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USA d-dimensional micropolar equations (d = 2 or d = 3) with general fractional

Correspondence dissipation (—A)*u and (—A)?w. The micropolar equations with standard Lapla-
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Email: obensai@okstate.edu relevant in some physical circumstances. We establish that, when a >

fractional dissipation allows simultaneous study of a family of equations and is
% and
2

—2a

. . . 1+4
Communicated by: I. Li B> % any initial data (uo, wo) in the critical Besov space uy € B, ,* (R%) and

1+42
wy € BZIZ ﬂ(Rd) yields a unique weak solution. Fora > 1and f = 0, any initial

1442 g . .
dataug € B, ,* a(Rd) and wy € B 1(R”’) also leads to a unique weak solution as

well. The regularity indices in these Besov spaces appear to be optimal and can
not be lowered in order to achieve the uniqueness. Especially, the 2D micropo-
lar equations with the standard Laplacian dissipation, namely, « = # = 1, have
a unique weak solution for (uy, wy) € 33,1- The proof involves the construction
of successive approximation sequences and extensive a priori estimates in Besov
space settings.
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1 | INTRODUCTION

The micropolar equations were first proposed in 1965 by C.A Eringen to modal micropolar fluids that are fluids with
microstructure (see previous studies!#). These equations can model large number of complex fluids such as animal blood,
suspensions, and liquid crystals. In this paper, we focus on the following d-dimensional (d = 2 or d = 3) incompressible
micropolar equations with fractional dissipation

ou+ (v+k)(—=A)*u+u-Vu+ VII - 2kVXw =0,

ow + 4kw 4+ 2kV X u+ u - Vw + y(=A)Y’w = 0, 1
V-u=0, @)
u(x, 0) = up(x) , w(x,0) = wo(x),

where u = u(x,t) € R? denotes the fluid velocity, w = w(x, t) € R the field of microrotation representing the angular
velocity of the rotation of the fluid particles, IT = I1(x, t) the scalar pressure, and the parameter v denotes the Newtonian
kinematic viscosity, k the microrotation viscosity, and y the angular viscosity. Here, the fractional Laplacian operator
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(—A)* (which is also referred as the Riesz potential operator) is defined via the Fourier transform

D) f (@) = e F (),

where

for=— [ eireax
@m)} Jre

Besides their many physical applications, the micropolar equations are also of great interest in mathematics. Fundamental
issues such as the well-posedness problem on (1) have recently attracted considerable interest, and an array of important
results have been established (see, e.g., previous works 314). More recent focuses have been on the micropolar equations
with partial or fractional dissipation (see, e.g., previous works!>2%), Investigations on nonlocal diffusion have now become
a trend.?! The study of fractionally dissipated micropolar equations allow us to simultaneously treat a family of equations
including those with the standard Laplacian dissipation. The investigations on the micropolar equations with fractional
dissipation help reveal how the global well-posedness problem is related to the fractional regularization.

The main goal of this study is to obtain the existence and uniqueness of solutions to (1) in a weakest possible functional
setting for the largest possible ranges of « and #. Our main results can be stated as follows.

Theorem 1.1. Consider (1) with a > % and g > % Assume the initial data uy and wy satisfy

di1-2 di1-2
Voug=0, ugeB:, (RY, woeB: TR

Then there exist T > 0 and a unique weak solution (u, w) of (1) on [0, T] satisfying

d
2

d
weL® <o, T.B, (]Rd)> nL! <0, T.B,, (Rd)> : ©)

d_ d
weL® <0, T,B," 2”(11@)) nL! <0, T,B,": (Rd)> . 3)

Here, B, ; denotes the inhomogeneous Besov space. A review of the Besov spaces and related facts is provided in the
following section. As a special consequence of Theorem 1.1, the two-dimensional (2D) micropolar equations with a =
f = 1, namely, the standard Laplacian dissipation, always possess a unique local solution (i, w) in the critical Besov
space L*(0, T; Bg’l(Rz)). For the 3D micropolar equations with the standard Laplacian dissipation, the uniqueness is also

1
attained in the critical Besov space L* { 0, T; B; 1(IR{3) . Here the critical Besov spaces are the Besov space settings for

which the solution of the differential equations and its scaling invariant counterparts share the same norm. In the general
fractional dissipation cases, the regularity indices 1 + % —2aand 1+ g — 2 in the Besov spaces appear to be optimal and
one may not be able to achieve the uniqueness when they are lowered.

Theorem 1.2. Consider (1) with « > 1 and f = 0. Assume the initial data (uy, wy) satisfies

1+8-2a & d
V-uy=0, upée BZ,12 (R ), wy € Bzzl(R ).

Then there exist T > 0 and a unique weak solution (u, w) of (1) on [0, T] satisfying

d
2

d
ueL® <o, T.B, (Rd)> nL! <0, T.B,, (Rd)> , )

d
00 2 d
welL <0, T,B;, (R )). 5
Theorem 1.2 deals with the case when the equation of w involves no diffusion. The Besov space for u remains the same,
but the setting for w needs to be in a more regular Besov space due to the lack of diffusion in the equation of w. For an

d
inviscid equation, the regularity index g in the Besov space B 1(Rd) cannot be lowered in order to obtain the uniqueness
of solutions.
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The proof for each of the theorems is naturally split into two parts: the existence and uniqueness parts. The existence
part starts with the construction a successive approximation sequence that iteratively solves systems close to (1). This
successive approximation sequence is then shown to be uniformly bounded in suitable Besov spaces via the method of
mathematical induction. These bounds allow us to extract a subsequence, which converges weakly to a limit. Using the
Aubin-Lions lemma, the weak limit is then shown to be the weak solution of (1). The main efforts are devoted to proving
the uniform boundedness. This process involves various analysis tools and techniques. The uniqueness is established by
analyzing the differences in the L? space.

The rest of this paper is divided into three sections. Section 2 serves as a preparation. It reviews the Besov space and
related tools to be used in the subsequent sections. Section 3 proves Theorem 1.1. It is further divided into two subsections
with one devoted to the existence and the other to the uniqueness. The last section provides the proof of Theorem 1.2. It
is again split into two subsections, one for the proof of existence and one for the uniqueness.

2 | PREPARATIONS: BESOV SPACES
This section serves as a preparation. Materials presented here will be used in the proofs of Theorems 1.1 and 1.2. The

definition of the Besov space and related simple facts can be found in Bahouri et al.?> Lemma 2.6 is taken from Jiu
et al.?3 Lemma A5 1n what follows, S(RY) denotes the Schwartz class and S’(R9) the tempered distribution.

Definition 2.1 (Inhomogenous Besov space Bj,,q). f € S'(R%) belongs to By withs€ Rand1 < p < ¢ < ooif

+0o0 q
; QY118 f ) if g<oo,
£ 11, = 127 1A £ llzells = jzz_l I

sup 2Y]|A; £l if g=o

Jjz-1
is finite.
Lemma 2.2. Let B(0,r) and C(0, ry, r») denote the standard ball and the annulus, respectively,

BO.n={¢eR% |¢l<r}, CO.r.rn)={eeR’) n<|é<n}.

There are two compactly supported smooth radial functions ¢ and y satisfying

38

suppqSCB(O,%) s suppu/cC<0,Z,§>,

&+ Y w@7EH=1 forall &R (6)

Jj=0

The proof of Lemma 2.2 can be found in Bahouri et al.?% P>

Notations 2.2.1 We use h and h to denote the inverse Fourier transforms of ¢ and y, respectively,
h=F7'¢p, h=Fly.
We write y(§) = w(27&). By a simple property of the Fourier transform,

hi(x) := P~y = 2Yh(27x).
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Definition 2.3. The inhomogeneous dyadic block operator A; are defined as
Aif=0 for j < -2,

Anf=hxf= /R S »h(y) dy,

Ajf =h *f=2"’/ fe—yh2'y) dy for j > 0.
Rd
The corresponding inhomogeneous low frequency cut-off operator S; is defined by

Sif= ) Adf.

k<j-1
Remarks 2.3.1. For any function fin the usual Schwarz class S, (6) implies

& =¢@f @+ Y wIOF©),

Jj=0

or in terms of the inhomogenous dyadic block operators

f=D A or Id= ) A,

jz=1 j2-1

where Id denotes the identity operator. For generality, for any F in the space of tempered distributions S’,

F=Y AF or Id= ) A; in . (7)

j>-1 jz-1
(7) is referred to as the Littlewood-Paley decomposition for tempered distributions.

Definition 2.4. In terms of inhomogeneous dyadic block operators, we can write the standard product in terms of
the paraproducts, namely,

FG = 2 Sk1FAG + 2 AcFSk_1G + Z AFALG,

li—k|<2 lj—k|<2 k>j-1
where Ay = Ar_1 + Ag + Agyp. This is the so-called Bony decomposition.

Lemma2.5. Leta > 0.Letl < p < q £ 0.

1. Iffsatisfies
supp f c {¢ €RY,  |€] <K/},
for some integer j and a constant K > 0, then

2aj+jd<l—

1
I(=2)"f llraqray < €12 ’ q>||f||1p(Rd)~

2. Iffsatisfies
supp f c {€€R?, K12/ <|&| < K2/},
for some integer j and constants 0 < K; < K, then

_ 2aj+jd( -1
21 lhsqeey < N2 Fllss < 22761

where c;, c; are constants depending only on a, p, gq.



BEN SAID AND WU

WILEY-—

Below, we state bounds for the triple products involving Fourier localized functions. These bounds will be used in the
proofs of Theorems 1.1 and 1.2. We refer the reader to lemma A.5 in Jiu et al.? for a detailed proof of the following lemma.

Lemma 2.6. Letj > 0beaninteger. Let A; be the inhomogeneous Littlewood-Paley-localization operator. For any vectors
field F,G,Hwith V - F = 0, we have

. d
’/ Ai(F-VG)-AH dx‘ <cllA;H||z (2’ Z 22" |ApF |l Z [|AkGl| L
Rd

m<j-1 li—k|<2

1+4 . d ~
A NPT M Gl R 2/22"||AkF||Lz||AkG||Lz>

lj—kl<2 m<j-1 kzj—1

and

d
[ areve- a6 dx‘gan,»Gan( 3 2aF Y AGH:
Rd

m<j—1 lj—kl<2

1+4 o d ~
+ D AFle Y 204978, Gl + > zfzz"||AkF||Lz||AkG||Lz).

li—k|<2 m<j—1 k>j-1

3 | PROOF OF THEOREM 1.1

3.1 | Existence of a weak solution

This subsection proves the existence part of Theorem 1.1. The approach is to construct a successive approximation
sequence and show that the limit of a subsequence actually solves (1) in the weak sense.

Proof for the existence part of Theorem 1.1. We consider a successive approximation {(u™,w™)} satisfying

u® = Syuy, wh = Swy,

U™ + (v + k) (—A) U™ = P(—u™ - Vut) 4 2kV x w®, 8
I -y (—A)YPWHD = _4law+D) _ 2KV x u® — ™ . D), ®)
u™(x,0) = Sy11uo, w D (x, 0) = Spy1wo,

where P = I — V(-=A)~!div is the standard Leray Projection. For

M =2 lluoll ,.a, +IWoll .ay |,
B : BZ.lZ

2,1

T > 0 sufficiently small and 0 < § < 1 (to be specified later), we set

Y=4q @w | lull Wi <M, vl oy S M,
L°°<0TB 2 > L°°<0TB 2 )

21 [N |

[lull wdy <6, |lwl 1wd\ SO o ©)
L (O,T,Bz_l 2 ) L <O,T,BZ’1 2 >

We show that {(u(”), w("))} has a subsequence that converges to the weak solution of (1). This process consists of
three main steps. The first step is to show that {(u(”), w“‘))} is uniformly bounded in Y. The second step is to extract

a strongly convergent subsequence via the Aubin-Lions lemma. While the last step is to show that the limit is indeed
a weak solution of (1).
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To show the uniform bound for {(u™,w™)} in Y, we prove by induction. Clearly,

1

DN e = ISuoll g M,

L=(0.T.B,, L=(0.T.B,,
T2 T2

(€] —
[lw “L°°<()TBH§7M> = |ISZW0|IL°°(OTBHg72ﬁ> <M.

If T > 0 is sufficiently small, then

™| vy S TISuoll (o ST cluoll yya,, <6,
L1<O,TB 2) B, 2 B, 2

21 2,1 2,1

1
[lw®]| 1 wd\ STISwoll 0 < T clwoll 4, <6.
L ( T.B,, ) By, B,,
Assuming that (u™, w™) obeys the bounds defined in Y, namely,
(n) (n)
[|u ”Lw(om”%’”) <M, |w ||Lw<OTBHg,Zﬂ> <M,
P21 N §

™l ey <6 WPl ey <6,
L1<0,T,Bz‘1 > L1<0,T,Bz‘1 >

we prove that { (™), w**D)} obeys the same bound for suitably selected T > 0,M > 0, and 5 > 0. For the sake of
clarity, the proof of the four bounds is achieved in the following four steps. O

1+4-2
3.1.1 | The estimate of u®™+) in B, * (&Y

Letj > 0be an integer. Applying A; to the second equation in (8) and then dotting with Aju+V, we obtain

1d

S I I, + (v AT AU, = Ay 44, (10)
where
Ay = / 2kA;(V x w™) - A;u™Y) dx,
]Rd
A, = _/ A,«(u(") . Vu(n+1))Aju(n+1) dx.
]Rd

We remark that the projection operator P has been eliminated due to the divergence-free condition V - u"+? = 0. The
dissipative part admits a lower bound

v+ RIATA U™ VN7, > ¢o 2| A;u™ P12,

where ¢y > 0 is a constant. By Holder's inequality and Bernstein's inequality

|A1| = ‘/ 2k AJ(V XW(H)) . Aju(n+1) dx
Rd

< 2k |A;(V X W)l |A;u"™ V|2

<2/ AW || Au" V]|,
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According to Lemma 2.6,
|A42| = ‘— /R dAj(u(”) VUYL A dx‘
1+4
<cllau™vlg, Yy 2™ 2

m<j—1

1+4
PN I TN P Y G TN

m<j—1

. od ~
+c )0 225K A (| B2 | AU .
k>j-1

Inserting the estimates above in (10) and eliminating [|A;u"*V|| ;. from the both sides, we obtain
d ,
a 1A;u™ |2 + 229 | Au" V)l <1+ + T3 + s, (11)

where
d

1
B=clau s Y 20 Ao,

m<j—1
1+£ m
B=clau ¥ 25" aum oy,
m<j
. d ~
T=c2 ) 2298 )| Au®™ |l o,

k>j-1
J4 =C 2j||AjW(n)||L2.
Integrating (11) in time yields

t
1A < e Aul™ PVl + / OO 4 L+ dr (12)
0

d .
Multiplying (12) by 2<1+5_2a>’ and summing over j, we obtain

EEATI .
[u™ Vol < g™ e+ Y (1+s-20)s / OO 4+ ) de (13)
B B2,1

1+ g -2 —
21 j>-1 0

The terms on the right hand side of (13) can be estimated as follows using the simple bound

e—cozz“/(t—r) <1.

Recalling the definition of J; above and using the inductive assumption on u, we have for any t < T,

5 ol [y
0

Jjz-1
<c/t E 2(1 g 2 >j|A~u( 1)“[2 E 2(1 g) ”Amu( )(I)HLZ dz
= o Jj

jz-1 m<j-1

t
1
<c / W™D @) | a WP@ 0 dr
0 B, 2 B, .2
2,1 2,1

)

1 1
<c ™V g [ ey S8 doa
L°°<0TB 2 ) Ll(o,TB 12) Lm(o,TB 2 )

.T.B,, B, 21

1
<c ™ g [ +
Le <0,t,32112 ) Lt (0,:,32l
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The term involving J, admits the same bound. In fact, by Young's inequality for series convolution,

Z 2(”5‘2")’ / te—Coz”’“—T)Jz dr
0

jz-1

dy; . d_
<c / > 2045 A 222““"‘”2(“2 )M Al ) 2 de

0 j>-1 m<j

<c / T P CTR
21

2.1 T2

1 1
< cflu™| AN (el i S8 U 1l -
L1<0,TB ) w(o T2 ) L <O,T,B 2 >

The estimate for the term with J; is also similar,

3 bt [, a

Jj2-1
= [ 3 A0S A s
0

jz-1 k>j—-1

—c/ Z Z 2<2+§_2a>(j_k)2(1+§)kIIAku(")||L22(1+§_2a)k||5ku(”+1)||Lz g
0 j>-1k>j-1

< C/ Ilu(")(r)ll o Ilu("”)(f)ll IR dr
21

1 1
(1)) H%fzﬂ) <c & |u"* )”Loo<0TB“%’2“)

Lee <0’T’Bz,1 2,1

2,1

<c [l ey
L1<0,TB )

It remains to bound the term with Jy,

S0 [y
0

jz-1

d . ¢ . i
= Zz<“z 2a)s / e~ =D 27| A ;w™|| 2 dr

jz-1 0
(1+4-2a)) j ) (2+4-2a)s (n)
< 22 2 c 2/ |Aw™ ||z dr = ¢ 22 2 1A W™z dr
j>—1 0 0 j>-1

1
/ D o145 |A w2 dr = ¢ ||w<">|| Lay <cC6.
since a>1 0 j>-1 <O’t’Bz,12>

2

Collecting the bounds above and inserting them in (13), we find forany t < T

1 +1 1
Gl < NNl sy, +c 8 U™ iy +C 8.
21 21 ’ 21 >
Therefore,
lu™ Do)l vty S Mg, e 8 [l i FC O
L°°(0T,B“2 ) » L= |0, B21 )

Choosing 6 such that ¢ § < min (i %) we get

[

b}

M M
g = + 7l n
2,1

N

u™ D@l 1l S
Le <0,TB )

o) F
L>(0,T,B,,
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which implies

“u(n+1)(t)” 149 24 <M.
L°°<0TB 2 )

[N |

3.1.2 | The estimate of ||[u*V|| 4
L <O,TB +i>

d\ .
We multiply (12) by 2(1+5 )J, sum over j and integrate in time to obtain

||u(n+1)” / 22 1+ J _c[)22n/[“AJu'(n+1)”L2 dt

j>-1

5 d\ .
+ / / D 2<”5)’e—%22"’<s—f>(11 + ... +Jy) dr ds. (14)
0 j>-1
We estimate the terms on the right hand side of (14) and start with the first term.

T d\. i d_ .
/ D 2(1+z)’e—%22’f||A,ug+1||Lz di=c ) A=) (g _ o AUy .
0

j>-1 Jj=-1

(1+§—2a)

Since ug € B, ; , then by dominated convergence theorem

1+42a)j e o2
lim o145 ")’(1 e 2 1A ul™ 2 = 0.
j=-1

Therefore, we can choose T sufficiently small such that

-Mca

T
/ 22(1+ )’e—%z“”uA ul™ Pl dt <
0

Jjz-1
Applying Young's inequality for the time convolution, we have

T d\. s .
/ Z 2(”5)’ / e 0261, dr ds
0 j>-1 0

T da\. N Y d
—o [ 3 A [eeeopa o 3 oA a,u s de ds
0 0

j>-1 m<j—1
(1+£>j T (n+1) (1+5)m (m) T .22
<c Y 2l 1Au™ D@l Y 2V A ™2 de [ e ds
0 0

Jj=-1 m<j—1

Using the fact that there exists ¢, > 0 satisfying for j > 0,

N
/ e2sdg < ¢ 272 (] — g7, (15)
0
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we get

N
/ / e X601 dr ds
j=-1

d
<c-een) / Zz Viaue@ie Y 208, de
m<j—1
SC(l—e_CZT)IIM("“)II 14 llu(")ll 144
(TB21 > <0,T,Bz_12>
| —
<é

<cd 1 —e o h)um

1+ % —2a\"
0. T’BZ.I

The terms with J, and J; can be similarly estimated and obey the same bound.

’ (1+2); [° e
/ E 2\ / e X6 dr ds
0 jz-1 0

T a\, [% . d
—c [ 32l [eer e oyaumiy 32 A dr ds
0 0

j=-1 ms<j

<1+§>j T <1+9)m . T -
<e 2t / 181 3 202" A dT/ &S s,

/21 0 “~ o
Owing to (15) and the above inequality,

[z

202 e 9], dr ds
>—1 0

j__
—2a)i d
<c(l-e@l) / ) > 20487 &0 e
j>-1 m<j-1
d_ . E .
<1 — ey / BRI TN P G T
0 j>-1 jz-1
<e(@—e D) 1ot “”II 1
w( TB21 ) <O,T,B2112)
N ——
<é

<cl—e el s uh|

1+%—2a
T.B,,

Similarly

/ > 1+ / 0?6075 dr ds
0 j=>-1
2 _ A (o d ~
=c/ Z 52+ / €2 (s=7) 2 2559 At ® || 2 || AV 2 dr dis
0 j>-1

k>j—1

T T
2 5 i d P g
<c E 2 2 J/ E 22k||Aku(n)||L2||Aku("+1)||L2dT/ e (s,
0 0

jz-1 k2j—1
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Then, due to (15),

T <1+9> I 2aj
/ Z AN / e 6D dr ds
0 j>-1 0

<c(-ee) / 3 22 S ot A B ) de
0

j>-1 k>j-1

d
gc(1—e—'-‘zT)/ > o2 ||A U Y 2(3) NAu™| . dr
0

Jj>-1 j>-1
_ 1 1
<c-e C2T>/ ¥ 2w Y 2 a0 e
Jj=-1 j>-1
—c, T 1
<e@=e NN P
L (o,TB21 ) <0,T,Bl1 )
— —
<6

<c(d- e_CZT) o ”u(n+1)” ( 10420 -
L 2,1 )

Now, for the term with J, we write

T
/ DB / RS, dr ds = ¢ / Z / 26D A2 dr ds
0 > 0 jz=
Z(%
j>—

o
ro
/ 1A W™ 2 dr/ e~%¥s ds
0

_ —2a)j
<c(l-e CzT)/ ")’||A,-w<">||Lz dr
j>-1
< ee) / 3 2045 A w0 de
since az- j>-1

7

=|lwm
=Wl 4S8
c'ors, 2

<c@—-eNs.

Collecting the estimates above leads to

-lkeo

2,1

flu® V| gy S5 Hes— e DU Loy Fed—eeh)s
1<0TB 2) (,TB )

57}

Z4cs1-e2NM+c1-eTs.

.p

Choosing T sufficiently small such that ¢ (1 — e~%T) < min (iM %) we get

6 6 o
(n+1) —
I ”L1 <O,T,B;% ) 4 4 2
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] (n+1) 5 14824
3.1.3 | The estimate of w"*VinL* (0,T,B,*  (RY)
We apply A; to the third equation in (8) and then dotting with Ajw(”“), we obtain
L&D, + @2 + 4k A |
2de" 2 / 12
< -2k / Aj(V xu™)A;w™ dx
- / A;™ - VD) A wD dx
= B; + B, (16)

where
By = -2k / A;(V X u™)A;w"D dx,

B, =- / Aj™ - VD) A wD gy,

By Holder's inequality and Bernstein's inequality,

|B1] = ‘—zk/ AV X u™P)A, D dx‘

< 2k 1A,V X u™)|[ 2 | A w2
<c 2 1 Au® | Aw" Ve

By Lemma 2.6,
|Bz| = ‘_ / Aj(u(”) . Vw(n+1))AjW(n+1) dx‘

d
<cliapw=i 3 2 au,

m<j—1
1+4)m
+c AW D1 Au | Z 2( :) AWV 2
m<j

. d ~
+e AW p2 DY 23K A DoA™ |l 2.
k>j—1

Inserting the estimates above in (16) and eliminating [|A;w"*|| .. from both sides of the inequality, we obtain

%HA,w‘”*l’an +(€12%P7 + ak)|| A w1 <Ky + Ko + K3 + Ky,

where
Ky =c2 ||Au™)]|,

1+4)m
K> =c [|Aw™ ]| Z 2( 2) 1A u™ |2,

m<j—1
1+4)m
Ks = c 1Al Y 2077 a0y,
m<j
. d ~
Ki=c ) 2238 B™ | Ao,

k>j—1

Integrating (17) in time yields, forany ¢t < T,

t
1AWVl < e @2 AW D) + / i RS AY:

0

17)

(18)
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Multiplying (18) by 2<1+5_2ﬂ ) and summing over j, we have
L 257 E_ .
DI g < ||w<"+“|| WY / R U ) I S (19)

21 j>-1

The terms containing K; through K4 on the right hand side of (19) can be bounded suitably as follows. We start with
the term with K,

Z/ J(1+5-2)ige gy = Z ¢ 22V A W) de
j=-170

0 j>-1

/Z 2V u @l de <.
since ﬂ>- 0 j>-1

J/

g

[lut]] <6

d
1 2
ors,

Similarly the term with K is bounded by

2 H(1+4-20)s / Kydr=c / 2 2(145720)7 o o0 > 2049 ) de

jz-1 0 j>-1 m<j—1

1
<™l e P
L=(0.T.B,) r'(o.r.B)]
+1
<co ”W(n )” < TB+fzﬂ>

The terms related to K5 and K4 obey also the same bound,

z 2(1+§—2ﬂ)j/ K dr —c/ z 2 1+ |A u(")IILZ 22 1+ |A W(n+1)|| , dr

Jjz-1 0 j2-1 msj
1
<cw" e 1] 14
L® (0 T.B,,’ ) L (O,T,Bz_l 2 )

<cé ||w<"+”|| 12
pe(0ra )

For the term with K,, we write

d_ i t t d_ Pody
2 [e=e [0 53 22 A s de
0 0 j>-1k>j-1

jz-1

t d
24228 )j~%i 0 %
SC/ Z Z 2( +3 /7)1221”Ajw(n+1)”L2”Aju(n)”L2 dr
0 j>-1j>-1

t <1+‘_‘_2p)j (1+£1)j X (D) -
=C/ Y X A R AU de
0 jz-1j2-1

(n)

4o 1™ ¢
018, 2" ) o <0,T,B;2>
< clwh| (

(0T

d .
1+5-2p
2
0 ,BZ1 )

Collecting the estimates and inserting them in (19), we obtain for any t < T

<c W™ <

1 +1 1
W™D s, < W >|| iy €84 8w -
Bu 21 Le (O’T’Bz,lz )
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Choosing ¢ § < min G %), we get
M M 1
(n+1) (n+1)
w t <=+ —+=|w t s
IO gty S 3+ +aTON ety
which implies
||w(”+1)(t)|| 1l <M.
L® <0,T,Bu2 )
3.1.4 | The estimate of ||w("+1)(t)|| < 1+g>
,T.B
We recall (18)
t
1AWVl < e @20 AW + / ek 4+ . +Ky) dr.
0
. <1+4>j . . L
We multiply by 2\" " 2/°, sum over j and integrate in time to get
“W(n+1)|| / 2 2 1+ J —clzzl’/t”A (n+1)“ . dt
OTB
j=-1
(1+4)j s 25
+ / 2 AR / e 2V ETO(K + ..+ Ky) dr ds. (20)
0 j>-1 0

Clearly,

T A . d_op); )
/ > 2(“2)Je—clzz”’an,wg"“)||L2 dt=c Y, A(+5-2)i g _ e AW V|
0

j>-1 Jj=z-1

. 1+4-2p .
Since wy € B, 12 , we have by the dominated convergence theorem,

. 1+4-2p)j 2%
lTl_r)r(l) 2( +3 ﬂ)/(l e ClzZﬂjT)llAjWén+l)||L2 -0
jz-1

Therefore, we can choose T sufficiently small

NI%

! (144)) e, (n+1)
E 2V 2 e T A jwy |2 di <
0

j=-1

Applying Young's inequality for the time convolution, the term with K; is bounded by

T a\. S . T d\; [$ i
/ 22(“5)// e OK dr dssc/ 22(2+5)f/ e 260 Au™)| 2 dr ds
0 >0 0 0 j>-1 0
d\. T T :
<c ) o) / 1A,u™]| dr - / ea?”s g,
0 0

jz-1
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Using the fact that there exists c; > 0 satisfying for allj > 0,
T . »
/ e sds <271 - e, @1)
0

we get

T ) d .
/ 3 20 / 60K, dr ds < ¢ (1— T / > 2 Ay de
0 0 j=>-1

<c(- CaT)/ Z 2 (1+5 ||A U™ (1)|| 2 dr

j>-1
J

<6

— |y (n+1)
S (o
LYoTB,

<c(@1-e4T)s.
Similarly by applying Young's inequality for the time convolution, the term with K, is bounded by

T (1+§>' s 2
[ Do [
0 j>-

. d
“’/ DESE / e a3 28U ol d ds
j=-1

m<j—-1
‘ T
<c Z 2 (1% j/ AW Z 2 (1) lAu™ ()2 dr (/ e‘clzzﬂjsds>
j>-1 m<j—1 0
. d
<c-eT) / S @l Y 2 A @l de
j=-1 m<j-1

2.1

< e (1 - e D™D (

(n)
TBHTZﬂ) llu ” (0 TBH;’>

o A J/
g n'g

<M <6

<c(1-e%T)sM.

The terms involving K3 and K, obey also the same bound,

T <1+9>' s 20
/ E PAREVA / e a2V 6IR dr ds
0 j>-1 0

AW s 25 d
—c [ 3 A [ ||A,»u<"><r)||p(Z2(“2)’"||Amw<"+1><r>uLz> drds
0

0 j>-1 m<j

ay., T p T |
<c Z 2(1+;>// 1A U™ (2)]| 2 Z 2<1+§)m”AmW(n+l)(1)”L2 dr </ e‘cﬂz’”sds>
0 0

j>-1 ms<j
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Then, owing to (21)

T <1+5)' s 2
[T B [ e
0 ; 0

jz-1
T d . d
sca-eon [ 3 2(“5‘2””||Aju<"><r>||m 3 2" A 00 s de

j>-1 msj
<c-esh / @@l Y 2 a0l de
j>-1 j=>-1

=c-eeh / T s 3 A s de

j=>-1 j=>-1

—c;T
<= DI W
Lw(o,TB21 > (O,T,Bm)
- N >
v

<M <6

9

<c1-e%T)sM.

The term containing K, is bounded by

/T Z 2(1+§>j /S e‘clzzﬂj(S_T)K4 dr ds
0 0

j2=1
r (1+-)' s 26j i~k %
= [0 3 AV [ e oo m 2 s s deds
0 0

>
< 5 ~ T 25
<c 2 / Z 2725 1AW |2 | Acu® |2 dr </ e~a? Sds>.
0 0

k>j—-1

Hence, due to (21)

T (1+‘i')' § 25
/ 22 2 J/ e a2V OER, dr ds
0 j>-1 0

d ~
<c@-eh / ¥ 242 S DA A de
0

j>-1 k>j—1

T d . d d
—ca-eon [0 3 3 20 a2 e ar
Jj2=1k>j-1

T
— (e / ] e W@ e, de
0 Bz 2 Bz.lz

—c;T 1
<c@-e ™| ey w2 1d-
L1<0,TBZI> Lm(o,T,BZJ2 )
- ~- A ~- -
<é M

<c@-eT)sM.

Collecting the estimates above and inserting them in (20), we obtain

%)

[[w D] —+c(1-e9Ns+c(1—-eTsM.

\V]

d
I3 (O,T,B; 2 )
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Choosing T sufficiently small such that ¢ (1 — e=%7T) < min (ﬁl, %), we get

6 &6 &
(n+1) < 2 v _=5'
[lw ||L d>_2+4+4

1d
1 <0,T,B;1 2

These uniform bounds allow us to extract a weakly convergent subsequence. That is, there is (u,w) € Y such that
subsequence of (1", w") (still denoted by (u", w")) satisfies

* . 144 _2¢
u'"—=u in L*|0,T,B,,* ,
0t ) - 1+2-2p
w'—=w in L 0,T,B, 12 .
In order to show that (u, w) is a weak solution of (1), we need to further extract a subsequence that converges strongly

to (u, w). We use the Aubin-Lions lemma. We can show by making use of the equation (8) that (d,uy, d,w,) is uniformly
bounded in

1+9-2¢ d41-34
ou* € L' <o, T.B,)’ > nL? <o, T.B;, ) :
" 1 1+4-2p ) dy1-3p
ow"eL'(0,T,B, > " )nL?(0,T,BZ, :

Since we are in this case in the whole space R%, we need to combine Cantor's diagonal process with the Aubin-Lions lemma
to show that a subsequence of a weakly convergent subsequence, still denoted by (u",w"), has the following strongly
convergent property

n : 2 1+§_y1 n : 2 1+§_72
u' ' —-u in L O,T,Bz’1 @), w'->w in L O,T,Bz,1 ),

wherea < y; < 3a,f < 7, < 38,and Q C RY is a compact subset. This strong convergence property would allow us
to show that (u, w) is indeed a weak solution of (1). This completes the proof for the existence part of Theorem 1.1.

3.2 | Uniqueness of weak solutions

Proof. Assume that (u®,w®) and u®,w?®) are two solutions of (1) in the regularity class in (4) and (5). Their
difference (@i, W) with

i=u®—-u® and w=w?-—woh

satisfies
Ol + (v + k) (=AY = —=Pu® - Vit + i1 - Vu®) + 2kV X W,
OW + y (=AW = —4kw — 2kV X it — u®@ - Vv — it - VwD, 22)
V-ii=0,

fi(x,0) =0, W(x,0)=0.

We estimate the difference (i, W) in L2(R%). Dotting (22) by (it, ) and applying the divergence-free condition, we
find

|

. (Nall?, + IWIIZ,) + v+ OIA@IZ, + rIIAPWII7, + 4k[IWII7,

=—/u@)-va-adx—/a-w“%adx

—/u<2>-vw-de—/a-Vw<U~ﬂ)dx

N | =
=

=L+ Ly+ Lz + Ly,
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where

/u(z) Vit - @i dx,
/ -vu - it dx,
/u(z) Viv - W dx,
L4:—/a-VW(1)-de.

Dueto V- u® = 0, we find L, = L; = 0 after integration by parts. In fact,

_/u(2)_va.adx
1
— _ ), 1712
= /u V<2|u| ) dx
—/V~(u(2)%|a|2)dx

=0.

L,

By Holder's inequality and Bernstein's inequality,

|L,| = ‘—/a.w(“-a dx‘

1 ~112
< NVu®l a2,
1 ~112
< ) A Vu I,
j>-1
< zdj(i—i)zj A.u® il2. < ® ii||? 23
<c A u® e llElZ, < e u®l o llal?,. (23)
Jjz-1 B,
o 7
'
=[u®] | 4
5y

To bound L4, we set

1_p 1_F (pd_
p"27d ¢ d (‘”ﬂ)

By Holder's inequality and Bernstein's inequality,
|Ls| = ‘—/ a-vwd.w dx’

< el VWl 1] o

< D0 1A YWD a2 (1]l o

j=-1
<e 3 2207 a0 s 1ol
j=>-1
. ﬁ_ . ~ ~
< D 2 A O a1l 1l
jz-1

1 ~ ~
<c |w? 1+§7p”u”L2”AﬂW”L2
BZl
<7 2 2 ~n2
EIIA’]WII +c |lu )II ﬁIIMIILz,

21
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where in the last inequality we have made use of

IWlle < c AW L2

Combining the estimates leads to
d, . - . _ -
E(Ilulliz +IIWIE) +20v + OIATELT, + 7 1AW, + 8k [IWw]I7,

1) 1)12 ~112 12
< <c [l IIBHg +c lw ||31+§ﬂ> (a7, + 11wll7, ) - (24)

21 21

1+4 1+4 1+4-2
Since u® € L1 <o, T, BJ;) and w € L1 <o, T, 3;12) nL® (o, T,B, 2" )

T
/ IOl ,,¢dt < oo,
B 2

0 2.1

T T
(1) 2 (1) (1)
/0 WOI?, ,,dt < /0 WO g IO g de

21 2,1 2.1

T
< WPl 144 / W@l ¢ dt < co.
L°°<0TB 2 ) 0 B, .?

Applying Gronwall's inequality to (24) yields
lz@llz2 = lIwllz> =0,

which leads to the desired uniqueness. This completes the proof of the uniqueness part of Theorem 1.1. O

4 | PROOFOF THEOREM 1.2

The proof of Theorem 1.2 is similar to the one of Theorem 1.1. To avoid repetitions, we will refer next to some inequalities
already showed in the proof of Theorem 1.1. In this proof, we consider the system of equations (1) with g = 0, that is,

ou+ (v+k)(—A)*u+u-Vu+ VIT - 2kV xw =0,

ow+ (4k+yWw+2kVxXu+u-Vw=0,
V-u=0, (25)

u(x, 0) = up(x), w(x,0) = wp(x).

4.1 | Existence of a weak solution

This subsection proves the existence part of Theorem 1.2. The approach is to construct a successive approximation
sequence and show that the limit of a subsequence actually solves (25) in the weak sense.

Proof for the existence part of Theorem 1.2. We consider a successive approximation {(u("), w('”)} satisfying

u® = S,uy, wh = S,wy

U™ + (v + k) (=AY U = P(—u™ - vut) 4 2kV x w®
oWt = —(@k + y)w D — 2kV x u® — y™ . Yyt
u™(x, 0) = Sppatio,  WD(X, 0) = Spiawo,

(26)
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where P = I — V(-=A)~!div is the standard Leray projection. For

M=20WNHpJHMNg>,
B

2.1 2.1

T > 0 being sufficiently small and 0 < 6 < 1 (to be specified later), we set

1B

HulILl(OTBH%) <s, ”W”L1<O,T,Bg> < 5} ) (27)

»4By g

Y=q @w ] lul wda SML Wl ¢
L°°<0TB 2 ) L°°<0,T,B§

We show that {(u(”), w('”)} has a subsequence that converges to the weak solution of (25). This process consists of
three main steps. The first step is to show that {(u(”), w(”))} is uniformly bounded in Y. The second step is to extract a
strongly convergent subsequence via the Aubin-Lions Lemma. While the last step is to show that the limit is indeed
a weak solution of (25).

To show the uniform bound for {(u("), w("))} in Y, we prove by induction. Clearly,

1
”u( )lle<0TBl+g72u> = ||SZMO”L°°(OTBI+%7ZH> S Ma

- 1.5, 4554

1
W™l ay = [IS2wol| ¢
L> <0,TB2 ) L> (0,T,B2

7721 2,1

)SM.

If T > 0 is sufficiently small, then

<94,

2 —

1
wwb< @)SN&M%gSTﬂwb%

T2 2,1 21

lw] ( 4) S TlSawoll ¢ < T cllwoll ¢ <6.
L'(0,T.B2 B2 2

721 2,1 21

Assuming that (u™, w™) obeys the bounds defined in Y, namely,

™| wdon M, W™
L°°<0 2 ) L°°<

1B

a\ <M,
o)
6.

155

1™ wey <6 W™ ¢
L1<0 T.B 2) Ll(O,T,BZ%l>

we prove that {(u(”“), wnt 1))} obeys the same bound for suitably selected T > 0, M > 0, and é > 0. For sake of clarity,
the proof of the four bounds is achieved in the following four steps. O

1+4-2
4.1.1 | The estimate of u™*V in L® <0, T, Bz? ¢ (Rd)>

Following the same method as in the proof of the first step of Theorem 1.1, we write the inequality

+1 (n+1)
IO g < g™ g

2.1 2,1

d . t .
n z 2(1+z—2“)1 / e 4 L+ 1) dr, (28)
0

j=-1
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where

d
hi=cllAu™Vle Y P NCIT

m<j—1
1+5 m
B=clau ¥ 25" aumy,
m<j
. d ~
B=c2 Y 23| K™Vl Al

k>j-1
T = ¢ 2| AW .

The terms on the right hand side can be estimated as follows. Recalling the definition of J; above and using the inductive
assumption on u™_ we have for any t < T,

z 2(1+g—2a)j /t 6022rtj([_1-)]1 dr

jz-1
=c / ¥ A s 3t A @l dr
0 J> 1

m<j—1

<o [ 3 2 3 20 o ar

0,>1 j>-1

A 7
NV NV

=||lun+D) =||um
o) g ol
B 2 Lfo.1B, 2

2,1

1
<c[lu™) RN [ Y

Lw(o,TB21 > (O,T,BM)
S s
<0TB 2 >

The terms with J, and J; can be similarly estimated and obey the same bound. In fact, by Young's inequality for series
convolution,

d i .
22 1+-—20¢ J/ e_cozzw(t_r)JZ dr

Jjz-1

. d_
<c/ ¥ 2t 3 2o e oy

0 j>-1 m<j

<c / O IO
21

1
[Ju™ )II

<c [u®| 1
Ll(o,TB21 )

<cé ||u(”+1)|| 14 2
(0 T.B,, )

Similarly the term with J; is bounded by

d ) t )
> H(1+§-2)s / e 2D dr

j>-1
/ 3 20520 S a8y R 4 e
0

j>-1 k>j-1

=c/ Z Z 2(2+§_2a>(1_k)2(1+g)kIIAku(n)||L22(1+§_2a>k||5ku("+1)||Lz e
0 j>-1k>j-1
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<c / O g W, de

21

1+ % —2a
=(0.T.B,,

[ I

<c [u®|| 144
L <O,TB )

2,1

<eH I
L 212 >

Now for the term with J,;, we write

d oot d ) t
Z 2<1+E—2a>1/ e_C022“f(f—f)J4 dr = Z 2<1+E—2a>1/ e—c022«/(l—r)czj”Ajw(n)”LZ dr
0 0

j>-1 jz-1

t d )
<y / ¢ 205 2“>’||A,w<">||y dr
j>-170

< clw™ ¢
JA (0, T,BZ%I)
since a>1

<cé.
Collecting the bounds above and inserting them in (28), we find forany t < T

1 (n+1)
flu* )(t)II e Sy TN e,

21 21

1+——2a
2,1

+c¢ 6 ||u™D +c.
(o)

Therefore
||u<"+1><t)|| iy SN L, +c Sl i €6
<O TB ) B LW<0,TB )

21 2,1

Choosing 6 such that ¢ 6 < min (%, %4), we get

+ )

2
2,1

M
2

N

”u(n+l)(t)” 1+——2a S 1+5—2a +
L°°<0,TB ) L°°(0,T,B12 )

which implies

2
2,1

u™ V| 1oy S M.
(07t

4.1.2 | The estimate of |[u"*| 1( 1+d>
0.TB"%

Following the same method as in the proof of the second step of Theorem 1.1, we write the inequality

j>-1

1 _ a,
||u(n+l)“L1<OTBH%> S/ 22 + J Cozzlt”Aju(n+1)” . dt
4P 0

T s a\.
+ / / D 28 gez o0, 4 4 1 de ds. (29)
0 0 j>-1
We estimate the terms on the right and start with the first term.

T d
1+=)j —¢.02ai +1 14+=-—-2a)j .20 +1
/ 22( >e%2 AT dtzcz o1+ )( — e~ Y| AUl .
0

jz=1 jz-1
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14+4-
Since uy € B;Z a, then by the dominated convergence theorem

. (1+2—2a)j —¢o22 T () _

lim 20772 (1—-e NAuy 2 = 0.

T—»OJ_Z_1

Therefore, we can choose T sufficiently small such that
T
/ 3 2+ ey om0y, < 8
7%0 L2 = 4
0 j>-1
Applying Young's inequality for the time convolution, we have
T N
/ > H(1+4); / e0?"6=0] dr ds
0 jx-1 0
(1+2)) [° —eis—n) (n+1) (1+4)m )
=c /[ D al% e % 1A u™ V@l Y, 2V A2 dr ds
0 j=-1 0 m<j—1
(1+£)j T 1 (1+E>m ) T . 220
<c Z A / 1A;u™ D (7)]| 2 Z 2V )M AU |2 dr [ @79 ds.
j>-1 0 m<;j-1 0
Then, using the fact that there exists ¢, > 0 satisfying for j > 0,
T . '
/ e 92"sds < ¢ 2729 (1 — 72T, (30)
0

we get

/T Z 2(1+§>j /S e~V dr ds
0 0

Jjz-1
T T <1+9—2a)j (n+1) (1+E)m (m)
<c-eeh) [ 3 2T A U @l Y 2V A ™ de
0

jz-1 m<j-1
—c, T T (1+g—2a)j (n+1) <1+£)j (n)
<c@-eeh)y [ Y 2UETA U D@ Y 2V A de
0 j>-1 jz-1
- 1
<c@—e D™V u®
L*(0,T,B,,> ) L (0,T,BL1 )
—_—

<8
<co(1- e_CZT)llu(n+1)|| 14924\
L® <0,T,Bl1 : )

The terms with J, and J; can be similarly estimated and obey the same bound.

T i N
/ Z 2(“5)/ / e~ o260, dr ds
0 j>_1 0

j>—

j=-1

T 4\, S . d
—c [ 2 AT [eenya e 32 At e ds
0 0

m<j

ay. [T d T .
<c 32l / 1l 3 25", e / e?"s ds,
j>-1 0 0

m<j
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Hence due to (30)

[ [
0 j>-1

44 . d
<l -eh) / A a3 2 e
j>-1

m<j-1

<c(1 _e—czT)/ D 2(1+§—2“)f||Aju<"+1>||Lz > 2(1+§)f||Aju<">||deT
0

j=z-1 Jj=z-1

-, T
<l —e =™ g 11 14
°°< TBZIZ ) Ll(O,T,BMZ)

<cl-el)s ||u<"+1>||
<0 TB >

Similarly

/ > 2142 / 2601 dr ds
0 j=-1
a d ~
_ C/ 2 2 2+ / —6022 J(s—7) Z 22k”Aku(n)”LZ”Aku(n+l)”L2 dr ds
0 j>-1

k>j-1

g T d 5 T »
<c Z 2 2+2 J/ Z 2EkllAk’f‘(n)”LZ||Aku(”Jrl)||L2d’r/ e %2s g,
0 0

j2-1 k2j-1

By (30) and the inequality above,

T <1+‘—1) i [T e
/ Z AN / e 26D dr ds
0 j>-1 0

T d . -
sca-eon) [0 3 AN S A s dr
j k>j-1

é
<c (1—e‘CZT)/ > 2(> ||A um | Y 2(3) NAu®|. dr
0

j=>-1 j>-1

<c (l—e“’zT)/ Z 2 (1+3 IA U Z 2 (1+); N1Au™]| dr
0

Jj>-1 j>-1

<c(1—e@u™D| 14 IIM(")II 144
(o)1 s (omay)

<c-eeT)s Ilu("“)ll Wi
<0TB )

The term with J, is bounded by

T 1+4); S i
/ 3 H(1+9)) / 260 ], dr ds
0 >_1 0

j>—
T AW s )
=c / Zz(2+5)f / e~ 2 6=0) A ;w12 dr ds
0 j>-1 0
T
<c Z 2 (2+4 / 1A; w(")lledr/ ¢S dg
0

=1
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_ —2a)j
<c(l-e CZT)/ a>’||Ajw(”)||Lz dr
j=>-1
d
< *ﬁ/ 25V A w5 de
since a>1
j=>-1

=c(1—e @) |lw™|| ay-
L <O,T,BZZ_1 )

Collecting the estimates above and inserting them in (29) leads to

2

1 —c, T 1
0N ey ST HesU= DI
L (O,T,Bz_l ) (O,T,BZJ )

4;

+c (1 —e=h)w™| g
o (O,T,BZI )

S%)

Z4c60-e2NHM+c 1 —-ehs.

.|;

Choosing T sufficiently small such that ¢(1 — e~%T) < min (iM %) we get

N
<0TB> 4 4

d
4.1.3 | The estimate of w"tD in [ <0, T,BZ, (]Rd)>

Applying A; to the third equation in (26) and then dotting with Ajw(”“), we obtain

> dt||A w2, 4 @k + p)llA w2, = —2k / Aj(V x u™)A;w" D dx

- / A;u™ - V™) A wDdx

= B + B, (31)

where
B, = -2k / Aj(V x u™)A;w™dx,

B, = —/Aj(u(") - VYA WD dx,

By Holder's inequality and Bernstein's inequality

IBll = ‘—Zk/ Aj(V X u("))AjW(n+1)dx

< 2k |A;(V X u™) || [| A w™ Ve[ 2
< 2 | AU | | AW |2
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By Lemma 2.6,

|Bz| = ’—/A,(u(") - VWD) A ™D dx
(n+1) (2 (144 )m )
<cllaw™ Pz, 32U A
m<j—1
(n+1) (n) (1+9)m (n+1)
+c AWl Au™ e D 2V | Aw ™|
m<j
. d ~
+c AW |p2 DT 22K Aew ™o ]| Au® 2.
k<j-1

Inserting the estimates above in (31) and eliminating [|A ;w"+V||. from both sides of the inequality, we obtain

%HA,-w“*DuLz + 8k + 2p)[|A; WV 12 <e 27| A u™| 2

l+
relawm s 3 20 m a0,

m<j-1
(n) <1+2)m (n+1)
+ellAu™ e Y 2V | Aw |
m<j
. d ~
+c20 )0 22K B e | Ao (32)
k>j-1
Integrating (32) in time yields, forany t < T,
t
A WTD |2 < eSO A w1 + / e~ Gk, 4 4+ Ky)dr, (33)
0

where
K =c2||au®,

d
K =c 1AV Y 205, u

m<j—1
d
Ky =cllau®|z )] 20487
m<j
. d -~
Ky=c2 ) 225wVl | Ao,
k>j—1
(5)
We multiply (33) by 2\2/" and sum over j to get
dy.
||w<"+1>|| ¢ < ||w<"+1>|| ¢+ Z / e~ B+2)e= T>z(5)f(1<1+ ... +Ky) dr. (34)
2,1 Jj=>-1

The term with K; is bounded by

3 2 / k2D dr < / 2 ¢ 208, u )12 dr
0

j>-1 j>-1

<c lu®| 1l -
v (ot

1(0,T.B,,*
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The terms with K, through K, can be bounded suitably and obey the same bound. In fact, for the term involving K,, we
write

d d
22 E / e S AW D)l Y z(1+5>’"||Amu<">(T)||Lz dr
j=>-1

m<j-1

gl
<c / )V a,wm oo, > 2 L INCT
0 j=-1

m<j—-1
<c / I 1,
21

<c lw™h

21

(n)
d u dy -
0T,le> I ”L1 (0,TB;2>

Similarly the term with Kj is bounded by

ﬂ _ _ 1+4
D2 [ esaninc a3 200 s e
j=>-1 m<;j

d

< c/ A3 N1Au™] 2 D A1) AW 2 de
0 j=-1

j=>-1

<c W™ a Il 144 -
Lw(o,T,BZ%1> L1<0,T,B 2)

2,1

For the term with K,, we write

E - dk
¢ / c2 Y B Dl | A 225 de
Jj>= 1

k>j-1
E -
<c / Y 2 s Y 2 E e

0 j>-1 j=-1

¢ Ilu“”ll 144
0 T,BZ%1> (0 T.B, 2)

Collecting the estimates and inserting them in (34), we obtain for any t < T

<c W™
L°°<

”WM(””B < ||w<”+”|| ¢« +e ||u<")||

1
I s TVAVEN Ll A
2.1 z 1 0.1, Bz 1 O’T’Bz‘l) L 0.T1.B,,

< WSl « +c8+c s [wnD ‘-
Bz,l Lee <0’T’Bzz.1>

Therefore
W™l o\ SIgVI g +es+es w Rl gy
Le (0’ » 22,1> 2,1 (0’T’Bzz,1)
Choosing ¢ 6 < min G %), we get
M M 1
W™D @)|| i\ S+ —+ —IIW("“)(t)II N
L OT,BZI) 2 4 4 (O,T,Bzz_l)
which implies
WD) i\ <M
(o5
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2
.T.B;,

4.1.4 | The estimate of |[w"D()|| d
(ors,)

d
We multiply (33) by 2(5)1 , sum over j and integrate in time to get

T

d .

”W(n+1)” i\ < § 2513_(8k+2y)t||AjW(n+l)”Lz dt
L1<0,T,B§1> 0 j>1 0

T N
+ / Z 25 / eGR4+ . +K,) dr ds. (35)
0 >-1 0

J
Clearly,

T
d . d.
/ D 23 S A w || pde = ¢ ) 227 (1 = eSO | Al .
0

jz-1 jz-1

d
Since wy € B?

1 it follows from the dominated convergence theorem that

d.
%}_I}'(l) Z 2271 - e—(8k+2}’)T)”AjW(()n+1)”LZ =0.
j=-1

Therefore, we can choose T sufficiently small such that

! Z 4; Bkt (n+1) o
2216_( v ||AjW0 ”LZ dt < 5
0

jz-1

Applying the Young's inequality for the time convolution, the term with Kj is bounded by

T s
d .
/ Z 22/ / e~ GH26IK dr ds
0 j>_1 0

j>—

T d\. s
=c / D H(145)s / e~ G206=0) A u™ || 1. dr ds
0 j>-1 0

(1+E) . T T
<|e D2V / 1A;u®||z. dr ( / e‘(gk“”Sds)
Jj=-1 0 0

T dy .
<c (1 _ e—(8k+2y)T)/ Z 2<1+5)1”Aju(n)”L2 dT
0 j>-1
. J

g

=|lum™
flue]| [ LS8
jat

2
O'T'BZ.l

<c(1—e ®+2Ts,
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Similarly by applying Young's inequality for the time convolution the term with K, is bounded by

T N
d .
/ > 23/ / 26K, dr ds
0 >_1 0

jz

T s
d; - _ 1+4
:c/ Y28 [ e opamey, 320 deds
0 j>-1 0

m<j—1

T
2 22 / IlA; WD Z (1+ ) lARu™ |2 dr </ e—(8k+2;/)sds>
j<-1 ety |

d. E
< (1 — e @) / > 2 Aw I Y 2 () A de
0

j<—-1 m<j-1

T
d. dy;
<c(1- e—(8k+27)T)/ Z 251||Ajw(n+1)||L2 Z 2<1+z)/||Aju(n)”L2 dr
0 j>-1 jz-1

< e (1— e ST ) N 14
L=( 0. T,BZZ_1> L <0,T,BZY12>

<c(1 — e G+2TyspL.

Applying Young's inequality for the time convolution, the term with Kj is bounded by

[z

j>—

T N
d; 1
=C< X e‘“"‘“”“-”||A,»u<">||m>(22 A w<"+1>||Lz> dr ds
0 j>-1 0

N
251 / e~ G2 drds
>-1 0

m<j

T T
d. d
<le) 2% / IIAju(")IILzZz(Hz)mIIAmw(”“)lle dr < / e—<8k+2r>Sds>
j>-1 0 m<j 0

<c(l —e—<8k+2Y>T)/ 22’||A u™|| 2 2 (1+5 ||A w1 dr
> >

Jj=>-1 m<j

T 4); d.
<c(- e—(8k+2y)T)/ z 2(1+2>j||Aju(n)”L2 Z ZEIHAJ'W(’H-D”LZ dr
0

j>1 ==

™l
0 T,Bzz_1> (o T.B, 2)

< C(l _ e—(8k+27)T)”W(n+l)”
L

<c(1—e G20Ts0.

Similarly the term with K, is bounded by

() [
2\2 / e_(8k+2y)(s_T)K4 drds
>—1 0

T
L Z
=c / Z o145 / ~(Bk+2y)(s-7) Z 25K A ™ || 2 | A || > dzds
0 j>-1

J
k>j—1

ay; [T P T
<lc Z 2(1+2)// Z 239 Rew ™ V| 12 | Agu™ || 2 d e </ e—(8k+2y)sds>
Jjz-1 0 k>j-1 0
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T 4); dp
< (1~ e T / Y 25 S 2 B A e

j>-1 k>j-1

<c(l- -<8k+27)T)/ > o1+ ||A WPl Y 27 A | ade

j=>-1 j=>-1
< (1 — e T 0y N 144
L , 2%1) 1<0,T,BMZ>
<c(l—e®IT)sM.
Collecting the estimates above and inserting them in (35), we obtain
||W(n+1)|| 4 é + C(l —(8k+2y)T)5 + C(l _ e_(8k+27)T)5M.
I (0,T,B;]> 2
Choosing T sufficiently small such that ¢(1 — e~®*2)T) < min <LM i) we get
w0 <240,90_5
2 4 4

4y <
I (o, T,B;1>

These uniform bounds allow us to extract a weakly convergent subsequence. That is, there is (u,w) € Y such that a
subsequence of (1", w") (still denoted by (u", w")) satisfies

% 1492
u*—-u in L* (0, T,B;;2 a> ,

£ g
w'—=w in L% <O,T,Bzzl>.

In order to show that (u, w) is a weak solution of (25), we need to further extract a subsequence that converges strongly
to (u, w). We use the Aubin-Lions Lemma. We can show by making use of the equation (26) that (9,u", d,w") is uniformly

bounded in , )
ou" € L' <o, T, B;E_Z"> nr? (0, T, B;T“> :

4oy i,
ow" € L! (0, T.B:, > nr? (o, T.B:, > :

Since we are in this case in the whole space R¢, we need to combine Cantor's diagonal process with the Aubin-Lions
Lemma to show that a subsequence of a weakly convergent subsequence, still denoted by (u",w"), has the following
strongly convergent property

d_ d_
W' —>u in L7 <0,T,B:2 “(Q)), W' >w in L2 (o,T,B;l“(Q)>,

wherea < y; < 3,0 < y, < 2a,and Q C RY is a compact subset. This strong convergence property would allow us to
show that (u, w) is indeed a weak solution of (25). This completes the proof for the existence part of Theorem 1.2.

4.2 | Uniqueness of weak solutions

Proof. Assume that (u®, wM) and u®,w?®) are two solutions of (25) in the regularity class in (4) and (5). Their
difference (@i, W) with
i=u®—-u® and w=w?-woh

satisfies
Ol + (v + k)(=A) 0 = —P@ - Vit + &t - VuY) + 2kV x W,
0 = —(&k + y)W — 2kV X it — u®@ - Vio — it - Vw®, (36)
V-i=0

i(x,0) = 0, W(x,0)=0
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We estimate the difference (&t, w) in L2(R%). Dotting (36) by (i, W) and applying the divergence-free condition, we
find L d

5 25 (I + 12,) + (v + RIAIZ, + @+ DI,

=—/u<2>-va-adx—/a~Vu<1>-adx

—/u(z)-Vﬂ)~ﬁ)dx—/ﬁ~VW(1)~Vvdx

=L+ Ly+ L3+ Ly,
where

L4=—/ﬁ-Vw(1)-ﬂ1dx.
Due to V - u® = 0, we find L, = L3 = 0 after integration by parts. As in (23),
|L2| S C”u(l)” 1+% “a”iz
Bz.l
To bound L4, we set

1

0=
Ql|
ISR

p
By Holder's inequality,
|L4|='—/a~VW(1)-17udx‘
< |11z [ VWO | o 121 o

< 1A VWO |12 1]l o

j=1

= N 2 A WO 1l [l
= || AW 2 ||W]| 2 [ 8| 2o
j=>-1
< 2518w |2 1]l 2
< ¢ 2| AWz Wl 2 1] e
since a>1 k
j>1
<c[w® ¢ [[Wll | A2l 2
Bz.l
v+k
<t

~112 2 (12
< IA“Gll7, + cllw| o Wil

L2
Bll

where in the last inequality, we make use of
ol < c |A%T|-.

Combining the estimates leads to

d, - _ an _
a(llulliz +IWIE) + (v + BIIAGF, + 8k + 2 IWll7,

21 Bz,l

1 2 ~112 =112
< (CIIM( )||Bl+g +e w2, ) (&g, + 1wz, ) - (37)
2
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d d d
Since u® € L! <o, T, Bi2> and w® € L! <o, T, B;l) nL® <o, T, 13221),

T T
/ U@l edt <o and / W2, de < TIWCOI2
0 B,,’ 2 2

21 0 B}, L> (0,T,Bzz_l>

Applying Gronwall's inequality to (37) yields

llallze = [wllz> =0,

which leads to the desired uniqueness. This completes the proof of the uniqueness part of Theorem 1.2. O
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