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Abstract

A new immersed finite element (IFE) method is developed for second-order elliptic problems
with discontinuous diffusion coefficient. The IFE space is constructed based on the rotated-
Q1 nonconforming finite elements with the integral-value degrees of freedom. The standard
nonconforming Galerkin method is employed in this IFE method without any stabilization
term. Error estimates in energy and L2-norms are proved to be better than O (h/[Tog h]) and
O (h?|log h), respectively, where the |log k| factors reflect jump discontinuity. Numerical
results are reported to confirm our analysis.
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1 Introduction

We consider the second-order elliptic interface problem:

—V-(BVu)=f in QT UQT, (1.1a)
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Fig. 1 Body-fitting mesh and non-body-fitting mesh of an interface problem

u=g on 9%, (1.1b)

where, without loss of generality, we assume that a C>-continuous interface curve I' separates
the physical domain € into two sub-domains Q= and 7, such that Q=QtuUuQ-uUT,
see an illustration in Fig. 1. The physical domain £ C R? is assumed to be occupied by two
materials such that the diffusion coefficient 8(x, y) is discontinuous across the interface I,
and it is assumed to be a piecewise constant function defined by

B~ if (x,y) e Q™,

Bx,y) = {ﬁ+ it (x.y) € QF (1.2)

such that min{8~, %} > 0. Across the interface I', the solution and the normal component
of the flux are assumed to be continuous, i.e.,

[ulr =0, (1.3a)
Mv-AVullp =0, (1.3b)

where [v]r = vF|r —v 7|, and [[v - BVullp = v* - BTVuT +v~ - B7Vu~, with v the unit
normal of I".

Conventional finite element methods (FEM) can solve this elliptic interface problem
satisfactorily provided that solution meshes are shaped to fit the material interface [5];
otherwise the accuracy of the solution is uncertain [1,14]. Immersed finite element (IFE)
methods [3,10,13,15,20,24,25,29,30,32], on the other hand, do not require meshes to fit the
interface. Hence, if desired, Cartesian meshes can be used to solve interface problems which
is advantageous in many simulations. For example, in particle-in-cell methods for plasma-
particle simulations [21,22], it is preferable to solve the governing electric potential equation
on Cartesian meshes for efficient particle tracking. Also, IFE methods, in either a standard
fully discrete or a semi-discrete (method of lines) formulation, can be used to solve time-
dependent problems with moving interfaces [19,27] on a fixed Cartesian mesh throughout
the whole simulation.

The basic idea of IFE methods is to locally modify finite element functions on interface
elements to fit the interface jump conditions (1.3a) and (1.3b). For elliptic interface prob-
lems, most IFE methods in the literature are modified from the Lagrange-type finite element
spaces (usually H'-conforming), whose degrees of freedom are determined by nodal values
at the mesh points. However, IFE spaces originated from these conforming FE spaces are
usually nonconforming because IFE functions are discontinuous across interface edges. This
discontinuity can be harmfully large for certain configuration of interface locations and dif-
fusion coefficients. Consequently, the IFE solution is often less accurate around the interface
than the rest of solution domain. Our recent study in [28,33] indicates that the convergence
rates of these Lagrange-type IFE functions used in the Galerkin formulation can sometimes
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deteriorate as the mesh size gets small. In [28], a partially penalized immersed finite ele-
ment (PPIFE) method was developed to cope with the discontinuity of Lagrange-type IFE
functions. The PPIFE method is shown to converge optimally in the energy norm.

Another framework to construct the IFE approximation is based on nonconforming finite
elements [4,7,23,31]. One significant difference between conforming and nonconforming
finite elements is the way to impose the continuity of finite element functions across ele-
ments. Conforming FE enforces the continuity through nodal values at mesh points, while
the continuity of nonconforming FE is usually weakly imposed through mean values over
edges/faces. The simplest nonconforming finite element defined on simplicial meshes is
the well-known Crouzeix—Raviart (CR) element [7]. For rectangular meshes, the simplest
nonconforming finite elements are known as the rotated- Q1 finite elements [4,23,31].

In this article, we develop and analyze an IFE method based on the nonconforming rotated-
Q1 FEM without any stabilization term. Our error estimates show that the method converges
optimally sans factors of |log(h)| in both energy and L2-norms with standard piecewise
H?-regularity assumption. The main technique in our error analysis is based on a special
projection operator introduced in [8] to bound the flux error on edges. We extend this projec-
tion to interface problems and show that the error bound of flux on interface edges induces a
| log(h)| factor, which is crucial for piecewise smooth functions, and therefore unremovable
for interface problems. The analytical technique in our error estimation is new to interface
problems. Also, the proposed IFE method here can be readily extended for solving problems
with nonhomogeneous jump conditions across the interface by following a homogenization
technique such as those developed in [10,17].

The rest of this article is organized as follows. In Sect. 2, we construct the nonconforming
rotated- Q1 IFE space and present some basic properties. In Sect. 3, we discuss the approxi-
mation capabilities of the IFE space. In Sect. 4, we analyze the error bounds of Galerkin IFE
approximation to the elliptic interface problem in energy and L%-norms. In Sect. 5, numeri-
cal results are presented to confirm our analysis and to demonstrate features of the new IFE
method. Finally, a few brief conclusions are provided in Sect. 6.

2 Nonconforming Immersed Finite Element Space

This section starts with notations and some preliminaries to be used in this paper. Then, we
will introduce the IFE space based on nonconforming rotated-(Q elements.

2.1 Notations and Preliminaries

Multi-index notations will be employed such that o = (a1, a2) € [Z+]2 ol = o1 + a2,

94 90

together with the partial differential operator 9% = T where Z1 denotes the set of
1 2

all nonnegative integers.

Let § € Q be an open set such that SN T # #, and let $* = SN Q*, s = —, +. Then, let
S=5" U ST, and we note that S % S. Let WP (S) denote the usual Sobolev space on the
open set S with non- negative integer index m, equipped with the norm and seminorm:

1/p 1/p

Wlyme = [ 3 /la‘*wx)l"dx ol = [ 3 /|a“v<x)|"dx ,

la|<m lo|l=m
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for1 < p < o0, and

||v||Wm<>0(§) = maxess.sup|8“v(x)|, |U|Wm,oc(§) = maXeSS.5up|8av(x)|.
laf<m o ¥ laf=m 5

In particular, for p = 2, we denote H™ (§) = wmp (§), and we omit the index p in associated
norms and seminorms for simplicity, i.e., ||v||Wm,2(§) = HUHQ'”(S)’ang |v|Wm,2(§) = |v|Hm(§).
We will also follow the convention to drop the domain index S if § = 2. For p = 2, associated
with the norm || - || ym 3, the inner product for H™ (S) will be denoted by (-, ) gym 5, with
further simplification to (-, -)3 and (-, -) if m = 0 and also ifg =Q, respectively.
For m > 1, we define two types of subspaces of H"(S) whose functions satisfy the

interface jump conditions (1.3a) and (1.3b) on I'. First, we set

H"(S) = H' () N H"(S),
endowed with the inner-product and the norm

m
(M,U)ﬁm(s) = (M,U)HI(S)"F Z Z(aau,a“U)LZ(sx), ||M||ﬁm(s) = (M,Ll)ﬁm(s).
s=—,+ |a|=2

Notice that H!(S) = H'(S) and that

[v]rns = 0 in the sense of H2(I'N'S) Vv € AM(S), m > 1.

In addition, for m = 2, we define a subspace of ﬁli” (S) as follows:
HE(S) = {v € HX(S): [vr - BVv]Ipns = 0}

where the jump of the flux is understood in the sense of H 2 (I"). Furthermore, the concepts
above can be readily extended to define the following spaces and the related norms: for p > 2,

WP = whr©n w2 @), W7 ={ve W) | Ivr - BVvllns =0} .

Assume that f € H~'(2), where H~!(<) is the dual space of H} () = H} (). Forthe
interface problem described by (1.1) and (1.3), we consider its weak form: find u € H L)
such that u = g on 92 and

a(u,v)=L{w) Yve HOI(Q), 2.1
where
a(u, 'U) = (ﬂVu, V'U), L(U) = (f, U>H71(Q),H0](Q) 5

(-, -}y v being the duality pairing between the topological vector space V and its dual space
V’. An application of the Lax—Milgram Lemma shows that there exists a unique solution
u € H' () for (2.1) such that

lull gy < CIUf I -1

where C is a positive constant depending only on €2 and S.
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2.2 Nonconforming FE Functions

Let Q2 be a rectangular domain or a union of rectangular domains. Without loss of generality,
assume that {73} is a family of uniform Cartesian meshes for domain 2 with mesh parameter
h > 0. For each element T € 7, we call it an interface element if the interior of T intersects
with the interface I'; otherwise, we call it a non-interface element. Without loss of generality,
we assume that interface elements in 7}, satisfy the following hypotheses when the mesh size
h is small enough:
(H1) The interface I cannot intersect an edge of any element at more than two points unless
the edge is part of T".
(H2) If T intersects the boundary of an element at two points, these intersection points must
be on different edges of this element.
(H3) The interface T" is a piecewise C 2_continuous function, and the mesh 7, is formed such
that the subset of I in every interface element is C2-continuous.

Denote by ThI and ’Z}lN =17, \Thl the collections of all interface elements and non-interface
elements, respectively. For a typical rectangular element 7 = [JA|A2A3A4 € Ty, the
following conventions for its vertices and edges are assumed:

Ay = (x0,¥0), A2 = (X0 + hy,y0), A3z = (x0+hy,yo+hy), As(xo, yo+hy), (2.2)

and
Y1 =A1A2, 2 =A2A3, y3 = A3A4, y4 = AsA). (2.3)

We follow the classical triplet definition of a finite element [6]. On the element T, the local
FE space is defined by

2 2
X—X0 Y—Yo (X —X0 Yy — Yo
Iy =S 1, s s — . 2.4
" pa“{ o hy (%) (hy)} @9

The degrees of freedom are defined as the mean values over edges:

1
YXr=41— Yyrds,j=1,2,3,4Vyr elr¢, (2.5)
|V]| Vi

where |y;| denotes the length of the edge y;. The local basis functions v 7, j = 1,2, 3, 4,

fulfill |

— | yjrds =684 Vjk=1234. (2.6)
[Vl Vi

Set the local finite element space on an element 7" as follows:
SN(T) = Span {y; r:j=1,2,3,4}. 2.7

It is obvious that on every element T € 7y, S;,V(T) =TIl7.

2.3 Nonconforming IFE Functions

Next, we describe the construction of a local IFE function, denoted by ¢7, on a typical
interface element T' € 7}11 whose vertices and edges are given in (2.2)—(2.3).

Assume that an interface curve I intersects T € 7;11 at two different points D and E,
and the line segment DE separates T into two sub-elements 7+ and T~. Depending on
the adjacency of the edges containing D and E, the interface elements will be classified as
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Fig.2 Type I (left) and Type II (right) interface elements

Type I and Type Il interface elements such that these two edges are located at two adjacent
edges and at two opposite edges, respectively. See Fig. 2 for an illustration. We use a Type 11
interface element to exemplify the construction of the local IFE functions and corresponding
spaces, i.e., we assume the interface points are such that

D = (xo +dhy, yo), E = (xo+ ehy,yo+ hy),

where d, e € (0, 1). Alocal IFE function ¢ is defined as a piecewise rotated- Q1 polynomial

as follows:
X —xp Y=o x=x)> (y=»n)
c?’ + c; + c;' + CZ' — inT™,
hy hy hy hy
or(x,y) = o y—y —x 2 y—y 2
~ - — X0 - =)o - — X0 =)o s
¢+ | — | +c +c — in7T".
e () e (52 e () - (5)
(2.8)
The coefficients cji are determined by the mean value v; on each edge y;:
1 .
— ¢rds=v;, j=1,234, 2.9)
|Vj| Vi
and the following interface jump conditions:
[¢r]57 =0, (2.10)
/7 [z - BVér ]|pp ds = 0. @.11)
DE
where vz is the unit normal on 'DE. Note that the continuity condition (2.10) is equivalent to
[pr(D)] =0, [pr(E)) =0, cf =cj. (2.12)
Equations (2.9)—(2.11) provide eight constraints that lead to an 8 x 8§ algebraic
system M.c = v on the coefficients ¢ = (c|,...,c;, cf, A cj{)’ with v =
(v1,...,v4,0,...,0)" . Bydirectcalculation, one can verify that the matrix M, is nonsingular

for all ,3i > 0and 0 < d, e < 1; see [33] for more details. Hence, an IFE function ¢ sat-
isfying jump conditions (2.10) and (2.11) is uniquely determined by its mean values v; over
edgesyj, j =1,2,3,4. Foreach j =1,2,3,4,letv=v; = i, ...,v4,0,...,0) € RS
be the jth canonical vector such that v; = I and vy = O for k # j. We can solve for
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Fig.3 Nonconforming FE/IFE local basis functions

i =1(cr . .sCys c1+, R C4+)l and use it in (2.8) to form the jth nonconforming rotated-
Q1-IFElocal basis function ¢ 7. Figure 3 provides a comparison of a standard rotated- Q0 1-FE
basis function and the corresponding rotated- Q | -IFE basis functions in both Type I and Type
II interface elements.

Denote by S;’,(T) = Span {¢; 7:j = 1,2, 3,4} the local rotated-Q;-IFE space on an
interface element 7. The global IFE space is defined as follows:

Sp(Q) = {v e LY (Q):vlr € SN(DIfT € TN, vl € SH(D)If T € T)/;

/ [v],ds = 0 for all interior edges y ofﬂl}. (2.13)
Y

2.4 Basic Properties of IFE Spaces

In this subsection, we summarize some basic properties for the IFE space Sj, (€2). The results
can be verified via straightforward calculations. We also refer readers to Section 3.1 in [33]
for proofs of the following lemmas and theorems.

Lemma 2.1 (Unisolvency) On each interface element T € T!, an IFE function ¢ € S;’, (T)
is uniquely determined by its mean values (2.9) and jump conditions (2.10)—(2.11).

Lemma 2.2 (Continuity) On each interface element T € ’Z}f , the local IFE space S,{ (T) C
co().

Lemma 2.3 (Partition of unity) On each interface element T € ’2;11 , the IFE basis functions
@, satisfy the partition-of-unity property, i.e.,

4
Y by =1, V. yeT. (2.14)
j=1

Lemma 2.4 (Consistency) On each interface element T € ’Z}ll , the IFE basis functions are
consistent to standard FE basis functions in the following sense:

1. If there is no jump in the coefficient, i.e., B+ = B, then the IFE basis functions i1
become the standard FE basis functions .

2. Ifmin{|T Y|, |T |} shrinks to zero, then the IFE basis functions ¢ i, become the standard
FE basis functions \j r. Here, |T*| denotes the area of T®, s = +, —.
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Lemma 2.5 (Flux continuity on I') On each interface element T € 7;11 , every IFE function
or € S,{ (T) satisfies the flux jump condition weakly as follows:

/ [[V . ﬁv(bT]]FﬂTdS = 0,
rnr
where v is the unit normal to T".

Lemma 2.6 (Boundedness) There exists a constant C, independent of interface location, such
that for j =1,2,3,4,andk =0, 1, 2,

7.7l ooy < ChT* VT € Ty, (2.15)

Theorem 2.7 (Trace inequality) There exists a constant C > 0 independent of interface
location, but may depend on the diffusion coefficient 8, such that

_1
lv-BVul2g,) < Chy* Vvl 2y Yv € S,’l(T) (2.16)
where y is any edge of T, and v is the unit outward normalto T.

Theorem 2.8 (Inverse inequality) There exists a constant C, independent of interface loca-
tion, but may depend on the diffusion coefficient B, such that for0 <[ <k <2

Wlikoeqry < Chz' gy gy < CHE 0l gy, Yo e SKT). (@217

3 The Interpolation Operator and Approximation Capability

In this section, we discuss the approximation capability for the nonconforming IFE space
S5, (£2). On each non-interface element 7' € ThN , the local interpolation is defined canonically
by Zr: C(T) — S (T), such that,

4

1
ITM=Z<|yi|/y_uds> Vir, (3.1)

i=1

where y;, j = 1, 2, 3, 4 denote the edges of T'. The standard scaling argument leads to the
following error estimates [31, Lemma 1]:

I Zru — ull 27y + B Zru — ul g1y < Ch* |ul g2y (3.2)

On each interface element 7' € 7;11 , the interpolation operator Z7: C (T) > S}{ (T) is defined

similarly as follows:
4

1
Tru = Z <|in /y u ds) biT. (3.3)

i=1

Finally, we define the global IFE interpolation Z,: C(Q) — S, () piecewisely such that
@yw)lr =Zru VT €7T.

The error estimates for the interpolation operator on interface elements are reported in [11,
12,33]. We only state the results in the following theorems.
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Theorem 3.1 There exists a constant C > 0, independent of interface location, such that
IZru — ull p2iry + BIZru — ul gy < CRP|lull oy Yu € Hg(T), (3.4)
on every interface element T € ’Th’ .

Theorem 3.2 There exists a constant C > 0 such that the following interpolation error
estimate holds:

2

1w — ull oy +h | Y \Tru—ulfppy | < CHlull gy VYu € Hi(Q).  (3.5)
TeTy

4 The IFE Galerkin Method and Error Estimates

In this section, we consider a nonconforming IFE Galerkin method and carry out its error
estimation.

4.1 The Nonconforming IFE Galerkin Method

Given a mesh 7, we denote by &), f’h and & f the set of all edges, interior edges, and boundary
edges, respectively. The sets of interface edges and non-interface edges are denoted by S}{
and 5}’,\’ , respectively. For the sake of simplicity, in the following discussion, we assume that
the interface curve I does not intersect the boundary 9$2. Consequently, S}}f C 5;11\/ .

Define the bilinear and linear forms

ap(u,v) = Z/T,BVM-VU dx, L) = Z/;_fv dx.

TeT, TeT,

Define the trial function set and the test function space as follows:
Sng(Q) = {v € SH(R): / vds = / gds, ¥y € 5,’;},
¥ ¥

$n(Q) = :v € Sp(): / vds=0, Vy € 5;;}.
Y
The nonconforming IFE Galerkin method is: find uj, € Sp ¢(£2) such that

anup, vp) = L(vp), Y op € 8(Q). 4.1)

In the following, we derive the error estimation of IFE approximation (4.1).

4.2 Projection Operators

For convenience in the analysis to follow, let
Vik = 8Tj N oTg, Vi = aTj N o2, VT]', T, € Ty,
and write

— . . — . I
vi=vlr; VTj €Tn; vk =vjly, Yk €&.
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Set
"= [ = Gk i) € Poin® e + g =0 V€ s
A =hrjePolyj) Vyj € Sfl’] :

Denote by v; the unit outward normal to 7;. We will use the followmg projection operators
introduced in [8]: ITp: HyeShL (y) = Myeg, Po(y) and I1,: Hﬂ (Q) — Al by

(v—Tov, 1), =0 YveL*(y) Vy €&, (4.2)

,3— My, 1) =0 Yve Hy(Q) Vyj €&, 4.3)
v Yt ’

so that Hg (v):=Mp(vly) = Wl\ fy v ds is the average of v over y and
(Mol Tyvly, ) = (ngﬂﬁ—f v g k) eR? Vyj €&l

Lemma4.1 Lety = (0, h) withy~ = (0, @) and yt = (a, h). Assume that u € L*(y) and
1 1

ulys € H2(y*), s = —, +. Thenu € H2"(y) for every € € (0, %). Moreover, there exists

a constant C independent of «, such that

f<||u|| by )Tl ||Hz(+)>

Proof For every € € (0,4) leto _% €, theno € (4 2) Forg>landyey™,

/ 1 (h _ y)17(1+2o)q _ (Ol _ y)lf(1+20)q
§ .

u
Il g,

- dx =
+ Jx =y 200 I—(+20)q

Since o € (%, %), we specifically choose
1 - 2 .- 2—¢
=3 1+ 20 1=50=¢
Then 1 <g < 5.1 — (14+20)g # —1.and | + 20 < (1 +20)g < 2. Hence,
Iy, yt )= ! dxd
vy o= - S+ 1 — y| (2000 ray

1 (h27(1+20)q —h— a)27(1+20)q _ a27(1+20)q>
1—(1+2cr)q 2—(1420)q
1 C
C —

E .

IA

=

1
‘1—(1+20)qH —(1+20)q‘ C‘l—e €

Therefore, using p such that 1 + ~ =1, and the above estimate, we have

_ 2
// Ju(x) blt()z’)| dxdy
y+ [x — y[itze
1

2
2p 1 q
[ (L[ o=t} [, semsmma] o
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<2 2 ! d éd
=°]- leelz2p e o =y | Y
2 2 - d qld
+ yflu(y)l e Tx =y x| dy.
1
< 2flul? 17ay ) 1y~ y*. 0. q)t
= LZP()/+) - y J/ ,J/ ’ 7q
1
2p r -+
+2 luMIPdy ) Iy~ .y, 0,9)
-

1
5 1\7 ) 1
=< C“u”LZp(er) E +C|Iu”L2p(y—) g

2(1—€)

1 2—¢ 2
<C|- flull® | + |lu || .
€ H2(yt) (y )

In the last step, we used the Sobolev embedding theorem for one dimension

Q=

Wi2(y%) s WOP(S), s=— 4. pell,oo).

By definition of the fractional Sobolev norm, we have

2
2 ) [u(x) —u(y)l
”Wmm—WMm+Ay7;$Fﬁ%d

lu(x) — u(y)* lu(x) — u(y)?
”””Lz(y) +/ / it 9 dY+2/ / o0 dxdy
Ix — yl - =yl

lu(x) — u(y)?
/+/+ |x — y|i+2o Ty
Y Y
2(1—e)

5 5 1 2—€
<lul®, Alul®, +C|-=
H2(y™) H2(y™) €

which leads to
+ |lu — | llu + u ,

@mﬁl + lu)? ),
H2(y*) H2( )

C
lullgo ) < ca—o/e-a <”u”1‘1%(7

because for small €, we have
1—¢ 1 € €

m}

Theorem4.2 Let T € Tj, and y be an edge of T. Then there exists a constant C > 0 such
that the following hold on a mesh Ty, with a sufficiently small mesh size:

L. T e TN and v € HX(T) + SN (T), then

Hﬁ——l‘[ v

I
< Ch2||vll g2ery-
L2(y)
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2. Ify € &) but T € T/, and v € H}(T) + S})(T), then

v
ﬂa—v — Iyv

1
< Ch2 (Ilvlle(f—) + ||v||H2<T'+>) :
L2(y)

3. Ify € &l and v € H(T) + S(T), then

dv
ﬂa —ITv

1 1
< Chtoght? (Il oy + Il ) -
L2(y)

Here, for T € ’Z}f , designate

~ TNQS e HX(T),
Ts:{ forv ﬂ( ) fOrS:+,—.

T forv e SK(T),

Proof Lety € &.In the first two cases we assume y € & ]/11\/' , but for the third case we assume
yeé& ,{ Then by the standard trace theorem or the lemma above, we have 8 g—z cH? (y) or
B € Hi“(y) forany € € (0, 1.

Slnce I1,v is the L? projection of ﬂ to the space of constant polynomials, applying the

error estimate for polynomial prOJectlon and the standard error estimate on interpolation of
Sobolev spaces (see [9, Theorem 1.4, p.6]), we have

5 Ch H av HH%()/) if ye EN’
‘ﬂa: — M, < 4.4)
L2(y) Chi—¢ (S H if y el

_e(y)

For the first two cases, by the definition of the H 1/2_norm for the zero-th order trace of a H!
function, see for example [2], we have

il : N
. ”ﬁaTv:”Hl(T) itT eT,",
s

. =<
o ”13 ”H‘(T‘) = ”,3 “Hl(f—) + “/32*3“[_11(?4.) if T e T’,

which means

max(B*, ) Il oy i T €T,

d
H a—” o< 4.5)
vl 1L
MO max(B4, BV ol oy T € T
For the third case, applying Lemma 4.1, we have
v
Hﬂg ey f (nﬁ—nm( I ﬂ)
[ <|v||H2(T ) + ||U||H2(T+)) (46)

Finally, all the estimates in this theorem follow by applying (4.5) and (4.6) to (4.4), and by

taking the minimum of over 0 < € < 1/4. Indeed, at e = ——, for0 < h < 2, the
f 2log 5

minimum value is

1 1

—— = hZleh [2]og — = +/2¢|logh
he Je g ellogh|?.
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4.3 The Energy-Norm Error Estimate

Define the (broken) energy norm

Nl = v an(u, u).

As needed, we quote the following second Strang lemma for the IFE solution:

Lemmad4.3 Letu € ﬁll () and uy, € S,(2) be the solutions of (2.1) and (4.1), respectively.
Then,

4.7

. lan (u, wp) — L(wp)|
e —upll < C Y inf_flu— vyl +  sup .
v €8 (£2) w), €K () llw I

We are now ready to state and derive an error estimate in the energy norm.

Theorem 4.4 Letu € ﬁg(Q) anduy € Sp(2) bethe solutions of (2.1) and (4.1), respectively.
Then, there exists a constant C such that

|
llu —upll < Ch ||u||ﬁ2(g) + |logh|2 Z ||14||1-12(T) . (4.8)
TeT]!

If, in addition, u € VT/ﬁz’q(Q) for some q > 2, then there exists hg > 0 such that, for all
0 < h < hy,

e —unll < Ch | Null g2y + D Nullgaacr | - (4.9)
reTy

Proof We need to estimate those terms bounding [|u — uy|| in (4.7) of the Strang lemma
above. By the interpolation estimate (3.5), we can estimate the first term on the right hand
side of (4.7) as follows:

inf  flu —vpll < Ch”u”ﬁQ(Q)' (4.10)

v, €Sy (S2)

Next, let wy € S, (2) be arbitrary. Then, since u € H 1(€), it follows that

a .
an(u,wy) = 3 (BVu, Vuyr, = = 3 (V- BVu, wi)r, + 3 <ﬁ$, wh>
j j j oT;

j J

a .
= (=V - BVu, wy) +Z<ﬂ£,wh>
j J

aT;
Hence, by choosing m ; € Py(T}) to be the average of wy, over T}, one sees that

ou ou
ah<u,wh>—L(wh)=Z<ﬁ£,wh> =Z<ﬁ§— vuj,wh>
: aTj J

j / J

3Mj
=> (Bt —Mujwy—mj) . @.11)
7 avj

aT;

aT;
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Hence, by Theorem 4.2, the trace inequality on 7’;, and the approximation capability of m ;,
we have

lan (u, wp) — L(wp)|

Bl

2

I
=
Q)‘QJ
< <
<
|
—
<
<
~

§ : 2
||U)h —mj ”LZ(aT.)
L2(3T)) ; /

Nl—=

1 1 1
< Ch2 | Y7 lullaery +loghl® 3 lullgaery | Ch2 | Do IVwlZz
TeTy TeT)! J
1
<Ch| Y lulgzery + oghl> Y llullgzery | lwall. (4.12)

TeTN TeT)]

Then, applying (4.10) and (4.12) to (4.7) leads to (4.8).
Assume that u € Wé’q(Q) for some g > 2. Then choose p such that % + % =1, so that,
for T € Y;ll

[|u ||ﬁ2(T)

q
1 1
<C|T|>» Z/ > ID%ulldx | < ChY lullgag ).
s=x/T°

T a2

1

q
) q

1
3 Doufdx | < <f 1de>2p Z/ 3 poul?| dx
T =

|| <2 || <2

1

Hence, the second term in (4.8) can be bounded by

1 1.1
llogh!? Y lullgaqy < C Y Hoghl2h? ||ullaqr).
TeT)! TeT)!

1
Since limy ¢ | log hl%hﬁ = 0, there exists 2g > 0 such that the estimate (4.9) is valid for
0 < h < hg. This completes the proof. O

Remark 4.1 Indeed, (4.8) implies that the IFE solution converge faster than O(h|log /| %),
since its multiplication factor, ZTeThI lu IIgz(T), goes to zero as h — 0.

4.4 Duality and the L?-Error Estimate

Let
mn = Tnhu — up, € Sp(S),
and let ¢ € H 5(52) be the solution of the dual problem:

—V-(BVY) =1, inQ, (4.13a)
v =0 ondg. (4.13b)

@ Springer



456 Journal of Scientific Computing (2019) 79:442-463

Assume that the interface problem (2.1) is ﬁé(Q)-regular so that the elliptic regularity
estimate holds:

IVl g2y = Cllnnliz2q)- (4.14)

We start from recalling the following standard estimates for the IFE interpolation Zj,1: there
exists a constant C such that

{nzhwumm < Cl¥ g2y VT eTV,

4.15)
||Ihw||H2(Tj—) + ||IhW||H2(Tj+) <C ||1ﬁ||ﬁ2(]') VT e 7;,1-

Since 7y, € S‘h(Q), it follows that

w’,nh>

22y = (=¥ - BYY, 1) = an(W, ma) — Z(ﬁ .
]

j T

ov;
=an(Y.nn) — Z<ﬂ37{ — T, mn; — ‘Zj> forall g; € Po(T}).
j Vi oT;
Next, for all v, € §h (2), similarly to (4.11), we have
an(mn, vi) = ap(u, vp) — ap(up, vp) — ap(u — Zhu, vp)

ou
— Z< 7 Hvuj,vhj> —ap(u — Zpu, vy).
d

Tj

Using the property [w]” = 0 and recalling the definition of IT,, we see that

3\1] 3vk

ad ad
< ﬂ_nvu]a 1//]> +<ﬂﬂ_nvuk7 1r//k> =0.
Yik Vkj

In addition, note that for vy € S,(2), =V - (BVv,) = 0onevery T € 7;; hence,

vy

an(u — Tyu, vi) = Y — Tyu, =V - (BYu)7; + Z<u — Zpu, ﬁf>
j j oT;

j é J
vy
ZZ u—Tpu, B— — Iy, vp
; 8vj

3T,
Therefore
2 = 1'[/1 B I .
||71h ||L2(Q) - ah(\/f, 77h) - Z ﬂ ul//./, nhj — q./
J

aT;

=ap(mp, ¥ — Uh) —ap(u — Thu, vy)

ouj
—2( Tty —a5) (B Moy, )
8Tj j J aTj
vy,
=ah(nh,w—vh)—z<u—fhu,ﬂﬁ—Hu,vh>
j J aT;
3uj
—Z ~ Ty —4j)  + Y (Bt = Toujon, —¥j)
8Tj j J aTj
(4.16)
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With these preparations, we are ready to derive the error estimate in the L2-norm for the
IFE solution.

Theorem 4.5 Assume that the interface problem (2.1) is H g(Q)-regular. Then, there exists a

constant C such that the L*-norm error of the IFE solution satisfies the following estimate:

1
e — unllz2iy < Ch* | [ogh|? llull g2(q) + loghl Y llull gz | - (4.17)
Te7y

Proof We proceed to estimate each term on the right hand side of (4.16). First, choose
vy, = Zpyr. Then, by (3.5) and (4.14), the first term on the right-hand side of (4.16) is
bounded as follows:

lan (s ¥ — vi)| = lan(p, ¥ — Zu )| < Chllnallling |l L2 (q)- (4.18)

Again, choosing g; € Py(T;) to be the average of nj, over T;, by Theorem 4.2, the trace
inequality on 7'j, Theorem 3.2, and (4.14), we can bound the last two terms on the right hand
side of (4.16) as follows:

3 3
i g, m, - ﬂ— Mot vi; =¥
3
; vj aT;

1
<Ch | S Wl +11oghl > Wiz |l

TeTy TeT)]

1
+CR2 | D Nl + Hoghl? Y lull gy | 1V 172
TeTN TeT)]

1 1
< Ch [ lloghlZ il + 7 Y lullg2ery +hlloghl D lullgzcry | Inallzzg)-

TeTN TeT)]!
(4.19)
For the second term in (4.16), by Theorem 3.2, Theorem 4.2, (4.15) and (4.14),
th.
Z u —ZTpu, ﬂTJ — Iy, vp
j v] 3TJ'
2
avh 2
< Z|M—Ihu|(2),aT,~ — Iy, v
1
2
3
< Ch2 ull gy | B D NonllFr +hlloghl D llonllha
TeTy TeT]!
1
< CI2[log h1? |lul gy a2 (4.20)
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Plugging the estimates (4.18)—(4.20) in (4.16) gives

1 1
Il 20y < Chllogh|Zllnull + Ch?|log |2 ||ull 2 g,
1 1
< Chllogh|Z (NTpu — ull + llu — upll) + Ch?|log k|2 |u g2 gy -

Finally, applying Theorem 3.2 and Theorem 4.4 to the above estimate, we arrive at the desired
estimate (4.17). This completes the proof. O

Remark 4.2 The estimate given in (4.17) suggests that the IFE solution converges in L2-norm
better than O(h%|log h|) which is optimal sans the usual | log /| factor.

Remark 4.3 An optimal rate O (h?) without | log k| factor may be obtained with slightly better

regularity u € Wé’q (), ¢ > 2, and the elliptic regularity assumption based on L?-norm.
In addition, the analysis requires the interpolation error estimates for IFE functions based on
L7-norm, which will be an interesting future work.

5 Numerical Examples

In this section, we present some numerical examples to demonstrate the performance of
the nonconforming Q1-IFE method for elliptic interface problems. We also compare the
numerical results obtained by this IFE method with those obtained by the conforming Q-
IFE method.

The tests will be performed on different shapes of interfaces. We will use a family of
Cartesian meshes {7}, }o<n <1, each of which consists of N x N congruent rectangles. Errors
of an IFE approximation are reported in L>, L, and semi-H ' norms. Specifically, error in
L®°-norm is calculated using the formula:

lup — ullLe = max ( max  |up(x,y) —u(x, y)|>, 5.D
TeTh \ (x,y)eTcT

where 7' consists of the 49 uniformly distributed points in 7. We also report the condition
numbers for the stiffness matrices on each level of mesh.

5.1 Circular Interface

We first test the nonconforming IFE method on the example given in [16,28]. Let 2 =
(— 1, 1)2, separated by a circular interface curve I' centered at the origin with radius ro = /5
such that

Q ={, ety <), QF ={xyer?+y?>r2).
The exact solution is chosen as
— if r < ro,

wen =15 (5.2)
(5 5)

,BT rog it r >ro,

where a = 5, r = /x2 + y2.
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Table 1 IFE solutions for the circular interface with 8~ = 1, 7 = 1000

N DOF I+l oo Rate -1l 2 Rate |- |41 Rate  Cond Rate

8 1.44E4+2  7.29E-3 1.0SE-2 1.25E—1 3.52E+4

16 544E+2  375E-3 096 3.96E-3 1.4l 873E-2 0.51 1.53E+5  —2.11
32 2.11E+3 9.28E—-4 201 943E—4 206 451E-2 095 6.25E+5 —2.03
64 832E+3 2.15E—-4 211 231E—-4 203 232E-2 096 251E4+6 —2.00
128 330E+4 7.12E-5 159 585E-5 198 1.1I8E-2 098 9.86E+6 —1.97
256 1.32E4+5 1.69E-5 208 144E-5 202 593E-3 099 4.00E4+7 —2.02
512 525E+5 437E—-6 195 3.62E-6 199 298E-3 099 1.61E4+8 —2.01
1024 2.10E+6 1.14E—-6 194 9.15E-7 198 149E-3 1.00 646E+8 —2.00

Table 2 IFE solutions for the circular interface with 8~ = 1000, 8T =1

N DOF Il lz00 Rate - 1lg2 Rate [+ 11 Rate  Cond Rate

8 1.44E4+2  3.77E-2 142E—1 2.31E-0 7.58E+4

16 5.44E+2 1.61E-2 123 3.63E-2 197 1.49E-0 1.00 3.0lE+5 —1.99
32 2.11E4+3  324E-3 231 9.05E-3 200 S595E—-1 099 121E46 —2.00
64 832E+3 835E—-4 196 227E-3 200 298E-1 1.00  497E+6  —2.03
128 330E+4 2.10E—4 199 568E—4 200 149E—-1 1.00 199E+7 —2.00
256 1.32E+5 5.15E-5 202 142E—-4 200 745E-2 1.00 7.94E+7 —1.99
512 525E+5 124E-5 205 3.55E-5 200 3.72E-2 1.00 3.19E4+8 —2.00
1024 2.10E4+6 3.17E—-6 197 8.88E—-6 2.01 1.86E-2 1.00 127E4+9 —2.00

Errors of numerical solutions for high coefficient contrasts (87, %) = (1, 1000) and
(8™, BT) = (1000, 1) are reported in Tables 1 and 2, respectively. Convergence rates in
semi-H ! norm and L2-norm confirm our error analysis (4.8) and (4.17). Data in these tables
also suggest that the convergence rate in L°°-norm is approximately second order, which
is optimal from the point view of the polynomial degrees of the IFE space. We also note
that the condition numbers of the stiffness matrices grow with order O (h~2). The numerical
solutions for these two coefficient contrasts are plotted in Fig. 4. Numerical results for small
coefficient jumps (e.g. B~ = 1, BT = 10) are similar, thus we omit those data in the

paper.
5.2 Sharp-Corner Interface

In this example, we consider the case when the interface has a sharp corner. Let 2 = (—1, 1)2.
The interface is defined by the level-set function:

I'(x,y) = —y> + ((x — Dtan(0))*x, 6 = 40. (5.3)

The subdomains are defined as Q" = {(x,y) € Q: '(x,y) > 0},and Q™ = {(x,y) € Q :
I'(x, y) < 0}. The exact solution is chosen as:
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RQ1 Solution: #Cell = 65536, DOF = 131584 RQ1 Solution: #Cell = 65536, DOF = 131584

Fig.4 IFE solutions for Example 5.1 with (8=, f+) = (1, 1000) and (8=, f+) = (1000, 1)

Table 3 IFE solutions for sharp-corner interface with = = 1, 81 = 1000

N DOF -l oo Rate |

2 Rate |- |41 Rate  Cond Rate

8 1.44E4+2 191E-2 4.02E-2 8.25E—1 6.83E+4

16 544E+2 6.04E-3 166 1.00E-2 200 4.12E-1 1.00  2.62E+5 —1.94
32 2.12E+3  1.74E-3 179 259E-3 195 206E-1 100 1.0lE+6 —1.95
64 832E+3 450E—-4 195 6.66E—4 196 1.03E—1 099 399E+6 —1.98
128 330E+4 122E-4 188 1.66E—4 201 5.14E-2 1.00 1.58E+7 —1.98
256 1.32E+5 4.02E-5 1.61 4.12E-5 200 257E-2 1.00 6.24E+7 —198
512 525E+5 1.14E-5 1.82 1.03E-5 200 129E-2 1.00 247E4+8 —1.99
1024 2.10E4+6 286E—-6 199 258E-6 200 643E-3 1.00 981E4+8 —1.99

1
ﬁTF(X, y), (x,y) € Q7,
u(x,y) =145 5.4
ﬁTF(xv y), (x,y) € QF.

Atthe point (1, 0), the interface curve has a sharp corner. The performance of our numerical
scheme is reported in Tables 3 and 4 for he high coefficient jump cases (8™, B7) = (1, 1000)
and (B~, 1) = (1000, 1), respectively. Similar conclusions as previous ones can be made
for such convergence tests. Furthermore, the numerical solutions are plotted in Fig. 5.

5.3 Comparison with Lagrangian IFE Methods

In this subsection, we address some similarities and differences between the nonconforming
Q1-IFE method and the conforming Q-IFE method discussed in [16,18,26].

Both IFE methods can solve the interface problem (1.1)—(1.3) on rectangular Cartesian
meshes. In terms of computational cost, the conforming IFE method is cheaper because the
degrees of freedom of the nonconforming IFE method are about twice as much as that of the
conforming IFE method on the same mesh of N x N rectangles. However, the nonconforming
IFE method is advantageous in term of accuracy and convergence. In Fig. 6, we use the error
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Table 4 IFE solutions for sharp-corner interface with 8~ = 1000, 7 = 1

N DOF I+ Iz oo Rate I 1ly2 Rate [+ 1t Rate  Cond Rate

8 1.44E+2  345E-2 1.70E-2 1.62E—1 1.70E+4

16 544E+2 929E-3 1.89 4.10E-3 205 838E-2 095 7.08E+4 —2.06
32 2.11E4+3  228E-3 203 1.00E-3 203 4.18E-2 1.00 291E+4+5 —2.04
64 832E+3 524E-—-4 212 257E-4 196 207E-2 1.01 1.16E+6  —1.99
128 330E+4 133E—-4 198 622E-5 205 1.03E-2 101 4.66E+6 —2.01
256 1.32E+5 3.08E-5 2.11 149E-5 206 5.14E-3 1.01 1.88E+7  —2.01
512 525E+5 954E—-6 169 370E-6 201 256E-3 101  7.52E+7 —2.00
1024 2.10E4+6 238E—-6 200 9.28E-7 200 128E-3 1.00 3.01E+8 —2.00

RQ1 Solution: #Cell = 66049, DOF = 132612 RQ1 Solution: #Cell = 66049, DOF = 132612

Fig.5 IFE solutions for Example 5.2 with (8™, 8+) = (1, 1000) and (8™, B+) = (1000, 1)

surfaces to compare the accuracy of these two IFE methods for the circular interface problem
in Sect. 5.1 on the same mesh containing 80 x 80 cells. We notice that the error of conforming
IFE solution is much larger around interface than the rest of domain such that its error surface
possesses a prominent “interface error crown”. In contrast, not only the nonconforming IFE
solution is much more accurate than the conforming IFE solution around the interface, but also
its accuracy around interface is comparable to the accuracy in areas away from the interface.
Also as discussed in [28], the convergence order in H'- and L>- norms for conforming
IFE method can sometimes deteriorate as the mesh size becomes small, and the order in
L°°-norm can become far from the second order. Adding penalty terms can eliminate these
shortcomings of the conforming IFE method [28], but this leads to a more complicated IFE
method with a higher computational cost while the nonconforming Q-IFE method is based
on the simple Galerkin formulation and still converges optimally.

We compare the discontinuity in a global basis of the conforming Q-IFE space with its
counterpart in the nonconforming Q-IFE space defined on the same mesh. The first two plots
from the left in Fig. 7 are for the conforming Q basis and the corresponding nonconforming
01-IFE basis over two typical interface elements, respectively. An obviously large gap along
the interface edge in the first plot of Fig. 7 shows a much stronger discontinuity of the
conforming Q-IFE basis than the corresponding nonconforming Q1-IFE basis shown in
the second plot of Fig. 7. Furthermore, we plot the traces of these IFE bases on an interface
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Rotated Q1 IFE Error: #Cell = 6400

104 Bilinear IFE Error: #Cell = 6400
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0 02 04 06 08 1

Fig.7 Conforming Q1-IFE and nonconforming Q-IFE bases with 8~ = 1, 81 = 1000

edge in the right plot of Fig. 7. The blue curves in this plot are for the conforming Q;-IFE
basis which are far more apart than the red trace curves for the nonconforming-Q;-IFE
basis. From this plot, we can see the fact that, over each interface edge, the continuity of a
conforming Q1-IFE basis is only maintained at the two end points, but the continuity of a
nonconforming Q1-IFE basis is maintained over the whole interface edge. It is our belief
that the less discontinuity in the nonconforming Qi-IFE functions is a key factor for the
advantages of the nonconforming Q1-IFE method.

6 Conclusions

In this article, we develop the nonconforming Q-IFE space based on mean-value degrees of
freedom. The new nonconforming IFE method is based on the standard Galerkin formulation.
Error analysis shows the quasi-optimal convergence in both energy and the L?-norms.
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