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FRENET IMMERSED FINITE ELEMENT SPACES ON
TRIANGULAR MESHES

YUANHUI LIN, XU ZHANG, AND TAO LIN

Abstract. In this paper, we develop geometry-conforming immersed finite element (IFE)
spaces on triangular meshes for elliptic interface problems. The construction is built on
a Frenet—Serret mapping that transforms a smooth interface curve into a straight line, so
that the interface jump conditions can be imposed exactly. Extending the framework of
[9] from rectangular meshes to triangular meshes, we introduce three types of high-order
Frenet-IFE constructions: an initial construction using monomial bases, a general con-
struction using orthogonal polynomials, and reconstructed IFE bases designed to improve
the conditioning of the mass matrix. The approximation properties of these new IFE
spaces are investigated through extensive numerical experiments. We also incorporate the
new IFE spaces into interior penalty discontinuous Galerkin methods for solving elliptic
interface problems, and demonstrate optimal convergence rates in H'- and L?- norms.

Key words. Interface problems, Immersed finite element, Frenet mapping, Triangular
mesh, Conditioning.

1. Introduction

In this paper, we develop a high-order geometry-conforming immersed
finite element (GC-IFE) on triangular meshes for the second-order elliptic
interface problem:

(1.1) ~V-(BVu)=f, in Q UQT,

(1.2) u=g, on Of.

Here,  C R? is a polygonal domain separated by a smooth interface I' into
two subdomains Q= and Q7. The coefficient function 3 is discontinuous
across the interface. Without loss of generality, we assume that it is a

piecewise constant g+ = S*. The solution u is assumed to satisfy the
following interface jump conditions:

(1.3) [u]p =0, onT,
ou
(1.4) |[B(9nﬂ ) =0, onT,

where [v]p := vT|p — v~ |p is the jump across the interface, and n denotes
the unit normal on T' from Q= to Q. As described in [6, 7, 14], with the
intention of constructing a high-order P,,, IFE space, we further assume that
the solution u satisfies the Laplacian extended jump conditions:

y
(1.5) ﬂﬁam‘ﬂ -0, j=0,1,---,m—2.
I
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The interface problem (1.1) - (1.5) arises widely in science and engineering
applications. The Immersed Finite Element (IFE) method [15, 16, 20, 22, 23,
25, 26, 27] is a class of numerical techniques designed to solve such problems
without requiring the mesh to align with the interface. Its key idea is to
modify the local shape functions only on interface elements according to the
prescribed jump conditions, while leaving the finite element space unchanged
on regular elements.

Traditionally, local IFE functions are constructed as piecewise polynomi-
als on subelements separated by the interface. For low-order IFE spaces
[13, 18, 21, 24], the interface can be adequately represented by a linear ap-
proximation, and the associated IFE spaces are built accordingly. However,
for high-order IFE spaces, such a linear approximation becomes insufficient.
When the interface is an arbitrary smooth curve, the jump conditions can-
not be enforced exactly because polynomial pieces cannot match perfectly
along the interface curve. As a result, the jump conditions are often imposed
on the interface curve only in a weak sense. Examples include least-squares
enforcement of the jump conditions [6, 10, 11, 12], Cauchy extension [3, 14],
and enforcement of jump conditions at selected points [2, 4, 17]. While
these approaches yield IFE spaces with sufficient approximation capabil-
ity, the resulting spaces are geometrically nonconforming, meaning the local
IFE functions generally do not lie in H!. This drawback has two main
ramifications. First, an appropriate penalty must be incorporated along
the interface to mitigate the effect of the inherent discontinuity of the IFE
functions [3, 28], which consequently increases the complexity of the IFE
scheme. Second, the coexistence of discontinuity and penalty terms along
the interface poses additional challenges for the associated error analysis.

Recently, a geometrically conforming IFE space was introduced on rect-
angular meshes [7]. This construction uses the Frenet-Serret transformation,
an idea from differential geometry, to map an arbitrary interface curve in
the Cartesian z-y plane into a straight line segment in the Frenet coor-
dinates n-£. Although standard tensor-product polynomial spaces Q,, are
used on Frenet reference elements, the corresponding IFE shape functions
on the physical element are no longer piecewise polynomials because of the
nonlinearity of the Frenet mapping. Nevertheless, these new IFE functions
preserve continuity inside each interface element, which makes the result-
ing space geometry-conforming. In [9], the approximation properties of the
IFE spaces were theoretically established and the optimal a priori error es-
timates for immersed discontinuous Galerkin solution were proved. In [8],
some reconstruction techniques for Frenet-IFE bases were further developed
to improve the conditioning of the associated mass matrix.

The Frenet-IFE framework [7, 8, 9] has so far been developed exclu-
sively for structured domains discretized by rectangular meshes. This re-
striction limits its applicability, since many practical problems involve do-
mains with complex geometries. In particular, rectangular meshes cannot be
constructed on non-rectangular polygonal domains or domains with curved
boundaries. In contrast, triangular meshes provide much greater flexibility.
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They can naturally conform to complex boundaries, and enable efficient local
mesh refinement. These advantages motivate us to generalize and extend the
Frenet-IFE framework from Cartesian rectangular meshes to unstructured
triangular meshes.

This paper is strongly influenced by, and builds upon, the developments in
[8]. We present three approaches for constructing high-order, geometrically
conforming IFE spaces on triangular meshes. The first approach, referred to
as initial construction, uses (m + 1)(m + 2)/2 monomials forming the basis
of P,,. Thanks to its simple structure, m(m+1)/2 of the resulting IFE basis
functions can be written down explicitly, while the remaining m + 1 func-
tions are determined by solving a small linear system. The second approach,
called general construction, uses orthogonal polynomials to build IFE basis
functions, providing a more flexible framework. The third approach, named
reconstruction, modifies the Frenet IFE basis to achieve optimally condi-
tioned mass matrices, which is crucial for numerical stability, especially for
time dependent problems.

The remainder of the paper is organized as follows. Section 2 reviews
the necessary notations, the Frenet transformation, and related results pre-
viously established for rectangular meshes. Sections 3 and 4 present the
initial and general constructions of the Frenet-IFE basis functions on trian-
gular meshes. In Section 5, we apply the reconstruction strategies [8] to IFE
basis functions on triangular meshes for improving the conditioning of mass
matrices. In Section 6, we report numerical results for the L? projection
and discontinuous Galerkin approximation of the elliptic interface problem.
Finally, Section 7 provides some concluding remarks.

2. Preliminaries

In this section, we review some notation for Frenet transformation and
recall related results for the rectangular meshes previously presented in [7,
8, 9.

Let 75, = {K} be a shape-regular triangulation of €2 that is independent
of the interface I'. We call K an interface element if K N\T'#(), and denote by
’7717; the collection of all interface elements. The set of noninterface elements
is then 7," = T, \ T

Let T' be a smooth interface in R?, parametrized by

(2.1) 8(6) = [91(6), 92(&)] : [&. 6] — R™.

The Frenet—Serret apparatus associated with g(£) consists of the unit tan-
gent vector 7(&), the unit normal vector n(§), and the curvature (&) defined
by

g (9)TQg"(€)

@1 @)= FGIE

n(§) = Q7(E), k()=

where
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The mapping Pr : (n,£) — (x,y) is defined by

(n, E)}
s = f— P 5 = + n .

(1.6 = |10 8] = Pel1.6) = 5(©) + 1m(©

It is well-known [1] that I" has an e-tubular neighborhood
NF(E) = PF([_ev 6] X [gsyfe])

within which the transform Pr is a bijection. Hence its inverse
(2'3) Rr = PI‘_l : NF(G) — [_67 6] X [gsafe]
is well defined such that

n| _ (n(zy)| _

¢ = [E)] - meen
For sufficiently small mesh size h, every interface element in 7y lies inside
Nr(e). Consider an interface element K € 7, with vertices Ay, Ag, and As,

and 1613 RF(AZ) = [771,61] Let fO,K = min {éz} and 517[( = maX {61} We
1<i<3 1<i<3
form a fictitious element K containing K, with two curved edges parallel to
the interface I and two straight edges. By applying the inverse mapping, the
interface triangle K becomes a curved triangle K = Rp(K) C Kp. A key
feature of the Frenet mapping is that the interface segment I'y, = I'N K
is mapped to the vertical line segment ', = Rr(I'k,.) in the (n, £)-plane.
See Figure 1 for an illustration.

I3

e _

— | Kp K}

=

Ry

FIGURE 1. An illustration of an interface triangle K and its
Frenet-mapping.

Using this coordinate transformation, every function v : Nr(e) — R is
associated with the following function of the Frenet coordinates:

(2.4) 0 =vo Pr:[—€€ X[, &] = R.
Moreover, the interface jump conditions in (1.3)-(1.5) are transformed to
(2.5) [ily, = o,
2. 3 =
(2.6) [
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where the Laplacian in Frenet coordinate is given by
(2.8) L(1(1,&)) = Ty +Jo(n, &) tge(n, &)+ J1(n, §)tn(n, §) + J2(n, §) e (1, €)
with

Jo(n:€) = p*(n,€),  Ti(n,€) = w(E)p(n,),

2.9 '"€)-g"

(29) 20.6) = .6) (wOwin. 0 F £ ELE).

and 1
P(ﬁaf) = Hg/(£)||_l¢(77a£)v @5(77,5) = m

Following the ideas in [5], the extended jump conditions (1.5), rewritten
in Frenet coordinates as (2.7), lead to the following weak jump conditions
on 'k

(2.10) / o [[Bagz(a)]] CdE=0, VoEPu_o;(Tk,),
Irp Tkp
for j=0,1,--- ,m—2.
On each Frenet reference element Ky we construct the piecewise polyno-
mial space
(2.11)

VI (Rp) = {¢3 Kp > R: §|ps € Py, & satisfies (2.5),(2.6), and (2.10)}.
F
where P, is the polynomial space of order no more than m. The local

geometric-conforming IFE space on the original interface triangle K is de-

fined by

(2.12) VI(EK) = {(Z)oRp]K: &evg(m)}.
Then the global P,, GC-IFE space is defined as
(2.13)

VE(Th) = {v e L*(Q) 1 v|kx € VFI(K), if K € Tjv € Ppy(K)if K € T} .

In the following three sections, we introduce several strategies to construct
Py, GC-IFE space Vi'(K) on interface triangles.

3. Initial Construction of IFE Spaces on Triangles

The first strategy to build P,, Frenet-IFE spaces on triangles follows the
initial construction of the Q,, Frenet-IFE spaces on rectangular elements in
[7]. We begin by constructing a monomial basis in P, in Frenet coordinates
n-€ on Kp. Then, through a change of variable with the Frenet transform,
we obtain a set of IFE basis functions on fictitious element Kp. Finally, the
Frenet IFE functions based on P, polynomials are obtained by restricting
these functions on Kp to the trianglllar interface element K.

Let {pi(§)}", be a basis of Pp,(I'k,) with deg(p;) =4, 0 < i < m. It
is straightforward to verify that the following polynomials form a basis for
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po(§)
S e
(3.1) gz(f) np1 " DPo

(&) wPpi€)  nPpo()

Pnl€) Mmr(€) Poma©) Poms©) - 1polE).

There are l,,, = (m — 1)m/2 polynomials in columns 3 through (m+1) of the
table (3.1). For convenience, we denote these basis polynomials by N;(7, €)
with ¢ =1,2,---,1, where

N1 = 1*po(€)
N = n?p1(€) N3 =1po(€)

Mop=m+2 = 1°Pm—2(&)  Nip—mt3 = 1°pm-3(&) -+ N, =1"po(€)

Following the same argument used in proving Lemma 3 of [7] we obtain the
analogous result for P, polynomial spaces.

Lemma 3.1. The piecewise polynomials

N 1, . . .
32 ¢i;(n.€) = E??ij(f), 1<i<m, 0<j<m—i
satisfy the interface jump conditions (2.5), (2.6), and (2.10).

As stated in Lemma 3.1, the functions ¢; ; in (3.2) provide m(m + 1)/2
IFE shape functions on the Frenet fictitious element Kp. We now describe
the construction of the remaining m + 1 IFE shape functions.

Using the basis in (3.1), we can expand ¢*(1,€) € P, (K%), s = + as
follows:

m m—k m m—k m
$(n,6) =) (Z Ci,m%z(é)) => (Z Ci,mz(f)) => 1"pi(9),
1=0 1=0 k=0

k=0 \ = k=0
where
m—k .
P& =" Cimi(©) € Poi(Dk,).
1=0

Following the idea of Lemma 1 in [7], we obtain the unisolvency property.

Lemma 3.2. Given a polynomial @5(77,5) € Pm(Kf,), there exists a unique
¢* (n,€) € P (K3 such that the piecewise polynomial ¢ defined by

n _ Qg_("?aé)v (%f)ekg,
o) = {é*(n,é), (1,€) € K.

satisfies the jump conditions (2.5), (2.6) and (2.10).
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For ¢ = 0,1, --- ,m, Lemma 3.2 implies that an IFE shape function can
be constructed in the form
$oi(n,€) = pil9), (n,€) € Ky,

(3.3)  doi(n. &) =1 . m m—k R
i) = 3 (5 cm@). w9 ek
where coefficients C,jl, 0 <l <m-—k, 0 <k < m are chosen so that

QASo?i(n@) satisfies the interface jump conditions (2.5), (2.6), and (2.10). The
jump condition (2.5) implies that

pi(€) = dy,(0,€) = ¢5,(0,6) = ZC,pl ), V€ €Tk,

Hence, we should have

and

Then, the jump condition (2.6) implies that

2 000,(0,6) _ ., 000,(0,6) R
0=p—5 = =B —5— =2 Cim(©.

Hence, Cfrl:(), 0<lI<m-—1,and

m—k
G ) = +zn (Zo@pz@))
(=0

lm

&+ Y CiNin, &), 0<i<m.

=1

(3.4)

We now use the jump conditions (2.10) to derive the formulas for computing
the coefficient Cj, | = 1,2,---,l,. These can be uniformly written as

follows:
Im 8J
; ( /F . pi(€) (Wﬁf (Nl(o,f))) dg) C

S e (e ae

for 0<k<m-2-40<j<m-2.

(3.5)
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The linear system of {,, = (m — 1)m/2 equations (3.5) about the coeffi-

cients Cli, l=1,2,---,l, can be written as
, 3— _ B+
(3.6) Ac) = ub(z’)
B+
where the matrix and right-hand side are defined by
A0 b0 ()
A b(l)(i)
A= . b)) = . ;
A(m—2) b(m-2)(j)
and

A Y]
A = /F pi(©) (anjf (M(o,f») de,

b (i) = /fK Pr(§) (6?7723(%(@)) d€.

The system (3.6) is uniquely solvable, as guaranteed by Lemma 3.2. Once
the remaining m + 1 basis functions qgoﬂ- are determined, together with éw
in (3.2), we obtain all (m + 1)(m + 2)/2 basis functions. The local space is
therefore

(3.7) VI (Kp) :Span{(ZA)m' 0<i<m0<j gi}.

Remark 1. The construction developed above closely follows the construc-
tion of Frenet IFE spaces on rectangles presented in [7]. A key advantage
of this approach is that the majority of basis functions can be constructed
explicitly via (3.2). For a polynomial space of degree m, m(m + 1)/2 of
the (m+1)(m + 2)/2 basis functions can be written explicitly, and only the
remaining m + 1 basis functions are obtained by solving a [, X [, linear
system (3.5).

Remark 2. Moreover, letting

$1(n,€) = po(&), d2(n,&) =p1(€), $3(n,€) =npo(&)/B(, &),
we can easily show that
(38) VE(KF) = Span {gfgl, g?)g, (;33} .

Consequently, the local P; Frenet IFE space on an interface element K has
the following explicit expression, no numerical calculation is required.

(3.9) Vi(K) = {Q% o Rr|k, ¢20 Rr|k, ¢3 ORF|K}-

This is in contrast to the P; IFE space [24] whose basis functions have to
numerically determined on every interface element.
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Remark 3. The Frenet—IFE shape functions ¢ are geometrically conforming;:
the pieces ¢ and ¢~ match along the entire interface curve within the
element, as shown in the left plot of Figure 2. In contrast, classical P; IFE
shape functions [24] enforce continuity only at the two intersection points
where the interface cuts the element edges.

08
08
o8 02 o8
“os R o5
“oa o4
/ 02
02 K r 02
’ . o e 4,
Y o L o

FIGURE 2. A comparison of Frenet-IFE shape function (left)
and a classical P; IFE shape function (right)

4. General Construction for Frenet-IFE Basis on Triangles

It is known that monomial bases tend to produce ill-conditioned linear
systems, particularly when the polynomial degree becomes large. For exam-
ple, using the basis {z° M, to compute the L? projection onto P,, leads to
a Hilbert matrix, whose condition number grows rapidly and is notoriously
unfavorable for numerical computation. In contrast, orthogonal polynomial
bases, such as Legendre polynomials, often yield much better conditioned
systems due to their intrinsic orthogonality and reduced numerical coupling
among the basis functions. These considerations motivate the use of more
general and computationally robust bases when constructing the GC-IFE
space Vi'(K).

4.1. General Construction of GC-IFE Basis. Following the construc-
tion in [8], we define a set of polynomials {R; : 1 <[ < (m+ 1)(m + 2)/2}
as follows

(4.1) )
n §-¢
Rty s)(trs+1)/24t41(10:€) = & ) 0<t<m,0<s<m-—t

where o = po = 1, and deg(qt) =t, deg(ps) = s when s,¢ > 1 and such that
¢1(0) =0, ¢(0)=¢;j(0)=0, 2<i<m.

It is straightforward to verify that Let {Rl}fgl form a polynomial basis for
the space Py, (KF) in the (1,§)-coordinates where d,,, = (m + 1)(m + 2)/2.
We construct a set of basis functions {A; : 1 < j < d,,} on the Frenet
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reference element K of the following form:

dm
=1

(4.2)  A(n,&) = 1< <dp

i
A (,8) =) CHRi(n, &), n>0,
i=1

The coefficients C’i:; are to be determined so that 5\]- satisfies the interface

jump conditions on r K- These conditions give rise to the following system

of equations:
dm §1,K N
| room@©d)c;
i—1 §o0,K

(4.3) ;m o
:; (/&K Ri(o,é)pk(i)ds) Cy, k=01,...,m.

81K
/ 9y Ri(0,&)pk(8) d§> eht

&1,K
/ 877Ri(0,§)pk(§)d§> CZ-;, k=0,....,m—1.

§1,K
/ 9L (Ri(0,€))pk(€) dé) i

(4.5) — & (e
jz(/ a;;g(Ri(o,é))pk(f)dé> Cijs

K

k=0,...m—2—-n, n=0,...,m—2.

Let C;—L denote the column vector consisting of Ci? for 1 <i<d,, Then
the linear system (4.3)-(4.5) can be written in the following matrix form

o
(4.6) ACT = JAC;
where A is the coefficient matrix associated with (4.3)-(4.5), and
) ]-7 577 T 67)

Ch Chs
is a diagonal matrix whose first m + 1 entries equal 1 and the remaining
(d, — m — 1) entries equal 3~ /87.

The existence and uniqueness of GC-IFE basis functions imply that,
for each fixed j, the vector C;-r is uniquely determined from (4.6) once

J = diag(1,1,---

C; is given. Thus, given any basis 5\; 1<j5<dy of Py, on K}, the

extension mapping (4.6) uniquely determines the corresponding functions
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5\; :1<j5<dyon IA(; In this way, the complete set of local GC-IFE basis

functions 5\j (n,€), 1 <j <d,p, is generated.
Let C* = [CF,CF, ..., C’C:ltm] denote the coefficient matrices. Then (4.6)
is equivalent to the matrix identity

(4.7) ACt = JAC™.

In practice, one may select any nonsingular matrix C~ and compute CF
directly from (4.7); or conversely, prescribe C and compute C~.
Using the general construction, the local space can be written as

(4.8) f/gl(f(p) = span{j\j 1<j< dm}.

Remark 4. As discussed in [8], the initial construction of the Frenet-based
IFE basis functions ¢;; presented in Section 3 arises as a special case of this
more general GC-IFE framework. The formulation introduced here therefore
not only unifies the two constructions but also provides greater flexibility
in selecting polynomial bases that may improve conditioning and numerical
performance.

4.2. Efficient generation of matrices and vectors. Next we present an
approach to efficiently generate local mass and stiffness matrices and source
vectors on a triangular interface element using GC-IFE basis functions.
Let {j\j(n,g) :j =1,2,--+ dp} be a basis for the reference Frenet space
f/gb(f{}?) via general construction. Then {\; := Xj 0 Rr,j = 1,2, -+ ,dp} is
a basis for the local GC-IFE space V™ (K) on an interface element K. The

local mass matrix Mg = (m;;) can be written as
(4.9)

mij = /K )\iAjdX = /[\((5\2 ¢} RF)(;\j o Rr)dx = Z / S(}\Z o RF)(S\]’ o Rp)dx.
s=+

On each piece K*, the integration (4.9) is approximated by numerical quadra-
tures, i.e.,

(4.10)

Qo

mij ~ w,‘z ()\z o RF(Xz)) ()\J o RF(Xz)) = wz)\z(fiz))\](f(z),
s=+ k=1 s=+ k=1

where wy and xj are quadrature weights and nodes on K* and ny is the
number of quadrature points on K*® in a certain quadrature rule. Note that
K? is either a curved triangle or quadrilateral. The Stroud quadrature rule
introduced in Section 3.2 of [8] for rectangular meshes is also applicable in
this case. .

Denote the Vandermonde matrices associated with the basis A\; and the
basis R; of P, to be

n‘;,dm

N nd.dm s s
1) vi= (&) T L L= (RED), s= =
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Then the relation (4.2) implies V* = L*C®. The mass matrix Mg on the
interface element K can be approximated by My , of the following form

S dm
g
Mg~ Mig= | > wiki(i)A(%7)
(4.12) s=% k=1 ij=1
_ (VS)TWSVS _ Z(CS)T(LS)TW&LSCS'
s== s==+
where W* = diag(wf, w3, - - - ,w;?LZ) is the diagonal matrix consisting of quad-

rature weights.

Remark 5. The notation M , emphasizes that the approximation depends
on the quadrature rule used for integration.

Remark 6. The procedure in (4.12) yields an efficient approximation of the
element mass matrix M, because the matrices L® are assembled by evalu-
ating the standard polynomial basis functions R; at the quadrature points
X, rather than using piecewise polynomials. After the coefficients of the
GC-IFE shape functions C* are computed, the mass matrix M is obtained
by standard matrix multiplication.

The construction of the local right hand side vector fx on an interface
element follows a similar procedure. In fact,

(4_13) frr ~ fK,q = Z(VS)TWS s _ Z(CS)T(LS)TWSI.S’
s==+ s=%
where
S S S S T
v = () SOx) s flx3y))
This approach is applicable to the stiffness matrix S as well. The entries
of Sk = (S;j) can be written as

(4.14) Sij = / BV)\z . V)\jdX = Z ,BSV(/A\l e} RF) . V(j\j o Rp)dx.
K

s=+ K>
Note that
ng
Sij = wi B*V (A o Rp(x})) - V(Aj o Rr(x}))
s=% k=1
(4.15) s
= Wi B° (Ni(Z2)Ajn (83) + p° Mg (B7) A€ (2)).-
s== k=1
Denote the Vandermonde matrices:
Vs B 5\ "5 ngadm VS N ~ ~s n;,dm
no ( ”"(Xk)>k:1,z‘:1’ &€ ( i’g(xk))kzl,izl
and
~ nd.dm “ nd.dm
Ly = (RigXi))Lyizr s Li=(RieXp))hliiz, s==
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Then the stiffness matrix Sx can be approximated by Sk , which can be
written as

SK,q — Z (/BS(VS)TWSV;?S + ﬁsp2(‘/£s)TWs‘/§s)
(4.16)
_ Z (55 Cs LS)TWSLSCS +6$ Z(Cs) (LE)TWSLECS>

Once again, the generation of the stiffness matrix requires the evaluation
of the first derivative of the polynomial basis R; at the quadrature points.

5. Reconstruction of Frenet-IFE Basis on Triangles

The GC-IFE bases in the general construction (4.2) focus primarily on
enforcing the jump conditions, but not on computational performance when
used to approximate interface problems. In this section, we introduce two
reconstruction approaches that significantly improve the conditioning of the
GC-IFE mass matrix and enhance computational performance.

We write Frenet IFE basis function 5\j via general construction as follows

We include Cj_, C;r in the basis functions to emphasize that these bases can

be completely determined by C’; , CJJT once the regular basis R; for P, is
chosen. .

We aim to introduce a reconstructed Frenet IFE basis A so that the re-
sulting mass matrix is optimally conditioned. To start, we denote the basis
of V(K ) by

B(C)=B(C™,C") :={\(n,& C;,CH) =1, dm}.
We first recall the Lemma 1 from [9]:
Lemma 5.1. Let B(C) be a basis of f/g‘(ffp) and let Q) be a nonsingular

matriz of size dpy X dy, then B(CQ) is also a basis of ]A/é"(f(p)

Let C = CQ. By (4.12), the mass matrix M(B(C)) associated with the
basis B(C) = B(C—,C*) = B(C~Q,C*Q) can be approximated by

My q(B(C) =) (G (L)W L e
s=+

5.1
o1 (C* QT (L)W L C*Q = Q" Mk 4(B(C))Q.

w
Il
e

Hence, we can find a new basis B(C)) such that the mass matrix MKq(B(C’))
is better conditioned than the mass matrix My ,(B(C)). Inspired by [8], we
consider the following two approaches.
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Reconstruction Approach 1. We choose ) such that the mass matrix
becomes the identity matrix. Let V4AV]T = My ,(B(C)) be the singular

value decomposition of the matrix M 4(B(C)) where A denote the diagonal
matrix of positive eigenvalues of MK,Q(B(C)). Let @, = ViA~Y/2and ¢V =
C(Q1. Then we have

M q(B(CW)) = Mic o(B(CQ1)) = Qf M (B(C))@

5.2 X
(5:2) = AV My ((BIO)YATY2 = 1y v,

This approach transforms the GC-IFE basis B(C) into an orthonormal
basis B(CM)) with respect to the L? inner product and the chosen quadra-
ture rule. We denote this reconstructed basis by

(5.3) B(CW) = B(C™Q1,0%Q1) ==\ 1 j =1, dpn}.

The resulting approximate mass matrix Mg 4 (B(CM)) achieves the optimal
condition number in theory. In actual computation with finite precision, the
conditioning could be affected slightly as we can see in next section.

Reconstruction Approach 2. The second approach uses a factorization
of Mk 4(B(C)) as follows. Let ny = n, +n/, and combine the quadrature
points and weights:

- +
{Gerowr) }1e = {5, wi) bty UG wid) by

then, by (4.12) we can express M ,(B(C)) as

(5:4) Miq(B(C)) = V(B(C)"WV(B(C)),

with W' = diag(w1,ws, ..., wy,), and V(B(C)) is the generalized Vander-
monde matrix of the basis functions B (C) in with entries x,, 1 < r < ng,
ie.,
Veg(B(C)) = Aj(xr),  1<r<ng, 1<j<dn.
Let V(B(C)) = W'/2V(B(C)), then we can factorize the matrix My ,(B(C))
as follows ) o o
My (B(C)) = V(B(C)'V(B(C)).
Assume that ny > d,,, we can compute the reduced SVD
V =UnVy,
where Us is an ng X d,, matrix and X, V5 are d,,, X d;;, matrices. Let Q2 =
Va2 ~1 and € = CQ,, then we obtain the second reconstructed basis

(5.5) B(C®) = B(C™Qa, CFQ2) == (AP =1, dy}.
The associated mass matrix is
M o(B(C™Q2, C*Q2)) = QF M 4(B(C))Q2
=S VIVIVRE T = Iy, v,

Both reconstruction approaches make approximate mass matrix optimally
conditioned. Moreover, when the eigenvalues of My 4(B(C)) are distinct and
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computations are exact, the two approaches are mathematically equivalent.
In this case, they generate the same GC-IFE basis, i.e.,

B(cW) = B(C®?)
up to signs of the corresponding basis functions.

Remark 7. In finite-precision computations, the two reconstruction approaches

N

behave slightly differently. The condition number of Mg ,(B(C)) is the
square of the condition number of V(B(C)) since A = %2. As a result,

M K’q(B (C)) is typically more ill-conditioned than V', and the numerical ac-
curacy of the SVD in reconstruction approach (and therefore of (1) is lim-
ited by round-off errors in the small singular values of Mg ,(B(C)). Conse-
quently, the matrix ()1 obtained numerically may deviate substantially from
its exact counterpart. In contrast, the SVD of V(B(C)) in reconstruction
approach 2 is less sensitive to round-off errors because V has a much smaller
condition number. Thus the transformation matrix ()2 is generally more ac-
curate. These results are consistent with the reconstruction for GC-IFE

basis for rectangular elements [8].
6. Numerical Experiments

In this section, we present a set of numerical experiments to demonstrate
the performance of the geometrically conforming immersed finite element
spaces on triangular meshes.

We consider two types of computational domains. In the first three ex-
amples, the computational domain is a square and structured Cartesian
triangular meshes are used. In the fourth example, we consider a hexagonal
domain on which general unstructured meshes are used, see Figure 3.

In the first three examples, the computational domain is set to be a square
Q = (—1,1)? with a circular interface I' = {|x| = 7o} where rg = 1/V/3,
which partitions € into two subdomains Q= = {|x| < 7o} and QF = {|x| >
ro}. The diffusion coefficient B(z) is piecewise constant 5(x)|5 = 8+ where
B~ =1 and BT is varied in the tests.

The exact solution is given by:

1
— cos(m|x/|?), x €N,

— cos(m|x|?) + cos(mrd <—>, x €O,

B+ ( | ‘ ) ( U) /87 ,8+
which satisfies the interface jump conditions (1.3)-(1.4) as well as the Lapla-
cian extended jump condition (1.5). We examine three types of basis:

{5\1-}?;”1 from general construction, {5\51)}?;”1 from the Reconstruction Ap-

proach 1, and {5\1(»2)}?;"1 from Reconstruction Approach 2. Polynomial de-
grees up to m = 9 are tested.

Numerical tests have been carried out on both structured and unstruc-
tured triangular meshes; see Figure 3 for representative examples. Since the
results are comparable, we only report the data obtained from unstructured
meshes, which are generated using the MATLAB PDE Toolbox.
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FIGURE 3. A structured triangular mesh of a rectangular
domain and an unstructured mesh of a hexagonal domain.

6.1. Conditioning of Mass and Stiffness Matrices. We first inves-
tigate the conditioning of the mass and stiffness matrices associated with
different choices of basis functions. Local mass matrices are computed on
all interface elements of a structured 10 x 10 triangular mesh, and the max-
imum condition number over all interface elements is reported in Table 1.
Three types of basis functions are considered. For the general construction,
the condition numbers grow rapidly as both the polynomial degree and the
jump ratio increase. In contrast, both reconstruction approaches appear less
sensitive to these variations. In particular, the Reconstruction Approach 2
demonstrates superior robustness at higher polynomial degrees. When the
degree exceeds 7, the condition numbers associated with the Reconstruction
Approach 1 increase noticeably, whereas those of the second reconstruction
remain well controlled.

TABLE 1. Largest condition number of local mass matrices
among all interface elements on a structured 10 x 10 trian-

gular mesh.
max {Cond(Mg) : K € T;}
m Bt =10 Bt =100 Bt = 1000
General RA1 RA2 General RA 1 RA 2 General RA 1 RA 2

1 5.42E+02 1 1 5.25E+04 1 1 5.25E+06 1 1
2  1.19E405 1 1 1.24E+07 1 1 1.25E+09 1 1
3 147E+07 1 1 1.56E+09 1 1 1.57TE+11 1 1
4 1.06E409 1 1 1.25E+11 1 1 1.28E+13 1 1
5 4.18E+11 1 1 5.89E+13 1 1 6.58E+15 1 1
6 4.13E+13 1 1 2.67E+15 1.18 1 2.60E+17 2.59E+01 1
7 4.20E+16 1.27E+01 1  1.15E+19 1.04E+404 1 3.07TE+19 2.06E+05 1
8 6.22E+18 2.22E+04 1  2.56E+19 2.02E+07 1 3.31E+21 2.91E+08 1
9 2.89E+21 1.55E4+07 1 6.49E+21 5.23E+08 1 3.75E+22 1.24E+11 1

Table 2 reports the conditioning of the global mass matrices. Since the
global mass matrix is block diagonal, its condition number equals the max-
imum condition number among all elements in the mesh. For each polyno-
mial degree 1 < m < 9, we report the condition numbers on three different
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meshes. When N = 10, i.e., using the structured 10 x 10 triangular mesh,
the condition number obtained from the general construction coincides with
that in Table 1, since the largest condition number occurs on the interface
elements. Moreover, no apparent growth is observed under mesh refinement.
This indicates that the geometric configuration of the interface elements has
a much stronger impact on the conditioning than the element size itself.

In contrast, the two reconstruction approaches yield identical condition
numbers across all meshes for degrees up to m = 5. In these cases, the
condition numbers are determined entirely by non-interface elements, where
an orthogonal basis [19] is employed. For m > 6, the condition number
of the Reconstruction Approach 1 is dominated by the interface elements,
whereas the Reconstruction Approach 2 remains robust. This numerical
experiment confirms the Remark 7.

Table 3 reports the conditioning of the global stiffness matrices S whose
element components are defined in (4.14). Although the reconstruction ap-
proaches are designed to improve the conditioning of the mass matrices, they
also significantly reduce the condition number of stiffness matrices.

6.2. Numerical Experiments on L? Projection. In this experiment,
we examine the approximation properties of the GC-IFE spaces through the
convergence of the L? projection Pju. All three types of IFE constructions
are tested. For polynomial degrees m < 3, the convergence results obtained
using Reconstruction Approach 2 are presented in Figure 4, in both the L?
and semi-H'-norms. For higher polynomial degrees 4 < m < 7, we use
coarser meshes to minimize the impact from round-off errors. The conver-
gence results using Reconstruction Approach 2 are presented in Figure 5.
In both cases, the behaviors of the general construction and Reconstruc-
tion Approach 1 are very similar, and therefore their results are omitted for
brevity. The observed convergence rates indicate that

lu = Prullr2) = O(R™), lu — Prul g o) = O(R™).

As discussed in Section 6.1, for higher-order approximations (e.g. m = 7),
the conditioning of the mass matrices differs significantly among the three
bases. As shown in Figure 6, the accuracy of the approximation based on the
general construction deteriorates significantly, whereas both reconstructed
approaches continue to exhibit convergence.

6.3. IFE-DG Solution for Elliptic Interface Problems. Next, we ap-
ply our GC-IFE spaces in the symmetric interior penalty discontinuous
Galerkin (SIPDG) method for solving the elliptic interface problems (1.1)-
(1.5). Find uj, € V§'(75) such that

Z / BVuy, - Vupdx — Z/{ﬁVuh n} [v,] ds

KeTy e€&}

-3 [65u ) fulds + Z 7 [l flas = [ fundx, v, € V(7).

6681
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TABLE 2. Condition numbers of the global mass matrix M
on structured N x N triangular meshes.
Cond (M)
m N Bt =10 B =100 4+ = 1000
General Rec1l Rec?2 General Rec1 Rec?2 General Rec1l Rec?2
1 10 5.4E+02 4 4 5.3E+04 4 4 5.3E+06 4 4
20 4.7E+402 4 4 4.6E+404 4 4 4.6E+406 4 4
40 3.7E+02 4 4 3.6E+03 4 4 3.6E+06 4 4
2 10 1.2E+05 17 17 1.2E+07 17 17 1.3E+09 17 17
20 3.0E+4+05 17 17 4.0E+07 17 17 4.1E+09 17 17
40 3.5E+05 17 17 4.9E407 17 17 5.0E409 17 17
3 10 1.5E+07 35 35 1.6E409 35 35 1.6E+11 35 35
20 1.1E408 35 35 1.6E+10 35 35 1.6E+12 35 35
40 1.4E+08 35 35 2.0E+10 35 35 2.1E+12 35 35
4 10 1.0E409 46 46 1.3E+11 46 46 1.3E+13 46 46
20 6.5E+10 46 46 9.5E+12 46 46 9.8E+14 46 46
40 8.3E+10 46 46 1.2E+13 46 46 1.3E+15 46 46
5 10 4.2E+11 62 62 5.9E+13 62 62 6.6E+15 62 62
20 1.1E+14 62 62 1.7E+16 62 62 1.8E+18 62 62
40 1.6E+14 62 62 2.3E+16 62 62 2.4E+18 62 62
6 10 24E+14 92 92 4.5E+16 92 92 6.4E+18 3.8E+4+03 92
12 2.1E+16 92 92 3.5E+18 2.2E+02 92 4.6E4+20 3.2E+404 92
14 4.8E+16 92 92 6.7E+18 6.0E+02 92 8.4E+20 6.3E4+04 92
7 10 4.2E+16 125 125 1.2E+19 1.0E+04 125 3.1E+19 2.1E+05 125
12 54E+18 1.1E403 125 7.5E4+20 3.8E4+05 125 1.3E+23 2.3E+07 125
14 3.7E+19 1.0E4+04 125 4.8E+21 3.7E+06 125 1.7E+24 2.5E+08 125
8 10 6.2E+18 2.2E4+04 193 2.6E+19 2.0E406 193 3.3E+21 2.9E+08 193
12 1.4E+22 1.8E+07 193 2.3E+25 1.5E4+09 193 1.1E+25 1.2E+4+11 193
14 2.7E+22 1.3E4+07 193 2.6E+24 2.2E+09 193 2.9E+26 4.7E+11 193
9 10 2.9E+21 1.6E407 285 6.5E+21 5.2E+08 285 3.8E+22 1.2E+11 285
12 9.7E+23 2.3E+4+09 285 5.5E+25 3.4E+11 285 1.9E4+26 2.1E+13 285
14 3.9E+24 5.3E+09 285 6.0E4+26 14E+12 285 5.4E+29 1.0E4+14 285

oL
—] sope=20

°E j slope =3.0
., : slope = 4.0

1160

L2 Projection Errors in L2 norm: RA-2 B=(1,10)
T T T

L2 Projection Errors in H' norm: RA-2 B=(1,10)
T T T T

error

— slope=1.0
ﬁ slope =2.0

E : slope =3.0

L L
1150 1140 1730

h

L L L
1750 1140 1130

h

FIGURE 4. Convergence of L? projection in L? and H' norms
using Reconstruction Approach 2 with degree 1 < m < 3.

Here, the penalty parameter o, is set to be:

2

max

O‘e:O'OIB i
min

9

gy = m2,
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TABLE 3. Condition numbers of the global stiffness matrices
on structured N x N triangular meshes.

19

Cond(S)

m

N gt =10

B+ =100

+ = 1000

General

Rec 1

Rec 2

General

Rec 1 Rec 2

General

Rec 1

Rec 2

10 3.7E+01
20 7.8E+01
40 7.1E+01

1.1E401
1.1E401
1.2E401

1.1E401
1.1E401
1.2E4-01

2.0E+03
5.0E+03
2.3E+03

1.1E4-02
1.0E4-02
1.1E4-02

1.1E+4-02
1.0E+4-02
1.1E4-02

4.0E4-04
1.1E405
3.0E+04

1.1E+403
1.0E+403
1.1E403

1.1E403
1.0E+03
1.1E403

10 4.9E+03
20 1.1E404
40 1.2E404

6.0E+01
8.1E+01
9.8E+01

6.0E4-01
8.1E+401
9.8E+401

4.4E+405
1.3E+06
1.5E+06

5.0E402
7.9E402
9.7E+02

5.0E402
7.9E4+02
9.7E+02

3.5E407
1.2E+08
1.0E+08

4.9E+03
7.8E403
9.7E+03

4.9E403
7.8E+03
9.7E+03

10 4.6E+05
20 7.1E406
40 8.5E+06

2.8E+02
2.8E+02
1.6E+4-02

2.8E+02
2.8E+02
1.6E+02

4.3E+07
9.5E+08
9.4E+08

2.7TE+03
2.7TE+03
1.5E+03

2.7E+03
2.7E+03
1.5E+403

3.2E+09
7.6E+10
7.9E+10

2.7E+04
2.7E+04
1.5E+04

2.7TE+04
2.7E+04
1.5E+04

10 7.4E+07
20 4.3E409
40 4.7E+09

4.8E+02
4.7TE402
6.3E+02

4.8E402
4.7E4-02
6.3E+02

8.1E+09
6.0E+11
5.2E+11

4.4E4-03
4.6E4-03
6.1E+03

4.4E403
4.6E403
6.1E+03

6.5E+11
4.8E+13
2.2E+13

4.4E404
4.6E+404
6.1E+04

4.4E+04
4.6E+04
6.1E+04

10 1.7E+10
20 6.8E+12
40 4.3E+12

7.8E+02
9.4E+02
1.4E+03

7.85402
9.4E+402
1.4E+03

2.0E+12
9.2E+13
1.7E+14

6.4E403
8.7TE+03
1.3E+04

6.4E+403
8.7E+03
1.3E+04

1.8E+14
8.4E+13
6.1E+13

6.3E+04
8.7TE+04
1.3E+05

6.3E+4-04
8.7E+04
1.3E+05

10 8.2E+12
12 2.1E+14
14 2.0E+14

1.7E+03
1.6E+03
2.4E+03

1.7E+03
1.5E+03
2.4E+03

1.0E+14
2.3E+14
1.9E+14

1.4E+04
2.2E+04
1.4E+04

1.4E+4-04
1.3E+04
2.4E+04

2.5E+13
2.8E+14
1.0E+14

2.7E+05
5.9E+05
8.3E+05

1.4E405
1.3E+05
2.4E+05

10 1.9E+14
12 8.5E+13
14 1.3E+14

2.5E+03
2.6E+03
1.3E+04

2.6E+03
2.8E+03
4.7TE+03

9.2E+13
1.3E+14
1.3E+14

1.3E+05
2.2E+06
6.3E+06

2.5E+04
2.9E+04
4.5E+04

9.3E+13
1.8E+14
2.3E+14

5.8E+07
5.3E+07
5.6E+08

2.6E+05
2.9E+05
4.4E+05

10 8.4E+13
12 1.2E+14
14 1.3E+14

6.5E+04
2.1E+07
1.8E+07

4.8E+03
5.8E403
5.4E+03

8.8E+13
1.6E+14
1.5E+14

1.8E+07
6.8E+408
8.1E+408

4.8E+04
6.2E+04
5.5E+04

1.1E+14
1.7E+14
1.7E+14

3.2E+10
5.3E4+09
3.5E+10

4.8E405
6.2E+4-05
5.5E+05

10 9.6E+13
12 1.1E+14
14 1.3E+14

3.5E+07
9.0E+08
3.7E4+09

6.6E+03
1.0E+04
6.9E4-03

1.3E+14
1.4E+14
1.2E+14

1.0E+10
3.8E+10
6.2E410

6.1E+04
1.0E+05
6.7E+04

1.3E+14
1.3E+14
1.4E+14

1.2E+12
6.2E+11
8.56E+11

6.0E+05
1.0E+06
6.7E4-05

error

1 L
132 1128 122

L? Proji

ion Errors in L2 norm: RA-2 B=(1,10)
T T T

L2 Proj

Errors in H' norm: RA-2 B=(1,10)
T T f

3 ﬁ slope =5.0
slope = 6.0
. —

“E : slope =7.0
: slope =8.0
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ok : slope =7.0
|
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L
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FIGURE 5. Convergence of L? projection in L? and H' norms
using Reconstruction Approach 2 with degree 4 <m < 7.

where Bmax = max{A", 5~} and Bmin = min{B*, 3~ }. In Figures 7 and 8,
we present the convergence of SIPDG solutions using IFE bases from Recon-
struction Approach 2. The performance of IFE basis from Reconstruction
Approach 1 is very similar and is therefore omitted. These numerical results
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L2 Projection Errors in L2 norm: m=7, B=(1,10)

L2 Projection Errors in H' norm: m=7, B=(1,10)

error
error

slope =8.0
s | ook slope = 7.0 |
—e—General —e—General
——Reconstruction 1 —s—Reconstruction 1

—e—Reconstruction 2 —e—Reconstruction 2
10

1079 L L L T
1132 1128 1122 118 Ha 110

10 L L ‘ i
1132 1128 1122 18 na 110

FIGURE 6. Convergences of L? projection error in L? and
H' norms using different bases with degree m = 7.

demonstrate that the DG solutions constructed with all three bases achieve
the expected convergence orders in both the L? and H! norms.

SIPDG Errors in L% norm: RA-2 3= (1,10) SIPDG Errors in H' norm: RA-2 3= (1,10)

10f T

oL ]
m‘,___o—"me_r/e//j

=]
slope = 2.0
10—

otk

- ﬁ slope =3.0

slope = 4.0 P 10tk ——P.
1 lope = 3.0 1
107 H| slope =

error
error

ﬁ slope =2.0

s

0% L L 105 . L L ,
1160 1150 1140 ) 1120 o 1160 1150 ) 1150 1720 1o

FIGURE 7. Convergence of SIPDG solution in L? and H'

norms using Reconstruction Approach 2 with degrees up to
3.

SIPDG Errors in L% norm: RA-2 B=(1,10)

SIPDG Errors in H' norm: RA-2 B=(1,10)

Wik j slope =5.0
ﬁ slope =6.0
10
s : slope =7.0
[ P
: slope =8.0 - P
1072 ——"5]

L L L 10 , , ,
1132 128 1122 e Ha o 1132 1128 1122 e na 10

error
error

FIGURE 8. Convergence of SIPDG solution in L? and H'

norms using Reconstruction Approach 2 with degrees 4 <
m <7.

The computational results using general construction are also similar for
low-order polynomials (m < 6). For higher-degree approximation (e.g.
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m = T), we report the convergence of the DG solutions generated from
all three bases in Figure 9. Again, the reconstructed bases exhibit more
robust performance compared with the general construction.

SIPDG Errors in L2 norm: m=7, = (1,10) i SIPDG Errors in H' norm: m=7, 4 = (1,10)
? L : 10 , : ; .

error

slope =8.0

L

107 —e—General 4 m slope=7.0 —e—General

—s—Reconstruction 1 —e— Reconstruction 1

I—e—Reconstruction 2 —e—Reconstruction 2
T T

118 na i 1132 22 I
h h

FIGURE 9. Convergence of DG-IFE errors in L? and H'
norm using all three bases with degree m = 7.

6.4. Non-rectangular Domain. In this example, we consider an interface
problem defined on a non-rectangular domain. Since rectangular meshes
are not applicable in this setting, we use triangular meshes to partition the
domain. The computational domain is a regular hexagon with vertices

2k +1 2k +1
Ak:<cos( _g)w, sin( _g)ﬂ

The interface I' is taken to be the same circle as in previous examples, and
the exact solution is defined as in (6.1). The triangular meshes are generated
with MATLAB PDE Toolbox independent of the interface, as illustrated in
the right plot of Figure 3.

The convergence of the L? projection using Reconstruction Approach 2 is
reported in Figure 10. Optimal convergence rates are observed in both the
L? norm and the semi-H' norm. The convergence of the SIPDG solution
error is reported in Figure 11, where optimal decay rates are again achieved
in both norms. The convergence behavior for higher-contrast coefficients is
qualitatively similar and is therefore omitted. Likewise, for higher-degree
approximations (m > 5), the results are analogous to those in Figure 5 and
Figure 9 and are omitted for brevity.

). oskss

7. Conclusion

We have developed geometry-conforming immersed finite element spaces
on triangular meshes for elliptic interface problems using a Frenet—Serret
mapping that straightens curved interfaces and enforces the jump conditions
exactly. Extending earlier work on rectangular meshes, we introduced three
high-order Frenet-IFE constructions, including reconstruction approaches
that significantly improve mass matrix conditioning. Numerical experiments
confirm the optimal approximation properties and robustness of the pro-
posed spaces. When combined with interior penalty discontinuous Galerkin
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FIGURE 10. L? Projection errors in L? and H' norms on
hexagonal domain using Reconstruction Approach 2 with de-
grees up to 4.

SIPDG Errors in L2 norm (hexagon): RA-2 3= (1,10) SIPDG Errors in H' norm (hexagon): RA-2 3 = (1,10)
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FIGURE 11. SIPDG errors in L? and H! norms on hexagonal

domain using Reconstruction Approach 2 with degrees up to
4.

methods, the resulting schemes achieve optimal convergence rates in both
the H'- and L?- norms. These results provide a foundation for future work
on extending the Frenet mapping to handle boundary value problems with
curved boundaries and high-order fitted-mesh methods for interface prob-
lems.
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