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Abstract In this paper, we introduce a class of high order immersed finite volume methods
(IFVM) for one-dimensional interface problems. We show the optimal convergence of [FVM
in H'- and L?-norms. We also prove some superconvergence results of IFVM. To be more
precise, the IFVM solution is superconvergent of order p + 2 at the roots of generalized
Lobatto polynomials, and the flux is superconvergent of order p + 1 at generalized Gauss
points on each element including the interface element. Furthermore, for diffusion inter-
face problems, the convergence rates for IFVM solution at the mesh points and the flux at
generalized Gauss points can both be raised to 2 p. These superconvergence results are con-
sistent with those for the standard finite volume methods. Numerical examples are provided
to confirm our theoretical analysis.
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1 Introduction

Interface problems arise in many simulations in science and engineering that involve multi-
physics and multi-materials. Classical numerical methods, such as finite element methods
(FEM) [9,20,43], and finite volume methods (FVM) [6,7,10,11,19,24,25,38-41,47,50] usu-
ally require solution meshes to fit the interface; otherwise, the convergence may be impaired.
The immersed finite element methods (IFEM) [1,2,31] are a class of FEM that relax the
body-fitting requirement, hence Cartesian meshes can be used for solving interface problems
with arbitrary interface geometry. The key ingredient of IFEM is to design some special basis
functions on interface elements that can capture the non-smoothness of the exact solution.
Recently, this immersed idea has also been used in a variety of numerical schemes such
as conforming FEM [27,32,33], nonconforming FEM [30,34,35], discontinuous Galerkin
methods [29,36,49], and FVM [23,28].

The use of structured mesh, especially Cartesian meshes, often leads to some superconver-
gence phenomenon. The superconvergence is a phenomenon that the order of convergence
at certain points surpass the maximum order of convergence of the numerical schemes.
There has been a growing interest in the study of superconvergence, for example, finite ele-
ment methods [4,8,18,37,42,45], finite volume methods [10,13,17,21,47], discontinuous
Galerkin and local discontinuous Galerkin methods [3,14-16,26,44,48].

In this article, we first introduce a class of high order IFVM for one dimensional interface
problems. Thanks to the unified construction of FVM schemes in [13,50] and the generalized
orthogonal polynomials developed in [12], we can develop the high order IFVM in a system-
atical approach. To be more specific, we adopt the standard p-th degree IFE spaces [1,2,12]
as our trial function space. Using the roots of generalized Legendre polynomials, known as
generalized Gauss points, as the control volume, we construct the test function space as the
piecewise constant corresponding to the dual meshes. The advantage of our IFVM is that
it does not require the mesh to be aligned with the interface, and it inherits all the desired
properties of the classical FVM such as local conservation of flux.

The main focus of this article is the error analysis of IFVM, especially the superconver-
gence analysis. By establishing the inf-sup condition and continuity of the bilinear form, we
prove that our IFVM converge optimally in H'-norm. As for the superconvergence, we prove
that the immersed finite volume (IFV) solution is superconvergent of the order O (hP*2) at
the generalized Lobatto points on both non-interface and interface elements, and the flux
error is superconvergent at the generalized Gauss points of the order O (h?*!). The error of
IFV solution and the Gauss—Lobatto projection is superclose. In particular, for the diffusion
interface problem, we show that the convergence rate of both the solution error at nodes and
the flux error at Gauss points can be enhanced to O (h3P). All these results are consistent
with the superconvergence analysis of the standard FVM in [13].

However, there is a significant difference in the superconvergence analysis of IFVM com-
pared with the analysis of standard FVM [13]. Due to the low global regularity of the exact
solution, the standard approach using the Green function cannot be directly applied to the
IFVM for interface problems. The key ingredient in the analysis is the construction of gen-
eralized Lobatto points and a specially designed interpolation function. That is, we first
choose a class of generalized Lobatto polynomials as our basis functions that satisfy both
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orthogonality and interface jump conditions, then we use these orthogonal basis function to
design a special interpolant of the exact solution which is superclose to the IFV solution. The
supercloseness of the interpolation and the IFV solution yields the desired superconvergence
results for the IFV solution.

The rest of the paper is organized as follows. In Sect. 2 we recall the generalized orthogonal
polynomials and present the high order IFVM for interface problems in one-dimensional
setting. In Sect. 3 we provide a unified analysis for the inf-sup condition and establish
the optimal convergence in H'! norm. In Sect. 4, we study the superconvergence property
of IFVM. We identify and analyze superconvergence points for the IFV solution at both
interface and non-interface elements. Numerical examples are presented in Sect. 5. Finally,
some concluding remarks are summarized in Sect. 6.

In the rest of this paper, we use the notation“A < B” to denote A can be bounded by B
multiplied by a constant independent of the mesh size. Moreover, “A ~ B” means “A < B”
and “B < A”.

2 Interface Problems and Immersed Finite Volume Methods

Assume that = (a, b) is an open interval in R. Let o € €2 be an interface point such that

Q™ = (a,a) and QT = («a, b). Consider the following one-dimensional elliptic interface
problem
—BuY +yu' +cu=f xeQ UQT, (2.1)
u(a) =u(b) =0. 2.2)

Here, the coefficients y and ¢ are assumed to be constants. The diffusion coefficient 8 has
a finite jump across the interface. Without loss of generality, we assume it is a piecewise
constant function

B, ifxeQ ,

B(x) = {fﬁ’ ifxeqt (2.3)

where By = min{B*, 87} > 0. At the interface «, the solution is assumed to satisfy the
interface jump conditions

[u@1 =0, [Bu'@]=0, (2.4)

where [v(e)]] = lim,_, o+ v(x) — lim,_, ,- v(x).
2.1 Generalized Orthogonal Polynomials

First, we briefly review the generalized Legendre and Lobatto polynomials developed in [12].
These generalized orthogonal polynomials will be used to form the trial function space in
the IFVM.

Let 7 = [—1, 1] be the reference interval, and P, (§) be the standard Legendre polynomial
of degree n on 1 satisfying the following orthogonality condition

! 2
/71 Pm(é)Pn(S)ds = msmn- (2-5)

Define a family of Lobatto polynomials {v,} on t as follows

1— 1 §
Yo(§) = Tg Vi(§) = %‘5 Y (§) =/1 P,_1(t)dt, n=>2. (2.6)
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The generalized Legendre polynomials {L,} on t with a discontinuous weight is defined as

1
(Lu, Lp)w = /1 w(&)L, () Ly (§)dE = cdn, (2.7)
where w(§) = B(lé) and
N B, ifé et =(—1,a),
pE) = {ﬂ"', ifeetrt =(@a,l). 2.8)

The generalized Lobatto polynomials {¢,} can be constructed in a similar manner as (2.6)
as follows:

(=@ @G0B -
_ ) A=~ +1+a)pt>’ ’
¢0(2;:) = (1-&)8~ in ‘[+ (29)
(1-&)B~+(1+a)pT> ’
1468+ s
_ ) T rarapr MT
P16 = { E—@p T+t L 2.10)
(1-&)B~+(1+a)pF > ’
&
o) = / w(t)L,—1(t)dt, n>2. (2.1
-1

These generalized orthogonal polynomials can be used as local basis functions on interface
element, as they satisfy both the orthogonality and interface jump conditions:

[6.(@)] =0, |[B¢,(,f)(&)]|:0, Vi=1,2,....n

Note that the generalized Legendre polynomials are polynomials, but the generalized Lobatto
polynomials are piecewise polynomials. As pointed out in [12], the generalized orthogonal
polynomials can be explicitly constructed. In Fig. 1, we plot the first few generalized orthog-
onal polynomials for B = [1, 5], and the reference interface point & = 0.15. For comparison,
we also plot the standard Legendre and Lobatto polynomials in Fig. 2. We note that these
functions are consistent with the generalized orthogonal polynomials when 8™ = 7, as
stated in Lemma 3.2 in [12].

1 25
— ()| 2 4
—— G, (x)|
6,(X) 1.5 4
— 0, (X)|
0.5+ —— g (X)| 1
05 / {
0
0
-0.5 —L,()|
—L,)|
-1 Lo
— Lo(x)
-0.5 -1.5

1 08 06 04 02 0 02 04 06 08 1 41 -08 -06 -04 -02 0 02 04 06 08 1

Fig. 1 Generalized Lobatto (left) and Legendre (right) polynomials with interface @ = 0.15
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Fig. 2 Standard Lobatto (left) and Legendre (right) polynomials

2.2 Immersed Finite Volume Methods

In the subsection, we introduce the immersed finite volume methods for solving the interface
problem (2.1)—(2.4). Consider the following partition of €2, independent of interface

A=X)0<X| < <Xp_] <A< X <---<xy=b. (2.12)

For a positive integer N, let Zy := {1, ..., N}and for alli € Zy, we denote 7; = [x;_1, x;]
and h; = x; —x;_1, h = max;ez, h;.LetT = {r[}f\lzl be a partition of €2, and we assume the
partition is shape regular, i.e., the ratio between the maximum and minimum mesh sizes shall
stay bounded during mesh refinements. We call the element 7; the interface element since it
contains the interface point «, and the rest of elements t;, i # k noninterface elements.

The basis functions of the trial function space is constructed using the (generalized)
Lobatto polynomials. In fact, we define the basis functions in each element 7;, i € Zy as

V() = v (B0 i £
9u(®) = g0 (2270 ) i =k

The corresponding trial function space is defined by

Gin(x) = (2.13)

Ur ={veC(Q) :vly espan{¢;, :n=0,1,..., p},v(a) =v(b) =0}. (2.14)

Obviously, dim U = Np — 1.

Next we present the dual partition and its corresponding test function space. It has been
shown in [12] that the generalized Legendre polynomials {L,} and generalized Lobatto
polynomials {¢,} have same numbers of roots as the standard Legendre polynomials { P,}
and Lobatto polynomials {v,}. Let

Pu®) = P (B) i Ak

Pi,n(x) =
La(®) =L, (22422, i=k.

(2.15)

We denote by g; j, j € Z, the (generalized) Gauss points of degree n in ;. That is, the n
roots of P; ,. With these Gauss points, we construct a dual partition

T = {Tf,o’ r]’v’p] U [ri”j 2 (i, j) €Ly x Zpi},
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where

T =la. g1l Ty , = [gn,p, b1 T/ ; = [8i,), &i,j+1],

here

ifi e Zy_ .
pi = {p_l N=1 and 8ip+1 = &i+1,1, Vi € ZN_1.

ifi=N
The test function space V7 consists of the piecewise constant functions with respect to the
partition 7", which vanish on the intervals 7] , U 7y, " In other words,
Vo = Span{tp,‘,j 2 (i, j) € Zy % Zpl.},

where ¢ j = Xig; ;,g: ;111 18 the characteristic function on the interval /.. We find that
dim Vz+ = Np — 1 = dim U7. The IFVM for solving (2.1)—(2.4) is: ﬁnd ur € Ug such
that

8i,j+1
B(gi, ur(8i.j) — B j+)ur(gij+1) + / (v (x) + cur (x))dx
&i,j

8i,j+1
:/ f@)dx, Y, j) €Ly x Ly, (2.16)
8i.j

Given a function vz~ € V7, it can be represented as

N pi

o =) Y Vi

i=1 j=I

where v; j, (i, j) € Zn X Zp, are constants. Multiplying (2.16) with v; ; and then summing
up all i, j, we obtain

N pi

DO i ((Bup)(gi ) — (Bulr) (gioj1)

i=1 j=1

&i,j+1 b
-l—f (vug(x) +cu7—(x))dx) =f f@)vg (x)dx,
8 a

ij

or equivalently,

N p
ZZ[W j (ﬂu']’)(gz /)

(]

= / Jf @) (x)dx,

8i.j+1
(yu'z(x) + cuf[(x))dx>

i.j

where [v; ;] = v;j — v; j—1 is the jump of v at the point g; ;, (i, j) € Zy x Z, with
v1,0=0,vy,=0andvio=vi-1,,,2<i <N.
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The bilinear form of IFVM can be written as

N p
a(u, vr) =YY [vi /1B D' (8i )
i=1 j=1
N pi

3

i=1 j=I

o (yu/(x) + cu(x))dx) , (2.17)

ij

forallu € HO1 (2), vz7 € V7. Then our IFVM for the interface problem (2.1)—(2.4) can be
rewritten as: Find u7 € U7 such that

a(ur,vy) = (f,vy), Yvr € Vg (2.18)

3 Convergence Analysis

In this section, we derive the error estimation for [IFVM. Following the same idea as in [13],
we first prove the inf-sup condition and continuity of the IFVM, and then use them to establish
the optimal convergence rate of the IFV approximation.

3.1 Inf-Sup Condition

We begin with some preliminaries. First, for any sub-domain A C €2, where AT = ANQE,
we define the following Sobolev spaces form > 1and g > 1 in A as

W,’;’q(A) = [v € C(A): v|p+ € W™I(AE), vlaana =0,

I[,su(-”(a)]]:o, j:l,z,...,m} 3.1)
equipped the norm and semi-norm
AN O AN I AP [ AMONES [t A TR
If A = Q, we usually write || - |l,,4 instead of || - [l;n,q,@, and | - [, | - |l instead of
[ “lm.2, |l - llm,2 when g = 2 for simplicity. Second, we define a discrete energy norm for all

ve H(Q) by

N p

2
g = lig + vl g =>4, (Bv'(2i.)"

i=1 j=1
Here A; j, (i, j) € Zy x Z are the weights of the Gauss quadrature
P
Qp(F) =) AiF(gi))
j=1

for computing the integral

I1(F) = /;,- wx)F(x)dx = g ﬁF(x)dx.
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N pi
Forall vy € Vi, vyr = )" > v joi j, welet
i=1j=1

N p

2 -1 2

LT/ = Zzhl [Ui,j] ’ ||UT/
i=1 j=1

N pi

2 )
o1 =D > hivi,

i=1 j=1

lvr

and

7= wli g+ o

2
””T’ {0,7’"
Also, we define a linear mapping I1j, : Ur — Vg by

N  pi

v = vy = ZZ Vi, jPi,j»

i=1 j=1
where the coefficients v; ; are determined by the constraints
(i, j1 = Ai j(Bur)(8ij)s (s J) € Zn X L. (3.2)
Lemma 3.1 For any vy € Ur, there holds
vzl ~ lvzlle, vzl < lvzlh. (3.3)

Proof Noticing that (ﬂv’T)2 € Py for all vz € Ur, and the p-point Gauss quadrature is
exact for all polynomials of degree up to 2p — 1, we obtain

N N N p
> / B (W) (0)dx =) f w() BV ()dx =Y Y A j(Bv) (80 )
i=1"% i=17Ti

i=1 j=I
3.4

Then the first inequality (3.3) follows.
Denote vy,9 = 0. It follows from a direct calculation that

i
Vi,j = Z Z[vm,n]»

m=1n=0

and thus

N p
U,‘Z’j <pb-—a) Z Zhnzl[vm,n];

m=1n=0

Then
Tpvrllo, 7 < p(b — a)lIlpvr |7
On the other hand, for all v+ € U7, the derivative ,Bv/T €P, 1(7),i € Zy, then

N p b
DO A Br(gi)) = / (wBvl) (x)dx = (v1)(b) — (v7)(@) = 0.
i=1 j=1 a
Therefore,
N pi N p

UN,p-1 = ZZ[W,,‘] = ZZAz,jﬁU/T(gi,j) — AN pBUT(gN.p) = —AN pUT (8N p)-

i=1 j=I i=1 j=1
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In other words, we also have
[vnv,pl = VN,p — N, p—1 = AN, pUT (8N p)- (3.5)
Consequently,
N p P
Moozl =33 b P =Y bt (A Bur(eip)’
i=1 j=1 i=1 j=1
Noticing that A; ; ~ h;, we get
vzl ~ vzl ~ lvrlr. (3.6)
Then the second inequality of (3.3) follows. O
We are now ready to present the inf-sup condition and the continuity of a(-, -).
Theorem 3.2 Forallu € H', vy € Vg, there holds
a(u,vy) = Mllullgllvr 7. (3.7
Moreover, if the mesh size h is sufficiently small, then

inf sup M > o, 3.8)

vr€UT ypevy VT llgllwr 7

where both M, cq are constants independent of the mesh-size h. Consequently,
M .
lu —urlle < — inf |u—vrlc. (3.9
co vreUr

Proof By (2.17) and the Cauchy-Schwartz inequality, we have

1 1

2

N p N p
B
a(,vr) < ulg [ D) o [ 17| +max(ylleDlul | DD hiv}
i=1 j=1

i=1 j=1 “J

< Mllullgllvz iz,

where the constant M only depends on 8, y, c. Then (3.7) follows.
Recall the definition of the linear mapping I1, then we have

alvy,yvy)=1+ I, Yvr e Ur

with
N p N pi 8i,j+1

=YY Wi B@ V), =YY v f (vl () + cvr (x))dx

i=1 j=1 i=1 j=1 8i.j
In light of (3.4), we have
N p

=Y A Bvin*gi)) = Polvr 3.

i=1 j=1

To estimate I, we let V(x) = [ (yv/r(s) + cvz (s)) ds and denote by

E; = f l w(x)ﬂ(x)UT(x)V(x)dx - ZA’ /(ﬂUT)(gt /)V(gt /)

- =1
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the error of Gauss quadrature in the interval 7;, i € Zy. Then

L=->

i=1j

p

N

i=1 i=1

b N
(v, j1V (8i,j) = —/ w () B ()V (x)dx + Z E;

1 i=1

b N b
/ (yvr + cvr) vr(x)dx + Z E; = / cva(x)dx + Z E;,
a a

where in the second and last steps, we have used the integration by parts and the fact that
vy (a) = vy (b) = 0. On the other hand, the error of Gauss quadrature can be represented as

(see, e.g., [22], p98, (2.7.12)))

B py?
=L (B V)
= ap tDiepp PTG,

where &; € t;. By the Leibnitz formula of derivatives, we have

i

2p
2
BV &) = Y (,f )\(yv’T+cvzr>“‘“><ﬁv’7><2p—">(a>\Sclnv:rnf,,oo,,i
k=p+1

with

2p 2[7
c1 = max{g, y, c} Z ( X )

k=p+1

Noticing that ﬂvg) € Py, k € Zj, the inverse inequality holds and thus

~(p=3)
1Bvrllpoos Sh; "~ “lBvrhe. p= 1.

Then
| < c1(ph?
Qp+ D2

Plugging the estimate for E; into the formula of I, yields

2 2
hi |,3UT|1,T,- .

2 CI(P!)4 2 2
L > cllvrlly — mh lvrl7.

Then for sufficiently small 4, we have

Bo c .
a(r, Mywr) = oz} + S lvrll§ = 5 min{fo, cHivr 7.
In light of (3.3)—(3.6), there holds for any vy € Ur,

a(vy, wy) _ a(vr, Muvr)
sup > > collvrllG,
wrevy lwrllz 1T v 7

(3.10)

where cg is a constant independent of the mesh size 4. The inf-sup condition (3.8) then
follows. Combining the continuity (3.7), inf-sup condition (3.8), and the orthogonality of

IFVM, we derive (3.9) following similar arguments as in [5] or [46].
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Remark 3.1 As we may observe in the proof of the above theorem, (3.8) always holds no
matter where the interface is. In other words, the inf-sup condition of the IFVM is independent
of the location of the interface point. However, the error bound % in (3.9) is dependent on
Pmax
Bmin *

A direct consequence of the above theorem is the following error estimate for the IFVM.

the ratio p =

Corollary 3.3 Let T = {‘l:i}f\’: | be a partition of Q such that the interface o € ti. Let

ur € Ut be the IFV solution of (2.18), and u € weth () be the exact solution of

B
(2.1)—(2.4). Then there exists a constant C, depending on p = ’?}“n‘]:‘:, y, ¢ and p, such that

lu —ur|t < ChP|lull p11,00- (3.11)

Proof Noticing that || - ||| < || - |lg, we have from (3.9)
M M
lu —url <llu—urlcg <— inf |u—-vrle < —llu—u/lc,
co vreUr co

where u; is some interpolation function of u. Then (3.11) follows from the approximation
theory of the immersed finite element space [2]. O

4 Superconvergence Analysis

In this section, we derive some superconvergence properties of IFVM. First we introduce a
special Guass—Lobatto projection, which is of great importance in the superconvergence anal-
ysis. For any u € ng 1(Q), m > 1, we have the following (generalized) Lobatto expansion
of u on each element 7; [12]:

(o)

U@y =Y tinin(x), (4.1)
n=0
where
/ Bu (1), (x)dx
w0 =u(xi—1), i1 =u(x;), ujn=

[ B61adt,wax
We define the Gauss—Lobatto projection Zj : ng’q (2) — Uy as follows

P
Th) g = ) i nin (X). (4.2)
n=0
Let Ur = {veC(Q):vl; espan{g;, :n=0,1,..., p}, v(a) = 0}. Then we define a
special function w7 € 177 as follows.

Bar(gij) = B — Tnu) (gij) — v — Thu)(gij), (i, )) € Zy X Lp. 4.3)
Lemmad.1 Letu € Wépﬂ (Q) and wr € U be the special function defined by (4.3).

Then w is well-defined, and for all p > 2

loTll0.00 < CAP 2 ||ull2p41.00, 4.4

where C is a positive constant dependent on the coefficients f and y .
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Proof First, Bw € P,_y is uniquely determined by the first condition of (4.3) and thus
w’ is well-defined. Since w7 is continuous satisfying wz(a) = 0, then w7 is uniquely
determined. By the approximation property of Z; (see [12]), we get

1 1
lu — Zpullo,0o S hPt |”|p+1,007 Bu — Ih“)/(gi,j) S hP* |”|p+2,oo,
which gives

hp+1

/
1Bz llo,00,5 < llll p+2.00-

On the other hand, by Gauss quadrature,

p
o7 () — o7 (xi-1) = / ol (dx =Y A j(Bo) (8 )

T =1

P

> Aij (B —Thu) + y (u — Tyw) (gi.7)

j=1
1

/ B (B — Thw) + y(u — Thu)) (x)dx — E;,

where

1 p
Ei:/ B (Bu—Thu) + y (u=Tpu)) (x)dx — Z A j (Bu=Tpw) + y (u — Tyhw)) (gi,)

Jj=1
denotes the error of Gauss quadrature in 7;. By the orthogonality of the Lobotto polynomials,
we have (u — Zpu) L Po(t;), i # k, then

' | —E, ifi #k,
Cl)T(Xt)_Cl)T(Xz—])— frk %(u—Ihu)(x)dx—Ek, ifi = k.

Noticing that
2p+1 4
" (ph)
Ei=—"*'t—— — Thu) —Tu)?PNE), E e,
l (2p+1)[(2p)!]3(ﬂ(u w) = )y ), & €
we have
|Eil S B ullzp1,00,5
which yields

o7 (x1) — o7 xi—D| S PP ullapsticon i # K,
lor () — o7 (k—D| < hP P ull2ps1,00-
Using the fact w7 (a) = w7 (x0) = 0, we have forall i € Zy
o7 ()| < PP ull2ptic0 P = 2.

Then for all x € t;,

X
o7 (x)] = ‘wT(xi—l)"‘/ W (x)dx| S hP P ullap1 00
Xi—1

This finishes our proof. O
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We define a linear interpolant of w7 on [a, b] as follows.

w;(x) = w7 ((b)Cp ax %d}c, 4.5)

where Cj, = (O;j;_“ + bﬁf—f‘)’l. It is easy to check that
wr@) =0=wr(@), o7(d)=wr®), [or(a0)]=0,

|[/3ng)(&)]] —0,Vj=12...p.
Apparently, w; € l~]7— and wr — w; € Ur. Moreover, there holds
lwr ()] + 180 ()] S 1Cror )| S oo S P lullzps1000 ¥x € Q. (46)

Now we are ready to state our superconvergence properties of the [IFVM.

Theorem 4.2 Let T = {‘L’,’}lN: | be an partition of Q2 such that the interface o € 7y. Let

ur € Ur be the IFV solution of (2.18) with p > 2, and u € W;pﬂ’w(ﬂ) be the exact

solution of (2.1)—(2.4). Then
o The IFV solution ut is superclose to the Gauss—Lobatto projection of the exact solution,
ie.,

luz — Zhullo,co = O(hPT). 4.7)

o The function value approximation of u is superconvergent at roots of ¢; p+1, with an
order of p + 2. That is,
(u —ug)(lij) = OhP*?), 4.8)

where l; ; are zeros of i py1.
e The flux approximation of Bu'r is superconvergent with an order of p + 1 at the Gauss
points g i, (i, j) € Zn X Zp, i.e,

Bu —u7) (8i,7) = Oh"*h. 4.9)
e For diffusion only equation, i.e., y = ¢ = 0, there hold

B —ur) (i) = Oh*), —ur)(x) = O0h*"), (4.10)
 —ur)(x;) — ( —ug)(xi—1) = OH*PT. (4.11)

Here the hidden constants are dependent on the ratio p = %, y, c and p.
Proof First, let
up =Ty + o1 — o,

where w7 is defined by (4.3), and w; is the linear interpolant of w7 given by (4.5), and define
a operator Dx_l onallv e H(Q),

D;]v(x) = /X v(x)dx.

@ Springer



556 J Sci Comput (2017) 73:543-565

For all vy € V7, it follows from (2.17)

N p

a(—up,vr) =y Y (i 1B —up) —y@—up) —eDy w—up)(gi ;)

i=1 j=1
N p
=) i jl(Be + y(or — o) — Dy —up)(gi ),
i=1 j=1
where in the last step, we have used the definition of w7 in (4.3), which yields
B —up) —yu—up)(gij) =yor —o)gi;) + Bwi(gj).
Noticing that (« — Zpu) LPy(z;), i # k, we have forall x € 7;

[2 (=T (x)dx — [} (o7 — o) (x)dx, i<k,

Xi—1

[2E (u—Tpu)(x)dx+ f;j_l(u—z,,u)(x)dx— [Hor—op@)dx, i>k,

Xk—1

D (u—up)(x)= {

which yields, together with (4.4) and (4.6)
1D (= up)llo,co < hllu — Znullo.co + oz llo.00 S AP 2 ull2pr1,00-

Then by the Cauchy-Schwartz inequality, (4.4) and (4.6)

Nl—

la@u —ur, ve)l S lrrliz | D) Aij(Boj+y (@1 — o) —eDy ( —up)*(gi.))
i=1 j=1

-1
< vzl (1B llo,c0 + lor — wrllo,0o + 1D (w — up)llo,00)

2
S P ullapt oolvr i, Yorr € Vo
Now we choose vy = u; — u7 € U7 in (3.8) and use the orthogonality to obtain

a(un = U)o pio

1
lup —urlly < lup —urllc < — sup N llell2p+1,00-

(&) Vg EVT/ ” v’ ” T’

Noticing that (u, — uy)(a) = 0, we have

(up —up)(x) = / (up —up) (x)dx,

which yields
lun — wrllo.o < lun —urlt S P2 ull2p41,00,
and thus,
lun — Znttllo.co < llun — rllo.00 + loz — wrllo.c0 S AP 2 Ull2p+1,00-

This finishes the proof of (4.7). Since B(ur — Znu)' € IP,_1, the inverse inequality holds.
Then

1Bt — Znu) lo,co S A BT — Tnt) 0,00 S AP ull2pt1,00-
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It has been proved in [12] that

= Zp) (i, ;) S hP P2 ullpro.oes B — Tyu) (gi,7) S hP Tl pra,co-

Then (4.8)—(4.9) follow from the triangle inequality.
Now we consider the special case y = ¢ = 0. For simplicity, we denote ¢, = u — u7. It
follows from the FV scheme (2.16) that

Be, (gi.j) — Be,(gi, j+1) = 0.
In other words,
Be,(gi.j+1) = Co,

where Cy is a constant. Summing up all (i, j) yields

N p N P b N

CoY D Aij=Y_ > AijBe,(gi)) = / e, ()dx =Y Ej=-Y E.

i=1 j=1 i=1 j=1 a i=1 i=1

where the error of Gauss quadrature E; in each element 7; can be represented as
2p+1

h" (ph?

= G roiapmle IS h

|Ei]

|”||2p+1,oo’

where &; € t; is some point. Noticing that ZlNzl ]p.zl A; j ~ (b—a), wehave

N
1 2
1Col S b—a > 1Ei| S hPlullaps1 co,

i=1
and thus
2
1Be, (gi.j+| = Col S AP lull2p+1,00-
Again, we use Gauss quadrature to obtain

P
ey(x;) —ey(xi—1) = / e, (x)dx = ZAi,jﬂe;(gi,j) +E =hiCy+ E;,

T =1

and thus

J J J J
eu(xp) = e (x0) +CoY hi+» Ei=Coy hi+Y Ei
i=1 i=1 i=1 i=1

Combining the estimates for Cp and E;, the desired results (4.10)—(4.11) follow. The proof
is complete. O

Remark 4.1 As a direct consequence of (4.7), we immediately obtain the optimal conver-
gence rate of the IFV solution under the L> norm. That is

lu —urllo < lu — Znullo + 1 Zyu — urlo = OP.

Remark 4.2 The error estimate (3.11) and the superconvergence results (4.7)—(4.11) can be
readily extended to interface problems with multiple discontinuity.
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Remark 4.3 In general, there is no superconvergence behavior on the interface point «,
unless it coincides with the generalized Gauss or Lobatto points. However, if the interface
coincides with a mesh point, the IFVM becomes the standard FVM, and the function value
is superconvergent of order O (h%¥) according to the analysis in [13].

Remark 4.4 The error estimate (3.11) and the superconvergence results (4.7)—(4.9) are valid
for smooth variable coefficients y = y(x) and ¢ = c(x), e.g., ¥, c € C(). This can be
proved using the same argument as for the constant coefficients y and c,

Remark 4.5 The regularity assumption u € Wép oo

that for the counterpart IFEM in [12], which is u € W/f +2’OO(Q). As we may observe in
our analysis, the regularity assumption on the jump condition (3.1) for high order scheme is
necessary. In other words, if the exact solution only satisfies the jump condition (2.4) instead
of (3.1) for m > 1, then even the optimal convergence rate will be impaired, and this is
further demonstrated in our numerical experiments (Example 5.2).

(2) in Theorem 4.2 is stronger than

5 Numerical Examples

In this section, we present some numerical experiments to demonstrate the features of IFVM.
We test the same example as in [12]. The exact solution is chosen as

’3]—_ cos(x), if x € [0, @),
u(x) = (5.1)
’317 cos(x) + (,BL_ — ﬁ%> cos(aw), ifx € (a, 1],

where o = /6 is the interface point, and (87, B7) = (1, 5) represents a moderate discon-
tinuity of the diffusion coefficient.

We use a family of uniform meshes {7}, # > 0 where & denotes the mesh size. We
test the IFVM for polynomial degrees p = 1, 2, 3. Due to the finite machine precision, we
choose different sets of meshes for different polynomial degrees p. The convergence rate is
calculated using linear regression of the errors. Error e = u7 — u in the following norms
will be calculated.

lerlly = max |u7(x) —ux)|, llerllo,co =max |uz(x) —u(x)],
xe{x;} xe

lerllr = max |uzr(x) —u)|, |Berlc = max |Bur(x)— Bu'(x)l,
xe{lip} xe{gip}

1

2 % / 72 2
llerllo = / luz —ul"dx ) , ler|i = / lur —u'|"dx )
Q Q

lerllp = max |er (x;) — er(xi-1)|.
1

Here, |le7 ||y denotes the maximum error over all the nodes (mesh points). |le7]l0,c0 1S
the infinity norm over the whole domain 2. This is computed by choosing 10 uniformly
distributed points on each non-interface element, and 10 uniformly distributed points in each
sub-element of an interface element, and then calculating the largest discrepancy. || S’ || is
the maximum error of flux over all (generalized) Gauss points. ||e7 || is maximum solution
error over all (generalized) Lobatto points. |le7||o and |e7|; are the standard Sobolev L?-and
semi-H '-norms. ||le7 || p measures the maximum of the difference of errors at two consecutive
nodes.
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Table 1 Error of P; IFVM solution with 8 = [1,5], 0 =7/6,y =c =0

1/h lerlin llez llo.00 IBellG llezllo lez lerllp
8 3.41e—05 1.92e—03 2.11e—04 9.71e—04 2.51e—02 2.14e—05
16 8.19¢—06 4.81e—04 5.14e—05 2.42¢—04 1.25¢—02 2.89e—06
32 2.05e—06 1.20e—04 1.29¢—05 6.06e—05 6.26e—03 3.82e—07
64 5.22e—07 3.01e—05 3.25¢—06 1.52¢—05 3.14e—03 4.95¢—08
128 1.33¢—07 7.53e—06 8.19¢e—07 3.82e—06 1.58¢—03 6.31e—09
256 3.32e—08 1.88e—06 2.05e—07 9.56e—07 7.88e—04 7.95e—10
512 8.30e—09 4.71e—07 5.12e—08 2.40e—07 3.94e—04 9.96e—11
Rate 1.99 1.99 2.00 2.00 1.00 2.95

Table 2 Error of P, IFVM solution with § =[1,5],a =7/6,y =c =0

1/h lerlin llez llo,00 ler Iz IBerllG ez llo le |1 lerllp

8 2.80e—09 6.87e—06 2.10e—07 1.79e—08 2.51e—06 1.32e—04 1.80e—09
16 1.80e—10 8.98e—07 1.32e—08 1.12e—09 3.18e—07 3.33e—05 6.32e—11
24 3.55e—11 2.70e—07 2.61e—09 2.22e—10 9.46e—08 1.48e—05 8.63e—12
32 1.11e—11 1.15e—07 8.27e—10 6.97e—11 3.97e—08 8.25e—06 2.07e—12
40 4.62e—12 5.90e—08 3.39e—10 2.93e—11 2.07e—08 5.38e—06 6.90e—13
48 2.26e—12 3.55e—08 1.63e—10 1.48e—11 1.21e—08 3.76e—06 2.82e—13
56 1.27e—12 2.23e—08 8.82e—11 7.94e—12 7.57e—09 2.76e—06 1.35e—13
Rate 3.97 2.95 4.00 3.97 2.98 1.99 4.89

Table 3 Error of P3 IFVM solution with 8 =[1,5], 0 =7/6,y =c =0

1/h llerlin lle llo,00 ler Iz el ez llo leT |1 lerllp

4 6.00e—12 1.87e—06 7.29¢e—09 39le—11 8.96e—07 3.41e—05 6.00e—12
5 1.30e—12 7.68e—07 1.93e—09 9.53e—12 3.53e—07 1.69e—05 4.19¢e—12
6 5.45e—13 3.71e—07 1.02e—09 3.51e—12 1.77e—08 1.01e—05 6.03e—13
7 1.99e—13 2.01e—07 4.09e—10 1.31e—12 9.35e—08 6.23e—06 1.41e—13
8 9.69¢—14 1.18e—07 2.50e—10 6.26e—13 5.60e—08 4.27e—06 4.19e—14
9 4.26e—14 7.34e—08 1.24e—10 3.18e—13 3.45e—08 2.95e—06 2.45e—14

Rate 5.97 3.99 4.88 5.92 4.00 3.00 6.70

Example 5.1 (diffusion interface problem) In this example, we test IFVM for the diffusion
interface problem, i.e., ¥ = ¢ = 0. Errors and convergence rates for linear, quadratic and
cubic IFVM solutions are listed in Tables 1, 2, and 3, respectively. The convergence rates
are consistent with our theoretical analysis in Theorem 4.2. In particular, we note that for
quadratic and cubic IFVM solutions, the flux error at Gauss points are of order O (h?P),
which is higher than IFEM solution O (h” 1 [12].

Example 5.2 (General elliptic equations). In the example, we test the superconvergence
behavior for general second-order equation, e.g., y = 1 and ¢ = 1. Tables 4, 5 and 6
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Table 4 Error of P; IFVM solution with 8 =[1,5], 0 = /6,y = 1,c =1

1/h lerlin llez llo,00 IBerllG llezllo leT |t lerllp

8 7.64e—05 1.92e—03 1.21e—03 9.98e—04 2.51e—02 5.49e—05
16 2.03e—05 4.81e—04 3.05e—04 2.49e—04 1.25e—02 7.76e—06
32 4.56e—06 1.20e—04 7.75e—05 6.22e—05 6.26e—03 9.70e—07
64 1.17e—06 3.01e—05 1.95e—05 1.56e—05 3.14e—03 1.25e—07
128 2.81e—07 7.53e—06 4.91e—06 3.91e—06 1.58e—03 1.55e—08
256 7.02e—08 1.88e—06 1.23e—06 9.78e—07 7.88e—04 1.95e—09
512 1.76e—08 4.71e—07 3.07e—07 2.44e—-07 3.94e—04 2.45e—10
Rate 2.02 1.99 1.99 2.00 1.00 297
Table 5 Error of P, IFVM Solution with 8 =[1,5],a =n/6,y =1,c =1

1/h llerlin llez llo,00 lerlz IBerlG ez llo leT |1 llerllp

8 5.46e—08 6.68e—06 1.71e—07 6.67e—06 2.51e—06 1.32e—04 2.61e—08
16 8.84e—09 8.90e—07 1.23e—08 8.95e—06 3.18e—07 3.33e—05 1.39¢e—09
24 1.84e—09 2.68e—07 2.49¢—09 2.70e—07 9.46e—08 1.48e—05 1.90e—10
32 2.97e—10 1.14e—07 7.92e—10 1.14e—07 3.97e—08 8.25e—06 3.20e—11
40 4.62e—11 5.86e—08 3.25e—10 5.90e—08 2.07e—08 5.38e—06 6.69e—12
48 3.32e—11 3.54e—08 1.58e—10 3.55e—08 1.21e—08 3.76e—06 3.27e—12
56 4.92e—11 2.22e—08 8.63e—11 2.23e—08 7.57e—09 2.76e—06 2.42e—12
Rate 4.14 2.93 391 2.93 2.98 1.99 5.03
Table 6 Error of P3 IFVM Solution with 8 = [1, 5], =7/6,y = 1,c =1

1/h llezlin llez llo,00 ler il el lezllo leT |1 lerllp

4 6.56e—09 1.89e—06 9.81e—08 2.02e—06 8.95e—07 3.41e—05 3.55¢e—09
6 1.82e—09 3.74e—07 1.29¢—08 4.03e—07 1.77e—07 1.01e—05 7.17e—10
8 6.56e—10 1.18e—07 3.30e—09 1.28e—07 5.60e—08 4.27e—06 2.0le—10
10 2.56e—10 4.85e—08 1.13e—09 5.24e—08 2.30e—08 2.19e—06 6.42e—11
12 9.88e—11 2.34e—08 4.52e—10 2.52e—08 1.11e—08 1.27e—06 2.09e—11
14 3.58¢e—11 1.26e—08 2.00e—10 1.36e—08 5.98e—09 7.95e—07 6.53e—12
16 1.20e—11 7.39e—09 9.70e—11 7.96e—09 3.50e—09 5.32e—07 1.93e—12
18 3.09e—12 4.61e—09 5.09e—11 4.96e—09 2.18e—09 3.73e—07 4.40e—13
Rate 4.88 4.00 4.99 4.00 4.00 3.00 5.77

report the errors and convergence rates of Py, P», and P3 IFVM approximation, respectively.
Again, these data indicate the validity of our theoretical analysis. In Figs. 3, 4 and 5, we plot
the solution error and the flux error in a uniform mesh consists of eight elements. Note that
the interface « = 7 /6, depicted by a black circle, is in the fifth element. The (generalized)
Lobatto points and the (generalized) Gauss points are show in red color. Clearly, we can see
that solution errors and flux errors at these special points are much closer to zero, than the

majority of the points. This again shows the superconvergence behavior of IFVM.
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Fig. 3 Error and flux error of Py IFVM solution. 8 = {1, 5}, & = %
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Fig. 4 Error and flux error of P, IFVM solution. 8 = {1, 5}, & = %

Example 5.3 (Superconvergence for less smooth functions) In the example, we test the con-
vergence and superconvergence behavior for IFVM and IFEM for nonsmooth functions.
For this example, we consider the following function as the exact solution

1
— cos(x), if x € [0, @),

u(x) 5.2)

,BL“‘ cos(x) + <,BL_ - ,BL"'> cos(a) + ,BL"'(X —a)", ifx € (o, 1],

where m > 2 is a positive integer. Direct calculation yields,
|[ﬁu<f>(a)]] —0, 1<j<m—1, and |[ﬁu<’">(a)]] £0.

In particular, when m = 2, the function (5.2) satisfies only the minimal regularity requirement
(2.4), but not the regularity condition in Theorem 4.2. We test the diffusion interface problems
using both immersed finite volume method and the immersed finite element methods [12].
The errors of IFVM and IFEM solutions are presented in Tables 7 and 8, respectively. We
note that the superconvergence behavior at (generalized) Lobatto points and (generalized)
Gauss points are both affected by the low regularity of the exact solution. However we may
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Fig. 5 Error and flux error of P3 IFVM solution. 8 = {1, 5}, & = %

Table 7 Error of P, IFVM for nonsmooth solution 8 = [1,5],a =7/6,y =0,c=0,m =2

1/h llerlln lle llo,c0 llez il IBerllG llello ler |1

8 5.98e—05 1.61e—04 5.24e—05 1.19e—04 3.34e—05 2.24e—03
16 5.27e—05 1.19e—04 4.93e—05 1.05e—04 2.64e—05 1.40e—03
32 9.46e—06 9.96e—06 9.72e—06 1.89e—05 4.24e—06 1.56e—04
64 3.86e—06 6.71e—06 3.80e—06 7.49¢—06 1.70e—06 1.73e—04
128 2.20e—08 2.38e—08 2.18e—08 4.20e—08 9.35e—09 2.44e—06
Rate 2.66 2.96 2.62 2.68 2.76 2.27
Table 8 Error of P, IFEM for nonsmooth solution 8 = [1,5],0 =7/6,y =0,c=0,m =2

1/h lerlin llez ll0,00 llerliz IBerllG llez llo ler |1

8 2.44e—15 1.49e—04 3.25e—05 4.21e-03 2.15e—05 1.93e—03
16 1.58e—14 7.42¢—05 4.87e—06 4.40e—03 1.01e—05 1.28e—03
32 9.29¢—14 8.34e—06 3.89e—06 1.54e—03 8.42e—07 1.88e—04
64 3.93e—13 4.45¢—06 1.01e—06 5.02e—04 3.67e—07 1.61e—04
128 8.00e—13 2.88e—08 4.23e—09 3.76e—05 9.02e—10 1.98e—06
Rate - 3.00 2.62 2.68 3.39 2.29

still observe some superconvergence behavior at these points, even though neither of these
convergence rates come close to the maximum rates of convergence in the analysis for smooth

solution.

Moreover, we plot the errors of solution and flux for IFVM and IFEM in Figs. 6 and 7,
respectively. We can observe that IFVM flux error at (generalized) Gauss points are much
closer to zero than the IFEM solution, even for nonsmooth functions. However, IFEM solu-
tion seems more accurate than IFVM solution on noninterface elements. In particular, the
numerical solution at the mesh points are still exact, and the error at Lobatto points are much
closer to zero than other interior points. For IFVM, the solution error at Lobatto points seems
not superconvergent on either the interface element and noninterface elements.
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Fig. 6 Error and flux error of P, IFVM solution for nonsmooth function. 8 = {1, 5}, & = %
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Fig. 7 Error and flux error of P, IFEM solution for nonsmooth function. 8 = {1, 5}, « = 5

6 Concluding Remarks

In this paper, we present an unified approach to study a class of high order IFVM for one-
dimensional elliptic interface problems. Using the generalized Lobatto polynomials which
satisfy both orthogonality and interface jump conditions as the trial function space, and the
generalized Gauss points as the control volume, we established the inf-sup condition and
continuity of the bilinear form, and then proved that the IFVM solution converge optimally
in both H!- and L?-norms. Furthermore, we designed a new approach to study the super-
convergence of IFVM, which is different from the method of Green function used in [13],
and thus established superconvergence results for the IFV solution.

The extension of the superconvergence analysis for two-dimensional interface problems
is non-trivial. There are at least two obstacles. First, to the best of our knowledge, only
the lowest order immersed finite element spaces (P on triangular meshes and Q1 on rect-
angular meshes) are reported for two-dimensional interface problems. The construction of
higher order immersed FEM/FVM functions is still under investigation. Secondly, in two-
dimensional case, the interface becomes an arbitrary curve, and in 3D, a surface. Error analysis
for standard energy norm or L2 norm is very difficult for such interface problems, and we
believe the superconvergence analysis could even more challenging. Hence, the supercon-
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vergence analysis for multi-dimensional interface problems is a whole new territory, and
therefore worth separate papers for dedicated study.
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