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This article establishes the global existence and regularity for a system of the two-
dimensional (2D) magnetohydrodynamic (MHD) equations with only directional hyper-
resistivity. More precisely, the equation of b, (the horizontal component of the magnetic
field) involves only vertical hyperdiffusion (given by AZ’b;) while the equation of b, (the
vertical component) has only horizontal hyperdiffusion (given by Af’s b,), where A; and A,
are directional Fourier multiplier operators with the symbols being |&,| and |&;|, respec-
tively. We prove that, for 8 > 1, this system always possesses a unique global-in-time
classical solution when the initial data is sufficiently smooth. The model concerned here
is rooted in the MHD equations with only magnetic diffusion, which play a significant
role in the study of magnetic reconnection and magnetic turbulence. In certain physical
regimes and under suitable scaling, the magnetic diffusion becomes partial (given by
part of the Laplacian operator). There have been considerable recent developments on
the fundamental issue of whether classical solutions of these equations remain smooth
for all time. The papers of Cao—-Wu-Yuan [8] and of Jiu-Zhao [26] obtained the global
regularity when the magnetic diffusion is given by the full fractional Laplacian (—A)#
with 8 > 1. The main result presented in this article requires only directional fractional

diffusion and yet we prove the regularization in all directions. The proof makes use of
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4262 B-Q. Dong et al.

a key observation on the structure of the nonlinearity in the MHD equations and tech-
nical tools on Fourier multiplier operators such as the Hérmander—Mikhlin multiplier
theorem. The result presented here appears to be the sharpest for the 2D MHD equations

with partial magnetic diffusion.

1 Introduction

The magnetohydrodynamic (MHD) equations are the center piece of the magnetohy-
drodynamics. Since their initial derivation by the Nobel Laureate H. Alfvén in 1924, the
MHD equations have played pivotal roles in the study of many phenomena in geophysics,
astrophysics, cosmology, and engineering (see, e.g., [4, 13]). The standard incompressible

MHD equations can be written as

us+u-Vu=—-Vp+vAu+b- Vb,
b;+u-Vb=nAb+b-Vu, (1.1)
V.u=0, V-b=0,

where u denotes the velocity field, b the magnetic field, p the pressure, v > 0 the
kinematic viscosity, and n > 0 the magnetic diffusivity. Equation (1.1) reflects the
interaction between the velocity field and the magnetic field. They consist of a cou-
pled system of the Navier—Stokes equations of fluid dynamics and Maxwell’s equations
of electromagnetism.

The MHD equations are also of great interest in mathematics. Fundamental
issues such as the global existence and regularity of solutions to the MHD equations
have recently attracted considerable interest. Mathematically the MHD equations are
not merely a combination of two parallel Navier-Stokes type equations but an inter-
active and integrated system. They contain richer structures than the Navier-Stokes
equations and exploring these special structures can lead to interesting results that are
not parallel to those for the Navier-Stokes equations.

Attention here is focused on the 2D MHD equations. When there is no kinematic
dissipation or magnetic diffusion, namely (1.1) with v = n = 0, the MHD equations
become inviscid and the global regularity problem appears to be out of reach at this
moment. In contrast, when both the dissipation and the magnetic diffusion are present,
namely (1.1) with v > O and n > 0, the MHD equations are fully dissipative and the global
regularity problem in the 2D case can be solved following the approach for the 2D Navier—
Stokes equations. It is natural to explore the intermediate equations that bridge the two

extreme cases. The MHD equations with partial or fractional dissipation exactly fill this
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gap. There have been significant recent developments on the MHD equations with partial
or fractional dissipation. Important progress has been made (see, e.g, [1,5-12, 14-18, 20—
26, 28, 30, 31, 33, 36-51]).

One special partial dissipation case is the 2D resistive MHD equations,

namely

us+u-Vu=—-Vp+b-Vb,
b;+u-Vb=nAb+b-Vu, (1.2)
V.-u=0, V:-b=0,

where n > 0 denotes the magnetic diffusivity (resistivity). Equation (1.2) is applicable
when the fluid viscosity can be ignored while the role of resistivity is important such
as in magnetic reconnection and magnetic turbulence. Magnetic reconnection refers to
the breaking and reconnecting of oppositely directed magnetic field lines in a plasma
and is at the heart of many spectacular events in our solar system such as solar flares
and northern lights. The mathematical study of (1.2) may help understand the Sweet—
Parkermodel arising in magnetic reconnection theory [32]. Although the global regularity
problem on (1.2) is not completely solved at this moment, recent efforts on this problem
have significantly advanced our understanding.

In certain physical regimes and under suitable scaling, the full Laplacian dissi-
pation is reduced to a partial dissipation. One notable example is the Prandtl boundary
layer equation in which only the vertical dissipation is included in the horizontal com-
ponent (see, e.g., [35]). This article focuses on a system of the 2D MHD equations that is

closely related to (1.2),

su+(u-Vyu+Vp=>b-Vb,
3D+ (u- V)b, + nAFb, =b - Vu,,
dby + (U - V)by +nA2Pby = b - Vuy, (1.3)

V.-u=0, V-b=0,

u(XI O) = uO(X)r b(X!O) = bO(X)/

where b, and b, denote the components of b; n > 0 and 8 > 0 are real parameters. The
fractional partial derivative operators A} and A} with y > 0 are defined through the

Fourier transform, namely

Nf(ELE) = 6T EL &), Af(ELE) = El'FE, &)
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In addition, we also use A” with o > 0 to denotes the 2D fractional Laplace operator,

NFE) = EFFE), £ =(5,&).

In comparison with (1.2), (1.3) only has vertical fractional Laplacian diffusion, no

horizontal diffusion in the b; equation and no vertical diffusion in the b, equation.
Our goal here is to show that, when 8 > 1, any sufficiently smooth initial

data (ug, bp) leads to a unique global solution of (1.3). More precisely, we establish the

following theorem.

Theorem 1.1. Consider the 2D MHD equations in (1.3) with n > 0 and 8 > 1. Assume
(Uo, bo) € HS(R?) with s > 2, and V- ug = 0 and V - by = 0. Then (1.3) possesses a unique
global solution (u, b) satisfying, for any T > 0,

(u,b) € L®(0, T; H (R?)), b e L*0, T; H*"*(R?)). O

The proof of this result takes advantage of the special structure in the nonlinear
terms of the magnetic field equation. Even though the system contains only directional
fractional magnetic diffusion, we are still able to establish the regularization in all direc-
tions. Theorem 1.1 improves previous work of Cao—-Wu-Yuan [8] and of Jiu-Zhao [26]. [8]
and [26] obtained via different approaches the global regularity of a more regularized

system

u+ (u-VyYu+Vp=>b-Vb,
b+ w-V)b+nA*’b=>b-Vu, (1.4)

V-u=0, V.-b=0.

for the case when 8 > 1. Equation (1.4) involves full fractional magnetic diffusion, while
(1.3) involves only directional fractional diffusion. The improvement is not a trivial one.

The proof of Theorem 1.1 is not a simple generalization of those in the previous
papers [8, 26]. Since (1.3) contains only partial fractional diffusion, some of the classical
tools such as the maximal regularity type estimates for the 2D heat equation [2, 19,
27] can no longer be used here. The equation of b; in (1.3) involves only the vertical
fractional diffusion, and in general we would not be able to obtain the smoothing of
b, in the horizontal direction. However, the special nonlinear structure actually allows

us to prove that the derivatives of b; with respect to x; are globally bounded. The key
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observation is the following identity, thanksto V-u=0and V-b =0,
b-Vu; —u-Vb; = d1(biur) + 92(baur) — 81 (b1uy) — 92(Uzbr) = 32(bauy — uzby). (1.5)

To make use of this special structure, we write b; in the integral form,
t
bl(t) = g(t) L) bo] +/ g(t — T) *9 (b . Vu1 —-Uu- Vb]) dT, (16)
0

where g denotes the 1D kernel functions associated with the Fourier multiplier e~t/&2*

namely
9g(xz, 1) = / 7l ghat dé,.
R

The notation for the convolution here is given by
g(t) *2 boy = /Q(Xz — ¥2,t) bo1 (X1, ¥2) dya.
R

Equations (1.5) and (1.6) together allow us to obtain the control on 9;b; and 9,9,b;.
Similarly, we can control d,b, and 9,3,b, even when the equation of b, involves no ver-
tical dissipation. This explains how we take advantage of the special structure in the
nonlinearity to control all the second-order derivatives of b. To control even higher-
order derivatives of b, say A°Ab with a fractional power o > 0, we first make use
of the directional diffusion to obtain the directional regularization and then use the
Hérmander—Mikhlin multiplier theorem to obtain the regularization in directions in
which the directional diffusion is missing. More technical details can be found in the
proof of Theorem 1.1 in Section 2.

The rest of this article contains the proof of Theorem 1.1. Section 2 is divided into

three subsections which successively provide more and more regular global bounds.

2 Proof of Theorem 1.1

This section proves Theorem 1.1. As we know, the core part of the proof is the global
a priori bounds. For the sake of clarity, we divide this section into three subsections.
The first subsection supplies the global H'-bound, which relies on the equations of the
vorticity w and the current density j = V x b. The second subsection proves the global
bounds for [|Vb||rera with any 1 < g < oo and for ||Ab||L%Lq and ||o||zere. The proof makes
use of the special structure of the nonlinear terms and a lemma assessing the behavior of

the 1D kernel function on Lebesgue spaces. The third subsection establishes the global
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bounds for ||Vj||L%LOc and l@llzger. To prose these global bounds, the key is to show
that ||A”Ab||L%Lq is globally bounded for any 0 < o < 28 — 2. We need to overcome
the difficulty due to the lack of full fractional diffusion. The strategy here is to first
obtain the regularization along the direction of the diffusion and then make use of the

Hoérmander-Mikhlin multiplier theorem to obtain the regularization in other directions.
2.1 Global H! bound for (u, b)
This subsection proves that (u, b) admits the following global H!-bound.

Proposition 2.1. Assume (ug, by) obeys the conditions stated in Theorem 1.1. Let (u, b)

be the corresponding solution of (1.3). Then (u, b) satisfies
t
||(u,b)||§2 +2n f H(b)(r)dr = ||(uo,bo)||fz, (2.1)
0
t
||(w,j)||fz + 77/ H(Vb)(t)dt < C(1+ [[(wo,Jo)ll 2) exp (C (1 + t) [[(uo, bo)llfz), (2.2)
0
where C = C(B) is a constant and
H(b) = [|(A5b1, ATbo)|2,. O

Proof. The global L? bound is obvious. Dotting (1.3) with (u, b), integrating by parts
and using V-u =0 and V- b = 0, we obtain (2.1). To obtain the global H' bound, we use

the equations of the vorticity ® = V x u and the current density j = V x b,

dw~+ (u-V)<w=>b-Vj,

B + - Vi+n(APaby — A¥,b1) = b- Vo + Q(u, b), 23
where
Q(u, b) = 208,b,(d,uy + 01uUy) — 20, U1 (32b; + 01D3).
Integrating by parts and using V-u =0 and V - b = 0, we have
1d 12
Eall(w,J)lle +nH(Vb) =1, (2.4)

where

H(VB) = |ALVB I + [ADVDolZ, = f Q(u,b)j dx.

27
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It suffices to estimate a typical term in I,
L=2 / by douy j dx
By the boundedness of Zygmund-Calderon operators and a standard Sobolev inequality,
1Ll < Clljlis llollz2 < %”aniz +Cljliz2 el

Due to the elementary inequality, for 8 > 1,

ﬂ -1 1 28
£ < +=£7, k=1,2,
we have
X 2(8 -1 2
il < 2 (19bal%s + 13:511%) < %nbniz +2H®b)
and

ivjig, < 26D

2
Vb|%, + SZH(Vb).
== IVDIl; ﬁ( )

Inserting the bOllIldS above in (24) yieldS
]t”(a)lJ)HIZ n ( ~ ) = ”JHIZ( ” ”[2)!

which yields the global H! bound

t t
(@, D72 + U/ H(Vb)dr < C (1 + [[(wo,Jo)l%2) eXp/ 17112, dz.
0 0

This completes the proof of Proposition 2.1. |

2.2 Global bounds on ||Vb||L§oLq, lAb|l;1;4 and ||(x)||L?oLq with1l <g < o0
13

This subsection uses the integral form of the equation of b to prove the following

proposition.

Proposition 2.2, Assume (ug, by) obeys the conditions stated in Theorem 1.1. Let (u, b)
be the corresponding solution of (1.3) with 8 > 1. Then (u, b) obeys the following global

a priori bounds:
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(1) Forl<g<ooandt>O0,

”Vb(t)”LQ(RZ) < C(t, uo, by), ”j(t)”LQ(]RZ) < C(t, uo, bo).

A special consequence is the L*L*(R?) bound for b,
||b||L§‘°(L°O(]R<2)) <C (||b||L§°L2 + ||Vb||Lt°°Lq) = C(t, uOIbO)'
(2) Foranyl <g<ocandt >0,

||(,()||L§>0Lq S C(tr U, bO)r ”VJ“L%LQ S C(tl U, bO)

(2.5)

(2.6)

O

To prove Proposition 2.2, we state a few properties for the kernel function associated

with the 1D fractional heat operator.

Lemma 2.3. Let 8 > 1. Let t > 0 and denote by g = g(x,,t) the 1D inverse Fourier

128t

transform of e~¥2I™", namely

gz, t) = / e tle2l gixats dé,.
R
Then g satisfies the following properties:

(@) Foranyt > 0,

_1 X0
gxa,t) =1t ¥ g <—1, 1)-

t28
(b) For any integer m > 0,any 1 <r < oo and any ¢t > O,
1079 (xz, Ol < Ct #2077,
which especially implies, forany 1 < p < g < oo and f € L?(R),
1O g(x2, ) %2 Fllsay < Ct 8 250 |f ey,

(c) For any fractional 0 > 0,any 1 <r < oo, and any t > 0,

_o 141
IASg(Xz, t)llrw < Ct 28 28077,

(2.7)

(2.8)
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where Ajg(x,,t) is defined via the Fourier transform, for fixed ¢t > 0,
AZg(xz, 1) = |76 2,
Especially, forany 1 <p < g < oo and f € L’(R),
I(A,9(Xz, 0)) %2 f o) < CE 5 2 |fl1nge,. 0

Proof of Lemma 2.3. (a) Follows directly from the definition of g in (2.7). To prove (b),

we first show that the L!-norm of g(x;, 1) is finite. In fact,
(1+x2)g(x, 1) = /eixzfz (1-92)e 2™ de,. (2.9)

It is clear that, for g > 1, the right-hand side of (2.9) is finite. Thus,

g2, DI <CA+x)"" and lg(, Dl < C.
According to (a), for any t > 0,

19C Ol = 119C¢, Dllgie < C.
Foranyt > O,
19C, Doy < e 2™ ey = C728,

where C is a constant independent of ¢. Therefore, for any 1 < r < oo, by a simple
interpolation inequality,
1-3 ¥ -&a-b
19, D)l < IGC, Oty IGC By < CE 207
This proves (2.8) with m = 0. The general case m > 0 can be shown by repeating the
process above with 3}? g(x;, t) whose corresponding Fourier transform is gz’”e*'fz'z‘gt. The
proof of the results in (c) for the fractional derivative o is similar. We omit further
details. [

Proof of Proposition 2.2. To prove (2.5), we start with the integral representations of
b] and bz,

t
b1 = g(t) *9 b(n +/ g(t — 'C) ko (b . Vul - Uu- Vbl) d'L', (210)
0

t
b2 = h(t) *1 b()z +./ h(t — 'C) *1 (b . VUZ —-Uu- Vbz) dT, (211)
0
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where g and h denote the 1D kernel functions associated with the Fourier multiplier

e~ 182’ and e-tlarl* namely
g(x,t) = / et givatz gt h(x,,t) = / et gl g,
R R
and the convolution notations are defined as
g(t) *2 bor = /Rg(Xz — ¥2,0) bo1(x1,y2) dya,
h(t) #; boy = ./Rh(Xl — V1, t) bo1(y1, x2) dys.
To prove (2.5), it suffices to prove the bounds for for d,b, and 9,b,. Since, if
102b1 llza < C(t, o, bo), [01b2lza < C(t, wo, bo),
then
I7llza < C(t, o, bo), IVbllza < Cljllza < C(2, uo, bo).
To show the bound for 9,b,, we write
b-Vu, —u-Vb, =09:(biu;) + 02(bau;) — 01(biuy) — 92(uyby) = d,(byuy — uzby) (2.12)
and thus
¢
92by = 32(g(t) *2 bo1) + /o 02009 (t — T) *2 (bau; — U2by)(7) dr.

First, we take Lgl each side to obtain

t
||32bl||L§g1 < 1g@)| *2 ||321901||L;1(1 +/ [02059(t — T)| *2 | (b2uy — uzbl)(f)HLgl dr
0
We then take L each side and apply Young's inequality for convolution to obtain
t
192b1llza < Ig(@®)lIL1 18201 l1a +/ |02029(t — 'L')||L,1(2 Ibous — uzby|lra(7) dr. (2.13)
0

By Lemma 2.3,

192029t = D)y, < CE—1)7, (2.14)

6102 1SNBNYy 60 UO JasN (YIMD) Alisioaun 81els ewoyepio Aq 870995 /L 9ZH/v L/610Z/108Sqe-a[o1e/uiwi/wod dno s pese//:sd)y wolj papeojumod



The 2D MHD equations 4271

where C is a constant depending on g only. By Hoélder's inequality and Sobolev's

inequality,
b2ur — uzbillza < llullz2q 1Bllz2e < C (lullz2 + l@llz2) (IDlL2 + 1lz2)-
Inserting these estimates in (2.13) yields
192b1(®)llza < C1|92bo1 lIza + ct' (lwllgerz + l@llger2) 1bllgerz + Il zoer2)-
Similarly, for any ¢t > 0,
01b2(®)llza < C 191Dz lza + ct' 7 (lwllgerz + l@llger2) IBllgerz + Il zeer2)-

Consequently,

VDlizera < C ljllzgera

-1

<C|Vbolr +Ct ¢ (||u||L§°L2 + ||0)||L§°L2) (”b”Lg"LZ + ||j||L§°L2)-
An elementary Sobolev inequality then implies that, for any q > 2,
IBllzzerse < C(lIblles + [ Vbllzgesa) = C(t, o, bo).

Next we prove (2.6). To do so, we combine the estimates of lwllzsoza with ||Vj||L%Lq.

It follows from the vorticity equation (see (2.3)) that

t
lw@llze < llwollza + IIbIIL;?t/ IVj(T)llza dz. (2.15)
0
We then bound ||8,9:b, ||z¢ and |0;02b2]|z¢ in terms of ||w||ze. Applying 9,9, to (2.10) yields
t
0202b1 = 020,(g(t) *2 bo1) + / 02029(t — 1) *2 (b- Vu, —u - Vby) dr.
0
As in the proof of (2.13), we have
t
1020201 I2a < [18202(g(t) *2 bo1)llza +/ |02029(t — T)||L)1(2 Ib-Vu, —u-Vby)|adr.
0
Furthermore, by Sobolev’s inequality,

1b-Vur —u-Vbi)lia < Ibllrclloliza + [Ullz2a|Vill124

< Cllolza + C (lullz + lell2) Uiz + I1Villz2).
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Taking L' in time on [0, t], applying Young's inequality for convolution and invoking
(2.14), we have

_1
19202515320 = 192029(8) 2 bon) 350 + € (lllypsa +1) ¢7F,

where C = C(t, ug, by) is bound for the norms of (u, b) obtained previously. Clearly, by

Young's inequality for convolution,
132829(8) %2 o) llza = 18202 G2 5353, IBoxlsa = CE' 7 1oy .
Therefore,
1320251510 < €& 1borlsa + C £ F (o0 + 1.
Similarly,

_1 _1
1913b2ll 10 < C' 7 lboallea +C 8P (lwllq + 1.

To estimate ||9,02b, ||Lg 14, We resort to the special structure of the nonlinear term, namely

(2.12), which allows us to write 9,9,b; as

t
810:51(8) = 9,35(g (1) %2 bor) + / 929(t — ©) %2 01 (b - Vi — - Vby) dr
0
t
= 0102(g(t) *2 bo1) + / 029(t — T) *9 0102(b2uys — ugby) dr
0

t
= 0102(g(t) *2 boy) + / 020,9(t — 1) *2 01 (bauy — uzby) dr. (2.16)
0
Then, as in the estimate of 9,9;b,, we have

_1
1013251270 < 1029®)51 1Borllza + C £ 7 (lllyaza + 1)

1-1

_ b
< Gt % |diborllua + C 17 (lollyyga + 1)

Similarly,

_L _1
19101b2 10 < Ct' 2 132bosllsa + C £ F (lollyq + 1)
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Therefore, by V-b =0,

IV l250 = 1(Ab, —Aby)l5150

=< ||8232b1||L%Lq + ||8182b2”L%Lq + ”8181b2”L%Lq + ”8182b1”L%Lq

1—1

_ 1
< Ct'" % || Vboliza + Ct' 7 (Jllyq + 1. (2.17)

Then (2.15) and (2.17), together with Gronwall’s inequality implies (2.6). |

2.3 Global bounds for [|Vj|l;1,; and |@]| 1, and proof of Theorem 1.1
T ,

This subsection proves that @ admits a global bound in L. This crucial global bound

then ensures a global bound for ||(u, b)||gs for any s > 0.

Proposition 2.4. Assume (ug, by) satisfies the conditions stated in Theorem 1.1. Let
(u, b) be the corresponding solution of (1.3) with 8 > 1. Then, (u, b) admits the following

global bounds, for any 0 < t < oo,

Vil < C(t o, bo), lwllz, < C(t, uo, bo) (2.18)

and
(W, b)llas < C(t, wo, bo). (2.19)
O

To prove Proposition 2.4, we need the following Hérmander-Mikhlin multiplier

theorem (see, e.g., [34, p. 96]).

Lemma 2.5. Letm be a bounded function on R¢ which is smooth except possibly at the

origin, and such that

Vkm@E)| <ClEl™, 0<k<_—+1.

N

Then m is an LP multiplier for all 1 < p < oo, or the operator T,, defined by
T.f =mf, fel?nIP,

is bounded from L? N P to L> N L?. O
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Proof of Proposition 2.4. Due to the embedding inequality, for any q > f,

IVllzee < € (IVJllzz + 1A VJliza),
it suffices to show that, for some o > 0 and for all 2 < g < oo,
1A V50 < o0 (2.20)
We first show, for0 <o < 28 — 2,
|A50202D1 15 < C(t, o, bo) < 00, [ AT9d1bzllyy0 < C(t, Uo,bo) < 00, (2.21)

Applying A§d,9, to the integral representation of b; in (2.10), taking the norm in L; L? and

using Young's inequality for convolution, we obtain
IAZ002b1 1110 < 1050202011512 Iborlla + 145020201511 1B Vit — - Vb l1,0.
According to Lemma 2.3,
_2to
[A5020.9l;p <Ct 2.
Therefore, for 0 <o < 28 — 2,
o 28—(240)
”Az 82829||L%L)1( =Ct %
By Holder's inequality and Sobolev’s inequality,
”b : Vul —U- Vbl”L%Lg = C(tr Uo, bO)
Therefore,
| A5 9202D, ||L%Lq < C(t, ug, bo).
Similarly,

| A 9,0,y ”Lzqu < C(t, ug, bo).

Therefore, (2.21) holds. Making use of the structure of the nonlinearity, we can also show
that

||A(273132b1||Lt1Lq < C(t, ug, by), ||A(f3132b2||Lt1Lq < C(t, ug, by). (2.22)
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In fact, applying A3d,9, to (2.10), writing 9,9,b; as in (2.16) and taking the norm in L!L?,
we obtain

1AZ9192b1 1110 < 1AZ9291,112 101D0r llza + [1AZ 92029111113 1101 (Baty — Uzby) I 1,9 < € < o0

Therefore, (2.22) holds. Next we show that
||A73232b1||L%Lq < 00, ||A(53131b2||1,%1,q < 00. (2.23)

It appears that we cannot prove (2.23) in the same way as (2.21) and (2.22). The main
reason is that, when we apply the operator A{d,9, to the integral representation of b,
in (2.10), the part A{ has to be applied to b - Vu; — u - Vb;, but unfortunately we have
no control on A{Vu,. Instead we prove (2.23) using the Hérmander-Mikhlin multiplier

theorem stated in Lemma 2.5. More precisely, due to the simple inequality

2
|£1171&2]% <
2+o0

2149 9 2149
(&3) +—2+0($1) /
Plancherel’s theorem and the global bounds in (2.21) and (2.22) imply that
IIA(fazazblllL;Lz =C (IIAgazazblllLtle + ||A({8182b2||L%L2) < C(t, uo, bo).

Define the Fourier multiplier operator T,, by

161171821

IT\ = f ' = a G *
mf (&) =m(&) f (&) m(§) €)% 1 (62)°%

It is easy to check that m obeys the conditions of Lemma 2.5. It then follows from Lemma
2.5 that

|AT0202b1llLa = | T A 3202D1 + Ty A 0102D2 1119

< C (1A50202b1]Iza + [|A]0102b2]114).
Therefore, the global bounds in (2.21) and (2.22) implies
||A(f3232b1||L;Lq =C <||A§3232b1||Lqu + ||A(1'3132b2||L;Lq> < C(t, uo, bo).
Similarly,

||Aga131bz||L;Lq < C(t, ug, bo).
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This proves (2.23). We can also prove in a similar fashion that
||A‘1’8182b1||L%Lq < 00, ||A[2’8182b2||L%Lq < 00. (2.24)
It is clear that (2.21), (2.22), (2.23), and (2.24) imply (2.20). We thus have obtained
”Vj“LtlLOC < C(t, uo, bo).

Furthermore, the vorticity equation implies

t
@)l < llwollzee +/ 16(T) Iz VI (T) Iz dT < C(2, Uo, Do)-
0
This completes the proof of (2.18). Once we have the global bounds
”w”L%L;?O =< C(t, Uo, bO)l ”J'HL%L)O(C = C(tl U, bO)l

the global bound in (2.19) then follows from a standard procedure (see, e.g., [3]). This
completes the proof of Proposition 2.4. |

We finally provide the proof of Theorem 1.1.
Proof of Theorem 1.1. Once the global a priori bounds is at our disposal, the proof
can be achieved via a standard procedure. First we seek the solution of a regularized

system. We begin by introducing a few notation. For ¢ > 0, we denote by ¢. the standard

mollifier, namely
¢ (x) = e 2P (7" |x])
with
¢ € CF(R?), ¢(x)=¢(x]), suppg C {x|x| < 1}, /R2¢(X)dX =1
For any locally integrable function v, define the mollification J7.v by

TV = ¢, * V.
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Let P denote the Leray projection operator (on to divergence-free vector fields). We seek

a solution (uf, b*) of the system

dut + PT((J.u) - V(Tu)) = PT((J.b°) - V(T.b)),
b5 + T.(J.u) - V(DY) + nT2AT b = J.((J.b°) - V(T.us)),
3bs + J.((J.u) - V(TDy) + nITZAY by = T.(Tb°) - V(T.up),

V.-ut=V.b=0,
(u®, w)(x,0) = (uo * ¢, b *d.) = (uf, by).

Following the lines as those in the proofs of Propositions 2.1, 2.2, and 2.4, we can

establish the global bound, for any ¢ € (0, o0),

lu* @) l5s + 15°@)I5s < C(E, o, bo).

A standard compactness argument allows us to obtain the global existence of the classi-
cal solution (u, b) to (1.3). The uniqueness can also be easily established. We omit further

details. This completes the proof of Theorem 1.1. |
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