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Abstract

This paper establishes the global existence and regularity of solutions to a two-dimensional (2D) trop-
ical climate model (TCM) with fractional dissipation. The inviscid counterpart of this model was derived
by Frierson, Majda and Pauluis [8] as a model for tropical geophysical flows. This model reflects the in-
teraction and coupling among the barotropic mode u, the first baroclinic mode v of the velocity and the
temperature 0. The systems with fractional dissipation studied here may arise in the modeling of geophys-
ical circumstances. Mathematically these systems allow simultaneous examination of a family of systems
with various levels of regularization. The aim here is the global regularity with the least dissipation. We
prove two main results: first, the global regularity of the system with (=A)Pv and (=A)Y0 for B > 1 and
B+y > %; and second, the global regularity of the system with (=A)Bv for B > % The proofs of these
results are not trivial and the requirements on the fractional indices appear to be optimal. The key tools
employed here include the maximal regularity for general fractional heat operators, the Littlewood—Paley
decomposition and Besov space techniques, lower bounds involving fractional Laplacian and simultaneous
estimates of several coupled quantities.
© 2018 Elsevier Inc. All rights reserved.

¥ Corresponding author.
E-mail addresses: bqdong @szu.edu.cn (B.-Q. Dong), wangwenjuan @ahu.edu.cn (W. Wang),
jiahong.wu@okstate.edu (J. Wu), yezhuan815@126.com (Z. Ye), zhangaqtc @ 126.com (H. Zhang).

https://doi.org/10.1016/j.jde.2018.11.007
0022-0396/© 2018 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.11.007
http://www.elsevier.com/locate/jde
mailto:bqdong@szu.edu.cn
mailto:wangwenjuan@ahu.edu.cn
mailto:jiahong.wu@okstate.edu
mailto:yezhuan815@126.com
mailto:zhangaqtc@126.com
https://doi.org/10.1016/j.jde.2018.11.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2018.11.007&domain=pdf

B.-Q. Dong et al. / J. Differential Equations 266 (2019) 6346—6382 6347

MSC: 35Q35; 35B40; 35B65; 76B03

Keywords: Tropical climate model; Global regularity

1. Introduction

Consider the two-dimensional (2D) tropical climate model (TCM) with fractional dissipation

u+u-Vu+ pu(—=A)*u+Vp+V-(v®v)=0,
dv+u-Vo+v(=A)Pv+v. - Vu+ Ve =0,

90 4+u-VOo+n(—A)Yo+V-v=0,

V.-u=0,

(1.1

where the 2D vector fields u = (u1(x,t),uz(x,t)) and v = (vi(x,1),v2(x,t)) denote the
barotropic mode and the first baroclinic mode of the velocity, respectively, and the scalars 6
and p denote the temperature and the pressure, respectively, and u, v, n, «, B8, y > 0 are real pa-
rameters. Here v ® v is the standard tensor notation and the fractional Laplacian operator (—A)*
is defined via the Fourier transform

(“A)f(E) = EPF&).

There are geophysical circumstances in which the fractional Laplacian may arise. Flows in
the middle atmosphere traveling upwards undergo changes due to the changes in atmospheric
properties. The effect of kinematic diffusion is attenuated by the thinning of atmosphere. This
anomalous attenuation can be modeled using the space fractional Laplacian [4,9].

When o« = 8 =y =1, (1.1) reduces to the standard TCM with Laplacian dissipation. The
inviscid version of (1.1), namely (1.1) with u = v = n =0, was first derived by Frierson, Majda
and Pauluis [8] as a model for tropical geophysical flows. Fundamental issues concerning (1.1)
such as the global existence and regularity of solutions have attracted considerable attention.
Important results have been obtained. Li and Titi proved the global well-posedness for the case
when o = 8 =1 and n = 0 by introducing a combined quantity called pseudo baroclinic velocity
[16]. The work of Li and Titi [16] inspired several subsequent studies. Dong, Wang, Wu and
Zhang [7] examined (1.1) with « + 8 = 2 and n = 0. By taking advantage of the special structure
of the equations of

w=V Xu, j=Vxuv,

[7] proved the global regularity for the case « + =2 and 1 < 8 < % Ye [24] investigated the
case when o > 0, 8 =1 and y = 1 and proved the global existence and uniqueness of classical
solutions.

This paper focuses on two cases:

3 3
€)) M:O,ﬂ>],ﬂ+y>§; 2) E<ﬁ§2,ﬂ=n=0.

We establish the global existence and uniqueness of classical solutions for each case. More pre-
cisely, we obtain the following theorems.
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Theorem 1.1. Consider the following TCM with fractional dissipation

oru+u-Vu+Vp+V-(v®v)=0,
dv+u-Vo+v(=A)Pv+v-Vu+ Ve =0,

00 +u-Vo+n(—A)Yo+V-v=0, (1.2)
V-u=0,

(u,v,0)(x,0) = (up(x), vo(x), Op(x))

with

3
v>0, n>0 B=>1, ﬂ+y>§.

Assume (ug, vo, 09) € H*(R?) withs > 2 and V -ug = 0. Then (1.2) has a unique global classical
solution (u, v, 0) satisfying, for any t > 0,

(u,v,0) € C,1; H*), velLl*>O,1; HP), 6eL*0,t; H).
Corresponding to the second case, we have the following theorem.

Theorem 1.2. Consider the following TCM with fractional dissipation

oru+u-Vu+Vp+V-(v®v)=0,
v+u-Vo+v(=A)Pv+v-Vu+Ve=0,

00 4+u-Vo+V-v=0, (1.3)
V.-u=0,

(u,v,0)(x,0) = (up(x), vo(x), Bo(x))

with

3
v>0, §<,3§2.

Assume (ug, vo, 0p) € H*(R?) withs > 2 and V -ug = 0. Then (1.3) has a unique global classical
solution (u, v, 0) satisfying, for any t > 0,

(u,v,0) € C0,1; H'), wveL*O0,1; HP).

The aim has been to establish the global existence and regularity with the least dissipation.
The proofs of these theorems are not trivial. The proofs exploit the fractional dissipation to
its full capacity. The key tools employed here include the maximal regularity for general frac-
tional heat operators, the Littlewood—Paley decomposition and Besov space techniques, lower
bounds involving fractional Laplacian and simultaneous estimates of several coupled quantities.
We devote one section, Section 2 to some of the tools we use. In addition, an appendix on the
Littlewood—Paley decomposition and Besov spaces is also attached for reader’s convenience. For

. . . 1
notational convenience, we write A = (—A)2 and use ||f||L;1L§’ for || fll La 0.¢: e (Re) -
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The core part in the proof of Theorem 1.1 consists of several key a priori global-in-time
estimates. The desired global bounds are proven in two steps. The first step establishes global
bounds for three quantities:

1AVl a2, 10leps and  [[(Va, A*Po, A%6)]| 002

where 0 <28 — 1,2 <qg < oo and § < y. The global bound for the first quantity ”AGv”L;’LZ

makes use of the global L?-bounds, the structure of the equation for v and the maximal reg-
ularity for the fractional heat operator. To obtain the global bound for ||6]| Lors> We perform
L9-estimates, make use of a lower bound for the fractional dissipation A?6 and bound the term
related to V - v suitably. The third bound is for three quantities. The quantities Vu, A>~#v and
A®%0 are simultaneously estimated here due to the coupling of the equations. The estimate of one
of them depends on the other two. The second main step proves two key a priori bounds, for
2<p=o0,

|Avll 1 and ol e (14)

These global bounds are sufficient for any global bounds in more regular settings such as H*®. To
prove (1.4), we exploit the nonlinear coupling structure and combine the estimates of ||| L°LPs
||Av||L 1P and ||A°! ””L, L? with o1 < 2y. The estimates of these three quantities are tangled
together with the estimate of one of them depending on the other two. The global bounds for
them are obtained through suitable combination and Gronwall’s inequality. In the process of the
estimates, it appears that the condition 8 + y > % is optimal. More details of these estimates are
presented in Section 3.
The proof of Theorem 1.2 boils down to prove the global a priori bounds

/IIAvlledr, [Vullee and |IVO]Lee. (1.5)

Clearly the H® bound of (u, v, 0) follows easily from the bounds in (1.5). The proof of (1.5) fully
exploits the dissipation in the equation of v and is split into two steps. The first step combines
the estimates of |o|| LeL2 and [|AP~ 1y L®L2NL2FP due to their coupling. The global bound for
6]~ then follows as a simple consequence. The second step makes use of the maximal regu-
larity for the fractional heat operator and show the boundedness of || Avl|| 121 This regularity
allows us to prove that || Vu| p~ and ||VO| L. Then follows the global bound for 1(u,v,0)|gs.

The rest of this paper is divided into three sections followed by an appendix. Section 2 contains
various tools such as the maximal regularity for general fractional heat operators, commutator
estimates involving fractional Laplacian operators in Besov spaces and a lower bound for frac-
tional Laplacian operators. Section 3 proves Theorem 1.1 while Section 4 proves Theorem 1.2.
Detailed a priori estimates are proved in these sections. An appendix on the Littlewood—Paley
decomposition and Besov spaces is attached for reader’s convenience.

2. Several tool lemmas

This section serves as a preparation for the proofs of our main results. Several tool lemmas
and estimates are presented here.
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The following lemma provides an upper bound for the fractional heat operator A%e M asa
map from L?(R9) to L (R?), which follows from the Young inequality combined with scaling
property of the corresponding kernel. It is a natural extension of the corresponding result for the
standard heat operator (see for example [18, Lemma 3.1]).

Lemma 2.1. Leto > 0and a > 0. Let 1 < p <q < o0. Then, for any t > 0,

< Cfif%(%fé)

AUe*Aal
” ! L9(R4) —

||f||Ln(1R<d)
foraconstant C =C(d, o, a, p,q).

We remark that Lemma 2.1 is also true for o =0 (see [18, Lemma 3.1]). More precisely, we
have for 1 < p < g < oo and for any ¢ > 0,

< Ct_%(%_ql)

LiRd) = ||f||Lp(Rd)~

=

The maximal regularity estimate for the standard heat operator ¢! is well-known (see, e.g.,
[15]). The same estimate actually holds for the general heat operator with fractional Laplacian
(see, e.g., [3,11]). The proof of this lemma involves fundamental tools in harmonic analysis
such as the Calderon—Zygmund theory on the vector-valued singular integral operators. Actually,
Lemma 2.2 below is a special case of the Theorem in part 3.1 of [11] (see pages 1654—1655 of
[11]). We remark that p and ¢ in Lemma 2.2 are not allowed to be 1 or oco.

Lemma 2.2. Let o > 0 and p, q € (1, 00). Then the operator
1
szf(—A)“e—<—A>“<’—f> f(r)dr
0
is bounded from L?Lf to L? LY. The case with a = 1 represents the maximal regularity for the

standard Laplacian operator.

We also state and prove the following estimate that provides explicit dependence on time 7.
We note that the indices p and ¢ in the following lemma can be 1 or co.

Lemma 2.3. Let B > 0 be a real parameter. Assume f = f(x,t) € L1LY with 1 < p,q < oc.
Then the solution u of the fractional parabolic equation

du+ APu=f,

u(x, 0) = uo(x) @D

satisfies, for any 0 < o1 <2 and 0 4+ 03 =071,

1_o 1_91
o] < 25 03 28
[|A u”L;’Li’ Cta | A u0||Lf+Ct ”f”L?Lf 2.2)
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The point of this lemma is the explicit dependence on ¢, even though the case when o1 =2
is excluded. Nevertheless, (2.2) is good enough for our purpose.

Proof. The solution u of (2.1) can be written in the form

t

u(t) =e—A2“’u0+fe—A2“(’—f>f(r)dr.

0
Therefore,
t
A% u(t) = A% e DN + / A% e AP () g 2.3)
0
The kernel function associated with the operator A°! e Mg given by
i o 1 X
glr.1) = / g e g =T g <—>
128

R2
where
go(x) = / o€ g7 e g
RZ

Inspired by the proof of [18, Lemma 2.1], we can show that gy obeys the following bounds (see
appendix for details)

_ a1 1-2L
lgC.0ll =C7% and [gC 0l < Ci' ™. (2.4)

Applying L% on (2.3), Minkowski’s inequality and Lemma 2.1 yield

t
AT u (@)l < 1A% e ugp + / A% e N () dr

0 L

t
< 1A% e N gl p + € / A% e A0 f @) d
0

t
_a
< 1A% e N gl p + € f =) | f@llpdr.
0

Taking the L{-norm and writing the time integral above as a convolution, we have, by the con-
volution Young inequality,
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_ _ AP
1A ullgp < C[1AT=0 A AT g

_a
L +C ” (t7 % X(o<r=<n) * ||f(f)||L,{-’)
t

0’
<) Aol

2L
Lo TCIT P xosesnlliliflley
T
_91-93 o3 1-2L
=Cle 7 gl A% uollp +Ct™ 2| fllapp
1o _a
< Cti™F |A%ugllp +Ct T || fll g,

where » denotes the convolution operator and x{o<r <} denotes the characteristic function. This
completes the proof of Lemma 2.3. O

We shall also make use of the following commutator estimate (see, e.g., [12,25]).

Lemma 2.4. Let p € [2,00) and r € [1,00] and § € (0, 1), s € (0, 1) such that s + 8 < 1. Then
A%, f1 gllsy, =C(p,r.3é, S)(IIVfIILPIIgIIBg;g—l + 11 £ 12218l z2)- (2.5)

Additionally, if f is a divergence-free vector field and % = % + é with p € [2,00), p1, p2 €
[2,00], r€[1,00] as well as s € (—1,1 —§) for 6 € (0, 1), then it holds

ILA°, f - Vigliss, < C(p,r,8,9)(IV fllLr 181 ps + 1Nzl 2)- (2.6)

The following fractional type Gagliardo—Nirenberg inequality will also be used (see, e.g.,

[10D).

Lemma 2.5. Let 0 < p, po, P1, 4, 90, g1 < 00, §, 50, 51 € Rand 0 < < 1. Then the following
fractional type Gagliardo—Nirenberg inequality

ollgs | @y = CIIUII IIUII% 2.7

R)l (Rn )

holds for all v € B} 4, N B\ 4, if and only if

L s=-m(E —s0)+0(=—s1),  s<(—d)so+0s1,
p po p1

1 1—19 [ .

- +—, if po#p1 and s =(1—19)so+ sy,

q q0 q1

1—9 4 .
S0 # 81 or — < +—, fpo=p1and s=(1—19)so+Vs1,

q q0 q1

n n 1 1-9 104 .

so— — F§s—— or — < +—, ifs<{1—-730)s0+ Ds1.
Po p q q0 q1

Remark 2.6. Lemma 2.5 is also true in the nonhomogeneous framework.

The following commutator and bilinear estimates involving fractional derivatives will be used
(see, e.g., [13,14]).
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Lemma 2.7. Let s > 0. Let p, p1, p3 € (1, 00) and p3, pa € [1, 00] satisfy

1 1 1 1 1

p P P2 P3 P4

Then there exist two constants C1 and Ca,

1A%, £1glr < 1 (A Fllun Igller + 1A gllLss IV fllLes )

IA*C(f @)liLr < Co (I1A° fllzr gllre + 1A glLes I fllLrs) -
We recall a lower bound involving the fractional dissipation (see, e.g., [6]).
Lemma 2.8. Forany y € (0, 1) and 2 < g < oo, the following lower bound holds
[ aeqere)ax = zer” , .
LT-v
R2
where C is a positive constant.
Finally we recall the classical Hardy-Littlewood—Sobolev inequality (see, e.g., [20]).

Lemma 2.9. Ler 0 <o <d and 1 < g < p < oo satisfy % + 8= %. Then, for any f € L4(R?),

IATC fllLrway < CILf Il Laways (2.8)
where C is a positive constant depending only on d, o, p and q.
3. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, which boils down to establishing global
a priori bounds for the solution (u, v, 8) in H*. This is accomplished in two main steps. The first
step contains three preliminary global a priori bounds. The second step proves the global bounds
for ||Av]| LiLe and |||l g o. Once these global bounds are obtained, the global H* bound on
(u,v,0) thenxfollows as a special consequence.

For the sake of clarity, the rest of this section is divided into two subsections. The first sub-
section presents the global bounds on

1A%Vl a2, 100 ps and [[(Vu, A2 Po, A6)]|

where 0 <28 — 1,2 <g < oo and § < y. The second subsection simultaneously estimates
||CL)||L§>OL€, ||Av||L,1L5 and || A% v||L[1L§ with o1 < 2y due to the fact that the estimate of one of
them depends on the other two.
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3.1. Three global a priori bounds

This subsection proves three preliminary global a priori bounds, which serve as a foundation
for bounds in higher regularity spaces. For simplicity, we set v = n = 1 throughout the rest of
this section.

The first one is on the A%v with o <28 — 1 in L} L2.

Proposition 3.1. Consider (1.2) with the initial data satisfying the assumptions stated in The-
orem 1.1. Let (u,v,0) be the corresponding solution. Then, for any o <28 — 1 and any
2<g <09,

t
/ IA (D)), dT < C(t, uo, vo, 60)- (3.1
0

To prove (3.1), we first state the following global L? bound, which follows easily from simple
energy estimates.

Lemma 3.2. Consider (1.2) with the initial data satisfying the assumptions stated in Theorem 1.1.
Let (u, v, 0) be the corresponding solution. Then (u, v, 0) admits the following global L* bound

t

@, v, )11, +2/ (%012, + 147012, ) dr = o, vo, 60) 2.
0

Proof of Proposition 3.1. The proof makes use of Lemma 2.2. To start, we write the second
equation of (1.2) as

v+ (—APv=—u-Vo—v-Vu— V6.

By the Duhamel principle, the k-th component of v can be written in the following integral form

t
@) = e 2 g — / NP0 (VL (uvg 4 vug) — gV - v + 846) d.
0

Applying A2~ yields
AP + AP APy = — AP (V- (g + vug) — ugV - v + 0460)
or

AP @)

t
S T . /e‘[‘zﬁ("”A”"1 (V- (uvg + vig) — ugV - v+ 06) dr
0



B.-Q. Dong et al. / J. Differential Equations 266 (2019) 6346—6382

t
— e*AZ/S[AZﬂflka _ / efAZﬁ(tfr)AZﬂfl (V- (uvg + vuy)) dt
0
t 1

+/e‘A2ﬂ(’—f>A2ﬁ—1 eV - v) dt —/e—"z””—’)z\zﬂ—l (80) dt

0 0
t

e e Y /e‘Azﬁ("’)Azf‘A‘lv (v + vup)) dt
0
t

t
+/e’Azﬂ(l”)A2‘3A’1 WV - v) dt —/e*A”(’*f)AzﬁA*lakedr
0 0
= N1+ N2+ N3+ Na.

Applying L7 L? to the equation above leads to

t t t t t
f 1A%~ )|, dr < f IV 11 dT + / IN211dT + / IN311,dT + / IN4ll9 .
0 0 0 0 0

By Lemma 2.1 with f = A?’~lyy, 0 =0and g = p =2,

t t
—A%r 281
/nmnizdr:/ne AP g |9, de
0 0

t
< [18 o e
0

t
= CIAY ]|, / ldr
0
= Ct]| A>Ty,

6355

Applying Lemma 2.1, Minkowski’s inequality, the Hardy—Littlewood—Sobolev inequality (2.8)

and the convolution Young inequality, we obtain

t t q
/||N3||lzzdr = /e“\w“_”AzﬂA_1 (uxV - v) dt

(=)
(=)

L2
q

t
_ /efAzﬁ(tft)AZ;‘H»SflAfS WV - v) dr
0

LiL3
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t q
— H /e—Azﬂ(t—T)A2ﬁ+5—1A—5 (Mkv . U) dTHLZ
0 ! L,q
t q
< / He—AZﬂ(t—r)A2/3+8—lA—8 eV - v) HLZ dr
X Ltq
q
<c /(r—w A @V - v) 2 de
e
q
<c /(z—r) 5 e - Ol g,
e
t q t
_2B+5-1
<c [r " dr fu(ukv'v)nq , dr
Lm
0 L0 *

<Ct Ex /Ilull ZIIVvllq dt
q(zzfiﬂ+a] 3) 251 qz(é ?)
<Ct Ea /Ilull zllvlle 1A%~ vl dt

1 28114 420ap-1)g e
Z/”A V7, dt + Ct 2PCF=3 /(H 2 " llvll;,) dr,

where § > 0 satisfies 3 —28 < § < 1. Such § exists since § > 1. By Lemma 2.2,

q
/ 1N T = / e AN AT (g + vup) d

Lir?

= [ 1AV G+ ) ] de

<c / v + vl de

<C/ ]2 110117 o
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<C/(||u||L2|| ol ) A2 ||2ﬁ ") dr

1 | 251 q(22/321)
51/”" =1y, dr+c/<||u|| 77 )y dr

and

t q
f||N4||jzdf= /e—A2ﬁ<’—f>A2ﬁA—lak9dr

0 L{L3

13
<c [uavers,dr
0
t
<c [1o1ar
0

Putting these estimates together leads to

t t
p— 1 - -
f 1A% v de < / 1A ol ode + Col A% o,

(1=8)28=D)g g(zﬂ,; ‘3)
+ C1 RS / (Nl 57 0l de

61(22)3 21) !
+c/<|| )7 |v||§z)dr+c/n0||§2dr.
0

Since ||(u, v, 8)] ;2 is bounded in terms of the initial data (ug, vo, 6p), we obtain
[ 182 oo e < €t v < ox.

By interpolation, for any o <28 — 1,

2p-1-0 o
f IAv(D)|9, dr < / (@l 1A% o)) 57 dr < C (. uo, vo. 60).

This completes the proof of Proposition 3.1. O

6357
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The next proposition assesses a global bound for 61| ; o L4 forany 2 < g < cc.
t

Proposition 3.3. Consider (1.2) with 8 > % — y. Assume that (ug, vo, 6p) satisfy the conditions
stated in Theorem 1.1. Then the corresponding smooth solution (u, v, 0) of (1.2) satisfies, for any
t > 0 and for any 2 < q < 00,

10(®)llLa < C(t, uo, vo, 0o)- (3.2

Proof of Proposition 3.3. Multiplying (1.2)3 by |0|9726 and integrating the resulting equality
with respect to x, we have

1d
— 16l +/A2V0<|9|‘1*29)dx = —/v v (|0177%0) dx.
1 R2 R2

We remark that we may assume 8 < % Actually, if § > é, one easily obtains from (3.1) that, for
any2<p,q<oo

t
/ IVo(D)ll7, dT < C(t, uo, vo, 60)-
0

This immediately implies the desired estimate (3.2). According to the lower bound in Lemma 2.8,
we have, for a constant ¢,

I-y

fAZYe(|9|‘f*29)dxz’c“||9||" ..
L

R2

By Holder’s inequality,

— -1
\/V~v(|9|q 20)dx| < CIVull 2 16175 - (3.3)
R2

For any 1 <o <28 — 1, by Sobolev’s inequality and an interpolation inequality,

Vol 2 <C|A%v]l;2, 0N 2q-n < |I9I|1L§k||9llk_q_,
L2-0o Lo LT—v
where
_(2-0)g-2

2y(g—1)
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Inserting these inequalities in (3.3) and applying Young’s inequality, we have

qq=Dd-1)

¢ e e
\/v.v (0120)dx| < S101% o+ CIATIL " 1015
et
R2

v

q
1917 o +CIAZT ol A+ 017,
e

1N

=<

=

In order for

_2—-0)g-2

0, 1),
eI

we need, noticing that o <28 — 1 but close to 28 — 1,

B—=28-2y)g <2(1 —y). (3.4
The condition 8 > % — y is imposed to ensure (3.4) holds. Therefore, for any 2 < g < oo,

q

d —=
ZIOOIL, = CIATIL ™ A+ 10117,). (3.5)

By Gronwall’s inequality and (3.1), we obtain the desired global bound for ||#|/z¢. O
Next we establish the following global bound of (u, v, ).
Proposition 3.4. Suppose that (ug, vo, 0y) satisfies the assumptions stated in Theorem 1.1, > 1

and f > % — y. Let (u, v, 0) be the corresponding solution, then (u, v, 0) obeys the following
global bound, for any 3 — 28 —y <8 <y and for any t > 0,

t
1(Vu, A*Po, M%) ()17, + / I(Av, A*70) |17 ,dT < C(t, uo, vo. 60). (3.6)
0

Proof of Proposition 3.4. Multiplying both sides of the first three equations of (1.2) with
(—Au, A2C=Py A29), we find

| &

1V, AP, AO)[13, + [(Av, ATV 0)|12,

N =
QU

t
Z/V'(U®v)-Audx+/A2_'B(v.Vu).A2—l3vdx

R2 R2

+/A2—ﬂ(u-W).A2—ﬁu dx+/A2—ﬂve.A2—ﬂv dx

R2 R2
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+/A5V.UA59+/A5(M-ve)A"edx
R2 R2

=L+ bLb+L+11+ 15+ I, 3.7

where we have used the following identity, due to V - u = 0 (see [22, (3.2)])

/(u-V)u-Audx:O.
R2

By Holder’s inequality and Sobolev’s inequality,

I =/8,-(vivj)8,fuj dx
R2

= —/a,g(v,-vj)aiuj dx
R2
= —/(a,fvivj +23kv,‘8kvj)aiuj dx
R2
= C(lAvl2llvlize + ||V1)||i4)||VM||L2
< ClAvliz2llvlizee + VUl 2 [[AV] ) Vel 12
< C(vll2 + 1A%Vl 2) [ Av] L2 1Vl 2

1
< clAvIG, + CA+ IAPVIT) | VullZ,.

Since the case when 8 > % is dealt with in Theorem 1.2, we restrict to 8 € (1, %] here. By the
Hardy-Littlewood—Sobolev inequality (2.8), we have, for § < %

IF/AZ*M(U.W).A% dx
]RZ
<[IA>"# - Vu)| 2] Av] 2
= IA"FD (v V)| 21| Av]l 2

=Cllv-Vul 2 [Av]|.2
L2 T

=Clvll _v [[Vull2[|Av]r2
LA-1

1
< ZlAvIG, +CA+ IAPVIT) [ VullZ,
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and

I; = / AT (u-Vv) - Avdx
R2
< 1A7 (- Vo) 21l Av] 2

< .

<Cllu VU”L%”AUHLz

<Cllu Vv Av

=Cllull 2 V0l 2 1AVl

< Cllull 2 + IVl D IAP ]| 2| Av] 2

1
< ZIAvlE, + CA+ IAPVIT) | VullZ,.
In terms of the case 8 = %, one has, for some p € (1, 2),

Ig:/A_l(v~Vu)~A2v dx
R2
<llv-VulrrIVoll _»_
Lp-1
p=1 1

<C|lv Vu vl 5 |Av]||?
=C| ||L2%|| lz2llvll, 2 1AV,

r—l 1

< C(llvll2 + 1AP ) I Vull 2lvl,5 1Av] 7,

< —lAvl, + C+ APV 2) (1 + IVul?,)

AN =

and, for some p € (%, 2),

13:/A_1(u-Vv)-A2v dx
R2
< llu-VolslVoll 5
Lp-1

1
IIVUIILﬁIIUIILZZ IAvll;,

=Cllull _25
LTC-Fp

TSR
< C(lull 2 + IVl 2DIAP vl 2ol T A7,

1
= ZIAVIZ, + CU + APV A+ [ VullZ).

6361
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Thanks to 3 — 28 — y < 4, by Young’s inequality

14=/A2*5VQ.A2*% dx
]RZ

< IA372P0)| 2 Av]l 2

1 1
< gnAvniz + gnA“yeniz +Clo13,.
According to a simple interpolation inequality and Young’s inequality,

Is < [ A7) 2 [IAST7 0 12

1 1
< ZlIAviz + ZIATOIL, + Cllv ..

By the commutator estimate (2.5),

162—/[1\5, u-v19 A%odx
RZ
< I[A%, ulfll g1y 1A°T7 0] 12

< C(IVull 2101 gy + lull 2101 2) A7 012
< C(IVull21011zs + ull 211611 2) 1 A7 0] 2

1
< EHA‘”Veniz + ClONT N Vull72 + Cllull7 1017 .

where we have used the estimate, for § < y,

2
101 gy = ClON e, 1>y

Combining all the estimates above and using (3.2), we reach
d _
IV, ATPu APO)D)12, + II(Av, AHTO)12,
< CIIAYO17, 4+ CA+ [ APu]3, + 1017 (A + [ Vul?,).

Gronwall’s inequality and Proposition 4.2 imply (3.6). O
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3.2. Global bounds for ”Av”L,'LgO and ||| L2
The goal of this subsection is to show that the following proposition.
Proposition 3.5. Consider (1.2) with 8 > 1 and B > % — y. Assume that (ug, vo, o) satisfies
the conditions stated in Theorem 1.1. Let (u, v, 0) be the corresponding solution. Then, for any
2<p=oo
1AVl SC <00, follpy <C < o0,

where the upper bounds C = C(t, ug, vo, 6p).

To prove Proposition 3.5, we need a global bound for v in a more regular setting than provided
in the previous subsection.

Proposition 3.6. Consider (1.2) with 8 > 1 and B > % — y. Assume that (ug, vo, 0o) satisfy the
conditions stated in Theorem 1.1. Let (u, v, 0) be the corresponding solution. Then for any t > 0,

t
IAPv@)17, + / AP Pu(T)|12,dT < C(t, uo, vo. 60), (3.8)
0

where p =8+ y + B — 1 with § <1 — y. Especially, we have, by taking p close to B,

lv(@®)|lLee < C(2, ug, vo, 6)

and for any 2 < q < 0o,

1 t
/ IVvllZq dr < c/ IAPTP)2, dT < C(t, 1o, vo, 60),
0 0

which, by the proof of Proposition 3.3, implies
10() || = C (2, uo, vo, 60).

Proof of Proposition 3.6. Taking the inner product of the second equation in (1.2) with A%°v,
we obtain

| =

IAP]12, + AP TPo3,

| =
QU

1t
=—/(U~Vu)~A2pvdx—/(u~Vv)~A2pvdx—/V9oA2pvdx

R2 R2 R2
=1 +hL+5. (3.9)
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By Holder’s inequality and Sobolev’s inequality,

= 2
I = ClvllieeIVull 2 1A vl 2

< C(lvll2 + IAPTPo DI AP 2 Ve 12

1

< 6||Af’+ﬁv||iz + CIAPIZ, VUl s + Cllvll 2 | AP vl 21 Va2
1

< ZIAPPulig, + CIAPVIL IVulZ, + Cllvl g,

Similarly, for suitable small € > 0,

T 2
L=<Clull 2 [Vvll 2 A Y]
L L1-¢ L

B—p+e I+p—B

1—1 A

< Cllull2 1AL ] O IAr o0 AP Py 2
2

IAPH o3, + Cllull 7 1 APV

S H L2

AN =

where A(€) = 1}%‘“ € (0, 1). Thanks to p =8 + y + B — 1, by Young’s inequality

Ii=— f VO - A?Pvdx < |APTPHIO) 2| AP TP 2

R2

1
= APl + CIATT 0.
Summing up all the estimates above, we obtain

d
IV, + 1A P,

2

< CIAPVI 5, IVull?, + Cllvll7s + CIATY 07, + Cllull 7 I1AP ]|,

Gronwall’s inequality then yields the desired bound in (3.8). This completes the proof of Propo-

sition 3.6. O

The proof of Proposition 3.5 is divided into three closely related steps. The result of the first

step is stated in the following Lemma.

Lemma 3.7. Consider (1.2) with 8 > 1 and B > % — y. Assume that (ug, vo, 6p) satisfies the
conditions stated in Theorem 1.1. Let (u,v,60) be the corresponding solution. Then, for any

2 < p < oo, the vorticity w =V X u obeys, for any t > 0,

t
lo )L < ||wo||Lp+c/||Av<r)||Lp dr,
0

where C = C(t, ug, vg, 6p).
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Proof. It follows from the vorticity equation

do+u-Vo+VxV-0@v)=0 @3.11)

that

t
lo®llLr < loollLr +/ IV X V- 0@ v dr
0
t
< ||wo||Lp+c/||v||Loo | AvllLr dr
0

t
< Jlwollr +C / | Al dr,
0

where we have used the global bound on ||v|z~ from Proposition 3.6. This proves Lem-
ma3.7. 0O

The second step controls || A v|| Lt for any 0 < o < 28 in terms of w and 6, as provided by
the following lemma.

Lemma 3.8. Consider (1.2) with 8 > 1 and B > % — y. Assume that (ug, vo, 0p) satisfies the
conditions stated in Theorem 1.1. Let (u,v,60) be the corresponding solution. Then, for any
2 < p <ooandany € > 0,

_ L 1
AVl e <t 7% [ Auglir + Ct' 77
-5 55 || A3—2B+€
B p 28
+Ct Bl +Ci7 A Oll e (3.12)

In addition, for any 2 < i < 28 but close to 2, say

- 1
A=2+—QB+2y —3),
10
we have
- _ A _ A
ARVl e <t | AugliLe + Ct'7 %
_i -2 .
Lo ||w||L,1Lf 1 Ct'T ||A3_2’3+("_2)9||L,1Lf- (3.13)

Proof. We proceed as in the proof of Lemma 2.3. First, we write the equation of v in (1.2) in the
integral form
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t
l)(t) — e*l)AzﬁlvO _ /\e*vAzﬁ(tff) (I/t Vo Y Yu + V@) dr.
0

Applying A? to the integral form above, we obtain, as the proof of Lemma 2.3,

t
_ 2B _ 1
1A20],p < [[A% fvo||L;+C/<t—r> Flu()ll 20 10020 d

0

t
_ 1
+c/<r—r> o (@)l |Vu()lLr d

0

t
+C / (t — 1) A1) | Lo d
0

for any € > 0 small. Invoking the basic inequalities

lullp2p < Cllull g1, IVuller < Cllollr

and the global bound for ||[Vv(7)]|, 1, 2, in Proposition 3.6, we obtain, after integrating in time,
t=x

1— L -1
[Avlippr <t 2 [[Auollr + C2 7

-4 53 || A3—2B+e€
p 2%
+ CtTF ol +CEF A Ollipr.

The proof of (3.13) is very similar. The difference is that one applies A” instead of A2. This
proves Lemma 3.8. O

The third step makes use of the equation of 6 and proves the following lemma.

Lemma 3.9. Consider (1.2) with B > 1 and B > % — y. Assume that (ug, vo, 6y) satisfies the
conditions stated in Theorem 1.1. Let (u,v,0) be the corresponding solution. Then, for any
2 < p < oo andforany o <2y,

161510 < 60l e + C lloll g + C. (3.14)

where C = C(t, ug, vg, 89).

Proof. Applying the Fourier localization operator A ; with j € Z and j > —1 to the equation of
6 and then dotting the resulting equation with A ;0|A ;0 |P=2 yields
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1d p 2yj p p—2
;E”Aj@”m +C2V A, =— | AjO1A;0] [Aj,u-VO]ldx
+ / AB|A;O1PT2A;V -vdx,
where we have invoked the lower bound (see [5] or [17])
f AjO1AOIPT2AY Aj0dx > C 22T ||A017,.

More details on the Littlewood—Paley decomposition, Besov spaces, Bernstein’s inequalities and
other related materials can be found in the appendix. Recall a standard commutator estimate,

IAj.u-V160llLr < C 16l 50 IVullLo.
Applying Holder’s inequality then yields
d 27,
N80l + €2 1A6]1r = ClBll @l + C [ Vvllzr.

Integrating in time yields

t
_n2yj 92
IA;0@)|Lr <Ce 27! ||Ajeo||Lp+c/e D (o) llee + IVl Le) dr.
0

Taking the L!-norm in time and applying Young’s inequality for convolution, we have
t
—2yj —2yj
/ 18;0@)Lr dr = 22T A0l + €272 (ol p + IVl ).
0
Multiplying both sides by 227/ yields, for any j > 0,
1
2] / 18,0l dT < Cl1A60llLr +C ol 10 + C.
0

As a special consequence, for any o < 2y,

t 13
[1800@lundz < [1a0l 5, v
ps
0 0

t

=2 /llAjAUQ(T)IILPdT
jz—1y
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t
<> /2”f||Aje(r)||Lp dr
j=—1 0

t
— Z 2(0=2y)j 52vj / IA;6()|Lr dT
0

jz=1
<lfoliLr + Cllel . + C,
which is (3.14). This completes the proof of Lemma 3.9. O

We are now ready to prove Proposition 3.5.

Proof of Proposition 3.5. Since

B—‘r > —
4 2’

we can choose € > 0 and o > 0 such that

3-28+€e<o0 <2y.

It follows from Lemma 3.7, (3.12) in Lemma 3.8 and Lemma 3.9 that

t
lo®lizr < lwollze +C / | Av(@) L dt
0
t t
< ||wo||Lp+c/||w(r)||udr+c/||A3*2ﬁ+€e||udr+c
0 0
t t
<C +C/||(z)(‘t)||Lpd‘E+C/||A09||Lpd‘r
0 0

t
<C +C/||w(r)||Lpd7:.
0

Gronwall’s inequality then implies that, for any € > 0 and o > 0 satisfying (3.15)

t
lo®)llr < C, / IA%6)| L dr < C.
0

(3.15)

Then we apply (3.13) in Lemma 3.8 with 2 < & < 28 but close to 2 to obtain, for o < 2y close

to 2y,
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t
P 4 >
/IIA vlrdr <C+Cllollir +CIAO 1 p < oo
0

Due to the Sobolev embedding, for & > 2,
[Av|Lee < C(|Jvll2 + IARv]0),

we obtain, for any ¢ > 0,

t
/||Av||Loodt < 00.
0

The vorticity equation
dw+u-Vo+VxV-(v®v)=0
then implies
lo@®llL= < oo.

These global bounds are then sufficient for any higher regularity. This completes the proof of
Proposition 3.5. O

4. The proof of Theorem 1.2

This section proves Theorem 1.2. The main efforts are devoted to showing the global a priori
bound for the solution (u, v, 8) in H*. The key component is to obtain the global L* for Vu.
This is accomplished via several propositions.
Proposition 4.1 (Uniform H' bound for the velocity). Assume that (ug, vo, 0o) satisfies the con-

ditions stated in Theorem 1.2. Let (u,v,0) be the corresponding solution of (1.3). Then the
following uniform H' bound holds

t
leoll 5 + 1AP~ 017, +f A%~ )12, dT < C(ll(uo, vo, 80) [l 1) (4.1)
0
Asa consequence,
o
/ IVv| L= dt < oo.
0

We start with the global L? bound.



6370 B.-Q. Dong et al. / J. Differential Equations 266 (2019) 6346—6382

Lemma 4.2 (Global L? bound). Consider (1.3). Assume that (u, vo, 6o) satisfies the conditions
stated in Theorem 1.2. Let (u, v, 0) be the corresponding solution of (1.3). Then (u, v, 0) obeys

the following global L*-bound
||<u,v,9)<r>||iz+2/||A”v||izdr= Il o, vo. 60) 12,

for any t > 0, which implies fé ||v||%oodt < 4oodueto B > 1.

4.2)

Proof. Taking the L?-inner product of (1.3) with (u, v, #), integrating by parts and using V - u =

0, we obtain

d
57710 v, 017 + APl =0,

where we have used the following facts

/(u-V)u-udx:/(u'V)v-vdxzf(wVG)de:O,
2 2

/V-(U@)v)~udx+/(v~V)u~vdx=0,

R2 R2

/V0~vdx+/(V~v)9dx=O.

R2 R2
Integrating (4.3) in time from O to ¢ implies (4.2). O
We now turn to the proof of Proposition 4.1.
Proof of Proposition 4.1. The vorticity w = V X u satisfies
w+u-Vo+VxV-(v@v)=0.

Taking the L? inner product of (4.4) with w and integrating by parts yield

Q.|&

Ilwlliz = - f V x V- (v®v)wdx
RZ

1
2
=CllAv|2llvlizellell 2

1
< 1A, + Clloll g ol 7,

(4.3)

4.4)
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Dotting both sides of the v-equation in (1.3) with A?#~2v and integrating on R?, it follows that
d.p-1 12 28-1,12
3 A7 vl + AT vl

—/(u - Vu)AP2udx — /(v Vu)AP2pdx — / VOA220dx

R2 R2 R2
< Cllull 2 vl 1A ]| 12 + ClIVull 2 vl e |AZ 20 2 + CLON 2 1A o)l

_ 1 ag _

< Cllvllp=llA® ‘v||Lz+C||v||%oo||w||iz+§||A2ﬂ Wi|7, + ClON 2 1A o]l 2
1 _

< Cllvliz oz + 1A% vz,

Combining the inequalities above, we have

d _ _
E(IlwllizHIAﬁ W2 + 1A% )2, < Clvl~llol?, (4.5)

Integrating (4.5) in time from O to ¢ implies (4.1). Since 28 — 1 > 2, (4.1), together with Sobolev
embedding inequality, implies

2 2
/IIVUIILwdT<l /||Vv||Loodr <t /(||v||L2+||A2'3 ilfdr | < oo
This completes the proof of Proposition 4.1. O
The following global L? bound for 6 holds.

Proposition 4.3. Consider (1.3). Assume that (ug, vo, 8o) satisfies the conditions stated in Theo-
rem 1.2. Let (u, v, 0) be the corresponding solution of (1.3). Then, for any 2 < p < 00,

10ILr = C(t, uo, vo, 0o)- (4.6)

Proof. For any 2 < p < oo, by multiplying both sides of the §-equation in (1.3) by |6|”~26 and
integrating on R?, we have

1 d _ -1
||9||L,, _—/V-UIQI” *0dx < C|[Vol e 07,
R2

Integrating in time leads to

20p-1) 2(p—1)

101lr < ||eo||u+cf||Vv||Lpds<c[||v||Lz CPEOP | APy P s,
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which yields the bound for p < co. Now taking the limit as p — oo, we have
t
16 ()llz> < c/uwniz + A% )12 ,)ds < +oo.
0

This completes the proof. O
Next we establish a bound for fé | AV]J3 .

Proposition 4.4. Consider (1.3). Assume that (ug, vo, 6o) satisfies the conditions stated in Theo-
rem 1.2. Let (u, v, 6) be the corresponding solution of (1.3). Then, for any t > 0,

t
/ | Av||? % dt < 4o00.
0

Proof. Applying the argument of Lemma 2.3, we have, for any § < 28 — 1 and for any 2 <
p < oo,

t t t
21
qu%nip dr <t ||Vvo||’ip+cf(||uv||%p+||9||ip)dr+cfan-vn%pdr
0 0 0

t
<C(t. llvollms) + C /(nuuzl Il + lull IVl + 16117,) dT
0

=< C(t, ug, v, 6) < 00.

Since 28 — 1 > 2, a simple embedding inequality then implies

t
/ ||Av||%oo dt < oo.
0

This completes the proof of Proposition 4.4. O

The next proposition proves a key component in the proof of Theorem 1.2, a global bound for
IVullee.

Proposition 4.5 (L° estimate of the w). Consider (1.3). Assume that (ug, vg, o) satisfies the
conditions stated in Theorem 1.2. Let (u, v, 0) be the corresponding solution of (1.3). Then, for

anyt > 0,

IVu@)l L~ < oo.
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Proof. We start by recalling the vorticity equation in (4.4),
orw+u-Vo=—-V xV-(v®v). 4.7
By a bound on solutions to the transport equation in Besov spaces with zero regularity index,

namely Bgo’l (see, e.g., [1,17,23]),

t t
ol < (lleoll 0 +/ IV V- wewly dr)(l +f | Vull o= dt ).
0 0

Forp> 2/5%3’

IVxV-@®vlg <Cluwlg
<Clvlz=lvllz
<CJv|?
=Cllvl
<Clvl3,+ ClIAP |, (4.8)
In addition,

IVullz < Cllull 2 + Cllolgo .

Therefore,

t t
oy 5c(1+/||A2ﬁ—1v||§pdz)(1+/||w||Bgoldr).
0 0

Thanks to Gronwall’s inequality, we have
lollg | <.
which further implies
IVu®ligo | = C(@).

This completes the proof of Proposition 4.5. O

A simple consequence of (4.8) is a global bound for || V@] ».
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Proposition 4.6 (L? estimate of VO). Consider (1.3). Assume that (uo, vo, 09) satisfies the con-
ditions stated in Theorem 1.2. Let (u, v, 0) be the corresponding solution of (1.3). Then, for any
2<p<oocandanyt >0,

IVO®)llLr < C(t, up, vo, 6) < 00. 4.9)

Proof. Applying V to the 8-equation in (1.3)

00 +u-Vo+V-v=0,

then multiplying the resultant by |V0|?~2V#6, and integrating over R?, we have, after integration
by parts,

1d P ) -2
——\IVO|l5, < | VO-Vu-|VOIP™*VOdx+ | VV -v-|VOIP7°VO dx
pdt Lr

R2 R2

-1
<IVOIL, IVulle + |1 AvIL IVOIT,

or
d
7 1VOllr = ClIVuliL= [VOllLr + Cll AV e,

where C’s are constants independent of p. Gronwall’s inequality then implies

t t
Vo3, <C 1+/||Av||Lp dr | exp /||Vu||Loodt < 0.
0 0

Taking the limit as p — oo yields (4.9). This completes the proof of Proposition 4.6. O
We are now ready to prove a global bound for (u, v, 0) in H.

Proof of Theorem 1.2. Applying A® to (1.3) and then dotting with (A*u, A*v, A®6), we obtain,
after integration by parts,

1d
5 oy IO, A%, A0, + APl
=—/As(u~Vu)-Asudx—/.ASV'(v@)v)-Asudx
R2 R2
_/AS(”'VU)J\Svdx—/AX(U-VM)-ASde

R2 R?2



B.-Q. Dong et al. / J. Differential Equations 266 (2019) 6346—6382 6375

—[AS(M-VG)-ASG dx
R2

=:Hy+ H,+ H3 + Hs + Hs.

Now we estimate Hy, Hp, H3, H4 and Hs one by one. By Lemma 2.7,

H, :—/(As(u-Vu)—wVAsu)-AXu dx
R2
:—/[As,u-V]wASudx
R2
S ClIA ull 2 IVull Lo 1A ull 2
< C|IVull o ASull3,.

By Lemma 2.7 and Sobolev’s inequality,

1
Hy < CIA ol 2 vl zee A ull 2

< C(lll g2 + 1A Pl ) APVl 2| A%l 2
1
= 1A Pl + C + ClAPI A Ul T,

Hy < |A%(u- Vo)l 21 A%l 2
< C(IA%ull 2 Vol + A o]l pallul| o) | A%l 2
< C>IA ull 21 Vvllzee + (vl + IA™ P ol 2) lull o) | A vl 2

1
< gnA”ﬂvniz + C+ [Vl ) [(ATu, A 0)|[3 5,

Hy <IN - Vi)l 2 1A o] 2
< C(IASull 2 lvllzoe + 1Al 2 [ Val o) [ A o]l 2
< C(IAull 21 APV 2 + (vl 2 + 1A VI ) @l ) vl 2 + AP oll,2)

1 ) )
< APy, + CA+ IAPVI2 DA, ASV)|%,,
6 L L L

Hs =—/(AS(M~V6)—M~VA59)~A59 dx
RZ
=_/[Af,u.V]e-AS9dx
RZ
< CUN ull2V0 L + 1A O L2Vl o) | A0l 2
< CIl(A u, A*O)|3,.
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Combining all estimates above, we get

%II(AW, Av, AO) 7, + A7,

<C+CA+ AT, + VU 7o) I(A°u, A%, A°0)]|7,,
which implies the desired global bound in Theorem 1.2. O
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Appendix A. Frequency localization and Besov spaces

This appendix provides the definition of the Littlewood—Paley decomposition and the defi-
nition of Besov spaces. Some related facts used in the previous sections are also included. The
material presented in this appendix can be found in several books and many papers (see, e.g.,
[1,2,17,19,21]).

We start with several notational conventions. S denotes the usual Schwarz class and S’ its
dual, the space of tempered distributions. To introduce the Littlewood—Paley decomposition, we
write for each j € Z

Ajz{geRd: 2i-1 §|g|<2f'+1}.

The Littlewood—Paley decomposition asserts the existence of a sequence of functions {®;} ez €
S such that

supp®; C Aj,  Dj(E) =Do(27VE) or @;(x) =202/ ),

and

o~ =~ 1, ifgeRd\ (o),
2 ‘DJ@)—{O, if & =0.

Therefore, for a general function ¥ € S, we have

Y DEVE) =¥ forg eRIN\(0).

j=—00
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We now choose W € S such that
o0
UE) =1-) ®;&), &R’
j=0
Then, for any ¢ € S,
oo
Wty + ) Djxyy =1
=0
and hence
oo
s f+Y ®jxf=f (A1)
j=0
in &' for any f € §’. To define the inhomogeneous Besov space, we set

0, 1f]§_2,
Af=dwxy ifj=—1, (A2)
O % f, ifj=01,2 -

Besides the Fourier localization operators A j, the partial sum S is also a useful notation. For
an integer j,

j-1
S;= Z Ag.
k=—1
Forany f € &', the Fourier transform of S; f is supported on the ball of radius 2/ Tt is clear from
(A.1) that S; — Id as j — oo in the distributional sense. In addition, the notation Ay, defined
by
Ak = Apo1 + Ag + A,

is also useful and has been used in the previous sections.

Definition A.1. The inhomogeneous Besov space B), , with s € R and p, g € [1, oo] consists of
f €&’ satisfying

£ lBy,, = 12714 fllLella < oo,
where A f is as defined in (A.2).

Many frequently used function spaces are special cases of Besov spaces. The following propo-
sition lists some useful equivalence and embedding relations.
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Proposition A.2. For any s € R,
H* ~ Bj .

Foranys eRand 1 < g < oo,

N

B g,max{q,2}"

guminig.2) > Wy = B
For any non-integer s > 0, the Holder space C* is equivalent to B, ..

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions. These
inequalities trade integrability for derivatives. The following proposition provides Bernstein type
inequalities for fractional derivatives. The upper bounds also hold when the fractional operators
are replaced by partial derivatives.

Proposition A.3. Leta > 0. Let 1 < p <g < o0.
1) If f satisfies
supp f C (§ €R?: [§] < K2/},

for some integer j and a constant K > 0, then

2aj4jd(E -1
=2 Fllagray < C1 22470 £l gay.
2) If f satisfies
supp [ C {5 €R?: K12J < 5| < K22/}
for some integer j and constants 0 < K| < K3, then
i 2aj+jd(L -1
Ci 22a/||f||Lq(Rd) = ||(—A)af||Lq(]Rd) < 2% & q)||f||Lp(Rd),
where C1 and C, are constants depending on «, p and q only.
Appendix B. Proof of (2.4)
This appendix provides a detailed proof of (2.4).

Proof of (2.4). We start with the definition of go(x),

go(x) = f ¢ E g1 e g

R2
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Clearly, for any o1 > 0 and 8 > 0,

lgollL~ < / £ e g = C. (B.1)
RZ
Denoting
X - Vg
Nx,V) =~ ,
i|x|?
we have
N(x, V)e'*§ =¥, (B.2)

We write N*(x, V) as the dual operator of N (x, V), namely

x-Vg

N*(x,V)= .
V=T

Let x(§) e C° (R?) be the standard smooth cutoff function satisfying

L gl =1,

x($)={
0, |&]>2.

For Ny > 0 to be fixed letter, we split go(x) into two parts,

R2 R2
=LF+ HF.

The low frequency part L F' is bounded by

LF| < f £1°1 dg < C NS, (B.3)

|§1<2No

To bound the high frequency part H F', we fix k > 0 to be a positive integer, invoke (B.2) and
integrate by parts to obtain

No

= [ e ) {(1 - x(NiO)) £1” e—'é'z’*} ds

R2

HF =/Nk(x, V)(e™ %) (1 - x(i)) £ eI g
R2
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<Clx|™* / ‘Vk(lél"le*‘s'Zﬂ)’dé

[€1=No

+Clx|7* / Xk:

No<lg|<2Ny =1

< Clx[™* / ‘Vk(lfl‘”e*‘s'w)‘dé

|§1=No

(1)) [o s

k
- — - —|E|28
+Clx| / >ONG | (lgrene ) e
Noslg1=2No '=!

It is easy to check that
V'ig1m] < clgl

‘Vk—le—\swzﬁ

k—1
(k=) —|£|%B
SCZ|§|2ﬂm (k=1) o= I£]

m=1

- —D(k— —|g|?8
< COEPPHE g P DETD) 1T,

Consequently,
k
[V (le17e 5| < 37 W g ]| h el
=0
k
<CY (g tHF 4 (£ [01=1+CB=D kD)) €
=0

=< C(|$|01+2'Bik + |%‘|‘71+(2,3*1)k + |§|017k)€7|§‘2ﬂ
< C(g|" F|g PP 1 171K PRI 4 g i)
< Clg[*,

where we have used the simple facts
g <c, gt <
The same argument yields

‘Vk_l(|§|d|e—|$|2ﬁ)) < C|%—|Ul—(k—l).
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Therefore, for k > 2 4 o1, the high-frequency part H F is bounded by

|HF| <Clx|7* / &7 F dg

|§1=No

k
voplt [ NGt a

No<|g|<2Np =1

< Clxl_kNgl_k+2

k
+Clx| 7k / ZNglfkdg
No<lg|<2Np =1

< Clxl—kNgl *k+2.
Putting these estimates together yields

o

lg0(¥)| < C(NG' > + x| * N
by choosing Ng ~ lx|~1.(B.1) and (B.4) together imply, for any x € R?,
lgo(x)| < C(1 + |x])~172.

Therefore,

Consequently,

1

g0l 1 < C.
_a _
||g<~,r>||L;=ft Wi

X
g\ —
R2 12

o 1 1
—C1%(7F / 1801 (%) dn
RZ

dx

_ol
=Cr | go(x)lp
<ci 7,
which leads to
1-2
g, [)”L}[ ||Ll(0,z) <Ct 2.

This completes the proof of (2.4). O

6381

(B.4)
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