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Abstract

The two-dimensional (2D) incompressible Boussinesq equations model geophysical fluids and play an
important role in the study of the Raleigh—Bernard convection. Mathematically this 2D system retains some
key features of the 3D Navier—Stokes and Euler equations such as the vortex stretching mechanism. The
issue of whether the 2D Boussinesq equations always possess global (in time) classical solutions can be
difficult when there is only partial dissipation or no dissipation at all. This paper obtains the global regularity
for two partial dissipation cases and proves several global a priori bounds for two other prominent partial
dissipation cases. These results take us one step closer to a complete resolution of the global regularity issue
for all the partial dissipation cases involving the 2D Boussinesq equations.
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1. Introduction

This paper is concerned with the global regularity problem on the two-dimensional (2D)
incompressible Boussinesq equations with partial dissipation. This problem has recently at-
tracted considerable attention and progress has been made [1-3,5,6,10-13,16-21,23,25,26,32,
34,38-45]. The aim of this paper is twofold: first, to establish the global existence of classical
solutions for two partial dissipation cases; and second, to present results that are useful for the
eventual resolution of the global well-posedness problem on two prominent partial dissipation
cases.

The Boussinesq equations concerned here model geophysical flows such as atmospheric fronts
and oceanic circulation (see, e.g., [15,30,35]). In addition, they play an important role in the study
of Raleigh—Bernard convection (see, e.g., [9,37]). The standard 2D Boussinesq equations can be
written as

ou+u-Vu=—-Vp+vAu+fey, xeR? >0,
8,0 +u-V0 =nA6, xeR? >0, (1.1)
V-u=0, xeR2 >0,

where u = u(x, t) denotes the 2D velocity, p = p(x, t) the pressure, 6 = 6(x, t) the temperature,
ey the unit vector in the vertical direction, and v > 0 and n > 0 are parameters representing
the viscosity and the thermal diffusivity, respectively. In order to model anisotropic flows with
different diffusion properties in the horizontal and vertical directions, (1.1) is generalized to the
form

Oru +udyu +vyu = —0y p + (U1 0xx ¥ + 20y,
0rv + udxv +v0yv = —0yp + V1 Oxx U + 20y, v + 0,
0160 + 10x0 + v0,0 = n10xx0 + 120y,0,

Oxu + 0yv =0,

(1.2)

where u and v are the horizontal and vertical components of u, respectively. Clearly, when p1 =
Mn2 =vi = v and n; = 12, (1.2) reduces to (1.1). What we care about here is whether (1.2)
always has a global solution when the initial data

(u(x,y,0),v(x,y,0) = (uo(x, y), vo(x, y)) (1.3)

is sufficiently smooth. Due to the similarities between the 2D Boussinesq equations and the 3D
hydrodynamics equations [31], the study of this problem may shed light on the mysterious global
existence and regularity problem on the 3D Navier—Stokes and Euler equations.

Considerable efforts have been devoted to the global regularity problem on (1.2) with various
partial dissipation and several cases have been resolved. To position our results in a suitable
context, we summarize some existing results in this direction. For the sake of clarity, we divide
the description into seven cases:

(I) No dissipation and no thermal diffusion:

mr=pr=vi=v=n=m=0;
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(IT) Both dissipation and thermal diffusion:
u1 >0, >0, vi>0, >0 n>0n>0;
(II) Velocity dissipation only:
w1>0, u2>0, vi>0, >0, n =n=0;
(IV) Thermal diffusion only:
pr=p2=vi=v1=0, n>0, n=>0;
(V) Horizontal velocity dissipation only:
ur=v1 >0, pur=va=n=m=0;
(VI) Horizontal thermal diffusion only:
pr=p2=vi=v=0, n >0 n=0;
(VII) Vertical velocity and vertical thermal diffusion only:
ur=v1=0, por=v3>0, =0, n>0.

For the case in (I), the global regularity problem remains outstandingly open and it is not clear
how to proceed on this difficult problem. The standard idea of proving the global a priori bounds
in Sobolev spaces fails. Potential finite time singularities have been explored from different per-
spectives including boundary effects and 1D models [29,8,7,36]. For (II), the global existence
of classical solutions can be easily obtained, in a similar fashion as for the 2D Navier—Stokes
equations [14,31]. The two cases (III) and (IV) were dealt with in [6] and in [19] and the global
regularity was established for both cases.

More recent work further sharpens the global regularity results. [13] and [26] examined the
two cases (V) and (VI) and obtained the global existence of suitably regular solutions. In addition,
[26] proved the uniqueness for the case (V) under the natural assumption that 6y € L. We
remark that the horizontal dissipation in the case (V) is advantageous in the estimates for global
bounds. In fact, a simple energy estimate involving the vorticity (w = V X u) equation

o+ - VIo=v320+ 0,0

gives, after integration by parts,
Flleol7, +2v1 |07, = —2/ 00w dx < vi[|3:0|7, + CwD60]7,,

which immediately yields the global L?-bound for w. In contrast, the vertical dissipation case
(VII) is different and the global regularity issue appears to be difficult. Nevertheless, Cao and Wu
[5] were able to prove the global existence of classical solutions in the case (VII) by overcoming
several difficulties. As can be seen from the vorticity equation (writing v for vy)
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dow+ (- Vo =vdo+ 9.0, (1.4)
the dissipation va}z,a) is no longer useful in hiding the “vortex stretching” term 9,.6. Therefore, in

order to obtain the global H I bound for u, or equivalently, the L2%-norm of w, one is forced to
combine (1.4) with the equation of vie,

VO + (- V)V = —Vu Vo +nd; Vo, (1.5)

where V+ = (—0y, dx). Through careful energy estimates and applying anisotropic inequalities
for triple-product terms, [5] observe that, if

T
/||v<r>||%oodz<oo, (L6)
0

then the solution is regular on [0, T'], namely the H 2_norm of the solution (u, v, 0) is bounded
on [0, T]. It is difficult to verify (1.6) directly and [5] showed instead

lv@) |l La

sup ——— < C(T) (1.7)
q>2 vVqlogq

forany T > 0 and t < T. [5] then bridged what is needed in (1.6) and what is shown in (1.7) via
the following Sobolev interpolation inequality of the logarithmic type

I fllLa
[ fllzee < C sup ——===log(e + || fllus) log(e +log(e + || fl ) + C,
¢=2 +/qlogq

where s > 1 and C = C(s) are constants. This leads to an Osgood type differential inequality for
|, v, )| 2 and thus a global bound for || (u, v, 8)|| 2.
The first aim of this paper is the global regularity for the following two cases.
(VIII) Mixed directional dissipation in the velocity equation:
pr=v2=0, wur=v1>0, n=m=0;
(IX) Dissipation in the vertical velocity component:
,bL1=,bL2=0, 1)1:1)2>0, 771:772:0.

We are able to show that (1.2) in the two cases above always possess global classical solutions.
The precise results are stated in the following two theorems.

Theorem 1.1. Consider (1.2) with vertical dissipation in the horizontal velocity equation and
horizontal dissipation in the vertical velocity equation, namely
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Oru +udyu +vdyu + dy p — dyyu =0,

0rv +udyv +v0yv +dyp — dyxv =10,

0,0 +u0dx0 +v9,0 =0, (1.8)
Oxu +0yv =0,

u(x,y,0)=uox,y), vx,y,0)=uvo(x,y), 6(x,y,0)=06b(x,y).

Assume (ug, vo, 6p) € H*>(R?) x H3(R?) x H3(R?) with d,uo + dyvo = 0. Then (1.8) has a
unique global classical solution (u, v, 0) satisfying

(u, v, 8) € L¥([0, T1; H>(R%) x L>([0, T]; H*(R?)) x L®([0, T1; H>(R?)),
(u, v) € L*([0, T1; H*(R?)) x L*([0, T1; H*(R?))
for any given T > 0.

The global regularity is also established for the case (IX).

Theorem 1.2. Consider (1.2) with full Laplacian dissipation in the vertical velocity equation,
namely

O + udxu +voyu + 0, P =0,

0V + udxv +v0yv + 9y P — Oy v — dyyv =0,

0,0 +1u0x0 +v9,0 =0, (1.9)
Oxu + 0yv =0,

ux,y,0)=uo(x,y), v, y,0)=vox,y), 0(x,y,0)=060(x,y).

Assume (uo, vo, 6) € HT1(R?) x H TV (R?) x HS(R?) for some s > 2 and d,uq + dyvp = 0.
Then (1.9) admits a unique global classical solution (u, v, 0) satisfying

(u, v, 0) € L=([0, T]; H**'(R?) x L>([0, T]; H*T1(R?)) x L®([0, T]; H*(R?))
and
ve L2([0, T1; H T2 (R?))
for any given T > 0.

This paper also examines the global regularity problem when there is only vertical velocity
dissipation or vertical thermal diffusion (not both), namely the following two cases:

(X) Vertical velocity dissipation only:
ur=vi=0, wur=1v>0, m=m=0;
(XI) Vertical thermal diffusion only:

mr=vi=u2=v=0, n =0, n>0.



1898 D. Adhikari et al. / J. Differential Equations 260 (2016) 1893-1917

We do not have a complete solution for the cases (X) and (XI), but the global bounds presented

below may be helpful in the eventual resolution of these two difficult cases.

Theorem 1.3. Assume that (ug, 6g) € H* (R?) with s > 2. Let (u, p, ) be a solution of (1.2) with

the parameters given in the case (X), namely

O + udxu + voyu + 0y p — dyyu =0,

0V +udyv +voyv + dyp — dyyv =10,

0,0 +10x0 +v9,0 =0,

Oxu + 0yv =0,

u(x,y,0)=uo(x,y), vx,y,00=vo(x,y), 6(x,y 00 =0(x,y).

Then, (u, p, 0) admits the following global bounds, forany T >0 andt <T:

(@) Global L*-bound for u,

t t
Jul, + / (o)1 [yu (o)l 1 dt + / Ju-dyu(o)|2, dr < C.
0 0

where C = C(T,ug, 6p);
(b) Global bounds for the pressure p in L?, L* and L%Hl,

t
lp@ll2<C. lIp@l<C, / IVp(@)2,dr < C,
0

where C = C(T,ug, 6p);
(¢) Global L1-bound for the vertical component v,

lv@)llLa <C

sup —==<¢(,
2<g<oo \/qlogq

where C = C(T, ugp, 6y);
(d) Global L®-bound for the horizontal component u,

lu@liLe < C,

where C = C(T,ug, 6p);
(e) Global L1-bound for the pressure p,

lpls =C, 2<g<o0

where C = C(q, T, g, 6p).

(1.10)

(1.11)
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Finally we turn to the 2D Boussinesq equations with only vertical thermal diffusion, namely
the case (XI). The global regularity remains open. The following criterion highlights the key
quantity that potentially controls the global regularity.

Theorem 1.4. Consider the 2D Boussinesq equations with only vertical thermal diffusion,
namely,

Oru +udxu +voyu + 0y p =0,

0rv +udyv +vdyv+0dyp =0,

00 +10x0 + v0,0 — 94,0 =0, (1.12)
Oxu + 0yv =0,

u(x,y,0)=uo(x,y), vx,y,00=volx,y), 6(x,y,0)=0(x,y).

Assume (ug, 6y) € H? and let (u, 0) be the corresponding local solution on [0, Tyl. If. for T > To,
0 satisfies

T
M<T>E/||ax9||modz<oo, (1.13)
0

then the local solution (u, 0) can be extended to [0, T].

It is not clear if (1.13) can be replaced by the condition

T
0,0

/ sup 4” xOllLs dt < 00,

5 2<g<00 q

and the difficulty is due to the fact that

Vullzs = C(g) llwllza

with a coefficient depending on g, C(gq) = c qq—_zl for g € (1, 0o) and a pure constant C.ltis also
unknown if (1.13) remains a regularity criterion if we drop the vertical dissipative term dy,6 in
(1.12).

The rest of the paper is divided into three main sections. Section 2 presents the proofs of
Theorems 1.1 and 1.2. Section 3 establishes Theorem 1.3 while Section 4 proves Theorem 1.4.

2. Proofs of Theorems 1.1 and 1.2

This section proves Theorem 1.1 and Theorem 1.2. These global existence results are
usually proven through two steps. The first step asserts the local existence while the sec-
ond step establishes global a priori bounds for the solution in the initial functional setting,
which allow us to extend the local solution into a global one. When (uq, vo, 6p) € H S(R?)
with s > 2, the local existence of (1.2) can be proven through a rather standard procedure
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and is similar to that for the hydrodynamics equations (see, e.g., [14] and [31]). Thus we
shall omit the local existence part and focus our attention on the global a priori bounds on
(u,v,0).

We use extensively several elementary tools including the Gagliardo—Nirenberg inequality,
the bilinear commutator estimate and anisotropic Sobolev inequalities for triple products. For
readers’ convenience, we recall them here. We start with the well-known Gagliardo—Nirenberg
inequality (see [33]).

Lemma 2.1. Let 1 < p, g, r <00. Let 0 < j < m be integers. Assume u € C2°(R"). Then there
exists a constant C = C(n, m, j, q, r, 0) such that

. -
IDullLr < Cllull” ID"ull-,

where

and

l . s n: . .
[m, 1) , ifm— j— = is an nonnegative integer,
o€ ‘

[% 1] ,  otherwise.

The following bilinear commutator estimate can be found in several references (see, e.g., [22,
241). Here we write A = (—A)%.

Lemma 2.2. Let s > 0 and p € (1, 00). Assume f and g satisfy Vf € LP', ASf e LP3, A" lge
LP? and g € LP4. Then

ILA®, flglle < CAV Fllen 1A gllir + 1A fllLesliglLes), 2.1)

where C = C(s, p, p1, p2, P3, p4), and

11 1 1 1
p2,p3e(l,00), —=—+4+—=—+—.
P Pl p2 p3 P4

The following anisotropic Sobolev inequality bounds a triple-product in terms of the Lebesgue
norms of the functions and their directional derivatives. The following lemma is taken from [5].
More general forms can be found in [4].

Lemma 2.3. Let g € [2, 00). Assume that f, g, gy, hy € L2(R2) and h € Lz(qfl)(Rz). Then

1-1 1 1-1 1
/ |f ghldxdy < C £l gl gyl 1Al el s, 2.2)
R2
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where C is a constant depending on q only. Two special cases of (2.2) are

1 1 1 1
// £ ghldxdy < C I fll2 812, gyl 2y 112, el

and

2 1 2 1
// |fghldxdy <C | flig2 gl gyl 1Al 4 Al
We now prove Theorem 1.1.

Proof of Theorem 1.1. Thanks to d,u + dyv =0, we obtain immediately, from the 6-equation,

0@ ler < 6ollLr, Vpell,oo] (2.3)
for any ¢ € [0, 00). Taking the L? inner product of the velocity equation with u, we find

1d

5 2 1MOIT2 + 19yul72 + 19xvl72 < 101 2 vl 2.

Integrating in time and use (2.3), one has, forany 7> O and t < T,
t
@I, + / (ldyu(Ol72 + 9 v(r)[17,) dT < C, 2.4)
0
where C = C(T, ug, vo, 6p). Next we show the global H I_bound

T
IVu@)|2, + / IAu@)|?, dt < C. 2.5)
0

Taking the inner product of the velocity equation in (1.8) with Au, we deduce

1d
Ea||Vu(r)||i2 :—fayyuAudx—/8xvavdx—/9Avdx
R2 R2 R2

£ K|+ K>+ K3, (2.6)

where we have used the identity (see, e.g., [28])

/ (u-Vu) - Audx =0.
R2
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Integration by parts yields

K :—/8yyu(8xxu+3yyu)dx:—/(8”14)2(1)(—/8xxu8yyudx

R2 R2 R2
/(Byyu) dx—/axyuaxyudx— /(ayyu) dx—/a)yvamvdx
R2
/(B}Vu) dx — /(a}yv) dx. 2.7

Similarly,

Kzz—/axxv(8xxv+8yyv)dx=—/(8xxv)2dx—/8xxv8yyvdx

R2 R2 R2
/(axxv) dx—/ax}vax}vdx— /(Bxxv) dx—/axxuaxxudx
R2
/(8”1)) dx—/(axxu) dx. (2.8)

Combining (2.7) and (2.8) yields

—K; —K2:/(Bxxu)zdx+/(8yyu)2dx+/(8“v)2dx+/(8yyv)2dx
2 RZ RZ 2

1 1
> 5 f (Bxxtt + dyyu)* dx + 5 / (Dxv + dyyv)? dx
R2 R2

1 2
= 3l Aulj. 2.9)
Young’s inequality entails
K3 < 0]211A < Lyaviz, +cpep?
3 <1012 Avl 2 < 1 AVIT: +ClIOI,.

Inserting the estimates above in (2.6), one has

i 2 2 2

IV, + 1Aul7, < Clol7-

(2.5) then follows after integrating in time. It appears difficult to obtain a global bound for the
H'-norm of 6 at this stage.
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To obtain higher global regularity, we adopt an argument of [27]. For any T > 0, we assume
the solution is regular for ¢+ < 7" and show that it remains regular at t = T'. More precisely, we
define

M) = sup (|A%u(@)|7, + IA°0(0)]7,) < o0,

0<t<t
and assume that M (t) < oo for t < T and show that
M(T) < o0 (2.10)

It follows from the equation of V6 that, for any 0 <s < 1,

t
VO~ < CIIVG(S)IILMGXP[/ Va(z)|lLee dt]- 2.11)

Recall the interpolation inequality, for any s > 2,

IV fllLe ey < C<1 + 1 £l 22y + 1 Af Nl L2g2) log (e + ”Asf”LZ(IRZ)))' (2.12)
Therefore, for Tp < T (close to T') to be specified and Tp <t < T, we have

t
V0@ = CIVoTlsexpC [ (1 fullz + IAul:dog1 + 1A%z ) de]
Ty
t
< CIvotlxexp[C [ (Iau(o)l,:tog1 + M@)) de]

Ty

t
< C||V9(TO)||Locexp[C/ lAu(T) |l 2 de log(1 + M(t))]. (2.13)
Ty

Due to the bound in (2.5), namely

T
/ lAu() |7, dt < oo,
0

we can choose Ty close enough to T such that, for small € > 0,

t
C/||Au(r)||L2dr§e.
To



1904 D. Adhikari et al. / J. Differential Equations 260 (2016) 1893-1917
It then follows that, for 7o <t < T,
VO e < C(A+ M ()"

Taking the inner product of the velocity equation in (1.8) with A%u, we obtain

1A a3,

N =
&.l&

t
=— 8yyu-A3udx—/8xxv-A3vdx—/0A3vdx+/(u-V)u
2 ]Rz RZ RZ

£ L1+ Ly+ L3+ La.

=

Integrating by parts and using dyu + dyv =0, we have

L= —/ByyAquudx

R2

=— / Oyy Au(Oxy Au + dyyAu)dx

R2
=—/(8yyAu)2dx—/8xxAu8yyAudx
R? R2
:—/(8yyAu)2dx—/8xyAu8xyAudx
R2 R2
:—/(ayyAu)zdx—/ByyAvayyAvdx
R2 R2

=—/(8yyAu)2dx—/(ByyAv)zdx.
R2 R2
Similarly,

Ly=— / Oxx Av(Oxx Av + 3yy Av) dx
R2

=—/(8xxAv)2dx—faxxAvayyAvdx

R2 R2

=— (BxxAv)zdx — | OxyAvOyyAvdx
y y
R2 R2

- Audx

(2.14)

(2.15)

(2.16)
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=— / (0yx Av)>dx — / Ayx Atudyy Audx
R2 R2

=—/(BxxAv)zdx—/(amAu)de. (2.17)
R2 R2

(2.16) and (2.17) together imply

_ _ l 2112
Li—Ly> 2||A ully,. (2.18)
By Young’s inequality, we have

L3 < [A%0] 2 M%) 2 < CUA T, + [A%0]17,).
Invoking the commutator estimate (2.1), we can bound the last term by
Ly= / (u-Viu- Abudx
R2

=/A3(u.V)u~A3udx

R2

:/[A3, u- Viu- Aludx
R2

< C[|Vul| = | Aul?,. (2.19)

Inserting the estimates for L{-L4 in (2.15), one obtains

d
S IA%uOIZ, + 1A,
<C(IA]3, + [1A%013,) + C | Vull L~ [| APulf3 . (2.20)
Taking the L? inner product of the # equation with A%6, one has
1A%6())2, = —2 / (A%, u- VIOA6dx
R2

< C(IVull = | A30] 2 + 1IVO < | APull ) [ A% 2
< ClIVull = [ A2, 4+ ClIVO| L~ | APull 2| A6 .2

dl
dt

1 2
< C||VullL= | A%0]17, + CIIVO| < [Vl | A%l 2, | A%6]] 2

1 3 1 3
< SIA%IZ, + ClIVul= | A%0 7, + CIVOl < Vull 5 1A% 5
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1
< 5 UIA%ul: +1A%0]72) + ClIVull [ A%6II7,

3 1 3
+ CIVOI Va2, 1A%, (2.21)

where the following Gagliardo—Nirenberg inequality has been applied in the third inequality

1 2
1A Fll2 < CIVANLIAY L

Putting estimates (2.20) and (2.21) together, we obtain
d 3 2 3 2 p)
77 AU + IATO D7) + [ A%l

3 1 3
< C(+ [Vul =) (A ul7, + [A%0117,) + CIVO { VUl 2, [ A%6] 2.

Now we again use the interpolation inequality (2.12) to obtain

d
E(MA%@)H; +IAYWI3,) + 1A%)2,

< C(1+[Vull )M (1) + C(1+ M1) T M)
< C(l + lull 2 + | Al 2 Tog (1 + M(t)))M(t) L CU+MO)T M)

< C(l + llullz2 + [|Aul| ;2 log (1 + M(t)))(l + M(1)). (2.22)
Here we have taken € to be sufficiently small (smaller than %). Integrating in time over (7p, t)
and observing that M (¢) is a monotonically increasing function, we have

t
1+ M) <C+ C/ (1 + | Aull 2 log(1 + M(t))(l + M(1))dr. (2.23)
To

It then follows from Osgood’s inequality that
M(T) < Cexpexp(Ce) — 1 < o0,
which is the desired bound (2.10). This completes the proof of Theorem 1.1. O
Next we prove Theorem 1.2.

Proof of Theorem 1.2. As we shall see from the rest of this proof, the vorticity ® =V x u
satisfies an equation that is the same as the one for the 2D Boussinesq equations with only
horizontal velocity dissipation, namely the case (V). The proof has some similarities to that in
[13]. The aim here is to establish a global a priori bound for ||(u, 6)| gs.

Clearly, the following global bounds hold,

10 lle < ll6olle, g €[1,00]
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and
t
a2, + / IVu(D)|2, dT < C(t, ug, 6p).
0

The vorticity w = V x u, due to Av = d,w, satisfies
0w+ (U V)w — 0y = 0,6. (2.24)

Dotting (2.24) by w and integrating by parts, we have
1d 2 2 1 2 2
5 71007 + 180172 < S 18wl + Clol».

which yields the global bound

t
lo @13, + f 1xe0 ()17, dT < [l |7, + C 603 (2.25)
0

Performing the L9-estimate with (2.24), we have, for g € [2, 00),

1d _ _
5E||w(t)ll(£q+(q—1)/|3xw|2|w|q 2dxs<q—1>f|9||axw||w|" 2dx.

Bounding the right-hand side by Young’s inequality yields

d 2
——llol?, < (@ = D107 ol ",

q dt
which can be simplified to
d
o™iz, <q leoll7.
Invoking the notation
If1lza
If1l /7 = sup :
Vi q=2 V4
we obtain
lo 1?7 < llwoll® 7 + 160117 2 - (2.26)

Dueto V-u=0and w = dyv — dyu, we have

[Vullp2 =ll@llL2,  [IVaul2=oxwll2.
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Therefore (2.24) and (2.25) imply that, for any 7 > 0,

T T T
/naxu(t)n%,ldr, /naxv(t)n;ldr, /||ayv<t)||§,ldrsC(T,uo,eo>. (2.27)
0 0 0

However, fOT loyu(t) ||§_I | dt cannot be bounded by the above argument. Fortunately, with the aid
of (2.26) and dyu = d,v — w, we have

T T
[ 1w zar < [ (ool + 1wl <c. @28)
0 0

Due to the embedding H L(R?) < /L(R?) (see Lemma A.1 in [13]), we combine (2.27) and
(2.28) to obtain

T
2
/||Vu(t)||ﬁdt <C. (2.29)
0
Simple energy estimates imply, for any s > 2,

d 2 0N I2 Voll2
E(I|U(t)||Hs+|| D) + 1VVllzs

< C(1 + [Vul =) (lul%s + 1011%5).

Bounding ||Vu|| L by the logarithmic Sobolev type inequality, for o > 2

1
19 Fllzoqeny = € (14 IV 1l ez Qogte + 11 fll ey )
we obtain
d 2 2
(O + 1601
t
1
<c (1 + 1Vull 7 (1og(e + ulld + 1013) ) (Il + 161:)-

Gronwall’s inequality and the bound in (2.29) together yield the desired global bound for
a3, + 16(t)||3,, - This completes the proof of Theorem 1.2. O
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3. Proof of Theorem 1.3

This section proves the global a priori bounds stated in Theorem 1.3. We believe these bounds
will play important roles in the eventual solution of the global regularity problem for the 2D
Boussinesq equations with only vertical velocity dissipation.

Proof of Theorem 1.3. Some parts of Theorem 1.3 were previously obtained for (1.2) with both
vertical velocity dissipation and vertical thermal diffusion, namely the case (VII) defined in the
introduction. We explain that they remain valid even then there is no vertical thermal diffusion.
The global bounds in the other parts are new and we provide a complete proof for those parts.

The global L*-bound for u was proven for (1.2) with (VII) (see Proposition 3.1 in [5]). The
proof of the global bound for [lu||;« makes use of the global L? bound for 6, |6 (¢)||Ls < ||60ll e
with ¢ € [1, oo]. Even when there is no vertical thermal diffusion now, the global L9-bound for
0 is still valid and thus we still have the global L*-bound for u, that is, (a) is true. Also the global
bounds for p in (b) have previously been proven for (1.2) with (VII). For the same reason, they
remain valid. Similarly, the global bound for v in (c) still holds even when there is no vertical
thermal diffusion.

The global bound for the horizontal velocity u is new. To prove it, we multiply the equation
for the velocity component u, namely

i+ (- Vyu=—d;p+0ju 3.1

by u° and integrate in space to obtain

1d
65”””26—%5 /(8yu)2u4dx=5/p8xuu4dx

= — S/payvu4dx.
By the anisotropic Sobolev inequality in Lemma 2.3,

‘/payv utdx

2 1 2 1
: Lo
< Clayvull 2 1pl 13 p s 1315, 10y )1,

2 1 1
3 3 2 2 3
= Cllayvull2 1Pl s 105l ;2 lullys llu“dyull;,

6 4 2 12
2 2 3 3 3 5
< luPayul25 + C dyvul ) 1pl; 18:p 15 Nl -

Therefore,

12

1d 6 4 2 12
ey lze +4 /(ayu>2u4dx < Cldyvull ), Ipl;y 18Pl lull - (3.2)

6 4 2
According to (a) and (b), the term [|d,v u||z2 ||p||z4 ||8xp||z2 is time integrable and thus (3.2)
implies the desired bound for [|u||;¢ in (d).
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Finally we prove (e). It follows from the equation of the horizontal velocity (3.1) that

d
5 77 172 + 195yl < 2010 Il
Here we have used the fact
/ dy(u-Vu)dyudx =0

which can be verified by using the divergence-free condition V - u = 0. The global bound for the
pressure in (1.11) then implies the global bound

l9yull;2 < oo.
DuetoV-u=0,
—Ap=V-(u-Vu) — 3,0 =28, (vdyu) + dyy (v%) — d,6.
By the Hardy—Littlewood—Sobolev inequality,

Ipllze < CIA™ 9, (wdyu) | e + C | AT 8y (D)L + C 1A718,0]|
< Clvdyull 24 + v le +ClION 24
La+2 La+2

< C(llvliLe I9yull 2 + Ilvllizq) +C 0l 24
Lq+2
< C(q,T,ug,0p) < 0.
This completes the proof of Theorem 1.3. O
4. Proof of Theorem 1.4
This section proves Theorem 1.4.
Proof of Theorem 1.4. In order to extend (u, 0) to [0, T], it suffices to show that, forz < T,
l(u(®), 8@l gs < C(T, M(T), ug, 6).

First of all, we have the global L2-bounds,

10117 / 19,0(0) 1172 dT = ll6oll7 2, lu(®)llz2 < lluollz2 + (|60l z2-

It follows from the vorticity equation

o+ - Vo =db 4.1)
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that, fort < T,

t
lo ()]l < ool + / 19:0(0) ]| = d7 < oo,
0

As a consequence, by Sobolev’s inequality, we obtain a global bound for the velocity u,

1 1
lullzee < Cllull7; w7 < o0.

Now we show that, for any ¢ € [0, T'],
lo@l2 +1IVO@)] 2 < o0.

A simple L>-estimate involving (4.1) yields

d
77 1@llzz = lleliz2 1001 2. (4.2)

Taking d, of the equation of § and then dotting with 0,6 yield
i||8 0112, +2118:9,0/2 <—2/(8 (u-V0)a,6
77 19xU117 v 0yO 172 = x x
= —2/8xu(8x9)2 -2 /axu 3y00,6.
The two terms on the right can be bounded as follows. By V - u = 0 and integration by parts,
— / deu(3,0)* =/ 3y (,0)* = —2/ v 3,0 853,60

< ina WOII%, + C vl 135012 (4.3)
_16xy L2 Lo 19xY1lf2- .

—/axvayeaxe < 13,011 [13xvll 2 18,0112
< 18,012 (o], + 18,612,).
Similarly,
D 0,012, + 2180012 =—2fa 19,00,6 —2fa.v(a,9)2. (4.4)
dt y L2 yy L2 yuPy X y y

By Holder’s inequality,

—/8,;uay98xe <1001 (lwll72 + 18,01132).
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By Lemma 2.3,
1 1
- / 8yv (8,0)% < C [13,vll 2 18,011 .2 119:0,01 %, 192611,
1 1
< —119:0y017, + — 10701172 + C llwl72 10,017
16 16
Combining (4.2), (4.3) and (4.4) and the corresponding estimates, we have

2 ollz + V01, ) + 13, V6|12
ar \"'e L2 o
< (I+ [[vl| 7 + 135011 + 3,017 ) (w12 + 1VOII72).

Applying Gronwall’s inequality and using the fact that

T
f(l + 0l + 1801 + 18,012,) di < oo,
0

we obtain, for any ¢ € [0, T,

T
lo®12, + VO3 +f 18y VO3, dt < 0.
0

Next we show that, for any ¢ € [0, T],
A0l 2 + A0 2 < o0.
Taking A of (4.1) and dotting with Aw yield
EEIIAwIILz < ClIVulr= Aol 2 + 110x A0l 2 Al 2.

Taking the inner product of the equation of & with A36 and integrating by parts yield

1d
ﬁnﬁeniz + 18yA%01113, = J1 + 2.
where

Ji =/8xA(u~V9)3xA9,

ng/ayA(u-Ve)ByAO.

4.5)
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Ji can be further written as

J1 :/ Ox A(udyx0 + v0,0) 9, A6

- /(BXAM 9:0 + 0, Av 3y6) 8, AO (4.6)
+ /(Au 920 4+ Avdy,0) 3, AG (4.7)
+2 / (071 0760 + Dyt 0 + D30 Dy + D2y v 076) Dy AO (4.8)
+2 f(axu 030 + dyu 700 + 0,0 09,0 + Dy 8,0,60) Dy A (4.9)

The two terms in (4.6) can be bounded as follows. By Holder’s inequality,
/axAuaxe 8: A0 < C 13581l | Aw] 2 [ A%0] 2.
By Lemma 2.3,
1 1 1 1
/ 8 AV 3,0 9, A0 < C [|Aw|l 12 1,012, 181,012, 18:A0] %, 132y AO] 7
1 2 2 2 4 2
< Tl MBI, + C 612 10011 Al 2 118, A0

1 2 % % 2 3512
< el 012+ C 19,01, 194017, (18013, + [14%13:).

To bound the terms in (4.7), we use the divergence-free condition dyu + dyv = 0 to write Au =
—dyw and then apply Holder’s inequality to obtain

/Au 320 9, A6 —/aywa§9 9, AO

=/waya§9 axA9+/wa§9 3,9y AG

IA

%naxayAeniz + C ol [A%0]7, + C llol~ 1A% .
To estimate the second term in (4.7), we integrate by parts and apply Lemma 2.3,

/Av Oxy0 0x AD = — / 00 0, Av 3, AH — / Av 0,0 0y A
< Cl10] L | Awl 2 | A0]] 2

1 1 1 1
+ C AV 19 AV, 100117, 19yl 75 102y AO 12
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<i||8 AB||7, + C 3,0 lAw|?, + | A%0)2
=16 Xy 12 x VI L CU||L2 l ”LZ
+ C 100112 19xy01l .2 |le|%,2~ (4.10)
We now turn to the terms in (4.8). Integrating by parts yields
z/axxu Oxx0 axAOZ/axxu ax((axx0)2)+2/axxu Oxx0 3xyy9
Z/axxyv(axxe)z
—2/8xxxu 050 Oxyy0 —2/8xxu 0x 0 Oxxyyt
=—2f8xxv8xx9 Oxxy0
—Z/BXXXM 0x0 Oxyy0 —2/8xxu 0x0 Oxxyy0
=2/8xxxv8x9 8xxy9+2/8mv8x9 Oxxxyd
—Z/BXXXM 0x0 Oxyy0 —2/8“u 0x0 Oxxyy0 4.11)
The terms on the right of (4.11) can be bounded as in (4.10), that is,
2 | 9100 A9<i||a A2, +C||0,0| |Aw|?, + || A30]
xx U OxxU Ox =16 y L2 x VI L W2 L2

+ C 10561 12 100 2 ]l (4.12)

The other three terms in (4.8) can be similarly estimated and obey the same bound as in (4.12).
The four terms in (4.9) can be in a uniform way and are bounded by

2 /(Bxu 030 + dyu 870,60 + 0,v 97040 + 9, v 0,0,6) Dy AD
< C|[Vullz=[A%0]3,.
This completes the estimates of the terms in J;. The terms in J> can be similarly bounded. In

fact, the estimate of J; is simpler due to the “favorable” derivative dy. We thus omit the details.
Collecting all the estimates above and combining with (4.5), we find

d 2 2 1 30112
= (1013 + 1013 ) + 518,417
<C 1+ Vullze + 18,01 L) (nAwniz + ||A39||iz)

+C A+ [@lfe + VOl 2110y VO 12) (||w||§,2 + ||9||i,3). (4.13)
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Inserting the interpolation inequality
IVullLe = C(1+ [ullz2 + llollL= loge + [[Awll2))
to (4.13) and noticing that the terms
oo,  13<0lIL, V]2 119, V01,2
are all integrable on any finite interval [0, 7], we obtain by Gronwall’s inequality
@132 + 10013 < 00
forany 7 > 0 and ¢t < T. This completes the proof of Theorem 1.4. O
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