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Abstract

This paper is concerned with the global well-posedness and inviscid limits of
several systems of Boussinesq equations with fractional dissipation. Three
main results are proven. The first result assesses the global regularity of two
systems of equations close to the critical 2D Boussinesq equations. This is
achieved by examining their inviscid limits. The second result relates the global
regularity of a general system of d-dimensional Boussinesq equations to that of
its formal inviscid limit. The third obtains the global existence, uniqueness and
inviscid limit of a system of 2D Boussinesq equations with the Yudovich-type
initial data.

Keywords: Boussinesq equations, fractional Laplacian, global regularity,
inviscid limits
Mathematics Subject Classification: 35Q35, 35B35, 35B65, 76D03

1. Introduction

This paper studies the global regularity and inviscid limits of several Boussinesq systems
of equations with dissipation given by a fractional Laplacian. The Boussinesq equations
concerned here model large-scale atmospheric and oceanic flows and also play important roles
in the study of Rayleigh-Bénard convection (see, e.g., [14,19,31,37]). Our goal here is
several fold: first, to establish the global regularity of two systems of Boussinesq equations
that are close to the 2D Boussinesq equations with critical dissipation through the study of
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their inviscid limits; second, to prove a connection between the global regularity of a general
system of d-dimensional Boussinesq equations and that of its formal inviscid limit; and third,
to obtain the global existence and uniqueness as well as the inviscid limit of a system of 2D
Boussinesq equations with the Yudovich-type initial data.

Our first result was mainly motivated by a recent progress on the global regularity
issue concerning the 2D Boussinesq equations with fractional Laplacian dissipation or
with partial dissipation. Due to their mathematical significance, these 2D equations have
attracted considerable attention in the last few years (see, e.g., [1-3, 6, 8-10, 15-18,20-26, 28—
30,33, 35, 36,42]). Mathematically the 2D Boussinesq equations serve as a lower dimensional
model of the 3D hydrodynamics equations. In fact, the Boussinesq equations retain some
key features of the 3D Navier—Stokes and the Euler equations such as the vortex stretching
mechanism. As pointed out in [32], the inviscid Boussinesq equations can be identified with
the 3D Euler equations for axisymmetric flows. One main pursuit has been to establish the
global regularity of the following 2D Boussinesq system with minimal dissipation

ou+u-Vu+vA®u = —Vp+0es,
3,0 +u-VO+rkAPO =0, (1.1)
V-u=0,

where u : R? — R? is a vector field denoting the velocity, # : R> — R is a scalar function
denoting the temperature in the content of thermal convection and the density in the modelling
of geophysical fluids, e; is the unit vector in the x, direction, v > 0 denotes the viscosity,
k = 0 denotes the thermal diffusivity, and « € [0, 2] and 8 € [0, 2] are real parameters. Here
we adopt the convention that « = 0 or 8 = 0 implies the corresponding dissipative term is
set to zero. In addition, A = +/—A denotes the Zygmund operator (see [39]), which can be
defined through the Fourier transform,

AFE) = €] f(&).

There are geophysical circumstances in which the Boussinesq equations with fractional
Laplacian arise. Flows in the middle atmosphere travelling upwards undergo changes due
to the changes in atmospheric properties, although the incompressibility and Boussinesq
approximations are applicable. The effect of kinematic and thermal diffusion is attenuated
by the thinning of atmosphere. This anomalous attenuation can be modelled using the space
fractional Laplacian (see [7, 19]).

Quite a few papers have been devoted to (1.1) and the most recent work targets the critical
and the supercritical cases (see, e.g., [10, 15, 16,20-26,28,33,42]). In two papers [23, 24]
Hmidier al were able to show the global regularity of (1.1) for two critical cases: (1.1) with
v>0,0=1landk =0,and (1.1) withv =0, > Oand 8 = 1. Miao and Xue [33] obtained
the global regularity for (1.1) with v > 0, ¥ > 0 and

«c (6_‘/6, 1), Bc (1—a, min{“z‘féa—z a(l—a) 2—2a}>.

4 5 V620’
In addition, Constantin and Vicol [15] verified the global regularity of (1.1) with

ae0,2), Be(,2), B> .
2+«

The global regularity for the general critical case
aec0,1), Be@]l), a+p=1

appears to be open at this moment. It is worth remarking that success has also been achieved
on the global regularity issue beyond the critical case. Hmidi [20] proved the global regularity
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for the 2D Boussinesq equations with logarithmically supercritical dissipation while Chae and
Wu [10] obtained the global regularity of a generalized Boussinesq equation with the velocity
determined by the vorticity via an operator logarithmically more singular than the Biot—Savart
law. Our first result assesses the global regularity of two systems of equations close to the
critical 2D Boussinesq equations. This is achieved by studying the inviscid limits of these
equations and combining with the known global regularity result of the critical Boussinesq
equations. The details are given in section 3.

The second main result relates the global regularity of a general d-dimensional Boussinesq
equations to that of its formal inviscid limit. A special case of this result states that if the 3D
inviscid Boussinesq equations have a classical solution on [0, T'], then any 3D dissipative
Boussinesq equations with viscosity or thermal diffusivity in a suitable range also possess a
classical solution on [0, T']. This result extends the work of Constantin on the Euler and the
Navier-Stokes equations [13]. We defer the precise statement and the proof to section 4.

The last part of this paper examines the inviscid limit of the following 2D Boussinesq
equations with Yudovich-type initial data,

ou+u-Vu+vA®u = —-Vp+0 ey,
3,0 +u-Vo+APH =0,

V.u=0,

u(x,0) =up(x), 6(x,0)=6(x),

(1.2)

where v > 0, @« € (0,1] and 8 € (1,2]. Here the Yudovich-type initial data refer to
By € L>(R*) N L4(R?) and the initial vorticity wy = V x ug € L4(R?) N L*®(R?), where
q > % Previously Danchin and Paicu [16] studied the global well-posedness of (1.2)
with the Yudovich-type data for the case when v = 0 and 8 = 2. In addition, Hmidi and
Zerguine [25] studied the global regularity of (1.2) with v = 0 and 8 € (1, 2], but with an
initial data (ug, 6p) in a more regular functional setting. As our first step, we establish the
global existence and uniqueness of solutions to (1.2) with either v > 0 or v = 0. In particular,
the solutions are shown to obey global bounds independent of v in the functional setting

w e L=([0, T]; L1(R*) N L®(R?)),
6 € L([0, T1; L*(R%) N LI(RY) N L'(0, T; B}’ (),

where T > 0 is arbitrarily fixed and r € (2, ¢g). Combining these global bounds with the
Yudovich approach allows us to show that the difference between a solution (1", 8®™) of
(1.2) with v > 0 and the corresponding solution of (u, 8) of (1.2) with v = 0 satisfies

@™, 09, 1) = . ). D2 < CT) (wn)* ™ (1.3)
forany T > Oand r < T, where C(T) is a constant depending on 7" and the initial norm only,
and

b(t)=C / <|Iw(~, Dl +16C, T)IIBHz) dz.
0 rl

Clearly the convergence rate in (1.3) deteriorates as time evolves and may not be improved
when the initial data is of the Yudovich type. The precise statement and detailed proof of these
results are provided in section 5.

In addition to the sections containing the main results, section 2 presents some preliminary
facts and estimates to be used in the subsequent sections. In addition, an appendix on some of
the functional spaces used in this paper and the Osgood inequality is provided.
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2. Preliminary estimates

This section contains an upper bound for the solution of an ordinary differential equation
(ODE) and a regularity criteria for a general Boussinesq equations. These results will be used
in the subsequent sections.

The following lemma gives a global upper bound for the solution of an ODE involving a
small parameter. It slightly extends a previous result of Constantin (see [13, p 315]).

Lemma 2.1. Let y > 0 and G > 0 be parameters. Let T > 0. Let F; and F, be nonnegative
continuous functions on [0, T]. Consider the ODE

dY (¢) 2
g)/F|+F2Y+GY s
dr 2.1
Y(0) =0.
If we set
1
Yo

C8TG fOT F(r)el P&ds qg’
then, for any y € (0, yp) andt € [0, T, any solution to (2.1) obeys
3e— er Fy(t)dt

Y(t) < mi
(1) mln{ TG

T
, 12y / F(7)e): 20 ds dr}. (2.2)
0

Proof. Obviously (2.1) is equivalent to

% (Y e_for Fz(t)dr) <k + Gy2)e—f0’ Fao)dr

Or, in terms of U = Y e~ Jo P2(0d7

iU <yF e—fg Fy(n)dr Gefor Fy(t)dt 2

dr = ’

By lemma 1.3 of [13], if we set

—1

T T ]
Yo = <8TG€f0 Fz(r)dff F (f)e*fo F>(s)ds d‘[)

0
then
3e— fOT Fy(t)dr

U(t) < min
2TG

T
’ 127/[ Fi(t)e o P2)ds dr},
0

Therefore, Y () = e ROdryy (t) obeys (2.2). This completes the proof of lemma 2.1. [J

For the convenience of later applications, we state a local existence and regularity criterion
for the following general d-dimensional Boussinesq equations:

ou+u-Vu+vA®u = —Vp+0ey,
3,0 +u-Vo+rkAPO =0,
V.u=0,

u(x,0) =up(x), 6(x,0)=6(x),

(2.3)

where v > 0,k > 0, « > 0 and 8 > O are real parameters, and e, is the unit vector in the
direction of the last coordinate axis.

2218



Nonlinearity 27 (2014) 2215 J Wu and X Xu

Lemma22. Letv > 0, «k 2 0, « > 0 and B > 0 be real parameters. Assume that
(1o, 6p) € H*(RY) withs > 1+ % Then there exists T = T (|| (ug, 60) || gs) > O such that (2.3)
has a unique solution (u, ) on [0, T] satisfying (u,0) € C([0, T]; H®). In addition, if we
further know that

To
/ [[Vu(r)||p~dt < oo 2.4)
0

for Ty > T, then the solution (u, 0) can be extended to [0, Ty].

Proof. For the self-containedness, we briefly explain the lines of proof. The local well-
posedness of (3.1) can be established through a standard procedure such as the Picard-type
theorem (see, e.g., [32]). To prove the regularity criterion, we obtain by standard energy
estimates that
d 2 2 2 2
T (Nallzgs + 1017:) + C Nl .oq +C 1e1° s
< CU+ [ Vull = + VOl =) (llullFs + 10117:) » (2.5

where C’s are constants. In addition, it follows from the #-equation that, for any ¢ > 0,

t
VOO~ < Vol L~ exp (/ Vul| L= df) :
0

Therefore, (2.4) implies that VO € L*°([0, To]; L>®(R%)). Gronwall’s inequality applied
to (2.5) then leads to a bound for ||(u, 8)(-, Ty)|| g+ and thus the desired extension. This
completes the proof of lemma 2.2. |

3. 2D Boussinesq equations close to the critical equations

This section studies the global well-posedness and the inviscid limits of two systems of
equations close to the critical Boussinesq equations. First we consider the initial-value
problem (IVP)

u® +u™ . Vu  pAy) = —Vp 1 9We,,
3,0™ +u™ . VO™ 4 AW =0,
V-u® =0,
u®(x,0) = uo(x), 0V (x,0) =6(x),
where 0 < o < 1 and v > 0 are real parameters. When v = 0, (3.1) formally reduces to the
IVP for the 2D Boussinesq equations with critical dissipation

3.1

ou+u-Vu=—-Vp+6ey,

9,0 +u-Vo+ A6 =0,

V-u=0,

u(x,0) =uo(x), 6(x,0) =6(x),
The local well-posedness of (3.1) and (3.2) follows from Kato [27]. We show that the solutions
of (3.1) converge to the corresponding ones of (3.2) with an explicit rate as v — (0. More
precisely, we have the following theorem.

3.2)

Theorem 3.1. Let v > 0 and « € (0, 1]. Let o > 3. Consider (3.1) with (ug, 6y) € H° (R?).
Let T > 0. Then there exists vo = vo(T) > 0 such that, for 0 < v < vy, (3.1) has a
unique global solution satisfying ™, 6") e C([0, T]; H°(R?)). In addition, for any
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0<s<o—1and0 < v < vy, the difference between @™, 0™ and the corresponding
solution (u, 0) of (3.2) satisfies

@™, 6" — @, 0)|g < C(T)v,
where C = C(T) is a constant dependent on T and || (u, 0) || L= 0.1 1y only.

Similar results can also be established for the 2D Boussinesq equations

Au' +u® .V 4 Ay = —Vpr 1 gWe,,
3,0© +u® . VO® 4, APH® =0,
V.-u® =0,
u®(x,0) = up(x), 0% (x,0) = 6p(x),
where k > 0 and 0 < B8 < 1 are real parameters. When x = 0, (3.3) formally reduces to the
IVP for the critical Boussinesq—Navier—Stokes equations

(3.3)

ou+u-Vu+Au =—-Vp+0e,,

90 +u-vVo =0,

V-u=0,

u(x,0) =up(x), 0(x,0)=~6y(x).
We show that the solutions of (3.3) converge to the corresponding ones of (3.4) with an explicit
rate as k — 0. More precisely, we have the following theorem.

34)

Theorem 3.2. Let k > 0 and B € (0, 1]. Let o > 3. Consider (3.3) with (ug, 6y) € H° (R?).
Let T > 0. Then there exists kg = ko(T) > 0 such that, for 0 < « < kg, (3.3) has a
unique global solution satisfying ™, 6®)) e C([0, T]; H°(R?)). In addition, for any
0<s<o—1and0 < k < ko, the difference between @™, 0% and the corresponding
solution (u, 0) of (3.4) satisfies
@, 6% — (u, ®)llas < C(T)k,

where C = C(T) is a constant dependent on T and ||(u, 0) || L0, 7); 5s+1) Only.

To prove theorem 3.1, we need a lemma assessing the global existence of classical solutions

to (3.2). It is obtained by combining the work by Hmidiet al [24] with the propagation of
regularity.

Lemma 3.3. Assume that (ug, 6y) € H*(R?) withs € (2, 00). Then (3.2) has a unique global
solution (u, 0) satisfying, for any T > 0,

(u,0) € C([0, T]; H*(R?)). (3.5)

Proof of lemma 3.3. Since (uo, 6y) € H*(R?) with s > 2, we have, for any g € (2, 00),
ug € BY, (R N WH (R, 6o € BY, | (R*) N LY(RY),

where B;o’l and Bgo,l denote inhomogeneous Besov spaces as defined in the appendix, and

W4 denotes a homogeneous Sobolev space. By theorem 1.1 of [24, p 422], (3.2) has a unique
global solution (u, 8) satisfying, for any 7 > 0,

u e L*([0, T1; BL, , N W"9), 6 € L™([0.T]; BY, , N L) N L' ([0, T]; B} ).

where L' ([0, T; B;,oo) is defined in the appendix. Since Béo’l < L we have

T
/ IVl dt < 0.
0
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The desired regularity (3.5) then follows from lemma 2.2. This completes the proof of
lemma 3.3. |
Proof of theorem 3.1. Since (u(()”), 95”)) € H° (R?) witho > 3, the local solution is guaranteed
by lemma 2.2. To prove the global well-posedness, it suffices to obtain a global a priori bound
for || (™, 8™)|| o . Thisis achieved through two steps. The first step is to compare (1", 8®)
with a solution (u, 8) of (3.2) to obtain a bound for ||(u, 8"))||ys for any s < o — 1. The
details will be provided below. Since o — 1 > 2, the bound in the first step especially implies
that

T
/ Vi ||~ dt < o0.
0

With this bound at our disposal, the second step is to use the regularity criterion in lemma 2.2
to establish the global bound for || (&, 8™)|| .

To implement the first step, we consider the difference
ﬁ:u(”)—u, 9_:9(1))_97 ﬁzp(”)—p,

which satisfy

Qi +u-Vi+ii-Vu+i) +vA*u+i) = —Vp+0e,
atei—u-V¢9+ﬁ-V(0+9)+A0:O, (3.6)
V-u=0,

i(x,00=0, 6(x,0)=0.
According to lenlma 3.3, (u,0) €e C(0,T]; H°). Now let 1 < s < o — 1. To estimate the
Hs—norm_of (u,0), we apply J* = (Id — A)? to (3.6) and then take the inner product with
(J%u, J*0) to obtain

1d _» /2=112

E&”””Hf + VA ulys = Kii + Kio+ Kiz + Kis + Kis, 3.7

1d - ~

5 10+ IA017: = Koi + Koo + Kos, (3.8)
where

K“:—/]"‘(M.Vﬁ)ﬁﬁdx, K12=—/J5(ﬁ~Vu)Jsﬁdx,

Kz = —/J“(zIVzZ) Jludx, K14=/J“(9_e2) Jludx,

Kis = —U/A“JSM Ju dx, Ky = —/J‘Y(M - VO) J*0 dx,

Ky = _/Jf(ﬁ - VO) J*0 dx, Koz = _/Jf(ﬁ - V0) J*0 dx.

Thanks to V - u = 0, Holder’s inequality, a commutator estimate and Sobolev embedding,

/(J‘(u Vi) —u-VJ'u) Judx

S Q- Vi) —u - VIl 2 |5 2
< C(IVill g 170 ull 2 + | Vaell g (| PPl 2) 1|7l 2
< Cllullgs Nl
Similarly,
|K13] < C Nl
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Since H*(R?) with s > 1 is an algebra,
Kol < 12 @ - Vu)ll 2 1]l 2
< Nl s IVullgs 17l 2
= laell oot Nl
By Holder’s inequality,
|K1al < 101 s it a5 [Kis| < vllull gos [l ps.
Inserting the estimates above in (3.7), we find
%Ilﬁllﬁv < C il + Cllull oot Nl s + vl gress + 161 s (3.9)
K>1, Ky and Kj3 obey similar bounds as K1, K1, and K3, respectively. That is,
|K21| < Clullge 160, 1Ka2l < C U0l Nidlle 100z, 1Kasl < C llal s 16113

Inserting these estimates in (3.8), we have

%“é”m < Clillgs 101 ms +C Nl 180 g +C 10 pgon Nl (3.10)
Adding (3.9) and (3.10) and setting Y () = ||it(¢) || g5 + 16 (t)]| s, we find

%Y < v el s + Cy (1 el s + 1011 o) Y + C2 Y2,

where C| and C, are constants independent of v and «. Since @ € (0,1], s < o0 — 1 and
(u,0) € C([0, T]; H?), we apply lemma 2.1 to conclude that, if
1
= T T
8C, fo ()| o eC1 Jo Q+u @)l ys+1 +10 @)l ys+1) do dr

then, forO < v <vgand 0 < < T,

Vo

T
T
Y(t) < 12‘)/ ()|l ge el S A+lu@) |l ys+1+18(@) 1l ys+1) do dr.
0

This completes the proof of theorem 3.1. ]

We remark that the proof of theorem 3.2 is similar and is thus omitted.

4. Inviscid limits of general Boussinesq equations

This section is concerned with the global regularity and inviscid limits of a general d-

dimensional (d-D) Boussinesq equations with dissipation given by a fractional Laplacian.

Consider the IVP for the d-D Boussinesq equations
ou+u-Vu+vA®u = —-Vp+0e,,

3,0 +u -V +ikgAPO =0,

V.u=0,

u(x,0) =uo(x), 6(x,0) =6(x),
where v > 0, « > 0, k9 > 0 and B > O are real parameters, and e, is the unit vector in the
direction of the last coordinate axis. g > 0 is fixed and we study the limit as v — 0. When
we set v = 0, (4.1) formally reduces to the IVP for

“.1)

ou+u-Vu=—Vp+0ey,

3,0 +u- V0 +ryAPO =0,
V-u=0,

u(x,0) =ug(x), 6(x,0) =6(x).

4.2)
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We establish that, if (4.2) has a classical solution on the time interval [0, T'], then (4.1) with small
v > 0 also has a classical solution on [0, T'] and the solution approaches the corresponding
solution of (4.2) as v — 0. More precisely, we have the following theorem.

Theorem 4.1. Assume that (uo, 69) € H° (RY) witho > 2+ % Let T > 0. Assume that (u, 6)
is the corresponding solution of (4.2) satisfying (u,0) € C([0, T]; H® (R?)). Then there exists
vo = vo(T, |(u, Dllcqo. 1. m0)) > 0 such that (4.1) with 0 < v < vy and the same initial data
have a unique global solution @™, 00y e C([0, T]; H). In addition, for0 <s <o —1,
O<v<vyand0 <t <T,

@™, 6% = (u, 0) || s ey < C(T) v,

where C(T) depends on T and ||(u, 0) || c(o.1: 5oy only.

Proof. It suffices to establish a global a priori bound for ||(u™, #™)|| y». The main step is to
show there exists vy > 0 such that, for 0 < v < vy,

@™, 0|y < C(T) foranys <o — 1. 4.3)

This bound especially implies

T
f Vu®™ |1~ dt < oo.
0

Lemma 2.2 then implies a global bound for ||(#", )| go. To show (4.3), we consider the
differences

Oy =u" —u, p=p

u=u —p
which satisfy
QA+ u+) Vi +0-Vu+vA®lL = —-VF+0es — vA®u,
3,0+ (u+T) - VO +1 - VO + kAP0 = 0.
Following similar estimates as in the proof of theorem 3.1, we find that Y (¢) = ||| g+ + ||§ | s

satisfies
d 2
gY(t) <v|lullgsea + C (1 + ||u|lgser + 10| gss) Y +C Y.

Applying lemma 2.1 yields the desired bound. This completes the proof of theorem 4.1. O

5. 2D Boussinseq equations with Yudovich-type data

When the initial data are not smooth such as in the Yudovich class, the convergence rates of
the inviscid limits may not reach the optimal rate, namely the order O(v), as the dissipative
coefficient v — 0. This section investigates the inviscid limit of the 2D Boussinesq equations
with Yudovich-type initial data

ou+u-Vu+vA®u = —-Vp+06 ey,
3,0 +u-Vo+APO =0,

V.-u=0,

u(x,0) =up(x), 6(x,0)=6(x),

3.D
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where v > 0, « € (0,1] and B € (1,2]. When we set v = 0, (5.1) becomes the
Euler—Boussines equations

ou+u-Vu=—-Vp+6ey,

30 +u-Vo+APO =0,

V-u=0,

u(x,0) =uop(x), 6(x,0) =6(x).
The initial data (ug, 6p) will be in the Yudovich class (as specified below). The main goal is
to rigorously establish (5.2) as the inviscid limit of (5.1) with an explicit convergence rate.

As a preparation, we first prove the global existence and uniqueness of (5.1) for either v > 0
orv=0.

(5.2)

Theorem 5.1. Consider (5.1) with either v > Oorv = 0, « € (0,1] and B € (1,2]. Let
q > % Assume ug satisfying V-ug = 0andug € L*(R?), wy = V xuy € L1(R>)NL>®(R?).
Assume 0y € L>(R?) N L9(R?). Then, there exists a unique solution (u, 0) to (5.1) such that,
for somer € (2, q),

ue Cloc([os OO); L2 N LDO), w € L>®

[()L-(O’ (SN Lq N LOO)’
2
6 € C([0, 00); L N LY) N L*(0, 00; H2) N L}, (0, 005 BL}7). (5.3)

Furthermore, the bounds for (u, 0, w) in the class (5.3) are independent of v even in the case
when v > 0.

Theorem 5.1 can be slightly improved if we are willing to assume that 6 is in the Besov
space setting 6y € L2(R%) N B;Q_f (R?). The approach is similar to that for theorem 5.1 and
we state it as a corollary (see also [16]).

Corollary 5.2. Consider (5.1) with either v > Qorv =0, ¢ € (0, 1] and 8 € (1, 2]. Assume
ug satisfying V - ug = 0 and uy € L>(R?), wy = V x ug € L*(R?) N L®(R?). Assume
0y € L2(R*) N B;f (R?). Then, there exists a unique solution (u, 0) to (5.1) such that,

1 € Croe([0,00); LN LY), @ € Lf5.(0, 00; L> N LY),

0 € Cioe(10, 00); L> N BT N L, (0, 005 B, ).

With this global existence and uniqueness result at our disposal, we can prove the following
inviscid limit result.

Theorem 5.3. Assume the initial data (uq, 0y) is the Yudovich-type data, as specified in theorem
5.1. Let u™, 0" be the corresponding solution of (5.1) withv > 0, € (0, 1]and g € (1, 2]
while (1, 0) be the corresponding solution of (5.2) with B € (1,2]. Let T > 0. Then the
difference @™ —u, 6 —0) satisfies, forany 0 <t < T,

—b(1)

v v —eb® o
H@® —u, 0% — )|z < L' (vr | A%ull ) (5.4)

where L and b are given by

t
L =2llullr=qo,r1;.%), b)) =2e||lwllr=qo,r1;1) t + / ||9(T)||Bl+; dr
0 1
withw =V X u.
We start with the proof of theorem 5.1.

Proof. The local existence can be established through a standard procedure. We provide the
global a priori bounds needed for the global existence. Obviously,

102 < 1160l 22, 10 lLs < 1160l e, lu@ll> < lluollz2 +1 160l 2
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Since w satisfies
dw+u-Vo+vA®w =0,0,

it is clear (see, e.g., [4, 16]) that, for any v > O,

t
lo@llLanc= < llwollLanLe +/ 105, 0(T) |l Lanz~ d. (5.5)
0
To obtain a global bound for ||@(#)||Lsnr~, We make use of the smoothing effect in the 6-
equation. By Lemma 5.4 below, forany2 <r <gand0 < € < 8,

sup 2P A ;01| 111~ < CllO0llzr (1 + loll 1 Lorra))-
j=-1

Choosing 2 < r < g and 0 < € < B such that 1 + % < B — €, we have, by Bernstein’s
inequality,

161, vz < sup 2971401,
1 Ol j=—1
IVO@) llane < Y 2140 Lanse < C Y 207 ||A0] 1 = C 11 13- (5.6)

jz-1 jz-1
Combining these estimates, we obtain

o,

1 P,

t
2 < Cllboller (1 +1lwoll Lenre +/ 161, e df)~
1 0 b1

'B
By Gronwall’s inequality, for C depending on ||6y]| 2z« and ||wg|| Lnre Only,

C
011, oz < CeC".

Consequently, by (5.5), |@llr=@=nzsy < Ce€’. In addition, by Gagliardo-Nirenberg
inequality,
1 1
lullze < Cllullfz ]l

which yields the global bound for ||| ~. This completes the proof for the global bounds.
We remark that these global bounds are independent of v even in the case when v > 0. Next
we show that any two solutions satisfying (5.3) must coincide. This approach is now well-
understood (see, e.g., [12,43]). Assume that (u;, 0;) and (u5, 6,) are two solutions of (5.1)
and let p; and p, be the associated pressures, respectively. Consider the differences

u=u;—uy, 0=6,—-60, p=pr—pi,
which satisfy

ou+u-Vuy+uy - Vu+vA%u = —Vp+0e,,

0 +u-Vo+u-Vo+APH=0.
Taking the inner product with (u, 8) and integrating by parts lead to

d a 4
o (Nl + 101172) + VI A ull 72 + 1A20072 < Nullzz 10022 + Ty + T, (5.7)
where
JIZ_/M.VMZ.udx’ Jzz—fuvezedx
For notational convenience, we let § > 0 and write

Yit) =8+ u@®ll7. + 10072
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For any p € [2, 00), we have
2 2-2
il < Nl foo IVullpe ull, 2"

Furthermore,

Vil e
lullgo < llugllze + lluzllze = L(t), [[Vuallze < p SUPT < pM(2)
p=2

where we have used the fact that sup 032 ”V";”” is bounded due to w, € LY N L*°. Therefore,
by optimizing the bound over p, we have

il < M@) p (%)) Y} <2e M(1) [log L(t) —log Y5 (0)] Y{(0).

To bound J;, we recall (5.6) to obtain
|2l S IVO L llullz 190122 < 110211 s Y5 (@).
1

Inserting the bounds above in (5.7), we obtain
d
EY(SU) <2e M(1) [log L(1) —log Ys(1)] Ys(r) + (1 + 16211 1v1) Y5 (0).
rl

It then follows from applying the Osgood inequality that
Ys(1) < L' Y507,

where
B(t) = exp <— Qe M () + |I9z(f)|IBI+3)dT>-
0 1

Since Y;(0) = §, we obtain by letting § — 0O that
)72 + 16172 =0
for any ¢ > 0. This proves the uniqueness and thus theorem 5.1. g
We now prove theorem 5.3.

Proof of theorem 5.3. Since (", 6) and (u, ) solve (5.1) and (5.2), respectively, the
differences

i=u™ —u, 6=06™_—9, p=p" —p,
satisfy
QA+ Vu+u® VE+vA“ T+ VA% = -V +0e,,
30+ -VO+u® VO +APH =0.

Taking the inner product with (iZ, 5) and integrating by parts lead to

1d, ~ « £~
3% (121172 + 10172) + vIIAZE@ 7. + [ A26]17.
<@l 18] + Ky + Ko + K3, (5.8)

where

Klz—fﬁ-Vu-ﬁdx, Kzz—/’u‘.ve(?dx, Kg:—v/ﬁ-A“udx.

Let § > 0 and set Z; ;(1) = 8% + [|u|, + ||5||iz. The estimate for K3 is easy,

|K3| < wllullzz 1A% ull2 < v ZysOIA U]l 2.
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K can be bounded in a similar fashion as Jj,
|Ki| <2eM [logL —log Z,5(t)] Z}4(1),
where L and M are given by

— — IVullLe
L = |u™|l=qo.r).L) + lullz=qo.77:2%), M = sup sup .
1€[0,T] p>2 1Y

We note that L is independent of v since the bound for [|u™ ||z (0.7: ) is independent of v.
Finally, K, admits the following bound

Kol 1161 Z35).
r1
Inserting the estimates for K, K, and K3 in (5.8), we obtain

d
d_Zv,B(t) SVIIA%ullz + L+ 1101 1) Zy5(1)
! B

+2eM [logz — log Zv,B(t)] Z,5(1).

By the Osgood inequality, we have, for any t < 7T,
—b(1)

Zys() S L' (Z,50) + vt A%l e 2)°

where
t
b(t) = 2eMt +/ eI .1 dr.
0 B.,\"
Letting 6 — 0, we obtain (5.4). This completes the proof of theorem 5.3. (|

Finally we prove an estimate that has been used in the proof of theorem 5.1.

Lemma 5.4. Assume that V - u = 0 and 6 solves

3,0 +u-V0+APO =0,
SN (5.9)
0(x, 0) = 6y(x).
Letr € [2, 00). Then 6 obeys the a priori estimate: for any integer j > 0,
2711861111 < C A6l
j—2
+C [HA_IWHL;LW +> ||Amw||L;Lm} 14,01 51
m=0
+Cllollgyre | 140010+ D 2" P A0l + D 2970 AL |- (5.10)
m<j—2 k>j—1
In particular,
29118001 < C 6ol (1+ ol o + G+ Dl i) - (5.11)

Proof of lemma 5.4. Applying A; to (5.9) and taking inner product with A;6|A ;0 "2, we
obtain
%;—IHAJ-OH’U +f A0 A0 2APOdx = — / AOIA 0] Aj(u - VO) dx. (5.12)
The dissipative term obeys the lower bound (see [11,41])

/A,@ |A;02AP0dx > C 2% A0,
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Using the notion of para-products, we write
Aj(u -VO) =Jn+Jip+ Jiz+ Jis+ Jis,
where

Ji = Z [A;, Sk—1u - V]IALO,
[j—kI<2

J]z = Z (Sk_lu — Sju) . VAjAkQ,
[j—kI<2

Jiz=Sju-VA;0,

Ju= ) DA VSieih),
lJ—kI<2

Jis= ) Aj(Awu- VAWD).
k=j—1

Since V - u = 0, we have
/ Ji3|A;01"2A ;0 dx = 0.
By Holder’s inequality,

'/ TnlA07 22,0 dx| < 10l 14,0057

We write the commutator in terms of the integral,

Jiu = / Qj(x = ¥) (Se—1u(y) — Sg—1u(x)) - VA (y) dy,

where ®; is the kernel of the operator A; (see the appendix). By Young’s inequality for
convolution,
Il < WX P )l IVSj—qullze VA ;O

< X Wo )l IVSj—ulli= 1401l

=CVSj_iulle= 14,01z,
where we have used the definition of ®; and Bernstein’s inequality (see the appendix) in the
second inequality above. By Bernstein’s inequality,
V2l < CllAjullz=IVA;0| 1

S CIVA ull~ 14;01

S Cllollz= 140153

1Jiallr < ClAjullp=IVS;—10| -

<

<CIVAuls D 2" )AL
m<j—2

<Clolle Y 2" [Au0] L

m<j—2

sl <C Y 290 VAl e[| AO e
k>j—1

<Clolle Y 2970 1AL
k>j—1
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Inserting the estimates above in (5.12), we have

d .
g 18401+ C27N1A;0)r < CIVSjull= 14,001

+ Cllolls | 1401+ Y 2" 1Au0ll + D 2970 A0 1

m<j—2 k>j-1

Integrating in time, taking L! and multiplying by 2%/, we obtain (5.10). This completes the
proof of lemma 5.4. ]

Appendix A. Functional spaces and Osgood inequality

This appendix provides the definitions of some of the functional spaces and related facts used
in the previous sections. In addition, the Osgood inequality used in the proofs of theorems 5.1
and 5.3 is also provided here for the convenience of readers. Materials presented in this
appendix can be found in several books and many papers (see, e.g., [4,5,34,38,40]).

We start with several notation. S denotes the usual Schwarz class and S’ its dual, the
space of tempered distributions. To introduce the Littlewood—Paley decomposition, we write
foreach j € Z

Aj={geR?: 2771 g <2/,

The Littlewood—Paley decomposition asserts the existence of a sequence of functions
{®;}jez € S such that

suppd; C A;, B(E) = B7VE) or P;(x) = 2/0Pp(27x),
and
0 1, if&eR\ {0},
Zcbj(g):{o ;fé‘io \ {0}
j==00 ' )

Therefore, for a general function ¢ € S, we have

Y ®E)YE) =vE) forg e R\ (0).

j=—00

We now choose W € S such that

VE) =1-) @;¢), &eR’
=0
Then, for any ¥ € S,

o0
U+ dixy =1y
j=0
and hence

\I/*f+Z<I>j*f=f (A1)

j=0
in &’ for any f € §'. To define the inhomogeneous Besov space, we set
0, if j <=2,
Ajf =1V f if j =-1, (A.2)
D x f, if j=0,1,2,---.
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In addition to the Fourier localization operators A ;, the partial sum S; is also a useful
notation. For an integer j,

j—1
Si= Y A

k=—1

For any f € &', the Fourier transform of S; f is supported on the ball of radius 2/. It is
clear from (A.1) that S; — Id as j — oo in the distributional sense.

Definition A.1. The inhomogeneous Besov space B,, , with s € Rand p, g € [1, o] consists
of f € § satisfying
I £llss, = 127114 fllzellie < o0,
where A f is as defined in (A.2).
We have also used the space—time space defined below.

Definition A.2. Fort > 0, s € Rand 1 < p,q,r < 00, the space-time space Z;B;‘w is
defined through the norm

1Az sy, = 12708 fllzieellia-

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions and
these inequalities trade integrability for derivatives. The following proposition provides
Bernstein type inequalities for fractional derivatives.

Proposition A.3. Leta > 0. Let 1 < p < g < o0.
(1) If f satisfies
supp f C {5 e RY : [£] < K2},
for some integer j and a constant K > 0, then
=AY Flloen < CL2 G0 £l o).
(2) If f satisfies
supp f C {§ € R : K12/ < [¢] < K»2')
for some integer j and constants 0 < K| < Ky, then
C1 22| fllomsy < N(=D)* fllzoey < Co 224G fll oy,
where C and C, are constants depending on o, p and q only.
Finally we recall the Osgood inequality.
Proposition A.4. Let a(t) > 0 be a locally integrable function. Assume w(t) > 0 satisfies

/-oo ! dr = oo.
0o w(r)

Suppose that p(t) > 0 satisfies

p(1) < a+/ a(s)w(p(s)) ds

fo

for some constant a > 0. Then ifa = 0, then p = 0; if a > 0, then

—Q(p(1) +Q(a) </ a(r)dr,

I ar
Q(x):/ S

where
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