

Taking the inner product of the scalar equation (2.43) with H yields

d
EHVHHiZ=/v~V(AH)de+/V-V0€de—/G(Aé’g)de. (2.51)
Q Q Q

Using (2.48), we have the first term on the right hand side of (2.51) satisfy

|fv-V(AH)de|=|/v~V((AH)H)dx—/(AH)U-Vde|
Q

—|—/8k8kH(v VH)dx|
Q

oH
:|/8kH(8kv-VH+v~V8kH)dx—/8—(v-VH)dx|
n
r



5822 W. Hu, J. Wu / J. Differential Equations 267 (2019) 5809-5850

= |/akH8kUVH dx + (H, U'VH)(H1/2(]"),H_1/2(F))|
Q

< |/VH~Vv-Vde|+||VH||L2||v-VHIIL2, (2.52)
Q

where
IVHI 2 llv- VH 2 < Cllvllz= IVHI?, < Cllull 2 IVHI. (2.53)

To estimate the first term on the right hand side of (2.52), we employ Yudovich’s method. Recall
that by Sobolev’s embedding inequality, for any 2 < g < oo,

IVvllLa@) = C(2) g Vvl 2+ C() g IVVull 2
=CE ) qIVvllp2+C()q vl g2,
which gives

Vvl L
pi

q=2

= Clvll 2. (2.54)
For any 2 < g < 0o, by Holder’s inequality,

[ VH V- VH A < 19 H Vol IVHI
La—

Q
1-2 2

<IVHI 2 IVVliLa IVHI  IVH |
Let M = ||VH|| L. Then for any 2 < r < oo,
M= |VH| %~ <C|VVH| <C|6]r < oo.

Thus by (2.54), for any 2 < g < oo,

2 2(1-1y
|/VH-VU~Vde| <CM3|VH|,, " VvlL

Q

2 2-2
=Cqlvlig2MaIVHI

2 _2
=C ol IVHI, (qM‘f IIVHIIL{’> :

2

2 _Z
By taking ¢ =2In(M/||VH||;2), we obtain the minimizer of g M ¢ ||VH||L2[’ , that is,
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2

2 — £
min gM4|VH| ) =2 (InM —In|[VH||2).
2<g<oo

Consequently,

|/VH-VU~Vde| < C||v||H2||VH||iz(lnM—ln||VH||L2).
Q

For the second term of the right hand of (2.51), we have

|/V~V«96de|:|/V~V(9€H)dx—/9€V~Vde|
Q Q Q

<10ellz=(IVI2, + IVH|Z,).

The third term of the right hand of (2.51) satisfies

—e/(AOG)de = —e/(A@)de — e/(A@)de

=—e/®2dx—e/6Ade,

where the second term on the right hand is bounded by
€ 2 € 2
€| 00dx < - | O°dx+ = | 6°dx.
2 2
Finally, combining (2.51) with (2.52)—(2.58) gives
LNVHIZ, + S1O12, < Clloll 2 IV H 2, (In 8 — In | VH2)
dt L2 79 L2 = H? L? L2
0 VIZ, + IVH|,) + S16)2
16l (V2 + IVHI72) + S 161152,

which, together with (2.50), yields

d
S IVHIL: +IVIL) < CIVU IV Iz + CEIVHIIL
+ Clvll g2 IVH|7,(n M — In[|VH|| .2)

0 VI, + IVHI2,) + S110)12
F O llLoe IV L2+l ||L2)+2|| ll72-

Let Y(1) =8+ VI, + IVH|3, for any small § > 0. Then Y (1) satisfies

dt

d ~ €
—Y S CE+ | Vell72 + [10ell=)Y + Cllvll 2Y In M —InY) + 5"00”22,

5823

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)
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for any € > 0. By Osgood inequality (2.42) and (2.28), letting €,6 — 0 yields ||V||i2 +
IVH ||i2 — 0 uniformly in ¢ € [0, T], and hence (2.39)—(2.40) hold. (2.41) follows immediately
from (2.50). 0O

To establish the convergence of the adjoint systems later on, we shall need a stronger conver-
gence of 6, to 6. To this end, we let (6p, vo) € H! () x an (£2) in the following result.

Proposition 2.7. Assume that (0c,, ve,) = (60, v0) € H'(Q) x VI(Q) and g. =g € S. Let
(e, ve) and (0, v) be the corresponding solutions to the approximating system (1.12)—(1.16)
and the original system (1.1)—(1.5), respectively. Then for any T > 0,

16 —6ll;2 — 0, wuniformlyint €[0,T], as e€—0, (2.62)
lve = vllg1 = 0, uniformlyint €[0,T], as €—0, (2.63)
/ |Ave — Av|2,dt -0, as e—0. (2.64)

Proof. The convergence results (2.62)—(2.64) can be established by applying L>-estimate for ©
and H'-estimate for V together with the regularity result (2.29). Taking the inner product of
equation (2.43) with ©® gives

1d
VT 1817 < IV LIVl 21O 12 + €| Abell 21Ol 2

< CIIAVII2IVOell 21Ol 2 +€I|A9ellL2I|®I|L2

<

< AV, + C(I V6. I|L2+1)II®IIL2+ IIA9 172, (2.65)

(o]

which implies
2 v 2 2 2 2 2
||®||LzsZ/||AV||L2dr+c/<||vee||Lz+1>||®||L2dr+e /nAeeandt. (2.66)
0 0 0

To estimate fOT |AV| ;2 dt, we employ the following variation of parameters formulation for V

t t
V(1) =e "MV (0) —/e—”‘(f—”ﬂm(v VV +V-Vu)dr —I—/e_”A(t_t)}P’(é@ez) dr,

0 0
(2.67)

where V (0) = 0. According to (2.19)—(2.20) we get
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T T ’
||A1/2v||i2+“/IlAvnizdffC/”P(”'V”V'V”E)”izd”cgz/”®”i2dt
0 0 0

T T
< c/(||v||i4||vvni4 + VTl Vel3,) dt + ch/ 1017, dt
0 0

T
gc/||v||Lz||A”2v||Lz||A1/ZV||L2||AV||L2dr
0

172

L2

T
3/2
+C 1AV pav)
0

T
1A 2ve| 7, dr + C8? f 117, dr
0

T T
< c</ 32142017, 11A2V 13, dr)‘”(/ IAVI[Z,dn)'/?
0 0

T T T

8/3

+C(/ A2V, A oY) )3/4(/ ||AV||§2dr>”4+C$2/||®||§2dz
0 0 0

T T
vV
sc/ oIz, A2l 7, 1A 2V 17, di + Z/nAvuiz dt
0 0

T T T

v

+Cf||A1/2vniz||A”2ve||§é3dt+1/||AV||izdt+cszf||®||§2dt. (2.68)
0 0 0

Note from (2.38) that efOT ”AGEHiZ dt < oo. Thus combining (2.66) with (2.68) and letting
€ — 0 yield

T T
V
||®||iz+||A‘/2V||iz+Zf||AV||izdrscf||v||iz||A‘/2v||iz||A‘/2V||izdr
0 0

T T

8/3

+ Cf 1AV 2, 1A o35 dr + C/<||vee||§2 +1+£H]0]7,dt
0 0

T
8/3
s/c<||v||iz||A”2v||’iz H A2 185 V62, + 1+ ED B2, + A2V | 12) dr.
0
(2.69)



5826 W. Hu, J. Wu / J. Differential Equations 267 (2019) 5809-5850

By Poincaré inequality (2.11), [|[v]l;2 < Af1/2||A1/2v||Lz, where A1 > 0 is the lowest eigenvalue
of A. According to (2.28) and (2.38), | A'/%v]| 2, | A'/?v¢| ;2 and || V6,]| ;2 are bounded. Apply-
ing Gronwall inequality to (2.69), we obtain |@| ;> = |A'/?V| ;2 =0 and fOT ||AV||i2 dt =0.
This completes the proof. O

3. Existence of an optimal solution in control space with low regularity

In this section we establish the existence of an optimal solution to problems (P) and (P¢) for
g € Uyg, where

Usa = L*(0, T; V(). 3.1
Recall the definition of a weak solution to (1.1)—(1.5).

Definition 3.1. For (6, v9) € L®(R) x V(Q) and g € L*(0, T; VO(I")), (8,v) € C([0, T},
(HY(©))) x C(]0, T]; V,?(Q)) N L%0,T; an (2)) is said to be a weak solution of equation
(1.1)—(1.5), if (0, v) satisfies

(%, ) — (9, Vp) =0, Voe HY(Q), (3.2)

9
(8—;}, ¥) +20(D ), D)) +av, ¥) + (- Vo, ¥) = (g, %) + EPOer, ), Vi € V,1(Q).
(3.3)

The existence of a weak solution to (3.2)—(3.3) is proven in [1 1, Propositions 3.1-3.2], which
satisfies

172 3/2

(0,v) € L®(0, T; L¥(R)) x (C([0, T1; V,'“(2)) N L*(0, T; V;/*(2)))

and

ov
101l Loe0, 7202y + IVl Looo, 7 m1/2¢2)) F IV 2200, 7: H32(02)) T | ar lL200.7:22(02))
< Cl6llze, llvoll g1, l1gllUag> T)- 34

However, in the active scalar case the uniqueness can not be obtained for the boundary data with
such low regularity, as the a priori estimate (2.31) on velocity does not hold.

Theorem 3.2. Assume that (6y, vy) € L*°(Q2) x an (). There exists an optimal solution g* € Uy
to problem (P).

Proof. The proof follows the similar procedures as in [12, Theorm 5.3]. We provide a com-

plete one for the convenience of the reader. Since J is bounded from below, we can choose a
minimizing sequence {g,,} C U,q such that

lim J(gn) = inf J(g). (3.5)
m—0oo g€l
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This also indicates that {g,,} is uniformly bounded in Uy,q, and hence there exists a weakly con-
vergent subsequence, still denoted by {g,,}, such that

gm— g% weaklyin L%(0,T; VO(I)). (3.6)

Correspondingly, by (3.4) we can extract subsequences {v,,} and {6,,} such that

vn — v* weaklyin L0, T; H?*(Q)), (3.7)
3 dv*
Dm %Y eaklyin L2(0,T: H-2(Q)), (3.8)
at at
and
On — 0°  weakly® in  L°(0, T; L™(R)), (3.9)

where by the compactness theorem [22, Theorem 2.2, p. 186], it follows that
vy — v* strongly in - L2(0, T; V(). (3.10)

Next we verify that (6%, v*) is the weak solution based on Definition 3.1. Note that g,, and
(O, vin) satisty

(%,qﬁ)—(vm@mﬂ(ﬁ):& ¢ € H' (Q), G.11)

av,
(5 ¥) + 20D ). D) + (v, ¥) + O Vo, )
=(g. V) + EOmer, ¥), Y €V, (), (3.12)
with (6, vi) = (60, vp). Let (¢, W) be a vector of continuously differentiable function on [0, T']
with (¢(T), ¥(T)) = (0, 0). For each (¢, ) € H'(Q) x an(Q), we multiply (3.11) by ¢ and

(3.12) by W, respectively, and then integrate by parts. After integrating the first term by parts for
each equation, we get

T T
- /(0m7¢¢)dt —/(vam,VWP)dt = (60, 9¢(0)), (3.13)
0 0

T
— /(vm, W) dt + 20D (W), D)) + @V, ) + (W - Vo, Y I)
0

= (gm, V) + Omez, ¥) + (vo, ¥ ©(0)). (3.14)

Since ¢ € L1(0, T; LY (Q)), it is straightforward to pass to the limit in the first term of the left
hand side of (3.13) with the help of (3.9). To estimate the second term of the left hand side of
(3.13), we use the convergence results (3.9)—(3.10) and get
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St~

T
/ (Unb) - V(@) dx it — / f (W*6%) - V($g) dx di]
Q 0 Q
T
< / / (Omb) - V(9) — (v°6m) - V() dx di|
0 Q
T
+ f / (W ) - V(99) — (v*6%) - V() dx di|
0 Q

T T
S/IIvm—v*lle||9m||L°<>|IV¢||L2|</)Idt+I//(Qm—9*)v*'v(¢¢)dxdtl,
0 0 Q

where

T
/ lvm — V¥l 2 10m | L IV @l 21| dt
0

< llvm — U*||L2((),T;VY9(Q))||90||L°°||V¢||L2||<P||L2(0,T) — 0.

Further note that v* - V(¢g) € L'(0, T; L'(€2)), and hence by (3.9)

T
I//(Gm—9*)v*-V(¢g0)dxdt|—>0.
0 Q

Passing to the limit in (3.11) yields

T T
—/(9*,¢¢>dr—/<v*e*,vw>=(eo,dxp(on, e H' Q).
0 0

To show
W - VU, Y 0) — * - Vo*, ), v eV!(Q),

we write

(Um - Vo, w\p)Z/vimai(vjmwj\y)dx_/vimvjmai(wjlp)dx

Q Q

= —/v,-mvjmai(wjlll)dx.

Q

(3.15)

(3.16)

(3.17)
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Since {g;,} is uniformly bounded in L%, T: V,? (2)), by (3.4) {v,} is uniformly bounded in

L?(0, T; H¥*(R)). Further utilizing (3.10) we have

T

/v,-mvjma,-(l/fjlll)dxdt—//v;“v;'fai(wjlll)dxdﬂ
Q Q

0

S t~—

Q 0

T T

<1 [ [ = shomdrcowraxari i [ [ o= vpac oz
0 Q
T

T
§/||Um_U*”LZ”Um”L"C||Vw||L2|\I’|dt+|/||U;k||L°°||Ujm_U7||L2||ai1pj”L2|lI’|dt|
0 0

<llvm — U*||L2(0,T;V$(Q))||Um||L2(0,T;H1+E(Q))||VW||L2||‘*I’||L°°(0,T)
+ 107 20,7 10+ oy 1om — V™ 20,73 vo @ IVE 2 MWl oo, 1) — 0, 0 <& < 1/2,
Moreover, it is straightforward to verify that (6*(0) — 6y, ¢¢(0)) = 0 for any ¢ € H' () and

(v*(0) — vg, Y P(0)) =0 for any ¢ € an(Q). Thus (6*(0), v*(0)) = (6p, vo). Finally, using the
weakly lower semicontinuity property of norms defined in J yields

J(g*) < lim infJ(g,).
m—0o0
This completes the proof. O

Since the existence of an optimal controller to problem (P) is independent of €, the existence
of an optimal controller to problem (P.) can be obtained in a similar fashion.

Theorem 3.3. Assume that (6y, vg) € L°°(2) x an (2). There exists an optimal solution g} € Ugq
to problem (P¢).

4. Optimality system of problem (P,) and its convergence

In this section we derive the first-order necessary optimality conditions for problem (Pc) by
using a variational inequality (cf. [16]), that is, if g, is an optimal solution of problem (Pc), then

J(ge) (fe —8) =0,  fe €Usa. (4.1)

We first present the following two lemmas to address the linearized problem of (1.12)—(1.16) and
its adjoint system.

Lemma 4.1. Assume (9, vo) € L®(Q) x VI(Q) and g € Uyy. Let ye = (v.(ge) - he), 2e =
0.(8e) - he, and qe = pL(8) - he be the Gateaux derivatives of ve, Oc, and pe with respect to
8e in every direction he in Ue,,, respectively. Then (e, z¢) is the solution of the linearized prob-
lem
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0Z¢

P EANZe+ Ve VO +ve-Vze =0 in Q, 4.2)
dYe .

P VAYe + Ve - Ve + Ve - Vye + Vge =&zcer  in Q, (4.3)
V.ye=0 in Q, 4.4

with the Neumann boundary condition

~r=0 4.5
€8n|r 4.5)

and the Navier slip boundary conditions
Ye-nlr=0 and Qvn-D@e)-t+ay. - T)lr=he-T. 4.6)

The initial condition is given by (z¢(0), y¢(0)) = (0, 0). Moreover,

(zer 30 € (L0, T3 L2(€) N L20, 75 H' (@) x (L0, 75 Va2 @) 0 L20. 73 v, (@)

4.7

The regularity result (4.7) can be easily derived by using the variation of parameters formula,

with the help of the regularity of i, € L>(0, T’; V,?(F)) and the regularity of 6. and v, given by
(2.35).

Lemma 4.2. The adjoint state (pe, e, qe) associated with the cost functional J. in (Pc) satisfies

)
—%—eApg—ve~Vpe—sye-ez=o in Q. 4.8)
05 . o N .
- W —VAYy: + (Vue) Ye — Ve VYe +Vge = 0 Vpe +¢V-(Vxve) in Q, (49)
V.§e=0 in (4.10)

with the Neumann boundary condition

d
2P =0 (4.11)
on
and the Navier slip boundary conditions
Ve -nlr=0 and Qvn-De) T+ aYe -T)Ir=—¢V X ve. 4.12)
The final time condition is given by
(pe(T), 5e(T)) = (A™20(T), 0). (4.13)

Moreover, for (0c, v¢) satisfying (2.35), we have
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(Pe, Fe) (L0, T; L>®(2) N HY () N L2(0, T; H*(Q)))

<L°°(0 T V1/2(Q))OL2(0,T;V,,3/2(Q))>. (4.14)

Since pe(T) = A20.(T) € H*(Q), the compatibility condition for final and boundary data
is required to hold, i.e., € 8pf(T)l = 0. This is indeed true because of (1.8) that A~260.(T) =

A~16.(T) satisfies the Neumann boundary condition (4.11). The regularity property (4.14) holds
due t0 0.V pe € L2(0, T: L*(2)), VE(V x ve) € L2(0, T; H~Y2(Q)), and (2.8) that V X ve|r =
2k — %)(vg -T)+ %ge T E L2(O, T; VnO(F)). As a result of the trace theorem [17, Theorem 2.1,
p. 91,

Yelr € H2(0, T; V(D). (4.15)

We now turn to derive the optimality system of problem (P¢) by employing the variational
inequity (4.1), and then prove its convergence as € — 0. First, rewrite the cost functional J¢ as

T

1
Je(g0) = 5 (A™0(), 0T + §/<ge,ge>dr - %/(v X e,V x v)di. (P
0 0

Then the variational inequality (4.1) becomes

T

JU(ge) - he = (A*zee(T),ze(T>)+Vf<ge,he>df - %/(V X Ve, VX we)dt >0,  he €Ueg,y,.
0
(4.16)

Theorem 4.3. Let (0y, vo) € L*°(R2) x Vn] (). Assume that g¥ is an optimal controller of prob-
lem (P¢). If (ve, 6¢) is the corresponding solution of (1.12)—(1.16) and (pe, y¢) is the solution of
the adjoint equations (4.8)—(4.13) associated with (ve, 6¢), then

1
gf=——3. € HY/*0,T; v,”*(1)). 4.17)
Y

Proof. Multiplying (4.2) by pe and integrating the first term with respect to ¢ give

T
/( Pe,ze)dt—i-(/)e(T) 2 (T) — /(eApe,za
0

T

+/<y€-vee,p€)dr—/(ve~Vp€,zg>dt=
0 0

Based on the adjoint equation (4.8) and the final condition (4.13), we have
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(A"26(T), 2e(T)) = (pe(T), 2e(T)) = — f &5 - e,z di — / (Ve - Ve, pe) dt

——/(51662,Ye)dl—f-/(ye,@evpe)dt- (4.18)
Thus (4.16) becomes
T
J/(ge) “he = _/(52662’ y)dt +f(y, BV pe +§VL(V X ve)) dt +Vf(ge,he)dt
0
-2k —0()/(1)5 T, Ve T)dt _§/<ge T, Ve T)dt, (4.19)
0 0

where by (4.9) we get

/(ye,eewe + V(Y x ve))dt

/( Ye Sydi+ /[(—vAye, 50+ (hes ) + (ve - 1. (26 — )ve - T + e - 7))

+ (Ve - VIVe + (Ve - V) ye, Ye) + (Vqe, ye)l dt
T

=f(§ze~?2,ie)dl+/(he,ﬁe)dt+/(ye T, 5((26 —a)ve - T+ he - T) dr. (4.20)
0 0 0

Therefore, combining (4.19) with (4.20) follows

T

T
J’(g:)-he=/ e Je dt+y/ e 8)dt >0, VheUuy,
0 0

which implies

* 1
8e =—;ye|r~ (4.21)

According to (4.15), we have g¥ € H 120, T; an (T")). Let (67, v}) be the optimal solution to
(1.13)—(1.16) associated with g¥. Then by a bootstrap argument and (2.36) in Theorem 2.4 (2),
we have v} € L*(0, T; V2(R)), thus
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VE(V x v) e L2(0, T; LA()) (4.22)

and V x v}|r = 2k — £)(v} - 1) + 1g¥ -t € HY2(0, T; V,\(I"). Moreover, 63(T) € L™ ().
With the help of the final condition (4.13), we get
(P}, 35) €(L™(0, T; L®(Q) N H' () N L*(0, T; H*(R)))

x (L°°(o, T: V(@) N L2(0, T; V,f(sz))) (4.23)

and
0Z L0, 7:20() + 102 | oo 0.7 1)) + VelO I 20.7: 20 + I BLEHU(QT;LZ(Q))
o
F N3 o075 11 @) + VVITE N 20,7 H2002)) + ”8_: l220.7:22(2)
<CUAT20X (D) 2. Igills. T). (4.24)
As aresult of (4.21) and (4.23)—(4.24),

gF e HY40,T: v (1)),

which completes the proof. O
4.1. Convergence of the adjoint system

This section is concerned with the convergence of the optimality system of the approximating
problem (P¢) to that of problem (P). Recall that the convergence of the approximating sys-
tem (1.12)—(1.16) to the original system (1.1)—(1.5) has been established in Proposition 2.7. To
establish the convergence of the adjoint system (4.8)—(4.13), we need 6y € L>*°(Q2) N H Q).

Lemma 4.4. For (0, ve,) = (60, vo) € (L®(Q) N H(Q)) x VI(Q) and g € S, the solution to
the adjoint problem (4.8)—(4.13) of the approximating system (1.12)—(1.16), associated with cost
functional J., weakly converges to the following problem

3

—a—f—v-Vp—gy-ezzo in Q (4.25)
o

— a—f VAT (VT — (- V) VG=0Vp+CVE(V xv) in @, (4.26)

V.5=0 in Q 4.27)

with the Navier slip boundary conditions

F-nlr=0 and Qvn-DG)-t+ay T)r=—¢V xv (4.28)

and the final time condition
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(p(T), 3(T)) = (A™26(T), 0), (4.29)
where (0, v) is the solution to (1.1)—(1.5) corresponding to (6y, vo) and g.

Proof. First of all, in light of Theorem 2.4, for (6, vo) € (L®(Q)NH'(Q)) x V! (Q) and g € S
we have

(0,v) € L®(0, T; (L*®() N H(Q)) x (L>(0, T; an(Q)) NL*0,T; Vn2(Q)), (4.30)

thus VH(V x v) € L2(0, T; VO(Q)) and V x v|r = 2k — £)(v - 7) + 1g - 7 € S. Combining
these with the final condition (4.29), we get

(p,¥) € L®(0, T; L®(Q) N H(Q)) x (L°°(0, T:; VHQ)N L0, T; V,,Z(sz))) . (431

Based on (4.30)—(4.31) it is easy to check that

T T T
/||v-Vp||§2dts/||v||ioo||Vp||izdtsf||Av||iz||Vp||izdt
0 0 0

T
2 2
< sup ||Vp||L2/||Av||det<oo,
tel0,T] 0

and hence, by (4.25)

z—‘t’ € L?(0, T; L*(Q)). (4.32)

Moreover,

T T
[ 169012, ar = [101201Vp13dr < sup 0l sup 1VpI.T < oo,
, ) 1€[0,T] 1€[0,T]

Next we show that the solution (p¢, Ve, g¢) to the adjoint problem (4.8)—(4.13) of the approx-
imating system converges to some (0, y,g) as € — 0. According to the estimate (4.24) there
exists a subsequence {(poc, y¢)} in terms of €, such that

Vpe — Vj  weakly* in L0, T: L*(S)), as € — 0, (4.33)
e 9P
a’f = a—’; weakly in L2(0, T; LA(R)), as ¢ — 0, (4.34)

and
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Ay — Ay weakly in L2(O, T, Vno(Q)), as € — 0, (4.35)
Vye - Vy weakly in L2(O, T; an (R)), ase — 0, (4.36)
ay ay

% N a—f weakly in L2(0, T; L2(S2)), as € — 0, (4.37)

Ye — y strongly in Hl_s/z(O, T; Vnz_‘s(Q)), 0<éd<2, ase—0, (4.38)
Vge — V§ weakly in L2(0, T; L*(R2)), as € — 0.

It follows immediately from (4.22) and (4.38) that
VAV x ve) = VH(V x v)  weakly in L?(0, T; L*(R)),

V X velr = V x v|r stronglymHl/4 5/2(0 T; Vl/2 s

(T)), 0<8<1/2.

It remains to prove the weak convergence of the product terms ve - V pe, (Vue)T Yes Ve - VYe and
6V pe, respectively. For ¢ L%(0, T; H()), we have

T T
|//(v€-v;>€—v~vm¢dxdr|s|//(ve—v)~we¢dxdr|
0 Q 0 Q

+|/f|v-V<pe—ﬁ)¢dxdt|, (4.39)

where by Proposition 2.7 and (4.24),

T
|//(UE —v) - Vpepdxdt]| = //(UE —v) - V(ped) — (ve — V) pe - Vo duxdt]
0 Q

T

=|/f(ve—v>pewdxdt|
0 Q

< sup ”Ue_U”L2/||pe||L°°||v¢”L2dt
tel0,7T]

< sup fve —vll2 sup l1pellro IVl 200.7:12() VT — 0, as e — 0.
tel0,7T] tel0,T]

Moreover, from (4.30),

T T
/||v¢||dets/||v||L4||¢||L4drs/||A1/2v||Lz||V¢||det
0 0 0

< ( sup IAY20] 2)( / IV, dt)' VT < cc. (4.40)
tel0,T]
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With the help of (4.33), we get

T
|//‘U~V(p€—,5)¢dxdl‘|—>0, as e — 0.
0 Q

Therefore,
(Ve - V)pe — (v-V)p weakly in L2(0, T; L*(Q2)), as € — 0. (4.41)

For ¢ € L*(0, T; H'(R)), using the similar approaches as in the estimate of (4.39) together with
(4.35)—(4.36) yields

(Ve - Ve — (v-V)§ weakly in L2(0, T; V().

Furthermore, based on (2.38) in Theorem 2.4 (2) and Proposition 2.7, it is easy to verity that
||VU€ . w”LZ(O,T;Ll(Q)) < 00, indenpendent of €, y . w [S LI(O, T, LZ(Q))’ and

T T
|//(<VUE>TyE —(V0)'§) - ydxdt| = |//((ye —3) Ve ¥ +5 - (Voe — Vv) - Y dx dt|
0 Q 0 Q

< Ye = Vl20.7:20002)) Sup NVvell 2 1Y 2 0.7:22(0))
1€[0,T]

+ sup [|A2ve — A2l 2151 207 0 con 1 20,7 11 ) — O as € = 0,
te[0,T]

(4.42)

where we used (4.38) to obtain [[ye — ¥l 12(0,7:100()) < 1¥e = Yll2¢0, 7125 (02)) = 0 for 0 <
6 < 1. Thus (4.42) yields

(Vve) 5 — (V)'§  weakly in L*(0, T; V2(R)), as € — 0.

To show the weak convergence of 6.V p., we have

T T T
|//<eev;>e—ev;3>1/fdxdz|s|//<ee—9>Vpe-wdxdt|+|//e<we—Vﬁ>-wdxdr|,

0 Q 0 Q 0 Q
(4.43)

where
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T T
|/f(ee—9)Vp€-wdxdr|=|//<96—ew-(pa/f)—(ee—e)pevwdxdn
0 Q 0 Q

T
=|/(/(95 —9)(pe¢)'ndx—/v(96 —6) - (pey) dx) dt|
0 r Q
T
:|//V(95 —0) - (per) dx dt|. (4.44)
0 Q

By (2.38) and (4.30) there exists a subsequence {6} associated with {v.} satisfying
0. — 6 weakly* in L0, T; H' ().

Employing the similar idea in the estimates of (4.40) gives p ¥ € L', T: LZ(Q)). Thus (4.44)
converges to 0 as € — 0. The second term on the right hand side of (4.43) converges to 0 due to
(4.33) and Oy € L1(0, T; L?(R2)). Therefore,

0. Vpe — OV weakly in L2(0, T; L*(S2)), as € — 0. (4.45)

Lastly, based on (2.29) in Theorem 2.3 (2) and (2.37) in Theorem 2.4 (2), it is clear that %, % €

L%(0, T; L>(2)). By virtue of Aubin-Lions Lemma, we get 6, 6, € C([0, T, L*>($2)). Further
utilizing Proposition 2.7 gives

0c(T) — 0(T) strongly in L2(S2), as e — 0, (4.46)

and hence the final condition
pe(T) = A"260,(T) — p(T) = A"26(T) strongly in L*(Q), as € — 0. (4.47)

As a result, (p, y, g) is the weak solution to the linear system (4.25)—(4.29) corresponding to
(6, v,q) and O(T). Due to the uniqueness of the solution, we obtain (o, y,q) = (p,y,q) and
this completes the proof. O

4.2. Convergence of the optimality system

Let (g}, v¥, 67) be an optimal solution for (P¢), which solves the optimality system consisted
of (1.1)—(1.5), (4.25)—(4.29), and the optimality condition (4.53). Then the following results hold.

Theorem 4.5. Assume (69, vo) € (L®(R) N H'(Q)) x VI(Q). Let (g7, v},6;) be an optimal

€7 7€
solution for (Pc). Then there exists an optimal solution (g*, v*, 0*) such that

3/2-8
n

gr — g" strongly in H3/4_‘s/2(0, T:;V, T), ¥6 >0, ase — 0,

|v¥ —v*|| g1 = O uniformlyint €[0,T], ase — 0, (4.48)
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T
/ |Av} — Av*|7,dt -0, as €—0, (4.49)
0

and

167 —0%|l;2 — 0 uniformlyint €[0,T], ase— 0. (4.50)
Moreover, (g*, v*,0%) is an optimal solution to problem (P).

Proof. Step 1: We first show the convergence of the optimal pair to problem (P) as € — 0.
According to (4.17), there exists a subsequence {g}} in terms of € such that

gr — g% weakly in L%, T; VnS/Z(F)v

D/*g* — D}/*¢* weaklyin L%(0,T;VO(I)),

€

which give
g" e Y40, 7; V() 51)
and
gf —g* stronglyin HY*%/2(0, T; V2o, V8> 0. (4.52)

Note that the regularity of the optimal controller guarantees a unique weak solution to (3.2)—(3.3)
since the estimate (2.31) for velocity holds. Slightly modifying the proof of Proposition 2.7 by
adding the nonhomogeneous term g, — g to the right hand side of (2.45), we can show that there
exists a subsequence {(fe, ve)} corresponding to {g.} satisfying (4.48)—(4.50) where (6%, v*) is
the solution corresponding to g*.

Step 2: We claim that (g*, v*, 6*) is an optimal pair to problem (P). Since (g}, v}, 0}) is an
optimal pair to problem (P¢), we have

T T
||A‘19:<T)||§2+f||g:||izdrs ||A—196<T>||iz+/||g||izdz,
0 0

for any g € U4, where 0. is the solution of (1.12) associated with (g, v¢). Letting € — 0, based
on (4.48)—(4.50) we get

T T
||A—19*(T>||iz+/||g*||§2drs ||A—19(T>||iz+/||g||§2dt,
0 0

for any g € Uyq. Thus, (g*, v*, %) is an optimal pair to problem (P). In particular, the inf J can
be reached by setting g = ¢g*. O
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We proceed to prove that any optimal solution to problem (P) is given by (1.1)—(1.5),
(4.25)—(4.29), and the optimality condition (4.53).

Theorem 4.6. Assume (0y, vo) € (L (Q)NH'(Q)) x an (). If (g*, v*, 6%) is an optimal pair to

problem (P), where (g*, 0%, v*) satisfies the system (1.1)—(1.5) and (p*, y*) is the corresponding
solution to the adjoint system (4.25)—(4.29), then g* is given by

1_
==l (4.53)

Proof. Let (g*, v*, 6*) be any optimal solution to the problem (P). Applying the construction
shown in [2, Theorem 5] and [10, Theorem 5.5], we first impose a penalization on problem
(P¢) in oder to establish a relation between g* and the optimal solution to the new defined cost
functional. For a given € > 0, consider the following minimization problem

T
. 1 A
min{Jc(¢) + 5 / lg— 122y ). (Po)
0
If let (g, Ve, 0.) be the optimal solution to problem (P.), then
T T
A 1 A *12 1 * 12

Je(8e) + 3 8 — &7 ll72dt < Je(g) + 3 lg—g" Il dt, (4.54)

0 0
forany g € L%, T; VnO(F)). As proved in Theorem 4.5, there exists a subsequence {(ge, Ve, ée)}

in terms of e, satisfying

ge — &% strongly in L?(0, T’ V,?(I‘)), ase — 0, (4.55)
0(T) — 0*(T) strongly in (H'(Q)), ase — 0.

Passing to the limit in (4.54) gives
1 ; 1 ;
&+ / 18"~ " di < J(9) + 5 f g — g1 g . (4.56)
0 0
for all g € L2(0, T; V(I)). In particular, setting g = g* yields

T
L[
1@+ 5 [ 18 = gy dr = 160, (457)
0

which indicates that
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T
oF _ o* 2 d _ O
18" — &7 ll;.dt =0.
0

Therefore, 2* = g*, and hence (6%, 0*) = (6*, v*). According to (4.55) we have
8 — g* strongly in L2(0, T; V,?(F)), as e — 0. (4.58)

Following the procedures as in the proof of Theorem 4.3, we derive the optimality condition for
problem (P¢) given by

Yelr+v& +8; —g"=0. (4.59)
Letting € — 0 and using (4.58) yield
lim Velr+vg +g" —g*=0. (4.60)
Finally, with the help of strong convergence of y} in (4.38), we obtain

1 .. _ 1_
g"=——lim y;|r = ——y"Ir,
yeaO V4

which completes the proof. O
5. Uniqueness of the optimal solution to problem (P)

In the last section we address the uniqueness of the optimal controller to problem (P). The
main result is given by the following theorem.

Theorem 5.1. Let (6o, vo) € (L®() N HY(Q)) x V(). For a given ¢ >0, if T > 0 is suf-
ficiently small and y > 0 is sufficiently large, then there exists at most one optimal controller
g € Uy to problem (P). In the passive scalar case, i.e., § =0, the small condition on T is not
needed.

Proof. Assume that there are two pairs of optimal solutions to problem (P), denoted by
(gi,vi,0,),i=1,2.Then G =g1 — g2, 9 =61 — 62, W =v] — vp,and P = p; — p satisfy

av
E—i—vyVﬁ—l—W-V@:O, 6D
ow
W—vAW—I—v]-VW+W~VU2+VP=§I9€2, 5.2)

with the Navier slip boundary conditions

W-nlr=0 and Qvn-DW)-t+aW- -10)lr=G (5.3)
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and initial condition (¢+(0), W(0)) = (0, 0). Moreover, the corresponding solutions to the adjoint
problem (4.25)—(4.29) are denoted by (p;, ¥;),i =1,2.Let Y =y — y2,0=p1 —p2 and Q =
q1 — q» satisfy

ad

_a_f—vl.Vg—vaz—gY-ezzo, (5.4)

£} _ _
— o TVAY + Vo)TY + (VW) 5, — (v - V)Y —= WV, +VQ

=61Vo+9Vpr+ VYV x W), (5.5)
with the Navier slip boundary conditions
Y-nlr=0 and Qvn-DX)-t+aY -1)[r=—¢VXW (5.6)

and the final time condition (o(7T), Y(T)) = (A~'9(T), 0). Then

1
G=—-Y|r. (5.7
Y

The goal is to show that G = 0. To this end, we first apply a priori estimates for ¢, Y, o, and
W, respectively. Estimates (2.28) and (2.30) established in Theorem 2.3 will be often used in the
following proof. For convenience, we set C = C(||0pll poongts Vol g1, Iglls, T). Without loss of
generality, we set v = 1 in the rest of this paper.

Step 1. We first establish the estimates on ¢ and W. Taking the inner product of (5.1) with ¢
yields

IIﬁIILzS/IIWllellvezlledl< Sup ||V92||L2/”W”H1+5 dr, (5.8)

tel0

where we set 0 < § < 1/2. To estimate fOT |W || g1+s dt, we use the variation of parameters for-
mula for W and get
T
W (1) :/‘e*A(’*’)P[—(vl VW + W - Vo) +Eder]ldt + (LG)(1). (5.9)
0

Let Ip = —(vi- VW 4+ W -Vuy)+ £ e;. Inlight of (2.18) and Young’s inequality for convolution,
we get

T t
/IIA1/2+5/2W||L2 dtS/||/A1/2+5/2e*A<’*f)1PlodrIILz di
0 0

t

T
+f||/A1/2+5/2Ae—A<’—T)PNG(r)dr||Lz dt
0
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T T T
1~ 1/248/2) gt dt/ 1 1ol 2 dr+M0/z—<3/4+3>e—wf dtf | A4 NG| 2 dt
0

IA

My

\ﬂ

C(

O\A\] °

ol 2 dt +/ 1G 2y d). (5.10)

where

T T T T

/||Io||det§/||v1~VW||det+/IIW-szlledt+$/||17||det

0 0 0 0
_c/||v1||Lao||A1/2W||det+C/||A1/4W||Lz||A3/4vz||det+s/||0||det

T T T T
<c (/ ||Av1||izdr>‘/2+<[ | Avsl22) di)' 2 (/ ||A1/2W||izdr>‘/2+sf||z9||der-
0 0 0 0
(5.11)

Combining (5.9) with (5.10)~(5.11) yields

sup [11],2 sc/||W||Loo scu/ ||A1/2wnizdr>”2+s/||z9||det+/||G||Lz<r)dr]
t€[0,T]
0 0

sC[(/ IAY2W (2, dn'? +£T sup_ ||z9||Lz+f</ G172y dD) 21,
tE

For & =1, set T sufficiently small such that C§T < 1. Then

T
Sup 1912 < CIC| 1AYV2W3,dt)'? + VT ( / IG 172y dD'21, (5.12)
0
and hence
T T T
/||1>1||§2 SC(T/||A1/2W||§2dt+T2/||G||iz(r)dt). (5.13)
0 0 0

Now applying L>-estimate for W and combining (5.13) give
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1dI|W

1/2
SR < IWlzslvall g 1AWl 2

17,
— = AW + @l WD

+EN N2 lW 2 + IG N 2y IW ll 21y
1/2 3/2 1/2 1/2
< CIWIZIAY2W I ol 1A s

+EN N2 lWll 2 + IG N 2y IW ll 21y

3
< CIWIZlvall 2 1A 2va 17, + S 1AW,

1
+ CE[ID17, + EnAlﬂwniz +CIGI

L 202
+ e lA WG

Thus

sup [|W[7,+ /||A‘/2W||izdtSC(neonHl,||vo||H1,||g||s)T sup. ||W||Lz
tel0,7T] tel0

T T
+cs/ 1912, +C/ G172
0 0

Again for & = 1, with the help of (5.13) we set T sufficiently small and obtain

telo,

sup ||W||L2+f||A”2W||izdtsc<sT2+1>/||G||iz(r)dt). (5.14)
0

Further applying the optimality condition (5.7), the trace theorem, and (2.10) gives

T T T

1 1
/anizmdzscﬁ/||Y||§,l/zdz=cﬁ/||A‘/4Y||izdz. (5.15)
0 0 0

Therefore, (5.14) becomes

T
1
sup W12, + /||A1/2W||izdr§c<sT2+1)—2f||A”4Y||izdr. (5.16)
t€[0,T] 14

Step 2. We proceed to estimate fOT A4y I|i2 dt. Again utilizing the variation of parameters
formula for solving Y backward in time yields
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t
y = / APV Y 4 (VW) 2 — (01 - V)Y — WV
T

—61Vo—09Vpr — (VH(V x W)ldt

t
+ /(—A)eAU—f)N(—;V x W)|rdr.
T

Replacing ¢t by T — ¢ follows

t

Y(T —t,x)=— / e ATOPI(V)TY + (VW) 52 — (v - V)Y — WV3 — 6, Vo — 9V )

0

t
—VH(V x W)]dt —i—/Ae‘A(’_’)N(—;V x W)|rdt
0

and

t

T T
/nA”“Yniz dt s/||/A1/4e—A<‘—’>P[(Vv1)TY — i V)Y = ¢V x W)ldr7, di
0 0 0

+

St~

t
||/Al/4e_A([_r)]P’[(VW)T)72 - WV)_’Z]df”iz dt
0
i

+

|| AV AOP 6, Vo)dr|3, dt

St~
o

AlAe= AP 9V ) dT ||i2 dt

+
ST
o _

+ AV A ATIN @V x W) (T)dr |3, dt

ST
o

=h+b+L+ 14+ Is.

It is straightforward to verify that

(5.17)
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T t
I = / ||/A1/4e—A<’—T>P[(vU1)TY — (v1- V)Y = ¢VE(Y x W)ldt|[3, dt
0 0
T t
=/||/A3/4e*A<’*f>A*1/2P[(Vul)TY—(ul V)Y =g VE(Y x W)ldt|7, dt (5.18)
0 0
T
< C(/( 34 —‘“’>Pdr>2/f'</ IA™2P(Vo)TY — (v - V)Y
0
—¢VEV x W, dry*l (5.19)
< C(/ IATPPI(VoD)TY — (ui - V)Y =g VE(V x WY, di)*/4, (5.20)
where from (5.18) to (5.19) we used Young’s inequality for evolution with 1 —I— = =14 2,

1 <p<4/3,and 4/3 < g < 2. Moreover,

T T
/||A—l/2(vvl)TY”q2dt</( sup |fQYVU1WdX|)th
L =
Yev)l(Q) 1l g

| [o¥ - V(vi-¥)—v -(Y-V)del)q
1/,6\/1(9) 1)l g1

1/2 1/2
LAYAY || 2 lfor 15 NAY 2o 121V 2,
sup ) dt
veVl(Q) “W”Hl

S — O\ﬂ

2
<C sup [luil|% sup ||A1/2v1||‘” / 1Ay )9, di
te[0,T] tel0,

2
<CT'2 sup |9 sup |4 20903 / IAYAY |12, dr)a/2.

t€l0,T] te[0,T]
Similarly,
[ [ | o1 - V)Y - dx|
_ ‘Ul . . x
/||A 172y, -V)Y||‘£2dt§/( sup — )! dt
0 YeVl(Q) ||1//||H1

) dt

T
/ | Jou1- VX -¥) =Y - (v - V)i dx|
5 ;I;EVI(Q) 1Y 1l 1
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) dt

T 1/2 1/2
/ A4 |2 lfon S HA 2o | IVl 2,
0 wevl(g) 1Nl g

2
<CT'=9% sup [lui[95 sup [|AY v )95 / 1AY4Y 17, dn4r?,
t€[0,T] 1€[0,T]

and
f IAT 2PV (Y x W, di < CT1=4/2¢4 ¢ / 1A W2, dy?.
Therefore,

I < CT9 oyl sup ||A1/2v1||Lz/||A1/4Y|| dr+CT2/q—lczf||A‘/2W||izdt.
tel0,T

(5.21)
Next invoking (5.16) we get

T t

L= / I / A ATOP(VYW)T 5, — WVH]dT |7, dt
0 0

T
<c( / (1A dr)? / IPLOYW) 52 — WY1, dr

<C sup mniw/||A”2W||izdt+0/||W||Lz||A”2W||LGvyz||m||Ay2||der
t€[0,T]

T
<C sup ||yz||ioo/||A”2W||izdr

t€[0,T]
T
+ sup Wiz sup ||Vyz||Lz< 1A 2w 2 2)1/2(/ 1AF21I7, dt)'/?
te[0,T] t€l0,
0
| T
sC<sT2+1>ﬁf||A”4Y||izdt. (5.22)

To estimate /3, we have for 0 < ¢ < 1/2,
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T t
13 S C/ ||/A3/4+£/28—A(t—1')A—1/2—£/2]P)(91 VQ) dT“iz dt
0 0

T
S C(/ t—(3/4+6/2)e—a)l‘ dt)zf ”A—]/Z—S/Zp(elvg)”iz dt

T
SC/( | [o01Vo- WdXI)zdt

0 lﬂEV1+£(Q) ||¢||H1+9

/ | [o01V - (o¥) — 91QV~1/deI)2d
o V1+£(Q)

11l 1+

sup )
wevnlJrS(Q) ”‘(/IHHH’E

T
:C/( | [ V01 - (0¥) — 61 (0¥) -ndx]| ,

Vo s
SC/( wp  1VOI2 el Y I
N L P

)2 dt

_CfIIV91I|2LzIIQIIdet<C sup ||V91I|sz||QIIdet- (5.23)

tel0, T

Following the similar idea, we obtain

T
I < C( / (Gl ot g2 / |A=Y25 2P (39 po) |2, di

T

DAY dx 04 A\ 00
SC/( wp | Ja?Ve2-vdxl, /( wp  MPhIVerl2l¥lee s
0 I/IEV,,1+E(Q) ”w”HH'E I/IEV1+F(Q) ||1)0||1‘I]‘H‘T
<C sup [Vp2l7, / 1917, dt. (5.24)
t€[0,T]
0
Lastly,

T
Is < ( / e dr)? / IA2N @V x WIr)|3, di (5.25)
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T
<c / 18V % WIZ, 1 d
0

T
< C;*/ IAY2wW |12, dt.
0

(5.26)

(5.27)

From (5.25) to (5.26) we used (2.14). Let T be small enough and y be large enough. Then

combining (5.17) with (5.21)—(5.24) and (5.27) yields

T T T T
/nA”“Ynizdr SC(/ ||Q||’izdr+/||z9||§2dt+f;/||A1/2W||izdt>.
0 0 0 0

Now we estimate ||o||;2 by taking the inner product of (5.4) with o, which yields

1dlell?,

ST =WVpelp2 +&lY 2l 2

= ClIWlL=lIVezl2lleli2 +&ENY 2 M0l 22,
or

_dlloll 2

gr = ClIWIL=lVezli2 + &Y 2.

Taking the integral of (5.29) from ¢ to T and making using of

lo(T)ll2 = I1A?9O)l,2 <C sup |92
te[0,T]

together with (5.12) and (5.15) follow that

T T
llelip2 <C sup IIszllLZ/IIWIILocdt+E/IIYI|L2dt+C sup 19,2
1e[0,T] ; ; 1e[0,T]

T
<C sup [[Voal2( [ IA2W(3, a0/
1

tel0, T
0

T T
1
+csﬁ</ JA4Y |2, dr>1/2+cﬁ;</ JAV4Y |2, diy1 2
0 0

T
<C sup ||sz||Lz(/ JA2W2, diy 2
t€[0,T] o

(5.28)

(5.29)
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T
+CE+ %)ﬁ(/ IAYAY |12, di)'/2. (5.30)
0

Combining (5.28) with (5.13), (5.15), and (5.30) follows

T T T T
/nA”“Ynizdtfc(f ||9||izdt+/||z9||izdt+;f||A1/2W||izdt)
0 0 0 0
T 1 T
sc(T/||A‘/2W||izdr+(s+;)2T2/||A1/4Y||izdr)
0 0
T 2 T T
T
+C(T/||A1/2W||izdt+ﬁf||A1/4Y||i2dt)+C§/||AI/ZW||izdt
0 0 0

T T
1 1
:C(2T+g)/||A‘/2W||izdr+c((§+—)2+—2)T2/||A1/4Y||i2dz. (5.31)
1% %
0 0

By virtue of (5.16) we get

T T

1
[ 1y scer + oEr+ o 1Ay
0 0

T
1 1
+C(E+—)+ —2)T2/ 1Ay 12, dt. (5.32)
% %
0

Finally, for given ¢ > 0, if y is sufficiently large and 7 is sufficiently small such that

2 1 Lo, 1Ty,
ClQT+OET* + D+ (E+ )+ 5)T°) <1, (5.33)
14 4 Y
then fOT ||A1/4Y||iz =0, and hence Y = 0 and G = 0. Moreover, (5.16) indicates that W = 0.
As a consequence of (5.12) and (5.30), we have ¥ = 0 and ¢ = 0. The uniqueness of the optimal
solution to problem (P) is obtained. In addition, from (5.33) it is easy to see that if £ = 0, then
the small condition on 7T is not required. O
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