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Abstract

The hydrostatic equilibrium is a prominent topic in fluid dynamics and astrophysics. Under-
standing the stability of perturbations near the hydrostatic equilibrium of the Boussinesq
system helps gain insight into certain weather phenomena. The 2D Boussinesq system focused
here is anisotropic and involves only horizontal dissipation and horizontal thermal diffusion.
Due to the lack of the vertical dissipation, the stability and precise large-time behavior prob-
lem is difficult. When the spatial domain is R?, the stability problem in a Sobolev setting
remains open. When the spatial domain is T x R, this paper solves the stability problem and
specifies the precise large-time behavior of the perturbation. By decomposing the velocity u
and temperature € into the horizontal average (i, 0) and the corresponding oscillation (i, ) ),
and deriving various anisotropic inequalities, we are able to establish the global stability in
the Sobolev space H2. In addition, we prove that the oscillation (&, §) decays exponentially
to zeroin H' and (u, ) converges to (it, 6). This result reflects the stratification phenomenon
of buoyancy-driven fluids.
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1 Introduction

The goal of this paper is to understand the stability and large-time behavior problem on
perturbations near the hydrostatic equilibrium of buoyancy-driven fluids. Being capable of
capturing the key features of buoyancy-driven fluids such as stratification, the Boussinesq
equations have become the most frequently used models for these circumstances (see, e.s.,
[35,39]). The Boussinesq system concerned here assumes the form

o +u-Vu=—VP +vdjju + Qey,
0O 4+u-VO =x010, (1.1)
V-u=0,

where u = (uy, uz) denotes the velocity field, P the pressure, ® the temperature, e; = (0, 1)
(the unit vector in the vertical direction), and v > 0 and k > 0 are the viscosity and the
thermal diffusivity, respectively. (1.1) involves only horizontal dissipation and horizontal
thermal diffusion, and governs the motion of anisotropic fluids when the corresponding
vertical dissipation and thermal diffusion are negligible (see, e.g., [39]).

The Boussinesq systems have attracted considerable interests recently due to their broad
physical applications and mathematical significance. The Boussinesq systems are the most
frequently used models for buoyancy-driven fluids such as many large-scale geophysi-
cal flows and the Rayleigh—-Bénard convection (see, e.g., [13,17,35,39]). The Boussinesq
equations are also mathematically important. They share many similarities with the 3D
Navier—Stokes and the Euler equations. In fact, the 2D Boussinesq equations retain some
key features of the 3D Euler and Navier—Stokes equations such as the vortex stretching
mechanism. The inviscid 2D Boussinesq equations can be identified as the Euler equations
for the 3D axisymmetric swirling flows [36].

Many efforts have been devoted to understanding two fundamental problems concerning
the Boussinesq systems. The first is the global existence and regularity problem. Substantial
progress has been made on various Boussinesq systems, especially those with only partial or
fractional dissipation (see, e.g., [1-4,6,8—12,14-16,20-34,37,38,41,42,47-57]). The second
is the stability problem on perturbations near several physically relevant steady states. The
investigations on the stability problem are relatively more recent. One particular important
steady state is the hydrostatic equilibrium. Mathematically the hydrostatic equilibrium refers
to the stationary solution (#pe, ®pe, Phe) With

[

Uupe =0, Ope =x2, Ppe= Exz.
The hydrostatic equilibrium is one of the most prominent topics in fluid dynamics, atmo-
spherics and astrophysics. In fact, our atmosphere is mostly in the hydrostatic equilibrium
with the upward pressure-gradient force balanced out by the downward gravity. The work of
Doering, Wu, Zhao and Zheng [19] initiated the rigorous study on the stability problem near
the hydrostatic equilibrium of the 2D Boussinesq equations with only velocity dissipation. A
followup work of Tao, Wu, Zhao and Zheng establishes the large-time behavior and the even-
tual temperature profile [44]. The paper of Castro, Cérdoba and Lear successfully established
the stability and large time behavior on the 2D Boussinesq equations with velocity damping
instead of dissipation [7]. There are other more recent work [40,46,52,58]. Another important
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steady state is the shear flow. Linear stability results on the shear flow for several partially
dissipated Boussinesq systems are obtained in [43] and [58] while the nonlinear stability
problem on the shear flow of the 2D Boussinesq equations with only vertical dissipation was
solved by [18].

The goal of this paper is to assess the stability and the precise large-time behavior of
perturbations near the hydrostatic equilibrium. To understand the stability problem, we write
the equations for the perturbation (u, p, 6) where

1
p:P—Exz2 and 0 =0 — x;.
It is easy to check that (u, p, 6) satisfies

oru+u-Vu=—-Vp+vou+-be,
00 +u-VO +upy =« 0110,
V-u=0,

u(x,0) =ugx), 0(x,0)=06(x).

(1.2)

We have observed a new phenomenon on (1.2). It appears that the type of the spatial domain
plays a crucial role in the resolution of the stability problem concerned here.

When the spatial domain is the whole plane R, the stability problem remains an open
problem. Given any sufficiently smooth initial data (ug, 6p) € H 2(R?), (1.2) does admit a
unique global solution. But the solution could potentially grow rather rapidly in time. In fact,
the best upper bounds one could obtain on || () || 51 and ||6(¢)|| 1 grow algebraically in time.
The only way to possibly establish upper bounds that are uniform in time is to combine the
equation of Vu and that of V@, or equivalently the equation of w with VO, where w = V x u
is the vorticity. When we combine the equations of w and V0,

(1.3)

dyw+u-Vw =vojw—+ 010,
VO +u-V(VO)+Vuy =k V010 —Vu - Vo

and estimate ||w||;2 and ||V6|| 2 simultaneously, we can eliminate the term from the buoy-
ancy, namely 916. In fact, a simple energy estimate on (1.3) yields, after suitable integration
by parts,

| =

(lo I3, + IVO@II32) +2v 310135 + 2 |31 VO D)3,

I

t
=—/ VO -Vu-VOdx. (1.4)

R2
The difficulty is how to obtain a suitable upper bound on the term on the right-hand side of

(1.4). To make full use of the anisotropic dissipation, we naturally divide this term further
into four component terms

—/ VO -Vu-Vodx = —/ 81u1(810)2dx —/ d1up 010 020 dx
R2 R2 R2

—/ Opup 010 0,0 dx — / 82142(829)2 dx. (1.5)
R2 R2
Due to the lack of dissipation or thermal diffusion in the vertical direction, the last two terms

on (1.5) prevents us from bounding them suitably. This is one of the difficulties that keep the
stability problem on (1.2) open when the spatial domain is the whole plane R2.
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When the spatial domain is
Q=TxR

with T = [0, 1] being a 1D periodic box and R being the whole line, this paper is able to
solve the desired stability problem on (1.2). In fact, we are able to prove the following result.

Theorem 1 Let T = [0, 1] be a 1D periodic box and let @ = T x R. Assume ug, 6y € HX(Q)
and V - ug = 0. Then there exists € > 0 such that, if

luoll g2 + 6ol g2 < &, (1.6)

then (1.2) has a unique global solution that remains uniformly bounded for all time,

t t
||u(r>||i,z+||0(r>||i,2+v/ ||alu<r>||§,2dr+xf 1810(x) 17, dT < Cge?
0 0
or some pure constant 0> an. orallt > 0.
p Co > Oandforallt > 0

How does this domain makes a difference? The key point is that €2 allows us to separate the
horizontal average (or the zeroth horizontal Fourier mode) from the corresponding oscillation
part. These two different parts have different physical behavior. In fact, this decomposition is
partially motivated by the stratification phenomenon observed in numerical results [19]. The
numerical simulations performed in [19] show that the temperature becomes horizontally
homogeneous and stratify in the vertical direction as time evolves. Mathematically we do not
expect the horizontal average to decay in time since it is associated with the zeroth horizontal
Fourier mode and the dissipative effect at this mode vanishes. The oscillation part could
decay exponentially. In addition, this decomposition and the oscillation part possess several
desirable mathematical properties such as a strong Poincaré type inequality. The two difficult
terms in (1.5) are now handled by decomposing both u and 6 into the aforementioned two
parts, and different terms induced by the decomposition are estimated differently. This is the
main reason why the impossible stability problem in the R? case becomes solvable when the
domainis Q =T x R.

To make the idea described above more precise, we introduce a few notations. Since the
functional setting for our solution (u, 0) is H 2(Q), it is meaningful to define the horizontal
average,

u(xz, 1) = / u(xy, x2, 1) dxy.
T
We set u to be the corresponding oscillation part

or u=1u-+1u.

<

Uu=u-—
6 and 6 are similarly defined. This decomposition is orthogonal,
T — -~ _ 2 — o2 ~n2
(Lt, M) - /;214 u dx - 0, ”u”LZ(Q) - ”u”L2(Q) + ”u”LZ(Q)‘
A crucial property of ¥ is that it obeys a strong version of the Poincaré type inequality,

Il 2y < C 1 12(q) (1.7)

where the full gradient in the standard Poincaré type inequality is replaced by d;. With this
decomposition at our disposal, we are ready to handle the two difficult terms in (1.5). For
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the sake of conciseness, we focus on the first term. By invoking the decomposition, we can
further split it into four terms,

/82141 31(1)82de:/ (it + 1) 01 (D + @) 3 (0 + @) dx
Q Q
=/ 82ﬁ1816~()82(z_)dx+/ it 01w D dx
Q Q

+/ O] 01@ 20 dx -I-/ iy 01w hadx, (1.8)
Q Q
where we have used d;@ = 0. The first term in (1.8) is clearly zero,
/ it 010 hwdx = 0.
Q

The other three terms in (1.8) can all be bounded suitably by applying (1.7) and several other
anisotropic inequalities, as stated in the lemmas in Sect.2. We leave more technical details
to the proof of Theorem 1 in Sect. 3.

Our second main result states that the oscillation part (i, 6) decays to zero exponen-
tially in time in the H'-norm. This result reflects the stratification phenomenon of buoyancy
driven fluids. It also rigorously confirms the observation of the numerical simulations in
[19], the temperature eventually stratifies and converges to the horizontal average. As we
have explained before, the horizontal average (i, #) is not expected to decay in time.

Theorem 2 Let ug, 6y € H*(2) with V - ug = 0. Assume that (ug, 6p) satisfies (1.6) for
sufficiently small ¢ > 0. Let (u, 0) be the corresponding solution of (1.2). Then the H' norm
of the oscillation part (if, 0) decays exponentially in time,

@) g1 + 10O g1 < ol gr + 1601l 1)e™ €,

for some pure constant C1 > 0 and for all t > 0.

As a special consequence of this decay result, the solution (u, ) approaches the horizontal
average (u, ) asymptotically, and the Boussinesq system (1.2) evolves to the following 1D

system
. ——= 0 0
o +u-Vu + 1=1-],
0 p 6
30 +u-vo =0,

as given in (4.2). The proof of Theorem 2 starts with the system governing the oscillation
(, 0),

O + 1 - Vi + updoii — vi2ii + VP = ey,
30 +u- VO +urhd — k820 + > = 0.

By performing separate energy estimates for || (i, 5)||i2 and ||(Vi, V’g)Hi2 and carefully
evaluating the nonlinear terms with the strong Poincaré type inequality and other anisotropic
tools, we are able to establish the inequality

d _ ~ ~
S N@ DI + @y = Cullw, 0)ll2) 10171,

+ @ = Cr 1w, 0) 1 2) 19181121 < 0. (1.9)
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When the initial data (uo, 8y) is taken to be sufficiently small in H 2, say
(w0, O0) I 2 < €
for sufficiently small ¢ > 0, then ||(u, 0)| g2 < Co ¢ and
2v=Cillu,0)llp2=v,  2n—=Cyr|(u,0)]2 =n.

Applying the strong Poincaré inequality to (1.9) yields the desired exponential decay.

The rest of this paper is divided into three sections. Section 2 serves as a preparation. It
presents several anisotropic inequalities and some fine properties related to the orthogonal
decomposition. Section 3 proves Theorem 1 while Sect. 4 is devoted to verifying Theorem 2.

2 Anisotropic inequalities

This section presents several anisotropic inequalities to be used extensively in the proofs of
Theorem 1 and Theorem 2. In addition, several key properties of the horizontal average and
the corresponding oscillation are also listed for the convenience of later applications.

We first recall the horizontal average and the corresponding orthogonal decomposition.
For any function f = f(x1, x») that is integrable in x; over the 1D periodic box T = [0, 1],
its horizontal average f is given by

.f(xz)Z/Tf(xhxz)dm- 2.1

We decompose f into f and the corresponding oscillation portion f

f=r+7r. (2.2)

The following lemma collects a few properties of f and f to be used in the subsequent
sections. These properties can be easily verified via (2.1) and (2.2).

Lemma 1 Assume that the 2D function f defined on 2 = T x R is sufficiently regular, say
f e H%(Q). Let f and f be defined as in (2.1) and (2.2).

(a) f and fobey the following basic properties,

Wf=0f=0, of=0f [f=0, 9f=07f

(b) If f is a divergence-free vector field, namely V - f = 0, then f and fare also divergence-
free,

V.f=0 and V-f=0.

(c) f and fare orthogonal in L?, namely
(ﬁB:Lfﬂww,w@®=Mm®+M@m

In particular; || f1| ;2 < 1 fllz2 and || fll 2 < |1 1.
Proof (a) follows from the definitions of f and fdirectly. fVv. f=0,then

O=dif+hf=df+0f=V-f=V.-f-V.f=-V.Ff,
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which gives (b). For (c), according to the definitions of f and f,

(ﬁf)zfgffdx=/Rf</jrf<x1,xz>dx1) dxz—/R|f|2dxz=o.

This completes the proof of Lemma 1. O

We now present several anisotropic inequalities. Basic 1D inequalities play a role in these
anisotropic inequalities. We emphasize that 1D inequalities on the whole line R are not always
the same as the corresponding ones on bounded domains including periodic domains. For
any 1D function f € H H(R),

1 1
1@ < V20 F 122y 1 12 - (23)

For a bounded domain such as T and f € H'(T),

1 1
1 ooy < V2 1A gy 1 W Faepy + £ 2y (24)

However, if a function has mean zero such as the oscillation part f the 1D inequality for f
is the same as the whole line case, that is, for f € HY(T),
1

~ ~ L ~ 1
1 lzsocry < CIFI 2y 1Y 122, 2.5)

These basic inequalities are incorporated into the anisotropic inequalities stated in the fol-
lowing lemmas.

Lemma2 Let Q =T x R. Forany f, g, h € L*(Q) with 8, f € L*(2) and drg € L*(),
then

1 [N 1
< CUAIG (L2 + 181 12) gl 72 1828172 1Al 2 (2.6)

/ fghdx
Q
Forany f € H*(R2), we have

1

Es 1 1
I fllLe) < C ||f||£2(9) (12 + 101 fll L2 () * ||32f||22(9)
1
x (102 f Nl 2y + 10192 1 12¢)) * - 2.7)

Proof The upper bound for the triple product in (2.6) on R? was stated and proven in [5],
but (2.6) for the domain 2 includes an extra lower-order term. For the convenience of the
readers, we provide the proofs of (2.6) and (2.7). Applying Holder’s inequality in each
direction, Minkowski’s inequality, and (2.3) and (2.4), we have

'/Qfghdx

= M2 roe 8ligs 2 IR L2
<
= Ml e N8l g Il 2

1 1
=C Hllfllzz 191 £l +1f ez, .
X1 X1 L

X

1 1
lglZ, Noagl?, | Al
x2 22

1 [R 1
< CUAIG (1f Nz + 101 fll2) 2 gh7a 828117, Ikl 2
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Here || f|| L2, L Tepresents the L>-norm in the x-variable, followed by the L2-norm in the
2 1

xp-variable. To prove (2.7), we again use Holder’s inequality, Minkowski’s inequality, and
(2.3) and (2.4),

X)X

1 1
[ flleere = C H I£1172 192£117
X2 X

2L§_<IJ

=C |ifhg

1 1

3 H 19 3
2 Sl

13, ey,

1 1
=C Hllflliz 191/ + 17022,
Xl Xl -

X2
1

X

1 1
12717, 19102717 + 102112,
XI Xl

X2
1 1 1
<CIULI (WF 2+ 101 fllg2)* 1921

1
X (192 fllz2 + 19192 f 1 2)* -

This completes the proof of Lemma 2. O

If we replace f by the oscillation part f some of the lower-order parts in (2.6) and (2.7)
can be dropped, as the following lemma states.

Lemma3 Let Q =T x R. Forany f, g, h € L*>(Q) with 8 f € L>(Q) and d,g € L*(),

then
‘/ fghdx
Q

For any f € H*(Q), we have

~ 1 ~ L 1 1
< CIFI 101 71175 18125 19281175 1A - (2.8)

~ ~ 1 ~ 1 ~ 1 ~ 1

Proof The two inequalities in this lemma can be shown similarly as those in Lemma 2.
The only modification here is to use (2.5) instead of (2.4). Since (2.5) does not contain the
lower-order part, the inequalities in this lemma do not have the lower-order terms. O

The next lemma assesses that the oscillation part f obeys a strong Poincaré type inequality
with the upper bound in terms of 91 f instead of V f.

Lem@a4 Let f be a smooth function, f_ and f be defined as in (2.1) and (2.2). If
||31f||L2(Q) < 00, then

17122 < Cl91 Fll 2oy, 2.9)
where C is a pure constant. In addition, if ||81]7||H1(Q) < 00, then
1 2@ < CIOL il (- (2.10)

Proof For fixed x, € R,

1
/0 f(x1,x2) dx1 =0.
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According to the mean-value theorem, there exists 7 € [0, 1] such that f(n, x2) = 0.
Therefore, by Holder inequality,

1

1 =
| f(xr,x0)] = 5(/0 (aylf<y1,x2)>2dy1>2. (2.11)

X1 -
/ 3y, f (1, x2) dy
n

Taking the L2-norm of (2.11) over  yields
1F 1220 < Cld1FllL20)-
To prove (2.10), we use (2.4), namely, for any fixed x € R,
~ ~ 1 ~ 1
171, ez < CUFl Gy 101713 gy
Taking the L°°-norm in x;, and using (2.3) and (2.9), we find

I F e < C||alf”H1(Q)-

This completes the proof of Lemma 4. O

As an application of Lemma 4, the inequality in (2.8) can be converted to

~ ~ 1 1
/Qfghdx < Cloflz2 gl 0281 IRl 2

3 Proof of Theorem 1

This section is devoted to the proof of Theorem 1. Since the local well-posedness can be
shown via standard methods such as Friedrichs’ Fourier cutoff, our focus is on the global a
priori bound on the solution in H 2(Q).

The framework for proving the global H?2-bound is the bootstrapping argument (see, e.g.,
[45, p.21]). By selecting a suitable energy functional at the H>-level, we devote our main
efforts to showing that this energy functional obeys a desirable energy inequality. This process
is lengthy and involves establishing suitable upper bounds for several nonlinear terms such
as the one in (1.8). As described in the introduction, we invoke the orthogonal decomposition
u=i+wandd =0+6, apply various anisotropic inequalities in the previous section and
make use of the fine properties of i and 6. More details are given in the proof of Theorem 1.

Proof of Theorem 1 We define the natural energy functional,
E@) = S (lu@32 + 10(15,2) + v/ot l01u(0) 3, dT + & fo 18160()I3,, d.
Our main efforts are devoted to proving that, for a constant C uniform for all # > 0,
E(t) <E©0)+CE®*+ CE@®)?. 3.1
Once (3.1) is established, the bootstrapping argument implies that, if

. 1 1
E0) = luoll%, + 160113, < &*, fore? < min{—

16C° sﬁ}’
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then E (¢) admits the desired uniform global bound E(¢) < C 2. To initiate the bootstrapping
argument, we make the ansatz

1
ic’ 2y
(3.1) will allow us to conclude that E(¢) actually admits an even smaller bound. In fact, if
(3.2) holds, then (3.1) implies

E(t) < min{ (3.2)

E@) < EO) + %E(t) + %E(t),
or
1 1
ic’ 2Jc)
with the bound being half of the one in (3.2). The bootstrapping argument then asserts that
E(t) is bounded uniformly for all time,

1
E(r) <2E(0) <2¢* < 5 min{

E(t) < C &2 (3.3)

Then we can deduce the global existence as well as the stability result from the global
bound in (3.3). Now we show (3.1). A L%-estimate yields

t t
lu)2> + 10113 +2v[0 I131u(T) 12, dt +2x/0 1810(0)1%, dv
= lluoll2, + 160112, (3.4)

To estimate the H'-norm, we make use of the vorticity equation associated with the velocity
equation in (1.2),

ow+u-Vo =010,

where w = V x u. Taking the inner product of (w, Af) with the equations of vorticity and
temperature, we have, dueto V- u =0,

1d

5 dt(llw(t)lliz +IVO®2,) + viidiol?, +x[8:1VO3,

= —fV(u -VO)-VOdx =M, (3.5)

where we have used

/819a)dx:—/Oala)dx:—/QAuzdx:—/A@uzdx.

We further write M in (3.5) as

M

—/V(u-V@)-V@dx

2
-3 /aj(u,»aie)ajedx

ij=I

2

2
-3 /ajuiaie 9j0dx — Y /uia,-aje 9,0 dx

i,j=1 i,j=1

@ Springer



Stability and exponential decay for Boussinesq equations Page 110f21 116

= —/81u1819819dx—/81u2826’816’dx
—/32u1819 0,60 dx —/321,{2 0260 0,0 dx
= My 4+ My 4+ M3 + My.
Here, due to V - u = 0, we have used
2
> /ui8i8j93j0dx20.
ij=1

By Lemma 1, Lemma 3, Lemma 4 and Young’s inequality,

M1 = —/31;{1 3153196[)6

IA

~ L ~ 1 1 1
Cll01 211010112, 1010181125 01771 112, 1 d20171 112
< CUMOIZ(1d1ull2, + 19101122) + 8181 Vull2, + 1191 V]3,),

where § > 0 is a small fixed constant to be specified later. Similarly,

My = —/81172 020 31561)6

IA

~ L ot 1 1
ClD01 2101812, 1191018 1 2, 19172112, 182012
< ClB0N7 - (101ull32 + 19101172) + 8191 Vull7, + 191 V07 2).

To deal with M3, we invoke the decompositions u = it + % and § = 0+ 6 to write it into
four terms,

M3 = —/82u1319 020 dx
= —/32[!1a]aazédx—/azﬁlalgazgdx

— / U1 315329_ dx — / U1 315325dx
= M3y + M3 + M3z + M.

According to Lemma 1, it is easy to see M3; = 0. To bound M3; and M33, we use Lemma
1, Lemma 3, Lemma 4 and Young’s inequality to obtain

M3y = —/321/_!1 31532541)6

IA

~ 1 ~ L ~ 1
Clldaitr || 2111611/, 1201011 1, 182011, 19182011,

~ 1 ~ 3
< Cllogull211310112,1191 02611 2,
< Clldaull 219101172 + 80:1VO|7

and

M3z = —fazﬁl 815829_dx
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_ ol b ~ 1
< Cl102011 12 19271 1 2, 1910201112, 19,8112, 11020181,

1 ~ 1
< Cl192611211916117, 1191221 [ 1211010261}
< CllB0072 10101172 + 8191 Vull7, + 131 VO|72).

M34 can be similarly bounded as M3,. For M4, we also write it as
My = /31141 0260 0,0 dx

= 2/ 3111 820 320 dx + / N1 960 0,6 dx
= My + Mys.
Similar as M33, we can bound M4 and M4, by
My, Myy < Cll20 21010172 + 8101 Vull 7, + 81 VO]72).
Collecting the estimates for M and taking § > 0O to be small, say
< % min{v, n},

we obtain

t t
lo®7, + IVO@ 7, + v / 1910(DI727 + & / 181 VO(D)17, dv
0 0

t
< c/ (VO + IVOIl} 2 + IVul}2) x (1d1ull7, + [181017,) d.
0

(3.6)

Next we estimate the H2-norm of (u, 6). We take the inner product of Aw and A26 with the
equations of vorticity and temperature, respectively. Due to V - u = 0 and after integrating

by parts, we have
%%(HVm(I)HiZ +1A0MD172) + vlIdr Vol 7, + « (18140117,
= —/Va)~ Vu-Vodx — / A(u-VO)AOdx.
For the first term on the right hand side, we can decompose it as
N = —/Va)~Vu~dex
= —/81u1 (81a))2dx — / d1up 01w hwdx

—fazul oiw 32wdx—/32u2 (azw)2 dx
:= Ny + Ny + N3 + Ny.

3.7)

N; and N, can be bounded directly. According to Lemma 1, ;2 = 0 and d;u = 9;u. By

Lemma 3,

N| = —/31u13]a)316~0dx

IA

1 1 1 1
Cllorurll 19131u1ll 010l 5 1020101l 1 10101 2
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< Cl|31ull g1 181ull g2 131 Vool .2
< Clowl3, l01ul3, + 819 Voll:

and

1 1 1 1
Ny < Clldruall}, 13181uall 2, 1013125 13:01311 2, 120112

< Cllull3z 01ull3y + 8101 Vol 7,

where 8’ > 0 is a small but fixed parameter. The estimate of N3 is slightly more delicate.

N3 = —/32u1 diw dhwdx
= - / By +U1) 010 92 (0 + @) dx
= —/32121 815325)61’)6—[32121 8125825dx
—/32171 010 D dx —/aﬁl 010 haodx
= N31 + N3p + N33 + N3g.
The first term N3 is clearly zero,
N3 = —/ dalt] 0w / diwdx;dx; =0.
R T
To bound N3 and N33, we first use (2.8) of Lemma 3 and then Lemma 4 to obtain
1 1 1 1
N3z < C ity |2 113112, 1320081125 192311, 101023 2,

1 3
C il 2 19181, 19182001}

Cllulfyi 131ul?, + 8181 Vol?,

IA

A

and

1 1 1 1
N33 < C 1820l 2 13200111 [, 1918281115 101811}, 18201817

< Clull3s l01ull3, + 8191 Voll3,

N34 can be similarly bounded as N3». N4 can also be bounded similarly.
Ny = — / 311 (@ + 0,@)° dx
= —2/ A1) 020 hr@ dx — / A (@) dx

1 1 1 1
C (19201l 2 + 182311 ) 1917112 1020171 15 118233112, 1101023 25

< Cllull3z 101ull3,, + 8101 Vol .

IA

Thus we have shown that

INI < C (lull?y + llull}) 1913, + 681131 Vool 2.

(3.8)
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For the last term of (3.7), we can write it as

—fA(u-V@)A@dx —/Au-V@Ade—Z/Vu~V29A9dx

= —/Au1810 Ade—/AuzazeAde
—2[81u181819 Ade—Z/E)mz 0,010 AB dx

—2/32141 01020 AO dx —2/82u2 02020 AB dx
=P+ P+ P3+ P4+ P5 + Pe.

According to Lemma 1, we can divide P; into four terms,
P = —/ Aiiy 910 A6 dx — / Aity 916 A6 dx
—/Aiil 3160 AGdx — / Ali1 916 A6 dx
= P11+ P12 + P13 + Pis.
It is clear that P;; = 0. For Py, we can bound it using Lemma 1, Lemma 3 and Lemma 4,
~ 1 ~ 1 ~ 1 ~ 1
Piy < CllAur [l 211011, 118201011 5 14011 7, 1181 A8},
1 1 ~
< CllAull 2131011, 1101 VOl , 181 AB]| .2
< Cllaull (10101172 + 1191 VO172) + 8181 A7
Similarly, P4 shares the same bounded with Pj». For Py3, we can bound it by
_ 1 1 ~ 1 ~ 1
P13 < CllAO| 2| Al |l 191 Al ]|, 11010115 11828101]1 ;5

1 ~ L
< ClAD| 211010112, 1191 ATl 21191 AB] 2,
< CIAGN 1910117, + 8 (191 AullZ, + 81 A0]13,).

Therefore,
P < ClAUl, + 1A0]72) x 131013, + 8 (131 Aull?, + 191 A0]3,).

According to the relation Au, = 91w, we can decompose P, as follows,
P = - / diw 020 AO dx
= - f 913 8,0 AG dx — / 913 9,0 AG dx
- f 313 30 A dx — / 3@ 320 AF dx
= Py + Py + Py3 + P.

Clearly, P>; = 0. Making use of Lemma 1, Lemma 3 and Lemma 4, we obtain
_ 1 I | ~ 1
Py, Py < 1020 211112, 18201311, 1 AB] 2, 1181 A 2
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1 1 ~
< CIVOl 2110012, 110:VE| 2, (101 AG]l 2
< CIIVOIT 01017, + 8 (101 Voll7, + 1191 A0]7,)

and
_ 1 1 ~ 1 ~ 1
Py3 < ClIAD] 211013112, 1020131 2, 19,01 2, 11819:0]
1 1 ~
< ClAG 210100012, 110: V] 2, 101 A8l 2
< CIAGNS, 1910113, + 8 (191 Voll3, + 131 A0]1%,).
Thus,

Py < C(IVulls + 1A0117,) x 1910017, + 8" (191 Aull?, + 81 A0]13,).

For P3, we can bound it by

P = _2/3151 8181§A9dx

IA

1 1 ~ 1 ~ 1
ClABI 21190 )2, 1820121112, 18101112, 181819162,
1 1 ~

< ClAOI 211l 2, 101 AL 2, 1191 AB]| 12
< CIAON LI ulZ s + 8 (131 Aull, + 181 A60]3,).

Py can be bounded in the same way. Using Lemma 1, we can write Ps as
Ps = —2/325“ 319:0 Af dx —2/ dity 31,0 AG dx

—2/ Dl 81920 AGdx —2 / dily 91320 AG dx
:= P51 + Psy + Ps3 + Ps4.
It is easy to check that Ps; = 0. Ps; and Ps4 can be bounded by
Psy, Psy < C||Vul[ 218196172 + 8181 A7,
and Ps3 have the bound
Ps3 < ClIAGIA, 1101 Vul2, + 8 (191 Aull?, + 1191 A012,).

Finally we estimate Pg, which can be written as
Ps = 2/81141 32000 AO dx
= 2/ 301 02000 AG dx + 2/ W1 20,0 AD dx
+2/ 3111 02000 NG dx + 2/ 3111 02020 A dx
:= Pg1 + P2 + Pe3 + Poa.

As in the estimate of P, we have Pg; = 0 and

Pe2. Pe3. Pos < CIIAG ] [101ull72 + 8" (01 Aull7, + 81 A0]7,).
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Inserting (3.8) and the estimates for Py through P in (3.7), and choosing 8’ > 0 sufficiently
small, we obtain

t t
IVo®)I32 + 18007, + v / 01V (D)7, d7 + & / 181 A0 (D13, dT
0 0

t
< c/ (Norullze + 101015,2) x (lull32 + lul G2 + 101152 + 10117,2) dT. (3.9)
0
Combining (3.9), (3.4) and (3.6) leads to the desired inequality in (3.1). This completes the

proof of Theorem 1. O

4 Proof of Theorem 2

This section proves Theorem 2. We work with the equations of (i, 6) and make use of the
properties of the orthogonal decomposition and various anisotropic inequalities.

Proof of Theorem 2 'We first write the equation of (i, 0). Making use of Lemma 1, we have
diu = 0 and

w- Vi =u10i + updpi = 0.
Since V - u = 0 in €2, there exists a stream function ¥ such that
=y = (=, 0.
Then
=00y =0
and
u-Vi=0. 4.1

Taking the average of (1.2) and making use of (4.1) yield

R 0
3‘“+“'W+<a2ﬁ>_<é>’ (4.2)

30 +u-vo=0.
Taking the difference of (1.2) and (4.2), we find
Ouii + 1t - Vi + uadii — vO20i + VP = fey, ws)
00 +u - VO + urdr6 — k029 + iin = 0. '

The L>-estimate gives

ld _ = ~ 0 ~2 0
EE(””(I)”LZ""”9(’)”L2)+V”81””L2 + k0101l 2

—~

=— u~V'zZ~ﬁdx—/u282ﬁ~ﬁdx— u~V§§dx—/u282§§dx

= A1+ Ar 4+ Az + Ay
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For Ay, according to the divergence-free condition of # and Lemma 1, we have
Al =— Lt/-_\V/ﬁ~L7dx:—/u-Vﬁ-ﬁdx+/u-Vﬁ-ﬁdx:0.

Similarly, A3 = 0. Then we estimate A;. By Lemma 1, Lemma 3 and Lemma 4,

A2=—/ﬁ‘232b_t-'lzdx

IA

1 1 1 1
Cllanall 2 17112, 18022 1 L 171 25 oy
T
< Clldsall 2 Il L v I 2 v 2 n
~n2
< Cllull i1y,
Similarly,
~ oo ~12 P
Ay = —/Mz 00 T dx < ClIO L (101712, + 118112,

Collecting the estimates for A through A4, we obtain

d ~ ~
E(nu(t)niz F181%5) + v — Cll, )l y) 131112
+@2k = Cll(u, )] g 18113, < 0.

By Theorem 1, if ¢ > 0 is sufficiently small and |lugllg, + ll6olln, =< ¢, then
|w(@), 0) | g2 < Ce and

v = Cllu@®), 0@ lg2 =z v, 26 = Cll(u@), 0@)ll g2 = «.

Invoking the Poincaré type inequality in Lemma 4 leads to the desired exponential decay for
@@, )2,

IO 2 + 18122 < Uluollz2 + 160l z2)e™ M, (4.4)

where C; = Ci(v,n) > 0. We now turn to the exponential decay of || (Vu(z), Vg(t))lle.
Applying V to (4.3) yields

!a,vﬁJr V(- Vi) + V(uaihit) — vi2Vii + VVF = V(@er),

8,V + V(1 - VO) + V(urds0) — k928 + Vit = 0. @
Taking the L? inner product of system (4.5) with (Vi, Vg), we have
%%(nwmniz +IVED2) + vI|9y Va2, + k19 VA2,
—_ / V(i Vi) - Viidx — / V(uzdit) - Vi dx
- / V(;-—\V/g) -VOdx — / V(u20,0) - VO dx
:= B| + B, 4+ B3 + Ba. (4.6)

By Lemma 1, B; can be further written as

B =_/V(u-vm-Vﬁdx+/V(u-V?D-Vﬁdx
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= —/3]u181'1:[-311/7dx+/311/l232ﬁ~3]ﬁdx

— / Oouy 01U - dudx + / Oputn ol - D dx
= Bj1 + B2 + B3 + Bia.
Using Lemma 3 and Lemma 4, By can be bounded by
1 1 1 1
Biy < Cllduur |l 21911 25 120177112, 1017711, 18181711
1 I 1
< Clloruy 2 1901 2, 192001 2, 101712, 110117711 2,
< Cllull g1 191 Vil 7.
B> and B3 can be bounded similarly and
Bia, Biz < Cllull g [0, Vi3

For Bi4, according to the divergence-free condition of u and similar as By, we have

By = —/31141 Ul - udx = /31’121 0ot - Do dx

IA

CllanTl 2 0171 12, 18230701 1 2 132712 113077 2
< Clull g 101 Vil
Therefore, B; is bounded by
|B1| < Cllullgi19: V|3,
Similarly, we can bound B3 by
B3| < C(llull g1 + 101 1) x (131 VA2 + 181 VO13.).

To bound B,, we first write it explicitly as

B, = —/V(uzﬁzﬁ)-Vﬁdx
= —/aluz ou - 0 udx —[uz 02011 - 011 dx

— / doun Dol - Dudx — / Uy 0r0xit - ol dx
= Br1 + By + B3z + Bog.
By Lemma 1, Lemma 3 and Lemma 4,

By = —/31%2 Ooit - 01U dx

1 1 1 1
Clldnill 2 19122, 10201212, 147711 2, 191 01771 2

~2
< Cllull 11101 Vullpz.

IA

According to the definition of u,

By = — / up 901U - (udx =0.

@ Springer



Stability and exponential decay for Boussinesq equations Page 190f21 116

Similarly, B»3 and B4 can be bounded by
Byy = /31’121 Ot - Dol dx

1 1 1 1
< Clldaill 2 190111 182971 1 19:72]1 5 181 3a]
~2
< Cllullgi10:1Vull;,
and

By = —/ﬁz 020011 - DUl dx

1 1 1 1
Clldadaitll 2 2]l 182202115 102301 19102341

~12
< Cllull g21101 Vel

IA

Thus we obtain the bound for B>,
|Ba| < Cllull 721191 V| 7.
Similarly, B4 is bounded by
|Bs < Cll0]l 2 x (101 Va2, + 191 VE]2,).

Inserting the estimates for B; through By in (4.6), we obtain

d - ~ ~
SUVEOIZ + IVEO 72 + @v = Cll, 0)llz2) 191 VTl
+Q2k = Cll . 0) | g2) 31 V8|3, < 0.

Choosing ¢ sufficiently small and invoking the Poincaré type inequality in Lemma 4, we
obtain the exponential decay result for ||(Vi, VO)| 2,

IVEOl 12 + IVE@) 12 < (IVuoll 2 + V6ol 12)e 1. (4.7)

Combining the estimates (4.4) and (4.7), we obtain the desired decay result. This completes
the proof of Theorem 2. O
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