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ABSTRACT. This paper studies the global well-posedness problem on a tropical
climate model with fractional dissipation. This system allows us to simultane-
ously examine a family of equations characterized by the fractional dissipative
terms (—A)%u in the equation of the barotropic mode u and (—A)Pv in the
equation of the first baroclinic mode v. We establish the global existence
and regularity of the solutions when the total fractional power is 2, namely
a+pB=2.

1. Introduction. This paper focuses on the global existence and regularity of so-
lutions to the initial-value problem on a tropical climate model with fractional
dissipation

du+u-Vutv(=A)*u+Vp+ V- (v®@v) =0, r€R? t>0,

O +u-Vo+v-Vu+n(—A)Pv+ Vo =0,

00 +u-VO+V-v=0, (1)
V.-u=0,

(4, ,0)(2,0) = (o), vo(2), Bo()),

where the vector fields u = (u1,u2) and v = (v1,v2) denote the barotropic mode
and the first baroclinic mode of the velocity, respectively, and the scalar p denotes
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the pressure and 6 the temperature, and v > 0,7 >0, 0<a<2and 0 < 3 < 2
are real parameters.

When v =n =0, (1) reduces to the original tropical climate model derived by
Frierson, Majda and Pauluis [5]. When v >0, n >0, a =1 and 5 =1, (1) reduces
to the viscous counterpart of the Frierson-Majda-Pauluis model that was studied
by Li and Titi [10]. We also mention a recent work of Ye [14], which includes the
standard Laplacian dissipation in the equation for #. In this paper the equation
for 6 has no dissipation. (1) with 0 < a < 2 and 0 < 8 < 2 may be relevant in
modeling tropical atmospheric dynamics. These fractional diffusion operators model
the so-called anomalous diffusion, a much studied topic in physics, probability and
finance (see, e.g., [1, 6, 11]). Especially, (1) allows us to study long-range diffusive
interactions. Our main focus here is on the fundamental mathematical issues such
as the global (in time) existence and regularity problem. Mathematically (1) has
the advantage of allowing us to examine a family of equations simultaneously.

We are able to show that, fora+ =2and 1 < 8 < %, (1) always possesses a
unique global solution when the initial data (ug, vg, fg) is sufficiently smooth. More
precisely, we obtain the following theorem.

Theorem 1.1. Let s > 2. Assume the initial data (ug,vo,00) satisfies
ug,vo € H*(R?), V-up=0, 6 H L(R?)nNHT=F(R?).
Consider (1) with « and B satisfying

3

Then (1) has a unique global solution (u,v,8) satisfying, for any t >0,
u, v e C([0,t); H¥(R?)), 0 C([0,t); HL(R?) n H*1=A(R?)).

We remark that the case a + 8 = 2 and % < B < 2 is no more difficult than
the case presented here and will be worked out later. In addition, we also examine
a special case of « + 8 = 2, namely o« = 2 and f = 0. We establish the global
existence and uniqueness of the solutions when the initial data is in H® with s > 2.

Theorem 1.2. Let s > 2. Assume (ug,vo, 0o) € H*(R?) with V -ug = 0. Consider
(1) with o =2 and n = 0. Then (1) has a unique global solution (u,v,0) satisfying,
foranyt >0

u,v,0 € C(0,t; H*(R?)).

Our approach for proving Theorem 1.1 is new and different from those in [10]
and [14]. The proof of Theorem 1.1 boils down to proving global a priori bounds.
The global bound for the L?-norm of (u, v, #) follows directly from (1). The proof of
the global H!-bound is more difficult and is at the core of the proof of Theorem 1.1.
For notational convenience, we set ¥ = 1 = 1. Our approach for proving the global
H'-bound is new. We take the structure of (1) into full account and reformulate
(1) in terms of the variables

w=Vxu, j=V xuv, h=V-u, H=h-—A>"%P9
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as
Ow~+u-Vw+ (—A) % +v-Vj+2hj+ vadr1h — v10:h = 0,
Oij+u-Vj+v-Vo+wh+n(—A)Pj=0,

Oh+u-Vh+ (=A)Ph+ A0 = —2Vu: Vo, (2)
00 +u-VO+h=0,
V-u=0,

where A = (—A)2 and the notation A : B for two matrices A = (aij) and B = (b;;)
is defined as
A:B= Zaijbij.
2]

The advantage of (2) is that the equations of w and j do not involve 6. Due to the
lack of dissipation in the equation of 6, it is difficult to deal with the term A# in
the equation for h. This motivates us to consider the following combined quantity

H=h-TRs0 with Rg=A*"F
which satisfies (by combining the equations of h and 6)
OH+u-VH+ (-A)PH = —2Vu: Vo + A*Ph 4 [A*2P u- V).  (3)
We work with (2) and (3) to prove the global bound for (w, j, H), which reads

t
l(w, 5, H)|| 7 +/ (IA*VulZ2 + A% (5, H)72) dr < C([[(uo, v0, 00)l 11, t) < oo
0
This global bound does not immediately translate into a global bound for
t
/ |APVol|2, dr < co.
0

As in Lemma 1.3 stated below, the L?-norm of the gradient can be represented in
terms of the L2-norms of the curl and the divergence, namely

IA°V0)|Z2 = [A%]117: + 1AL = [IA%5]Z2 + APH + A*770]|2,,

but the trouble is that we do not have control of ||[A2~#6||;>. Since there is no
dissipation in the equation of 6, we need to control |Vul||r= or its equivalent such
as ||w||z1 in order to control any derivative of 6.

This prompts us to prove global bounds for w in more regular settings. We first
show a global bound for ||w||L; , which allows us to further prove the global bound

for
t
/ Vw32 dT < 0.
0

This global bound is enough for us to control the nonlinear terms in the estimate
of the H?® via the logarithmic Sobolev inequality, for s > 2,

IVl oo (rey < C (1 + |lull p2re) + IVl 22(re) log(1 + [Jull 1+ x2))) -

The proof of Theorem 1.2 is achieved through a two-stage process. The first
stage proves a global H'-bound via energy estimates and an improved version of
Gronwall’s inequality while the second stage establishes the global H* bound by
making use of the global H' bound.
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Finally we supply a basic fact that relates VF to V x F' and V - F for a vector
field F'. As we know, for a divergence-free vector V - F' = 0,
IVF| 2 = |V X F| 2.

If F is not divergence-free, V - F' # 0, in general |[VF| 2 # ||V X F| 2. The
following lemma relates the L2?-norms of VF, V x F and V - F and provides a
bound for the L9-norm of VF'. This lemma will be used repeatedly throughout the
rest of this paper.

Lemma 1.3. For any vector field F,

IVF|L = IV x Flli= + IV - FlIZ: (4)
and, for 2 < q < oo,
IVE|La < C(IV X Fllza + [V - Fl[£a). (5)
(4) follows from the identity
Vx(VxF)=V(V-F)-AF, (6)

Plancherel’s theorem and a direct calculation. (5) follows from a variant of (6),
VF=V(-A)"'V x (Vx F)-V(-A)"'V(V . F),
the Calderon-Zygmund inequality on singular integral operators.
The rest of this paper is divided into two sections followed by an appendix.
Section 2 provides the proof of Theorem 1.1 while Section 3 proves Theorem 1.2.

The appendix supplies some of the inequalities as well as the definition of Besov
spaces.

2. Proof of Theorem 1.1. This section proves Theorem 1.1. As we know, the
proof of Theorem 1.1 boils down to the global a priori bounds in H®. The proof
is achieved in several steps, which successively establish the global bounds in more
and more regular functional settings.

2.1. Global H'-bound. The subsection proves the following global H' bound.

Proposition 1. Assume (ug,vg, 0y) obeys the assumptions stated in Theorem 1.1.
Assumea+p=2and1 < < % Let (u,v,0) be the corresponding solution. Then
(u,v,0) obeys the following global H-bound, for anyt > 0,
t
IVl + 90l + [ (AVale +14%GIDE2) dr

< C([[(uo,vo, 00) || 15 t) < 00,
where C(||(uo, vo, 00)||z1,t) depends on t and the initial H -norm || (ug,vo, o) | g -
In order to prove Proposition 1, we first state the following global L? bound for
(up,vo, 0p) and the global Li-bound for 6.

Lemma 2.1. Assume (ug,vo,b0p) obeys the assumptions stated in Theorem 1.1.
Let (u,v,0) be the corresponding solution. Then (u,v,8) obeys the following global
L?-bound, for anyt >0,

t
(s 0, )17 + 2/0 (IA%ullZ> + [A70]|72) dr = [|(uo, vo, 60) 72 (1)
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In addition, for any q satisfying 2 < q < ﬁ and for any t > 0,
10| za < [160llza + VE[Av]| 122 < 0. (2)

Proof of Lemma 2.1. The global L?-bound in (1) follows from a standard energy

estimate involving integration by parts and the application of V-u = 0. The global
2

bound in (2) follows from the fact that, for ¢ = 75 > 2, by taking the scalar

product of §]0|9~1 with the equation for 6 in (1.2),

t
16O 2, < N6l 2, +fj£ ] o dr

LTF
t
B
< Aol 2, + [ 1A%0]La e
< ol 2, + VEIA V212
The global bound for [|6][ra with 2 < ¢ < 325 follows from a simple interpolation
inequality. O

We now turn to the proof of Proposition 1.

Proof of Proposition 1. Dotting the equation of w with w, the equation of j with j
and the equation of H with H, we obtain, after integration by parts,

ld
2dt
where

Il :—3/wh], 12:—/(v281h—v182h)w, 13:72/VUIV’UH,

1w, 5, E) 7 + [IAwl[72 + [A%]][72 + [APH T2 = I + T2 + Is + Ls + I,

I, = /AH%H, Iy = /H[A2—25,u.vw.

We now estimate the terms on the right-hand side. By Holder’s inequality and
Sobolev embedding inequality

(] < 3z lwllzellRllze
< COllgllee A% L2 AP Rl 2
< Ol 1AWl 2 A% ] 2
1 .. .
< A [Pz + C A% L2522,
where ) L1
1 1 1 1 —1
) 3)
p q 2 p 2 2 q 2 2
To estimate I, we recall that h = H 4+ A%2~2%0 and write I, as
L, = — /(vzalH — v H)w— /(v281A2‘259 —110,A*7 ) w
= Iy + Ios.
By Hélder’s inequality and Sobolev’s embedding inequality,
[T < fwllzzlloll, 20 VA, 2

IN

lollz2 l[vll s A7 H | 2.
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To bound I55, we shift the derivatives away from 6 to obtain
oz = [ 0% 201 (0s) - Ba(ur).

By Holder’s inequality and Sobolev’s embedding inequality,

Lol <116l 2, 1A% ()] 5
< cnon“, (1820l allwll 2 + 1A 2] 2 ol 1)
< cnen 2, ol 1A%l
<

7; IAwZz + CUON2 2 lloll5rs-

Again, by Holder’s inequality and Sobolev embedding inequality,

1l < 2 Vule[VollLa [ H] 22
< Ol A2 APVl | H e
1 [e3
< 1g lIAwllze + C|A ]| | H |72,

where p and ¢ are defined in (3). Thanks to 1 < § < %, by an interpolation
inequality,

| 14]

IA

1A%~ 0 2 (| H |2

3(1-1) 32
Cllollya * 1A%l 1 H |l e

IN

Due to V- u =0,
[A*728 4. V)0 = A*72PV - (uh) — u- VA?~2P9.
By Lemma A.1,
| < A7V (uf) — u- VA2T200)| 2 || H| 2

< CH (1825l 2 10| o, + [Vull o 1827200 s )
< ClHIz (I8 ul210] 2, + I8 Full2 0] 2)
< N (lolls + 1Al ),

LZF

where, due to 8 > 1, we have 5 -3 <1+ aand 4 — 28 <1+ a, and
1A%~ | 2, APVl g2 < O (wllzz + [[A%w]|2).
Further, by Young’s inequality and Lemma 2.1,
1 «
s < 76 lIA it +C(1H|Z: + wlZ2)-
Combining all the estimates above, we obtain
(w, 5, H)ll72 + [IA0 )22 + A7) 22 + AP HI|

< O +Pllgs)(lwlze + 1517 + I HIZ: + 1H]22) + ClOI o llollFs-

<
dt

Gronwall’s inequality then implies the global H'-bound in Proposition 1 O
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2.2. Global W'? bound for v. This subsection proves a global bound for ||0|| L4
with any ¢ € [2,00] and for | V(e for any 2 < ¢ < co.
Proposition 2. Assume (u,v,0) solves (1). Then, for any t > 0,

10)]|za < C(t, [[(uo, vo, 00)[[m1), 2 < g < oo,

I9o(®)le < CCE 0ol [ orv0,00) ), 2<g <00 (4)

FEspecially,
[v@)lze < C@, 1100l g1, [l (w0, vo, 00) || 1 )-

To prove Proposition 2, we need to consider ||f||;-.. It appears reasonable to
consider the H'-norm of . The equation of 8
0f0+u-VO+V-v=0

indicates that [|0|| 2 ~ ||V -v|| 2. Consequently, the counterpart of ||v||12 is ||€]] ;-1-
The following asserts that ||0|| ;-. remains bounded for all time.

Lemma 2.2. Assume 0y € H=' 0 H'. Then, for all time t > 0,
10 -1 < C(& 100l g1 [| (o, vo, B0) | 120)-

Proof of Lemma 2.2. We write 6 = A6. Inserting this in the equation for 6 and
dotting the equation by 0, we obtain
1d

5| VOllz: < bl VOllze + [loll 2 [ V6|2

IN

(lullze 10l L2 + llvll =) VO]l L2
The embedding inequality

lull 2o < Cllull2* [A%w] 3*

and the global bound in Proposition 1 then implies that

~ t
10— = 1VO][Lz < (160l - +/O (lullze< 10l 2> + llvllL2) dT < oc.

This completes the proof of Lemma 2.2. O

We now prove Proposition 2.

Proof of Proposition 2. First we show that, for any 2 < ¢ < oo,
10(®)l|ze < C < ox.
In fact, for any 2 < § < g < oo satisfying
pege 2 1_1 282
B 2-p a q 2
we have, from the equation of § and the Hardy-Littlewood-Sobolev inequality,

t
16(6)]| e SHMW+AHWMW
t
< ||90||Lq+/ |H + A*>72%0|| Lo dr
0
t t
snwm+/ummw+/mew. (5)
0 0
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Because of the embedding inequality

1—9-2 a—2
|H e < CH| . ™ IAH| 5

the global bounds in Proposition 1 and Lemma 2.1, we use (5) to control ||6(t)|| s
by ||0]|rz and an iterative process leads to a global bound on ||6(¢)| L« for all g.

We now establish a global bound on ||Vv||L«. We rewrite the equation for v in
the integral form

t
v:g*vo—/ gt —7)* (u-Vo+v-Vu+ VO)(7)dr,
0

—t(—A)ﬁ

where g is the kernel function associated with the operator e or

Gl = etIel”,

By Young’s inequality, for ¢1,¢2 € [1,00] and 1+ % = q% + qiz,

t
IVollLa < [lg * VoollLa +/ IVVyg(t = 7)l[La || (v + 0)(7)| Loz dr.
0

_1 i _1 x
g(l’,t):t kg T 1) =t B 4o 1 ’
128 128

24 1
IVVg(®)|a < Ct 5707 |lgo| Lo

Noticing that

we have

In addition,
[uv + 6l[a> < [lullp2es [[0]| 2202 + 10| Le> < Cllwl[p2[[VollL2 + (10| Lo
and, due to 8 < %, by an interpolation inequality and Lemma 2.2

IVolle < C(lldllz2 + [[Rllz2)
C (I3l + [1H|z2 + |A*276]| 2)
C(lgllz> + I1H 2 + 110l g1 + 10]] 22) < o0

IN

By Proposition 1, for any ¢ > 0,
[luv + 8] Lo < 00.
1

Therefore, if 1 < ¢ < 5 then

2 1
“1<-24+—<0

B Qp
and thus
¢ 24 1
[Volla < HgHL1||VUO||Lq+C/(t_T) Ftar dr
0
< |IVwollpe + C < 0.

This completes the proof of Proposition 2. O
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2.3. Global bound for ||w||Lg and [|[Vw| 2z2. This subsection proves a global
bound for [|[Vw| 1272, an important step in proving the global H* bound for the
solution. To do so, we need a global bound for ||OJ||L%

Proposition 3. Assume (ug,vo,0p) obeys the assumptions stated in Theorem 1.1
with a+=2and1 < p < % Let (u,v,0) be the corresponding solution. Then
w =V X u satisfies, for any t > 0,

t
[w®)ll, 2 < C(t, uo,vo,00), / IVw(r)[[Z2 dr < C(t, uo, vo, 00). (6)
0

Proof of Proposition 3. For notational convenience, we write ¢ = % Recalling the
equation of w,

Ow+u-Vo+ (—A) 0+ V XV-(vv)=0, (7)
we obtain
kum /|w|q 2 (~A)Ywdr = — | VxV-@ev) e 2wdr.  (8)
R2
The d1$Slpat1ve part admits the lower bound,
/|w‘q—2w (—A)O‘w dx > Cy ||w||i% (9)
We write v in terms of j and h. According to (6),
v o= (=A)T'V X (Vxv)—(=A)"'V(V-v)
= (-A)'Vxj—(-A)"'Vh
= (=A)'Vxj—(-A)"'VH — (—A)"1vA22Pg, (10)

Inserting this representation in (8) and applying Holder’s inequality yield

VxV-(v®v)|w! *wds
R2

< Clole= (IV % jllzs + IVH za) llolgs"
+C ol 9] zor |32 (o]~ 2w) | oo
< Cloll= (1A%5l1z2 + AP H| =) |wllFs"

+C ol 18]l zar 1A% (jw]~%w)]

“+2(1
+C w8 IVl 0
where q% +5+2(1—-a)?=1and ¢go = 2¢g. Due to 3 —28 < a, we can choose o
satisfying
3-28<o0<a.
By Lemma A.5,

A28 (jw] %) C lwls N

T+(—a)?’ F+2(1-a)? L0-a)?
-2
Cllwlss,

|q2

1
L $+2(1-a)2

IN

Cllwllzre |l

)
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where we have used a Besov embedding inequality and a simple identity

-2 2
Jlle- . <Clwlsg, =y for q=—
Tr(1-a? T42(1-a)? ' ( _a) -« «a
Therefore,
— | VxV:(vev)|w? wdz
R2
< G0 e C A8 ABH g-1
< SOl o+ Clivllze (IA%Slze + IA°Hlze) ol
-1 & & &
+C|wllTe VUllie + Cllvll e 101 7o 1]l Fra- (11)

Inserting (9) and (11) in (8), we obtain, due to a > % because a+ 3 =2 and 3 < 2,
||w||L% < C(t, ug, vo,bp) < 0.
Let y=a+28—3. Due toa+ =2 and 8 > 1, we have
v >0, v+ a=1.
Applying A7 to (7) and then dotting with AYw, we find

1d
5@”“‘0”%2 + AP w72 = J1 + Ja, (12)
where

i:—/AW(u'Vw)Awwdz,
jg:f/A”wA“’VxV{v@)v)dm.

To bound .71, we write it as, due to V - u = 0,

7= /(Av(u VW) — 1 VATW) ANw da.

By Lemma A.1,
A< el (1Nl 2wl 2 + 1Vl 2 A7) 2 )
< O] @], 2 A% w22
1
< AT + Ol 2 47w

To bound Jo, we invoke (10) and apply Holder’s inequality
[Tl < Clollees |G, D)l A w] g2 + C o]l e 8]z A% A> w2

1, .
< el Twlie + Cllollze |G D + Cllolize 101722,

where we have written 3 — 28 4+ v = «. Inserting the bounds for Jy and Js in (12)
and invoking the global bound for [jw]| 2, we obtain

t
A w(t)|)32 —|—/ AT w(T)|132 dT < C(t,ug,v0,00) < 00.
0

Noticing v + v = 1 finishes the proof of (6) and the proof of Proposition 3. O
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2.4. Global H® bound. This subsection establishes the global H® bound for the
solution. More precisely, we prove the following proposition.

Proposition 4. Assume (ug,vo, 0p) obeys the assumptions stated in Theorem 1.1.
Let (u,v,8) be the corresponding solution. Then (u,v,0) obeys, for anyt >0,

t
[ullFrs + [0ll7re + 1011 F0+1-5 +/ (IA%ullFre + A%V} dr
0
S C(u0700700,t)a
where C(ug, vo, 0o,t) depends on t and the initial data.

Proof of Proposition J. Let J = (I — A)% denote the inhomogeneous differentiation
operator. Taking the inner product of (1) with (J2%u, J%%v, J?57272%0) we have

(lullZre + lollFs + 1011 ) + [A%ulFe + 1A 7

DO =

—_—— —_ |

t

J?(u - Vu) ~Jsud;c—/JSV-(U@U)-Jsudx—/Js(v~Vu)-Jsvdx

IN

J¥(u- Vo) - JPvder — /JSVH-Jsvdw

T B (- ve) TP da — / JH=Bh Js =80 dg
= Ji+J+Js5+Js+ 5+ Js+ J7. (13)

To bound Ji, we apply V - u = 0 to write it as
J1 = —/(Js(u -Vu) —u-VJu) - JPude.

By Lemma A.1 and Sobolev’s inequality,

| /1]

IN

CllPullgz |70l 2 VUl 2 < C Yl TulLz [A%u] g @]l 2

< g IAul + Clll? 3 fully.
We estimate Jy and J3 together. Since V- (v ®v) = v(V-v) +v - Vo,
Jo+Js = f/Js(v-Vv)-Jsud:cf/Js(voVu)Jsvd:c
—/JS(vV~v)~Jsudx
— —/(Js(v-Vv)—v~VJsv)-JSudm
—/(JS(U-VU) —v-VJ%) - JPvdz

—/(V-U)Jsu~JsvdJ;—/Js(vV-v)-Jsudx.
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By Lemma A.1, Sobolev’s inequality and a + 5 = 2,
[+ Js| < Ol 2 (Vo 2 [|7°0]] 2

+C vl (170, 2 IVull 2 + V0], 2 170l =)

1

H T lz V-0l 2 ([ FPull ) 2 A+ (ollzee ([Tl 22 [[V TP 2

< C (Il + 1wl 2 ) I8l [0l
+C ol e 1A%l
1
< o (A%ulfye +1A%05) + € (1A%l + @] 2 ) ol

+Colli 750l 72
J4 can be estimated similarly,
< o (1A%l + 1A%l ) +C (1A%l + wl 3 ) s )l
By Holder’s inequality,
5] < 1T 20l [APell e < oINSl + C 761,
ol < 1T PRl 77 P8 < APl + O 726
To estimate .Jg, we write, due to V - u = 0,
Js = —/(JS“—ﬂ(u-ve) —u-VJHPY) 0 de,
By Lemma A.1,
[Jsl < 1757200 2 (16l]ze= 17572 Pull g2 + |V oo [|755770] 12) -
We invoke the logarithmic Sobolev inequality,

IVl o C (1A flullzz + [[Vull gro log(1 + [|ul[))

C A+ lullze +[[Vwllz2 log(1 + [Jullm:))-

IAIA

Due to a+ 5 = 2,

1
sl = &1 1A%l s + CNONZ e 16111
+C 1+ [lullpz + [Vl 2 log(L + l[ull )10 1-5-

Inserting the bounds in (13), applying Osgood’s inequality and taking into account
of the bounds in Propositions 2 and 3, we obtain the desired global bound in Propo-

sition 4.

3. Proof of Theorem 1.2. This section proves Theorem 1.2. Again the proof
boils down to establishing the global a priori bounds. First we prove the global H'!

bound.
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Proposition 5. Assume (ug,vo,0p) obeys the assumptions stated in Theorem 1.2.
Consider (1) with « = 2 and n = 0. Let (u,v,0) be the corresponding solution.
Then, for anyt > 0,

t
I(u, v, 0) 1172 + 2/0 1Au]|Z> dr < [[(uo, o, 60) 172 (1)

t
1(Vu, Vo, VO)|2 +/ IVAu|[Z2 dr < C(t, || (w0, vo, 00) 1 F0), (2)
0

where C' depends on t and ||(uo, vo, 00)||%: -
Proof. Taking the L? inner product of equations (1) with (u,v,6) and integrating
by parts, we have
1d
57 (
= / (—u-Vu)-udx—!—/ (—u- Vo) -vdm—i—/ (—u-V0) 0dx
R2 R2

R2

ullZ + [0lIZ2 + 110172) + | Aul g

—/ [(U-Vu)~vdm+v-(v®v)-u]dx+/ (VO-v+V-vl)dx
R2 R2
= 0.
Integrating in time yields the assertion (1). To prove (2), we take the inner product
of (1) with (Au, Av, Af) and integrate by parts to obtain

1d

5 3 IVullZz + 1Volzz + 1V0l72) + IV Aul 7. (3)
< /R2 (u- Vu)Audz + /R2 V- (v®v)Audr + /R2 (u - Vv)Avdzx
Jr/Rz(v'Vu)AvdxwL/Rz(u'VG) AHd:z:+/R2(V0Av+V~vA0)dx
< /R? (IVul|Vul|[Vu| + |Vu|| V|| Vo] + |Vu|| V|| VE|) dx + Q/R2 [v|| V|| Auldz
< ClVulz= (IVulle + [Voll7e + [[VOIIZ2) + Cllvllal| Vol 2 | Aul| 4
< ClVulz= (IVulle + [VollZ + [V]I72)

1 3 1 1
+ Clloll2:1IVoll 22 | Aul| 2. [V Aul| 7.
2 1

< ClVullp< [[(Vu, Vo, VO)IZ: + Clloll 22 (1 + | Aul72) [ Vol + S IV AullZ:.
Invoking the logarithmic Sobolev inequality,

[Vullpe < C(1+ [ullr2 + [[Aul| L2 log(e + [lull #2)),
(3) can be rewritten as

d

(Ve Vo, VO)|[ 72 + IV Au] 7.

< C(LA+ Jlullze + [[Aul £z log(e + [Jull #2))I|(Vu, Vo, VO)|7.
2
+O|v]l 72 (1 + | AullZ2) | (Vu, Vo, VO) 2.

Lemma A.2 then implies

t
(Y, Vo, VO) 2 + / IV Al Zads < C(t, | (uon vo, 60) [ 3)-
0
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This completes the proof of Proposition 5. O

Proposition 6. Assume (ug,vo,0p) obeys the assumptions stated in Theorem 1.2.
Consider (1) with « = 2 and n = 0. Let (u,v,0) be the corresponding solution.
Then, for anyt > 0,

t
(v, 0) - +/0 1Au]|Z-dr < C([[(uo, vo, b0)| 1+, ) < o0, (4)

Proof. Taking the inner product of (1) with (J?%u, J?$v, J?30) and integrating by
parts, we have
1d

577 Ulellzzs + [1ollZ + 11017-) + 1 AullZ-
< —/ (u - Vu)J*udzx —|—/ (—u - Vv)J**vdx —|—/ (—u- Vo) J**0dx
R2 R2 R2
-/ V. (U®1})J2Sudm—/ (v - Vu)Jvdx
R2 R2
=t Li+ Lo+ L3+ Ly+ Ls. (5)
As in the proof of Proposition 4, by Lemma A.1, we have
Li+Ly+Ls = —/ ([7°V,ulud v + [J°V,ulvJ*v + [J°V,u]0J°0) dz
R2
< OlVullz=l(u,v,0)l[3 + 175 Aull 2| (u, v, 0) | 4[| (u, v, 0) | 11+
< ClIVullpoell(u, v, 0)13
+ ([ullze + [[Aullae) [ (w; 0, 0) ||z [[(w, 0, 0) || 1
1
< CO+[IVAull) (v, 07 + 41 Aullf. +C.

L4 and Ly can be bounded by

Ly = 7/ J°V - (v @ v)J udz
R2

= / T v @) T Vude
R2

< Ol ol pallollpall 7 Vo 2
1 1
< Clolz-IVollzzlivllz: + gllAullme < Cllullf: + gl Aulla
and
Ly = 7/ J% (v - Vu)J vdz
]RQ
< C(170llz2Vullze + [[olla |72Vl za) [[v] e
1
< ClVullfollz: + [ Vollz ol ol + Sl Al
1
< C(IVAullzz + D) [ollF + Sl Aul.

Inserting the estimates above in the right hand side of (5) and applying Gronwall’s
inequality, we have

t
H(U’U’H)H%{S +/0 HAUH%{*dT < C("(u07U0790)‘|H57t) < 0,
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This completes the proof of 6. O

Appendix A. Inequalities and Besov spaces. This appendix supplies several
inequalities and some facts on the Besov spaces used in the previous sections. First
we recall two calculus inequalities involving fractional derivatives. Second we pro-
vide an improved Gronwall type inequality. Third we describe the definition of the
Littlewood-Paley decomposition and the definition of Besov spaces. Some related
facts used in the previous sections are also included. The material presented in this
appendix can be found in several books and many papers (see, e.g., [2, 3, 12, 13]).

Let J = (I — A)% denote the inhomogeneous differentiation operator. We recall
following calculus inequalities (see, e.g., [7, p.334]).
Lemma A.1. Let s > 0. Let p,p1,p3 € (1,00) and pa, ps € [1, 00| satisfying
1 1 1 1 1

P P2 s
Then, for two constants C and Cs,

175(f Plle < Cr (1T fllzes gllee + 1%l es [ f]ILra)
175(f 9) = f I*gllee < Co (I Flleen lgllzee + 175 gllzes [V fllzea) -

These estimates still hold if we replace J* by the homogeneous operator A°.

The second lemma is an improved Gronwall type inequality (see, e.g., [9]).

Lemma A.2. Assume that Y,Z, A and B are non-negative functions satisfying

Dy (@) +20) < ADY (1) + BO Y () W1+ Z(0)), 1)
Let T > 0. Assume A € L*(0,T) and B € L*(0,T). Then, for any t € [0,T),
Y(1) < (L y (o) 7 el e P T Bt o ds (2)
and . . .
/ Z(r)dr <Y (¢) / A(r) dr 4+ Y (t) / B*(1)dr < oo. (3)
0 0 0

Proof. Setting
Vi) =In(1+Y(?),  Zi(t) =2Z()/(1+Y (),

we have
Dyilt) + Z1(t) <AW) + B W1+ 2(0)

<SA(t) + B(t) In(1+ (L+Y(t) Z1(t))

<A(t)+ B(t) In(1+ Y (t)(1 + Z1(t))

<A(t) + B(t) Yi(t) + B(t) In(1 + Z1()).
Using the simple fact that, for f >0,

In(1+ £()) < £2(2), @)

we obtain

%Yl(t) +Z0(t) < A(t) + B) Ya(t) + B (t) + %Zl (t).
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Gronwall’s inequality then implies
t
Yi(t) < Y1 (0) elo B A +/ el BT AT A(s) + B2(s)) ds,
0

which yields (2). In addition, (2) allows us to obtain (3) by using the inequality
(4) in (1) and integrating in time. This completes the proof of Lemma A.2. O

We now describe the Littlewood-Paley decomposition and the Besov spaces. We
start with several notations. S denotes the usual Schwarz class and S’ its dual, the
space of tempered distributions. Sy denotes a subspace of S defined by

so{¢es: IRCECE |v|o,1,2,-~}
R

and & denotes its dual. S} can be identified as
Sy =38'/8y =8'/P,

where P denotes the space of multinomials. We also recall the standard Fourier
transform and the inverse Fourier transform,

f(g) = f($)672m‘r'£dx, gv(z) = / 163 ezmz'idé
R4 -

To introduce the Littlewood-Paley decomposition, we write for each j € Z
Aj={ceR?: 271 < ¢l <2}

The Littlewood-Paley decomposition asserts the existence of a sequence of functions
{®,},ez € S such that

supp®; C A, D,(€) = Bp(277¢) or ®j(x) = 29Dy(2x),

and

= 4 1, if&eRY\ {0},
> a0-{g  picy

j=—o0

Therefore, for a general function ¥ € S, we have

ST B(0)0() = () for £ € R\ {0},
j=—00
In addition, if ¢ € Sy, then
> B(OUE) = (€ for any £ € R™
Jj=—00

That is, for ¢ € Sy,
S =9

j=—00
and hence
Y ®ixf=f  feS
j=—00

in the sense of weak-* topology of &j. For notational convenience, we define

Ajf=0;«f, jez (5)
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We now choose ¥ € S such that

VE)=1-) (), R
§=0
Then, for any ¢ € S,
Ustp+ Y Bjxip=1
§j=0
and hence -
Ui f+Y ®jxf=f
§j=0
in &' for any f € §’. We set
0, if j < -2,
Ajf=4¢ Uxf, if j =—1, (6)
D, f, ifj=0,1,2,---.

For notational convenience, we write A; for A; when there is no confusion. They
are different for j < —1. As provided below, the homogeneous Besov spaces are
defined in terms of Aj while the inhomogeneous Besov spaces are defined in A;.
Besides the Fourier localization operators Aj, the partial sum S; is also a useful
notation. For an integer j,

j—1
Si= Y Ay,

k=—1
where Ay, is given by (6). For any f € S’, the Fourier transform of S; f is supported
on the ball of radius 27 and

S;f—~f i

In addition, for two tempered distributions u and v, we also recall the notion of
paraproducts

T,v= ZSj,luAjv, R(u,v) = Z Ajul v

J li—jl<2
and Bony’s decomposition, see e.g. [2],
uv = Tyv + Tyu + R(u,v).
In addition, the notation ﬁk, defined by
Ap = Doy + Ag + Agy,
is also useful.

Definition A.3. For s € R and 1 < p, ¢ < oo, the homogeneous Besov space B;,q
consists of f € &) satisfying

11z, = 1214 Fllwslle < oo.

An equivalent norm of the the homogeneous Besov space B;yq with s € (0,1) is

given by
1F @ +) = FONLo @y |7
Il = [/Rd LPED gl (7)

o
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Definition A.4. The inhomogeneous Besov space B, , with 1 < p,q < oo and
s € R consists of functions f € S’ satisfying

11155, = 11271145 1l Lol < o0.

Many frequently used function spaces are special cases of Besov spaces. The
following proposition lists some useful equivalence and embedding relations.

Proposition 7. For any s € R,
H*® ~ B3 ,.

s

For any s e R and 1 < q < o0,

S S S
Bq,min{qﬂ} - Wq = Bq,max{q,?]"

For any non-integer s > 0, the Holder space C* is equivalent to BS, ..

Bernstein’s inequalities are useful tools in dealing with Fourier localized func-
tions. These inequalities trade integrability for derivatives. The following propo-
sition provides Bernstein type inequalities for fractional derivatives. The upper
bounds also hold when the fractional operators are replaced by partial derivatives.

Proposition 8. Let a > 0. Let 1 <p < q < oo.
1) If f satisfies
suppf C {€ € RY: |¢] < K291,
for some integer j and a constant K > 0, then
aidid(l_1
(=)l aqray < C1 227G £l 1o (ay.
2) If f satisfies
supp [ C {€ € R : K2 < €] < Kp2'}
for some integer j and constants 0 < Ky < Ks, then

1

, iid(l_1
Ch 22aj||f||L<1(]Rd) S(=A)* fllLagray < C2 920 +id(5 q)”fHLP(Rd)a

where Cy and Cs are constants depending on «,p and q only.

We have also used the following inequality. It is a generalization of the Kato-
Ponce inequality, which requires m to be an integer (see, e.g., [8]). This lemma
extends it to any real number m > 2. A proof for this lemma can be found in [4].

Lemma A.5. Let 0 < s <o < 1,2 <m < oo, and p,q,r € (1,00)® satisfying

1 % + % Then, there exists C = C(s,0,m,p,q,r) such that

p
A2 ]| o + 1A A2 D) ler < CllfIsg TR - (8)
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