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Abstract: When estimating solutions of dissipative partial differential equations in
LP-related spaces, we often need lower bounds for an integral involving the dissipa-
tive term. If the dissipative term is given by the usual Laplacian —A, lower bounds can
be derived through integration by parts and embedding inequalities. However, when the
Laplacian is replaced by the fractional Laplacian (—A)%, the approach of integration by
parts no longer applies. In this paper, we obtain lower bounds for the integral involving
(—A)“ by combining pointwise inequalities for (—A)“ with Bernstein’s inequalities for
fractional derivatives. As an application of these lower bounds, we establish the existence
and uniqueness of solutions to the generalized Navier-Stokes equations in Besov spaces.
The generalized Navier-Stokes equations are the equations resulting from replacing —A
in the Navier-Stokes equations by (—A)?.

1. Introduction

This paper is concerned with the generalized incompressible Navier-Stokes (GNS) equa-
tions

u+u-Vu+VP =—v(—=A)u, V-u=0, (1.1)

where v > 0 and o > 0 are real parameters, and the fractional Laplacian (—A)? is
defined in terms of the Fourier transform

(SR uE) = QulEN T E).

We accomplish two major goals. First, we obtain lower bounds for the integral

D(f) = /R P2 f - (—A) f dx, (12)
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where p > 2 and « > 0. Second, we apply these lower bounds to establish the existence
and uniqueness of solutions to the GNS equations in homogeneous Besov spaces. We
shall now explain in some detail our major results together with background information
necessary for understanding these results.

When o = 1, the GNS equations (1.1) reduce to the usual Navier-Stokes equations.
One advantage of working with the GNS equations is that they allow simultaneous con-
sideration of their solutions corresponding to a range of «’s. For example, the 3-D GNS
equations with any o > % always possess global classical solutions [15]. For the general

d-D GNS equations, we have shown in [17] that o > % + % guarantees global regularity.
In this paper, we consider the GNS equations with a general fraction « > 0 and one of
the difficulties is how to obtain a lower bound for D(f) defined in (1.2). The quantity
D(f) arises very naturally in the process of bounding solutions of the GNS equations
in LP-related spaces. In the special case when o = 1, lower bounds for D( f) are often
derived through integrating by parts ([1, 2, 16]). However, for a general fraction & > 0,
(—=A)* is a nonlocal operator and this approach fails. In this paper, we establish lower
bounds for D( f) with a general fraction o > 0 by combining the pointwise inequalities
for (—A)* and Bernstein’s inequalities for fractional derivatives.

In [10] and [11], A. Cérdoba and D. Cérdoba showed that for any 0 < « < 1 and
any f € C*(R?) that decays sufficiently fast at infinity, the pointwise inequality

2f@) (=N f (x) = (=A)* 2 (x), xR (1.3)

holds. By modifying the proof in [10], N. Ju proved in [14] that if p > 0 and f is, in
addition, nonnegative, then

(P41 fP) (=D f(x) = (=A)* P ().
We obtain here the inequality in the general form
(P14 p2) f71(0) (=) fP2(x) Z pa (=AY fP1TP2 (), (1.4)

where p; = ];_: and py = ';—22 with /1 and /; being odd and kl» + k/; being even (see
Proposition 3.2 for more details). Another type of generalization of (1.3) was considered
by P. Constantin, who established an identity for (—A)“ acting on the product of two
functions. This identity allowed him to obtain a calculus inequality involving fractional
derivatives [7]. In this paper, we combine suitable pointwise inequalities with Bern-
stein’s inequalities for fractional derivatives to derive several lower bounds for D(f).
In particular, we have

D(f) = C2*Y || f1],, (1.5)
which is valid for any f € C?(R9) satisfying
supp / C {§ e RY 1 K12 < || < K2 2/}

The precise statement of this result is provided in Theorem 3.4.
As an application of these lower bounds, we study the solutions of the GNS equations

in the homogeneous Besov space Bg;! q(Rd) with general indices and establish several
existence and uniqueness results. In particular, it is shown that the GNS equations pos-

sess a unique global solution in B?;) q(Rd) withr =1 — 20 + % for any initial datum

uo that is comparable to v in Bl’7 q(Rd ). This result holds for any 1 < g < oo and for
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either % <aand p=2or % <a <land2 < p < oco. We defer the exact statement to
Theorem 6.1. The proof of this theorem is based on the contraction mapping principle
and two major a priori inequalities. The first one states that any solution u of the GNS
equations satisfies

d
ol +Cqviul?® oy = Caqllull g Il o, (1.6)
By a By, 7
P.q p.q
where 0 <o < 1,r € Rand 1 < g < oo. The inequality for the case g = oo is slightly
different (see Theorem 4.1 for details). The second inequality

q q q q q q
—WFH +Cqv|F| za_CQQWH a Il ﬁa+WM| dHN|+M>
pq D q B P B q
P-q P.q P.q P.q P.q

]2+ 1—-2a+
B,

1.7
bounds solutions of the equation
% F +v(—A)*F =P(v-Vuw), (1.8)

where P is the matrix operator projecting onto the divergence free vector fields. For
arbitrarily large initial datum ug € By, q(Rd ), the local existence and uniqueness of

solutions in B; q(Rd) is established. The proof of the local existence result requires
different a priori bounds and they are provided in Theorems 5.2 and 5.4 of Sect. 5.
These results for the GNS equations together with those in [4, 8, 9, 17-20] con-
tribute significantly to understanding how the general fractional dissipation effects the
regularity of solutions to dissipative partial differential equations. The results of this

paper have two important special consequences. First, the 3-D Navier-Stokes equations

: . I e
have a unique global solution for any initial datum uo comparable to vin B, ; ' (R3),

and a unique local solution for any large datum in this space, where 1 < p < oo and
3

1 < g < oo. Solutions of the 3-D Navier-Stokes equations in Iép’:;r” (R3) have previ-
ously been studied in [5] and [13]. Second, these existence and uniqueness results also
hold for solutions of the GNS equations in the usual Sobolev spaces WP (RY) with
r=1-2a+4 rE . This is because B’ 4 reduces to WP when p = q.

The rest of this paper is divided 1nto five sections. Section 2 provides the definition
of the homogeneous Besov spaces and states Bernstein’s inequalities for both integer
and fractional derivatives. Section 3 presents the general form of the pointwise inequal-
ity (1.4) and the lower bound (1.5). Section 4 derives the a priori bounds (1.6) and
(1.7). Section 5 establishes a priori bounds for the GNS equations and for Eq. (1.8) in
L4((0,T); é;’q) and l’j‘}((O, T); é;’q). Section 6 proves the existence and uniqueness
results.

2. Besov Spaces

In this section, we provide the definition of the homogeneous Besov space and state the
Bernstein inequalities for integer and fractional derivatives.

We first fix some notation. Let S be the usual Schwarz class and S’ the space of
tempered distributions. The Fourier transform f of a L'-function f is given by
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G szd f(x)e T ixEdx, 2.1)

For f € &', the Fourier transform of f is obtained by

o=

for any g € S. The Fourier transform is a bounded linear bijection from S’ to &’ whose
inverse is also bounded. For this reason, the fractional Laplacian (—A)“ with ¢ € R can
be defined through its Fourier transform, namely,

(CA)F(E) = @ |ED™ F&).

1
For notational convenience, we sometimes write A for (—A)2.
We use Sy to denote the following subset of S,

So={¢68,/ d(x)x"dx =0, |)/|=O,1,2,~-}.
R4

Its dual S is given by
Sy =88+ =8'/P,

where P is the space of multinomials. In other words, two distributions in S’ are identified
as the same in S(’) if their difference is a multinomial.
We now introduce a dyadic partition of RY. For each j € Z, we define

Aj=(geR!: 271 < jg| <2771}
Now, we choose ¢y € S(R?) such that
suppo = (£ : 27! < |&] <2} and o > 0 on Ap.
Then, we set
;&) = ¢o2778)
and define ®; € S by

= $;(§)
;)= ="
10 =5 G
It is clear that & j and @ satisfy
Bj(E) = Do277E), suppd; CAj, D;(x) =2/D(27x).

Furthermore,

— ~ . [life e R\ {0},
k_X_: ‘Dk@)—{mfs=o.
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Thus, for a general function ¥ € S, we have

Y dEVE =@ forg e RY\{0).

k=—00

But, if ¢ € Sp, then

Y BEVE) =) forallg e RY.

k=—00

That is, for Y € Sp,

Z Opxy =1y
k=—00
and hence
Y dyxf=f (2.2)
k=—00

in the weak* topology of S, for any f € S)).
To define the homogeneous Besov space, we set

Aif=0;xf j=0%1,£2,.--. (2.3)

Fors € R and p, g € [1, 0o], we say that f € Ig’;yq if f € S and

o0

s q
Z (2”||Ajf||Lp) < oo forg < oo,

j=—00

sup  2/% IA; fllr < oo forg = oo.
—00< j <00

B; ¢ 18 a Banach space when equipped with the norm

00 1/q
i q
= S ||A; ) f ,
170, = 25 (271457l or g < o
j==—00
Ifllgy, = suwp 271A;flLr forg=oe.

—00< j <00

é;’ ¢ With this norm will be referred to as the homogeneous Besov space. The usual

homogeneous Sobolev space WP defined by
WP = ATSLP

is a special type of the homogenous Besov space. That is, B;p = WP,
The homogenous Besov spaces obey the inclusion relations stated in the follow-
ing proposition (see [3]). Part 2) of this proposition will be referred to as the Besov

embedding.
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Proposition 2.1. Assume that B € R and p, g € [1, oo].

DIf1<q1 < gy < 00, then B 4, (RY) C éﬁqz(Rd)
2)If1 < p1 < pr<coand Bi = po +d(5- — ), then BS ,RY) C B, (RY).

We now turn to Bernstein’s inequalities. When the Fourier transform of a function is
supported on a ball or an annulus, the L?-norms of the derivatives of the function can be
bounded in terms of the L”-norms of the function itself. Inequalities of this nature are
referred to as Bernstein’s inequalities. The classical Bernstein’s inequalities only allow
integer derivatives.

Proposition 2.2. Let k > 0 be an integerand 1 < p < q < oo.

1) If supp f c {€ eR?: |&| < K27} for some K > 0 and integer j, then

ik+idl—1
sup DY fllza < C27* 4G £l
lyl=k

2) Ifsuppf Cc{e eRY: K12/ < |&| < K227} for some K1, K» > 0 and integer j,
then

ol & jk+jd(L—1
C2MINT D) flle < sup DY Flla < C27HGTD) £,
ly|=k

where C’s and C are constants independent of j.
Bernstein’s inequalities can actually be extended to involve fractional derivatives.
Proposition 2.3. Letra > 0and 1 < p < g < o0.
1) If supp f c {€ eR?: |&| < K 27} for some K > 0 and integer j, then
1A fle < €2 MG .

2) Ifsuppf Cc{& eRY: K12/ < |g| < K227} for some K1, K> > 0 and integer j,
then

. . 1 1 ~ . . 1 1
2T Flle < I1AY fllpa < C 279G 0.

Proposition 2.3 is a simple extension of Proposition 2.2. I am indebted to David
Ullrich who communicated Proposition 2.3 to me. We remark that a lemma in Danchin’
work [12, p. 632] implies a special case of 2) of Proposition 2.3, which states that for
s > 0 and for any even integer p, f satisfying

supp / C (£ e RY: K12/ < 5| < K22/)
implies
se ek sj £
IATCf D2 = C2V 1 f 2l 2.
We now point out several simple facts concerning the operators A ;:

AjAy =0, if|j —k| > 2; (2.4)
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j—1

S = Z Ay — I, as j — o0, (2.5)
k=—o00
Aj(Sk—1f Arf) =0, if |j — k[ = 3. (2.6)

I in (2.5) denotes the identity operator and (2.5) is simply another way of writing (2.2).
Finally, we provide here two elementary inequalities involving summations over infinite
terms: Holder’ inequality and Minkowski’s inequality.

Lemma 2.4. Let p € [1, o0] and% + é = 1. If {ax} € I? and {by} € 19, then

< [i Iakl”T [i Ibqu}; : 2.7

k=1 k=1

00
Zak by,
k=1

Lemma 2.5. Let p € [1,00]. Ifay > 0and by > 0 fork =1,2,3,..., then

1

7 o) % o0 %
|:Z(ak+bk)p:| s[Za,f] +[be] .
k=1 k=1

k=1

3. Lower Bounds

In this section, we extend the pointwise inequality of Cérdoba and Cérdoba to a more
general form and prove the lower bound (1.5) for D( f). The extended pointwise inequal-
ity is given in Proposition 3.2 and the lower bound in Theorem 3.4.

In [10] and [11], Cérdoba and Cérdoba proved the following pointwise inequality.

Proposition 3.1. Let 0 < o < 1 and assume f € C*(RY) decays sufficiently fast at
infinity. Then, for any x € RY,

2 f(x) (A f(x) > (—A) f2(x).

As they pointed out, the condition that f € C?(R¥) can be weakened. This proposi-
tion actually holds for any f such that £, (—A)® f and (—A)® f? are defined, and are,
respectively, the limits of f,,, (—A)* f;, and (—A)“ f,% for f,, € C*(RY) that decays
sufficiently fast at infinity.

For later applications, we extend the inequality in Proposition 3.1 to a general form
stated in the following proposition.

Proposition 3.2. Let 0 < o < 1. Let p; = '1‘—1‘ > 0and py = Il‘—; > 1 be rational

numbers with 1| and l being odd, and with k1l + k2l being even. Then, for any x € R4
and any function f € C*(R?) that decays sufficiently fast at infinity,

(P14 p2) fP1(xX) (=D) fP2(x) = pa (=A)* fPHP2(x). (3.D
We make several remarks. First, this theorem also applies to functions that are not

necessarily in C%(R?). The estimate still holds if f, (—A)® fP2 and (—A)% fP11P2 are

defined, and are respective limits of f,,, (—A)® £2 and (—A) 272 for a sequence
fm € C*(R?) that decays sufficiently fast at infinity. Secondly, the condition that k1, +
k>l is even can not be removed.
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Proof. When o = 0 or @ = 1, (3.1) can be directly verified. When p; and p> are inte-
gers, (3.1) can be proven by slightly modifying the proof of Cérdoba and Cérdoba for
Proposition 3.1. As shown in [11], (—A)“ f can be represented as the integral

f@) =)

—A)¥ = Cy P.V. —_—
M@ =GPV | T

dy, x¢€ RY,

where C,, is a constant depending on « only and P.V. means the principal value. Therefore,

) (=A) [P (x)
FOOPIFP2 — f()P1 f(3)P? dy

=CyPV.
o Rd Ix — y|d+2a

e PV[ p1f()PIHP2 — (pi + p2) fF(X)P f(0)P2 + pa f(y)P1HP2 dy
“ R (p1 + p2)lx — y|d+2
P1+p2 _ P1+p2
) 2) C,PYV. fx) f) dy. (.2)
PL+ P2 Rd |x — y|d+2

When k11> + kpl; is even, p; + p» is even and we have Young’s inequality

prf@PT — (pr+ p2) fOP fF(IP + pof (NP2 2 0.

Consequently, the first integral on the right of (3.2) is nonnegative. The second integral is
simply the integral representation of pllfpz (—A)¥ fP11P2(x). Therefore, (3.2) implies
(3.1).

Now, we consider the case when p; = Il‘—l‘ > 0and pr = % > 1 are rational num-

1
bers. For notational convenience, we write F(x) = f(x)%". Since /| and [/, are odd,
fe C%(Rd ) implies F € Cg (Rd). Because (3.1) has been shown for integers, we have

FPIx) (=AY fP2(x) = Fhil (x) (_A)aszll (x)
kaly
= ki 4+ koly
= L(_A)afpﬁpz(x)_
P11+ p2

(_A)Ot Fk]lz+k21| (x)

That is, (3.1) holds in this case. This completes the proof of Proposition 3.2.

If we are willing to assume the function f > 0, then the assumption on the indices
p1 and p; can be reduced. The following proposition is due to N. Ju [14].

Proposition 3.3. Let 0 < o < 1 and let p > 0. Then, for any f € C*(R?) that decays
sufficiently fast at infinity, f > 0, and any x € RY,

(P+1) [P (A fx) = (=A)* [P (x).
We now derive the lower bound (1.5) for D(f).

Theorem 3.4. Assume either 0 < o and p =2 0r0 <o < land?2 < p < oo. If
f € C*(R?) decays sufficiently fast at infinity and satisfies

supp f C{E eRY: K12/ < |E| < Kp2T) (3.3)
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for some K1, Ky > 0 and some integer j, then

D(f) = / FIP72f - (=) fdx = C2 N f1], s (3.4)
Rd

where C is a constant depending on d, p, K1 and K, only.

The restriction that 0 < o < 1 comes from applying the pointwise inequalities. When
p =2, (3.4) is a direct consequence of Plancherel’s theorem and thus « is not required
to satisfy o < 1.

We also remark that the requirement f € C2(R?) can be reduced. In fact, this theo-
rem applied to any function f with the property that f and (—A)* f/ (j = 1,2, ..., %)
are defined, and are, respectively, limits of f,, and (—A)® f;, with each f,, € C 2(RY).
This also explains why we do not assume the functions are in C?(R?) when we apply
this theorem in the subsequent sections.

Proof. When p = 2, the lower bound in (3.4) is a direct consequence of Plancherel’s
theorem. When p > 2, Proposition 3.3 implies

= [ i carsarzc [ |ant)
R4 R4

It then follows from 2) of Proposition 2.3 that

2
dx = C|AY(f D)%,

D(f) = C2% || f5|2, = c 22T | f|12,.

Other useful lower bounds for D(f) can also be established using the pointwise
inequality in Proposition 3.3. These lower bounds which do not require the support of
f satisfy the condition (3.3).

Theorem 3.5. Assume either 0 < o and p =2 0or0 <o < land?2 < p < oo. Then
D(f) can be bounded as follows.

(a) If p =2 and 2« = d, then
D(f) = CIf17qpay (3.5)

for any q € [2, 00) and some constant depending on q only.
(b) If p =2 and2a < d, then

D(f)>C ||f||2

d=2¢ (R9)

for some constant C depending on o and d only.
(c) If p > 2 and 2o = d, then, for any f € L*(RY),

1+
D) = CUFI Rl IR

2g—4
Pq—2q

where § = for any g € [p, 00), and C is a constant depending on p and g

only.
(d) If p > 2 and 2a < d, then for any f € L*(RY),

1+
D) = CUFIS RPN b
where y = ﬁ and C is a constant depending on d, o and p only.

The proof of this theorem is left to the appendix.
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4. A Priori Estimates in i);’ 7

This section derives two a priori bounds in B; 4+ one for solutions of the GNS equations

dqu+u-Vu+VP=—v(-A),, xeR? >0, @.1)
V-u=0, xeR? >0, 4.2)
u(x,0) =up(x), xeR? (4.3)

and one for solutions of the equation

»F +v(—A)*F =P -Vw), xeR? >0, 4.4)

F(x,0) = Fo(x), xeRY, (4.5)

where P = I — VA~!V. is the matrix operator projecting onto divergence free vector
fields and I is the identity matrix. The bounds are given in Theorems 4.1 and 4.3.
We work with the following form of the GNS equations:

Ou +v(—A)*u = —P(u - Vu), (4.6)

which is equivalent to (4.1) and (4.2). This form of the GNS equations can be seen as a
special case of (4.4). Before stating and proving the theorems, we first briefly introduce

the spaces L”((a, b); B3, ) and LP((a, b); B3, ).

For p, p,q € [1,00] and s,a,b € R, L”((a, b); B[S,’q) is defined in the standard
fashion. That is, L?((a, b); B‘;)‘ q) denotes the space of L”-integrable functions from
(a,b) to B;,q. The space L*((a, b); B;’q) was introduced in [6] and later used in [5]
and [13]. We say that f € LP((a, b); B;’q) if

{wjteld,
where 1 ; is defined by

1
. b »
wj =277 </ ||Ajf('7f)||§pdt) for p < oo,
a

pj=2" sup |A;fCD)lLr forp=o0.
te(a,b)

The norm in ﬂ’((a, b); é;)q) is given by
”f”ﬁ((”’b);éi),q) = ”/'Lj”lq

For notational convenience, we sometimes write Lf (éls)’ q) for 1:7’((0, 1); B?;,y q).
We now state the first major theorem of this section.
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Theorem 4.1. Letr € Rand 1 < g < co. Assume either) < aandp =20r0 <a <1
and 2 < p < o0. Then any solution u of the GNS equations (4.1) and (4.2) or of (4.6)
satisfies

d
2l T Cavlul’ o < Callull g lul’ o forq elloo) (47)
p.a B

B
p-q P4 P, q

and, for g = oo

iGN, FCVINFT sz, S Ml gy +C 50D NG DIy g Nl e

0<t<t B,, 0

(4.8)
where C’s are constants depending on d, o, r and p only.

The inequality in (4.7) contains rich information about solutions of the GNS equa-
d

o 1 -2
tions. For example, if we know u is comparable to v in B, , ”, then u is bounded
in Ii’[r)’q for any r € R. In particular, when r = 1 — 2o + %, (4.7) becomes a “closed”
inequality. We state the result in this special case as a corollary.

Corollary 4.2. Let 1 < g < o0. Assume either 0 < o and p =2 0or0 < o < 1 and
2 < p < 00. Then any solution u of (4.1) and (4.2) or of (4.6) satisfies

d
q q
_d HMHBI 2+ d Caqvllull RIS _CCI”””Bl 2044 |u|| RIS forg €[1,00)

P.q P.q Pq P.q

and, for g = oo

NuCo O gy FCVIull < 1 pa < luoll j_psd
P 09 B P

p,00 t{Bp,00 p.0o

+C sup u(, 7] -2 a llull -

d
1 e
O<t<t Bp oo LB, og’)

)

where C’s are constants depending on d, a and p only. A special indication of this
inequality is that any solution of the GNS equations will remain in the Besov space

o 1 -2+
P for all time if the corresponding initial datum wu is in this Besov space and is

comparable to v.
Proof of Theorem 4.1. Let j € Z. Applying A to (4.6) yields
A ju+ (u-VIAju+v(—AN)*Aju=—[PAj,u-Viu, (4.9)
where the brackets represent the commutator operator, namely
PAj,u-Viu=PAjw-Vu) —u-VPAju.

We then dot both sides of (4.9) by p|Aju |1”2Aju and integrate over R?. Since

/Rd(u V)Aju - |AjulP 2 Ajudx =0,
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we obtain
d P AiulP72A A A jud
EIIAjMIILerPV |Ajul ju - (=A)"Ajudx
R4
= —p/ |AjulP72Aju - [PA;, u - Viudx. (4.10)
R4
According to Theorem 3.4, the dissipative part admits the following lower bound:
pv/ |AjulP72Aju - (—A)*Ajudx > Cv2* | Ajull,. 4.11)
R ; . .
We now estimate the nonlinear part
=-—p / |AjulP2Aju - [PAj, u-Viudx.
Rd
By Holder’s inequality,
-1
1| < CllAjulp, IPAj u-Viulzr.
To estimate ||[IPA;, u - V]ul||Lr, we use Bony’s notion of paraproduct to write
(PA;j,u-Viu=5L+ DL+ 5L+ 14+ 1s, (4.12)

where

I = ZPAj((Sk_lu V) Aut) — (Sg—1u - VIPA j Agu,

keZ
L= PAj(Au-V)Sp-1u),
keZ
= (A V)A Sk u,
keZ
Z PA; (Agu - V) Aqu),
lk—=11=1
Is=— Y (Awu-V)AjAu.
[k=1]=1

We now estimate the L”-norms of these terms. According to (2.6), the summation
in /7 is only over those k satisfying |k — j| < 2. Let CD be the convolution kernel
associated with the operator PA ;. Since each entry in P is the difference between 1 and

a product of two Riesz transforms Cb is smooth. Using & ; j» We write

= > / B (x = ) (Sk-1u(y) = Se—1u(x) - VAgu(y) dy.
lk—jl1<2
We integrate by parts and use the fact that V - u = 0 to obtain

- > / VE;(x — ) - (Sk-1u(y) = Se-1u(x) Agudy.

lk—jl<2
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By Young’s inequality,

Ihllzr <C ) IVSioullzos || Agael /R x|V (x)] dx
lk—jl<2

=C Y IVSioqullrol AcullLo. 4.13)
lk—jl=<2

Similarly, the summations in I, and I3 are also only over k satisfying |k — j| < 2.
Applying Young’s inequality and using the fact that the norm of the operator P in L”
with 1 < p < ocois 1 yield

lalle <C )7 IVSk—quliellAgullLe, (4.14)
lk—jl=2

1llr < C Y Il AxullLe 1AV Sk—1u] Lo
lk—jl=<2

<C Y Al |V Sk—qu] L. (4.15)
lk—jl1=<2

The summation in I4 is over k with |k — j| < 3. The L? norm of I4 is bounded by

Mallr <C >l Axuller VA L. (4.16)
lk—j1=<3,lk—=l|<1
The estimate of /s is similar, namely,
Isllie <C > Al VA L. (4.17)
lk—jl1=2,lk—=1]=<1
Collecting the estimates (4.13), (4.14), (4.15), (4.16) and (4.17), we find that
A u-Viulr <C Y (VSkoqullzoollAgullLr
lk—j1=<2

+C D Al VA=, (4.18)
lk—j1=<3,|k—=l]=<1

We emphasize that the summations in (4.18) are only over a finite number of k’s. It
suffices to consider the term with k = j in the first summation and the term with
k =1 = j in the second summation. By Bernstein’s inequality,

1+4)j
IVAjulleo < C2M 97 1A jull o,

1+4
IVSj—tullze < Y IVAmulze <€ > 28" | AyullLe.

m<j—1 m<j—1

Therefore,

1+-4 1+4yi
A - Viulle < CllAjuler > 29" [ Apulie + €2 D7 | Aul},.

m<j—1
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Consequently, we obtain the following bound for the nonlinear term in (4.10):

1+4 1+4yj 1
< clauly, S 2" ALl + 2T AP @4.19)

m<j—1

Combining (4.10), (4.11) and (4.19), we find
Lyl +C o2 A jul)?
EII jullpy +Cv2NA jully,

1+4 1+4y; 1
< claully, Y 2P Al + 2T Al 420)

m<j—1

Equivalently,

d .
EnAjuan + C 2% || Ajull Ly

1+4 1+4yj
< Clajulle Y 20" | Al + 2 A3, @21)

m<j—1

For 1 < g < oo, we multiply both sides by ¢2'/4 ||Aju||z;1 and sum over j € Z to get

d
d—tllull‘g, +Cqvlul? . <+, (4.22)
P4 épqu

where Jj and J are given by

) 1+4
h=Cqy 29 Auld, Y 2N Al
J m<j—1

1+4y;j i
D=Cq Y 2" Al 27 | Au) .
J

To estimate J;, we write

+22)) 1+4 -2 iy
J=Cqy 2T A, Y 2O A g 224,
J m<j—1

Applying the elementary inequality (2.7), we have

d_ .
> 20O A 220

m<j—1
d "=
< Z 2(1+;72a)mq ”Amu”?‘p Z 22ot(mf])q
m<j—1 m<j—1
= C |lul Ry (4.23)

p.q
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where ¢ is the conjugate of ¢, namely % + % = 1. Therefore, J; is bounded by

q
Ji = Cqllull | o lull™ 5 -
1z o+ q
P-4 Bpy

To bound J;, we first write

1-2a+4)j +2))
J=Cq Y 27D A 27O A,
J
It is clear that
1
d 1) !
1-2a+4)j 1-20+4)j
272D Al < | D20 Al | =l g 424)
N B
J p.q

Therefore, J, is bounded by

q
Jr < Cqllul 01—2a+% fleell 2
BP-‘I Bp,qq

Finally, we insert the estimates for J; and J; in (4.22) to obtain (4.7).
We now deal with the case when ¢ = co. We multiply (4.21) by 2"/, integrate over
(0, ¢) and take the supremum over j € Z to get

laC Ol |+ C vl ey < ol + 1+ T2, (4.25)

where J; and J, are given by

~ o d
JI=Csup/ 2 Al Y 2P Al e d,
j Jo

m<j—1

~ ro dyi
h=cC sqp/O 22T A ju)3, de.
J

To estimate Jj, we rearrange its terms as

~ ! . . d
Ji=Csup / 200200 Ajulpp Y 220D D A | .
j Jo

m<j—1

It is then clear that

t
Ji < Csup/ 20 20T A jull e de
i Jo

. d
xsup sup Y 20D 2T A u (e )

J 05T§tm<j—l

t . dy;
< Csup/ 20297 || Ajull Ly dT sup sup p(1=2at5)) IAjul, o)l
j J0 O<t<t j

= Cllulg gszey SUP 14 DI 1 (4.26)

<t<t 0o
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J~2 can be bounded as follows.
~ ! d .
h=cC sup/ 202 DT A jull p 22T A ju Lo d
i Jo

dy; t .
< C sup sup 21725 A jullpr sup/ 202900 A jul| e de
i Jo

j 0<t=<t j
< C sup |luC, Ol | o d Null77, prs2e,- (4.27)
o, W0 Dl g Wl

Combining the estimates in (4.25), (4.26) and (4.27) yields (4.8). This completes the
proof of Theorem 4.1.

We now present the priori bound for solutions of the general equation (4.4). This type
of estimates will be needed in Sect. 6 when we study the existence and uniqueness of the
solutions to the GNS equations. To establish the estimate, we need to restrict to o > %

Theorem 4.3. Letr € Rand g € [1, 0o]. Assume either% <aandp = 20r% <a<l1
and2 < p < o0o. Assume that v and w are in the class
2a

o o I+ ==
L=((0,T); By, ) N LU([0, T); By ")

for 0 < T < oo. Then any solution F of (4.4) satisfies

d
—|IFII2 +Cqgv|F|?
o I ”B,ﬁ,q qvl ||é,+27a
P.q
q q q q
<
<Cgq (Ilvll 1 d lwl| 2 +llwll” -, a vl +2q> , (4.28)
P4 BPJI p.q BPJ/

where C is a constant depending on d and p only.

For the sake of conciseness, we did not include in this theorem the inequality for the
case when g = oo. It can be stated and derived analogously as (4.28).

Proof. We apply A to (4.4) and then multiply by p|A ; F|? —2A ;j F. Bounding the dissi-
pative part by the lower bound as in (4.11) and estimating the right-hand side by Holder’s
inequality, we obtain

d , .
ZHA,»FHZP +C pv2?| A F|I7, < CplA;-Vywlwr |A;FIY,".
That is,
d 20f
E||AjF||Lﬁ+Cv2 IA;Flir <ClAj - VIwlpe. (4.29)

To estimate the term on the right, we write

Aj(v-Vw =K+ Kz + K3,
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where K1, K> and K3 are given by
Ki=)Y Aj((Sim1v-V)Aw),

k
Ky =" Aj (A -V)Siw),

k
Ky= > Aj((Av-V)Aw).

lk—l1<1

To estimate these terms, we first notice that the summations in K1, K> and K3 are only
over k satisfying |k — j| < 2. Therefore, it suffices to estimate the representative term
with k = j. Applying Young’s inequality and Bernstein’s inequality, we obtain

1K llr < CUSj—ivliee VA wlr <C ) [Apvlie 27| AjwlLe

m<j—1

d .
<C D 20" AwvlLr 27| A jw]Le,

m<j—1

144
IK2llr < CIVS;wlize 1A vl <€ Y 250" A wliee 1A v Lo,
m<j—1
1+4)j
IK3lLr < ClUA L VA wlize < C2MF P A v Lo | Ajw]iLr.

Inserting these estimates in (4.29), then multiplying by ¢ 2/79|| A iF ||’£;1 and summing
over all j, we obtain

<L+ L)+ L3, (4.30)

q
or+27°‘ -

d IFI%,  +CqvlF]|
- . qv
dl Bp,q Bp,q

where L, L, and L3 are given by

. 1 d
Ly=Cq) 279aFI5, 27 1awliee Y 20" ApvliLe,

J m<j—1
i -1 1+4
Ly=Cqy 2798, FI5 Al Y 250" jAuwlLe,
J m<j—1

i —1 A(1+4)j
Ly=Cq Y 279A;FI5 2 1A vllellAjwliLe.
J

To bound L, we write
20y o, _ 20y ¢
Ly=Cqy 257D ap 9, 270 1A w0
j
d .
x 3 20O A ]l 200 D),

m<j—1
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When o > %, (2o — 1)(m — j) < 0 and we obtain as in (4.23)
d .
> 2O AL v 222 DOD < C ol ya
m<j—1 Bpq !

After applying the elementary inequality (2.7), we find

g—1
Ly <Cqlvl 12 ||w|| v IFIE o

Bpg pq Byq

L5 is bounded similarly, but we do not need o > %,

1
Ly = Cqllwll a0 IVl g HEN
By Bpgq Bp g

To bound L3, we write

d .
Ly=Cq Y 20T @ DA F 10 20 T A w1 2957200 A ol
J

d .
Estimating 2"~/ |AjvllLr as in (4.24), we obtain

Ly = Cqllvll s Wl 20 IIFIIq
B,

P.q pa’ qu

+20( .
Combining these estimates for L, L, and L3 with (4.30), we obtain

d
—IIFI%, +CqvllFI?
dt B}, 2

Bp,q

q— 1
=Cq vl serd TN 2e H W peid VI L2e ) ITE
B B B B

q
P.q P.q P p.q qu

Applying Young’s inequality then yields (4.28).

5. A Priori Estimates in L4 ((0, T); l};,q) and in L4((0, T); i)’;,q)

In this section, we establish a priori estimates for solutions of the GNS equations and for

those of (4.4) in two different type of spaces: L9 ((0, T'); Bs ) and L‘I((O T); Bs ) The
major results are stated in Theorems 5.1, 5.2, 5.3 and 5. 4 We will need these estlmates
when we study solutions of the GNS equations in the next section.

The first theorem provides an a priori estimate for solutions of the GNS equations in
2a

L9([0, T); B p.q " ). The derivation of this bound requires g > 2.

Theorem 5.1. Let 2 < g < Q. Assume either O < aand p =20r0 <o < 1and
2<p<oo Letr =1 + S —2u + . Letug € B’ and let u be a solution of the
GNS equations with the initlal datum uo Set

A(t) = |lul|? e
L9((0,0);B,.,7)
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Then, for any T > 0,
. T
A(T) <Cv7! 2(1 — E;j(qT) 279 | Ajuoll%, +C v‘“f‘”/ A%()dt, (5.1)
- 0
J

where Ej(t) = exp(—C v22%ity and C’s are constants depending on d, p and q. In
particular,

T
AT) < Cv ol +Cv 92 [ AX¢)ar.
B 0

Pq
Proof. As derived in the proof of Theorem 4.1, u satisfies (4.21), namely,
d 2uj
E”AjM”LP + Cv2* || Ajullre

144 1+4y;j
<Cllajullr Y 20" Aule + C2MPT A uld,

m<j—1

We first convert it into the following integral form:
! 1+4)j
[AjuC, Dller < CE;jONAjuollLr +C / Ej(t —) 2" VT AjuC, )13 pds
0

t Q’
+ch Eitt =) IAjuC, e S 25 At 9)lods,

m<j—1

. 2oy :
where E;(t) = exp(—C v22%/1). Multiplying both sides by 24/, raising them to
the g power, summing over all j and integrating over (0, T'), we obtain

q

[Juel] 2
BT

L4 <(01T)va,q )

where M1, M, and M3 are given by

<M+ M + M3, (5.2)

T s
M= [ B0 ol
0 -
J

T d 20y
My=C / ZZ(H?HJF?)” M>(2)dt,
0 N
J

T 2a
M;=C / Zz“*ﬁf‘f M3 (t)dt
0 A
J

with

q

t
My = <‘/(; Eit —s)Aju(, S)H%Pds> (5.3)
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and
q
M3 = / Ej(t =) 187uC. 9l 3 28D Apu, 9)leds | (5.4)
m<j—1
We now estimate M1, M> and M3. Inserting
r 17—2aj
/0 Ej.’(t)dz =Cv 271 - E;(@@T))
in M, we have
=Cv' Y (= Ej(@T) 27 | Ajuollf,. (5.5)

J

In particular, M1 < C p~l lluol% : . To bound M;, we start with an estimate for M.
For g > 2, Holder’s inequality 1mp11es

t q . _q
(/ E,-(z—s)||A,-u(-,s)||ipds) 5(/ E;’Z(z—s)ds> (/ 1A ull‘ipds>
0 0
q—2
< Cy~@=2p~20j(a=2) <1 _ E( q 5 )) (/ 1A u||‘z,,ds) . (5.6)
q—

Therefore, M> is bounded by

T d 2a 2
Mzscu*q*?)/ Zz“***z‘” e (f IA; u||Lpds> dr.
0 N
J

Forr=1+%—2a+2q—°‘,wehave

T t e 2
M, < CU_(q_z)/ Z (/ 2(r+‘1)]q||Aju||(£pdS> dt
0 ] 0
2

T t e
§Cv_(q_2)/ / > 20D A julds |
0 0
J

T
:CU—W—Z)/ | * ey A (5.7)
0 L4 ((O,t);Bp_qq )

We now bound M3. First, we estimate M31. As in the estimate of (5.6), we obtain

q
. 4 1 d
My < Cv= =272 / IAjul?,ds / > 2" Al | ds
0

m<j—1
q

! ! d 4o 2 .
= 0v*(‘1*2>/||A,-u||zpds/ > 2RO A 22T DOD s,
0

m<j—1



Fractional Laplacians and Generalized Navier-Stokes Equations in Besov Spaces 823

Forg >2andr =1+ % — 20 + 270‘ we obtain by applying (2.7),

d_pgda ~2yom—j
Z S5 2045 )m”AmM”LP22a(1 7)m—j) (5.8)
m<j—1
1 1
(r+ 2 )mg q 2e(1=-2)m=j)g | _
s | X 2T, || D0 2 = Clel oz
m<j—1 m<j—1 P4

where g is the conjugate of ¢g. Therefore,

t t
M= o0 [t ds [ iaui,as
0 B,,‘qq 0

p.q

t
=Cv @2y 1 . / 1A jull? ,ds. (5.9)
L ((0,;);3”7) 0

Inserting this bound in M3, we obtain

T 2ay ¢ !
My 0@ [T oI [ya s e ar
0 0 L9((0,6);Bpq?)

T
:Cu—<q—2>/ e Lz dr. (5.10)
0 L1((0,);Bpg ")

Combining (5.5), (5.7), (5.10) with (5.2) yields (5.1). This completes the proof of The-
orem 5.1.
2a

We now provide the estimate for solutions of the GNS equations in La ([0, 1); é;,q7).

Theorem 5.2. Let 1 < g < 00. Assume either 0 < o and p =2 0r0 < o <1 and
2<p<oo. Letr =1+ % — 2a. Let ug € By, , and let u be a solution of the GNS
equations with the initial datum u. Set

B(t) = [lul’ -
ﬁl((o,z);ép,q‘i )

Then, forany T > 0,

B(T) <Cv™" Y (1= E;(qT)) 279 | Ajuol?, + Cv 4= VBX(T).  (5.11)
j

In particular,

B(T)<Cv~! ||u0||q§, +Ccv =Y BX(T).
q

p,
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Proof. Following a similar procedure as in the proof of Theorem 5.1, we obtain

fle]] 2\ < N1+ N2+ Ns, (5.12)
ﬁ((o,T);é;,q‘f)

where N1, N> and N3 are given by

T
20y ;
N =cC Zz(m,)m/ E4(0) 1A juolld
. 0
J

d 20 ; T
Ny = Y 20t / Moy (1),
- 0
J

2ay ¢ T
N3 =C Zz(ﬂr?m / M3 (n)dt,
, 0
J

with M1 defined in (5.3) and M3 in (5.4). The bound for N is the same as that for M1,
which is given in (5.5). To estimate N,, we apply Young’s inequality to obtain

T T 4 q—1 T
/ My (1) dt < (/ E!™ (0 dt) (/ IIAjull'ipdt>
0 0 0

T 2
< v la=h 2D (/ ||A,-u||§pdt) :
0

Ifr=1+ % — 2a, then N, is bounded by

2

d 2u 2y T 2
Ny < ComamD R ol mRe ( / ||Aju||1pdr>
X 0

J
2

2a ; T
=C U*(Q*l) Z (2(V+q)1(1 A ||Aju||qudl>

J
2

2a ; T
ECV—(CI—l) 22(74-7)]‘1/ ”Aj’/l”tipdt
: 0
J

= Cv @Dy ™ ot - (5.13)
ﬁ((@,r);éf,,ﬁ)
To bound N3, we again apply Young’s inequality to get
q
r (1+%ym
/ Myrdi < CHEY 4 18juldagr | 32 209" 1 Apulss
‘ Leon m<j-1 L1(0.T)
q

. T T d
=cu*<qfl>2*2“f<q*1>/ ||A,»u||1pdr/ S 2" Auulle | dr.
0

m<j—1
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Sincer =1+ % — 2a, the right-hand side can be written as
T T 2a 2a(l 1 . !
cvlh / A jul,dr / Yo 2O Al 2O ) .
0 m<j—1
For ¢ > 1, we have, according to (2.7),

q

2a _1 _ 2a
Z 2(r+ 7 )m”AmM”LP 220l(1 7)m=1J) <C Z 2(f+ 7 )mq”Amu”(zp

m<j—1 m<j—1
Therefore,
T T - T
/ M5, dt SCI)_(q_l)/ ||A,-u||‘£,]dz22“+7>mqf IAnul?,dt
0 0 p 0

T
—(g—1
=Cv >/ 1A juld,de flul’. e
0 ra ((O,T);éwq )

Therefore,

T
—(g—1 +22)j
Ny < v oD 2 s
] 0 ra ((O,T);ép,q" )

= Cv @Dy - (5.14)
Z71<(0,T);1§'p,q7>

Inserting the estimates (5.5), (5.13) and (5.14) in (5.12), we obtain (5.11).

The a priori estimates of Theorems 5.1 and 5.2 can be extended to solutions of the
2a

o rt22
equations in (4.4). The bound in L? ((0, T); B;,q” ) is stated in Theorem 5.3, while

~ or+22
the bound in L4 { (0, T); B;,q" is provided in Theorem 5.4. These theorems can be

shown by combining the arguments in the proofs of Theorems 4.3, 5.1 and 5.2, so we
omit the details.

Theorem 5.3. Let 2 < g < oo. Assume either% <aandp =2 or% <a <1and
2<p<oo. Letr =1+ % — 20 + %"‘.Assumethat Fy € é;’q and
or+2—°(
v, we L’ (0,T); B,,*
for some T > 0. Then any solution of (4.4) and (4.5) satisfies

1)) oy SCVTIY (= Ej@T) 274 Foll},
L4 <(0,T);B,,,q" ) j

T
+C v—<q—2>/0 vl wl|? dt.

o H—%’ o r+27a
L91 (0.):Bpq L1 (0,1);Bp 4

(5.15)
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In particular, (5.15) holds when the first term on the right of (5.15) is replaced by
Cvl I Follg, -

Theorem 5.4. Let 1 < g < oco. Assume either % <aand p =2or % <a <1and
2<p<oo Letr =1+ % — 2a. Assume that Fy € é;,q and

~ or 22
v, we L4 ((o, T): Bpy )

for some T > 0. Then any solution of (4.4) and (4.5) satisfies

Py Ly SCVTIY (= Ej@T) 27 || AR,
ﬁ((o,T);é,,,qq ) |
+C v @D y9 . (5.16)

L~q<(o T)'EHT) : ||i71((0 T)'§r+27a>
A)iBp g )i Bp g

In particular, (5.16) holds when the first term on the right of (5.16) is replaced by
cv! ||F0||§;q~

6. Existence and Uniqueness

This section presents three existence and uniqueness results for the GNS equations.
The first one asserts the global existence and uniqueness of solutions in B), , (R9) with
r=1-2a+ % for initial data that are comparable to v in B; q (Rd ). The second one

establishes the local existence and uniqueness of solutions in B[’, q(]Rd) for arbitrarily
2

o o5+
large data in B;yq (R?). The third one concerns solutions in L4 ((0, T); B;’q 7 (R?)) with
s=1-2a+ % + 27"‘. The precise statements are given in Theorems 6.1, 6.2 and 6.3.

Theorem 6.1. Let 1 < g < c0. Assume either% <aandp =2 or% <a <1and
2<p<oo Letr=1-2a+ %. Assume that ug € é;’q(Rd) satisfies

uoll o < Cov

luollg, < Co

for some suitable constant Cy depending on d and p only. Then the GNS equations
(4.1),(4.2) and (4.3) have a unique global solution u satisfying

. o r422

u € C([0,00); B, ) N LI((0, 00); Byyy”) for 1 < g < oo,
. ~ o 1+4

u € C([0, 00); B;’oo) N LY((0, 00); Bp.ob) forq = .

In addition, for any t > 0,

luC, Ollg + Cvllul rp2z < Crv forl <q < oo,
P4 L1((0,); B, 7))
||M(,l)||§LM+CU||M”~ 1+4 SC]I)fOVqZOO,

L1(0.0;Bp0d)

for some constants C and C1 depending on d and p only.
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Although this theorem does not explicitly mention the case when 1 < p < 2, we can

easily extend it to cover any initial datum ug € Bg;, g With 1 < p < 2. In fact, by the
Besov embedding (see Part 2) of Proposition 2.1),

pr d DT d
By R C B, ;R

forany 1 < g < o00,1 < p; < p2 < oo and r| =r2+d(%—$).Thus,if

uy € fs‘,’,’q withl < p<2andr =1 —2a+%,thenu0 € Bg;,zz’q for any py > 2
andrp =1 -2« + %. Theorem 6.1 then implies that the GNS equations have a unique

global solution associated with any ug € Blr7 gWithl <p <2andr=1-2a+ %.

Proof of Theorem 6.1. To apply the contraction mapping principle, we write the GNS
equations in the integral form

t
u(®) = Gu(t) = exp(—v(—A)*Nug — / exp(—v(=A)* (¢t — ) P(u - Vu)(s)ds,
0
where exp(—v(—A)%t) for each ¢ > 0 is a convolution operator with

exp(—v(—A)1)(§) = exp(—v(2r[£])*1).

We shall only provide the proof for the case when 1 < g < oo since the proof forg = oo
is analogous. To set up, we write

20

o o F+==
X =C(0,00): B, ). Y =LI <(0, 00): By’ ) ., Z=XnNY.

For the norm in Z, we choose
lullz = max{[lu|x + Cvlluly},

where C is a suitable constant depending on d, p and ¢ only. In addition, we use D to
denote the subset

D={ueZ:|ulz=Civ}

We aim to show that G is a contractive map from D to D. For notational convenience,
we write Gu as

Gu=u— F(u,u),
where u? and F (v, w) are given by
u® = exp(—v(=A)*t)uy,

t
F,w) = / exp(—v(—A)*(r — 5))P(v - Vw)(s)ds.
0

Obviously, u¥ satisfies the equation

u’ +v(=A)u’ =0, u®(x, 0) = ug(x).
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As shown in the proof of Theorem 4.1, we have

t
G014, + qufo -, )11

ds < |luol%, .
P.g By

20
r+q .
pr.q

By,
Consequently, |[u°]|z < Cov. To bound F in D, we first notice that F satisfies

WF +v(—=A)YF =P -Vu),  F(u,u)(x,0) =0.
Applying the result of Theorem 4.3, we have

d
q q q q
2 1F 1 +CVI|F||”+2TL, = Clluly, Nul”

P-4 B

r

20 ¢
p.q +

BP-‘I pq

Therefore, for u € D and suitable Cy,

£, wllz < Crv.

J. Wu

Thus, G maps D to D. To see that G is contractive, we write the difference Gu — Gv

into two parts, namely,
Gu—Gv=—(Fu,u—v)+ F(u—v,v)).
Since F(u, u — v) satisfies
OF +v(=AN*F =Pu-Vu—v)), Fu,u)(x,0) =0.
Again the result of Theorem 4.3 shows
I1F@u,u—vllz < Clullzllu —vllz.
F(u — v, v) admits a similar bound. Therefore,

Gu — Gvliz = C(lullz + llvii2)lu —vlz.

For suitable Cy, C (Jlu|]lz + ||v|lz) < 1 and G is contractive. The result of Theorem 6.1

then follows from the contraction mapping principle.

We now state and prove the local existence and uniqueness result. For the sake of

conciseness, the statement for the case when ¢ = oo is omitted from the theorem.

Theorem 6.2. Let 1 < g < 0o. Assume either % <aand p =2 or % <a <1and
2<p<oo Letr =1-2a+ %. Assume ug € é;’q(Rd). Then there existsa T > 0
such that the GNS equations (4.1),(4.2) and (4.3) have a unique solution u on [0, T) in

the class

o ~ or+2—”
C([0,T); B, ) N LU((0, T); By y”).
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Proof. The proof combines the contraction mapping principle with the a priori bounds
in Theorems 5.2 and 5.4. The operator G is the same as in the proof of the previous
theorem, but the functional setting is different. For 7 > 0 and R > 0 to be selected, we
define

2a

~ o+ ==
Zy=L1(0,T); Bpy"), Di={ueZ: |ulz <R}.

The goal is to show that G is a contractive map from Dj to D;. We again write Gu =
u® — F(u, u). Since u satisfies

3’ +v(=A)*u® =0, u'x,0) = ug(x),

we can show as in the proof of Theorem 5.2,

1u°1%, < Cv™" Y (= Ej(qT)) 274 | Ajuolf,.
J

where E;(t) = exp(—C 229 1), Since ug € é;, ¢ this inequality especially implies

that ||u?| 7, 1s finite. In addition, by the Dominated Convergence Theorem,
> (A —Ej@T) 27 | Ajuolf, >0 asT — 0.
J

Therefore, [|u°||z, is small for small T > 0. Since F (u, u) satisfies
O F +v(—A)*F =P(u-Vu), F(u,u)(x,0) =0,
we have, according to Theorem 5.4,

IF @, wlz, < Clulz, <CR?

for any u € Dq. Thus for small 7 > 0 and suitable R > 0, Gu € Dj. As in the proof of
Theorem 6.1, we can show by applying Theorem 5.4 again that

IGu — Guliz; = C(lullz, + vliz)llu —vlizy <2C R |lu — vz,

which implies G is a contraction for suitable selected R. By applying the contraction
mapping principle, we find that the GNS equations have a solution in Z;, namely, in
~ o r22
L3 (0, 7); Bpy).

To show u € B; ¢> We can derive similarly as in the proof of Theorem 5.2 the bound

2
uC, Hllar < uols +Cllu
.0l < ol +C llully,

for any solution u of the GNS equations. Thus, for ¢ € [0, T), u(-, t) is in B?;’q. This
completes the proof of Theorem 6.2.

20
The space L4((0, T); Bgl,,q" ) was used in the proof of the previous theorem. If we

20

use L1((0, T); Bg;,(F) instead, we have the following local existence and uniqueness
theorem. This result can be proven by the contraction mapping principle combined with
the a priori estimates in Theorems 5.1 and 5.3. We omit details of the proof.
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Theorem 6.3. Let 2 < g < 00. Assume either% <aand p =2 or % <a <1and
2<p<oolLets =1-20+ % + 27"‘. Assume ugy € é;,q(Rd). Then there exists a
T > 0 such that the GNS equations have a unique solution u on [0, T) satisfying

s+

C0. T): BY ) N LI, T): Bpy).

Appendix
We provide the proof of Proposition 3.5 in Sect. 3.

Proof of Proposition 3.5. (a) When p = 2, we have

() = [ rearsa= [ iatsPar A
R4 R4
Since ¢ = 1 and d = 2, we obtain (3.5) by applying the Sobolev embedding

FrRY) c LI(RY) (A2)

valid for any r € (1, 0o) and g € [r, 00). The inequality in (b) is a consequence of (A.1)
and the Sobolev embedding

WS (RY) ¢ L7 (RY) (A3)

for any sr < d. To prove (c), we first apply the pointwise inequality in Proposition 3.2
to obtain

D(f)=C /ﬂ; PPy () dx=c /R a (o) ax

By (A.2), we have for any g € [p, 00),

D(f) = CIIfII” -
L2

Since2 < p < %, we have the following interpolation inequality:

2q—4 Pq9—2q

— -
Ifllee < CIfIS IIfIIL"ZTq .

For any f € L?(R?) with || f||;2 # 0, this inequality is equivalent to
1 —
LA g = CUAISTPP 157
L2

with 8 = 2;—_2411 . The proof of (d) is similar to that of (c) except that we use the Sobolev

embedding (A.3) instead of (A.2). This completes the proof.
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