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Based on a weighted average of the modified Hellinger–Reissner principle and its dual, the
combined hybrid finite element (CHFE) method was originally proposed with a combina-
tion parameter limited in the interval (0,1). In actual computation this parameter plays
an important role in adjusting the energy error of discretization models. In this paper, a
novel expression of the combined hybrid variational form is used to show the relationship
between the resultant method and some Galerkin/least-squares stabilized finite scheme
for plate bending problems. The choice of combination parameter is then extended to
(�1,0)

S
(0,1). Existence, uniqueness and convergence of the solution of discrete schemes

are proved, and the advantage of the parameter extension in computation is discussed. As
an application, improvement of Adini’s rectangular element by the CHFE approach is
performed.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The combined hybrid finite element (CHFE) method is a special stabilized mixed method developed in recent years for
elasticity problems [1–3]. Based on a weighted average of the formulations of Hellinger–Reissner principle and its dual,
the primal hybrid variational principle, this method does not require finite element pairs of stress and displacement spaces
to satisfy the inf-sup or LBB conditions, and, for any given combination parameter a 2 (0,1), it always yields a convergent
numerical solution.

For fourth-order plate bending problems, due to the C1-continuity requirement, determination of suitable displacement
shape functions is much more complex than those needed for C0-continuity. This C1 difficulty has resulted in many mixed
approaches such as hybrid formulations and least-squares methods which include the use of Lagrangian multiplier and pen-
alty strategies (see the papers [4–18] and the references therein for details). Because of the ‘saddle-point’ nature of the hy-
brid methods, the displacement and bending moments approximations are required to satisfy the inf-sup stability condition
(see, e.g. [4,6]). In [19] the CHFE approach was extended to the numerical analysis of the plate bending problems to avoid the
inf-sup difficulty and to yield stabilized hybrid schemes in the sense that the displacement and bending moments variables
are approximated independently.

Due to elimination of the stress/moments parameters at the element level, the CHFE method preserves the convenience of
the standard Galerkin displacement scheme. Moreover, this method is shown to be of an energy-error-adjusting mechanism
. All rights reserved.

tural Science Foundation of China (10771150), the National Basic Research Program of China
Excellent Talents in University (NCET-07-0584).

(G. Yu), xpxie@scu.edu.cn, xpxie@gmail.com (X. Xie), xuz@vt.edu (X. Zhang).

http://dx.doi.org/10.1016/j.amc.2010.04.052
mailto:yuguozhumail@yahoo.com.cn
mailto:xpxie@scu.edu.cn
mailto:xpxie@gmail.com
mailto:xuz@vt.edu
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


3266 G. Yu et al. / Applied Mathematics and Computation 216 (2010) 3265–3274
[20–22], i.e. for given displacement and stress/moments modes, by changing the combination parameter a in the interval
(0,1) one can adjust the energy of the discretization model so as to reduce the energy error. In [20–22], it was shown numer-
ically that the smaller the energy error is, the better the accuracy of the scheme will be. However, in some applications there
are circumstances that the energy error of a CHFE scheme with a special displacement approximation can not be reduced for
the parameter a 2 (0,1) [21], so it is impossible to attain higher numerical accuracy at coarse meshes for the corresponding
CHFE scheme by choosing an appropriate a in (0,1). Hence, a further study of the energy-error-adjusting mechanism of the
CHFE method seems to be required.

In this paper, a new survey of the CHFE method is carried out for plate bending problems so as to disclose some new inter-
esting aspects of the method. By using a novel equivalent expression, the CHFE scheme is shown to enjoy the form of some
Galerkin/least-squares stabilized finite element method [23,24]. This observation then leads to an extension of the combi-
nation parameter interval from (0,1) to (�1,0)

S
(0,1). As an application, improvement of Adini’s plate element by the CHFE

method is investigated.
Throughout the paper the letter C represents a positive constant which is independent of the mesh size h ¼maxXi

fhig and
may be different at its each occurrence.

2. Combined hybrid variational principle

Considering the following plate bending problem:
divdivr ¼ f in X;

r ¼mðD2uÞ in X;

u ¼ ru � n ¼ 0 on @X;

8><>: ð2:1Þ
where X � R2 is a bounded open set, u represents the vertical deflection, r = (rij) (i, j = 1,2) denotes the symmetric bending
moment tensor (i.e. r12 = r21), divdivr = @11r11 + 2@12r12 + @22r22 with @ij ¼ @2

@xi@xj
ði; j ¼ 1;2Þ,
D2u ¼
@11u @12u

@12u @22u

� �
; mðrÞ ¼

r11 þ mr22 ð1� mÞr12

ð1� mÞr12 mr11 þ r22

� �

with m 2 (0,0.5) the Poisson’s coefficient, and n is the unit outer normal vector along @X.

The combined hybrid variational principle corresponding to the problem (2.1) reads as [19]:
inf
ðv ;vcÞ2U�Uc

sup
s2V

1� a
2

dðv ;vÞ � f ðvÞ � b1ðs;v � vcÞ þ a b2ðs; vÞ �
1
2

aðs; sÞ
� �� �

; ð2:2Þ
where Th = {Xi} denotes a subdivision of X, hi the diameter of Xi, and
V ¼
Y

Xi2Th

Hðdivdiv;XiÞ ¼
Y

Xi2Th

s 2 L2ðXiÞ
� 	4

s
; divdivs 2 L2ðXiÞ

� �
;

U ¼ v 2
Y

Xi2Th

H2ðXiÞ; v ¼ rv � n ¼ 0; on @X

( )
;

Uc ¼ H2
0ðXÞ=

Y
Xi2Th

H2
0ðXiÞ ¼ trace of v 2 H2

0ðXÞ on boundaries
Y

Xi2Th

@Xi

( )
are respectively the symmetric bending moment vector space, the deflection space, and the interelemental boundary deflec-
tion space, L2ðXiÞ

� 	4

s
the space of square integrable 2 � 2 symmetric tensors, and
aðr; sÞ ¼
Z

X
m�1ðrÞ : sdx;

b1ðs;v � vcÞ ¼
XI

@Xi

½MnnðsÞrðv � vcÞ � nþMnsðsÞrðv � vcÞ � s� Q nðsÞðv � vcÞ�ds;

b2ðs;vÞ ¼
XZ

Xi

s : D2v dx;

dðu;vÞ ¼
XZ

Xi

mðD2uÞ : D2v dx;

f ðvÞ ¼
Z

X
f v dx;

MnnðsÞ ¼ ðsnÞ � n; MnsðsÞ ¼ ðsnÞ � s; Q nðsÞ ¼ rðtrðsÞÞ � n;
n ¼ unit outer normal vector along @Xi;

s ¼ unit tangent vector along @Xi:
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According to optimality conditions of saddle-point problems, the combined hybrid variational principle (2.2) is equivalent
to:

Find (r,u,uc) 2 V � U � Uc such that
aaðr; sÞ � ab2ðs; uÞ þ b1ðs;u� ucÞ ¼ 0 8s 2 V; ð2:3Þ
ab2ðr; vÞ � b1ðr;v � vcÞ þ ð1� aÞdðu;vÞ ¼ f ðvÞ 8ðv ;vcÞ 2 U � Uc: ð2:4Þ
Let Uh � U and Vh � V be finite-dimensional subspaces equipped with norms
kvkU ¼
XZ

Xi

mðD2vÞ : D2v dx

" #1
2

;

kskV ¼
Z

X
m�1ðsÞ : sdxþ

X
h4

i jdivdivsj20;Xi

� �1
2

:

To discuss finite element discretizations of problem (2.2) or its equivalent problem (2.3)–(2.4), the weakly compatible finite-
dimensional deflection subspace Uh � U is introduced [19]:

Definition 2.1. A non-conforming space Uh is weakly compatible if for Xi 2 Th, there exists a set Si of continuity node points
on @Xi, such that

(1) d(v,v) = 0 implies v = 0.
(2) An interpolation operator Tc(v) :Uh ? Uc, i.e. the conforming component of v, can be constructed by using the setS

Xi2Th
vðSiÞ of node point values of v.

As pointed out in [19], all the conventional plate elements with C1-continuous vertices are weakly compatible. In fact, the
weakly compatible subspace Uh is of either one of the following two characteristics:

(i) The set of nodal parameters of v 2 Uh on each side e of element Xi (a triangle or a quadrilateral) is
PeðvÞ ¼ vðQ jÞ; @1vðQ jÞ; @2vðQjÞ; j ¼ 1;2

 �

;

where Q1 and Q2 are the endpoints of e. And then Tc can be constructed as
8v 2 Uh; TcðvÞje 2 P3ðeÞ; rTcðvÞ � nje 2 P1ðeÞ;
such that for j = 1,2,
TcðvÞðQjÞ ¼ vðQ jÞ; rTcðvÞðQ jÞ � s ¼ rvðQ jÞ � s;
rTcðvÞðQ jÞ � n ¼ rvðQ jÞ � n;
where Pt(Xi) denotes the set of polynomials of degree 6t for an integer t P 0;

(ii) The set of nodal parameters of v 2 Uh on each side e of element Xi is
ReðvÞ ¼ vðQjÞ; @1vðQ jÞ; @2vðQ jÞ; j ¼ 1;2;rvðQ 3Þ � n

 �

;

where Q3 = Q12 is the midpoint of e. Then Tc can be constructed as
8v 2 Uh; TcðvÞje 2 P3ðeÞ; rTcðvÞ � nje 2 P2ðeÞ;
such that for j = 1,2,
TcðvÞðQ jÞ ¼ vðQ jÞ; rTcðvÞðQ jÞ � s ¼ rvðQjÞ � s;
and for j = 1,2,3,
rTcðvÞðQjÞ � n ¼ rvðQ jÞ � n:
Let Vh � V be a finite-dimensional subspace of piecewise-independent bending moment approximation. By virtue of the
interpolation operator Tc, we take Uh

c ¼ TcðUhÞ as the approximation of the interelemental boundary deflection subspace
Uc. Then the problem (2.3)–(2.4) is discretized as:

Find (rh,uh) 2 Vh � Uh, such that
aaðrh; sÞ � ab2ðs;uhÞ þ b1ðs;uh � TcðuhÞÞ ¼ 0 8s 2 Vh; ð2:5Þ
ab2ðrh;vÞ � b1ðrh;v � TcðvÞÞ þ ð1� aÞdðuh;vÞ ¼ f ðvÞ 8v 2 Uh: ð2:6Þ
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Remark 2.1. If the weakly compatible space Uh � C0ð�XÞ, then by the construction of Tc one has TcðvÞj@Xi
¼ v j@Xi

, and the fol-
lowing relation holds:
b1ðs;v � TcðvÞÞ ¼
XI

@Xi

MnnðsÞrðv � TcðvÞÞ � nds; 8ðs;vÞ 2 Vh � Uh:
Moreover, if Uh � C1ð�XÞ, then
b1ðs;v � TcðvÞÞ ¼ 0; 8ðs;vÞ 2 Vh � Uh:
Remark 2.2. Since s 2 Vh is piecewise-independent, the parameters of bending moments can be eliminated at an element
level.
Remark 2.3. In the case a = 0, the combined hybrid scheme (2.5)–(2.6) is of approximate amount to the conforming or non-
conforming scheme.
Remark 2.4. In the extreme case a = 1, (2.5)–(2.6) reduces to a usual hybrid scheme, and the following inf-sup condition
sup
s2Vh

b2ðs;vÞ � b1ðs;v � TcðvÞÞ
kskV

P CkvkU ; 8v 2 Uh
is required for subspaces Vh and Uh to ensure the element stiffness matrix having sufficient rank.
For the combined hybrid scheme (2.5)–(2.6), it is not necessary to impose any inf-sup condition on finite element sub-

spaces Vh � Uh. In fact, it holds the following convergence theorem [19]:

Lemma 2.1. Assume that (r,u) is the exact solution to the problem (2.1). Then for any a 2 (0,1), there exists a unique combined
hybrid finite element solution (rh,uh) 2 Vh � Uh to the problem (2.5)–(2.6) and a positive constant C such that
kr� rhk0;X þ ku� uhkU 6 C inf
s2Vh
kr� skV þ inf

v2Uh
ku� vkU þ sup

s2Vh

b1ðs; v � TcðvÞÞ
kskV

" #( )
:

This lemma shows that when the deflection approximation subspace Uh is given, the combined hybrid scheme (2.5)–(2.6)
will give convergent finite element solutions with any bending moment mode Vh and any given combination parameter
a 2 (0,1). This guarantees the reliability of the CHFE method with graduate convergence at finer meshes.

In next section, the extension of the combination parameter a and its role in the energy adjustment will be discussed.

3. Combination parameter extension and energy adjustment

3.1. Extension of the combination parameter

Lemma 2.1 states that the combined hybrid scheme (2.5)–(2.6) admits a unique convergent solution for a 2 (0,1). In what
follows we will show that this is also true for a 2 (�1,0)

S
(0,1).

First we introduce the following definition as in [19]:

Definition 3.1. A weakly compatible finite element space Uh is referred to as completely energy-compatible (or E-
compatible) with respect to the moment space Vh if
b1ðs;v � TcðvÞÞ ¼ 0; 8ðs;vÞ 2 Vh � Uh: ð3:1Þ

Based on this E-compatibility condition, the problem (2.5)–(2.6) reduces to:

Find (rh,uh) 2 Vh � Uh, such that
aaðrh; sÞ � ab2ðs;uhÞ ¼ 0 8s 2 Vh; ð3:2Þ
ab2ðrh;vÞ þ ð1� aÞdðuh; vÞ ¼ f ðvÞ 8v 2 Uh: ð3:3Þ
Since a(m(D2uh),s) = b2(s,uh) and a(m(D2uh),m(D2v)) = d(uh,v), for a – 0 the Eqs. (3.2) and (3.3) can be rewritten in the form
aðrh; sÞ � b2ðs; uhÞ þ b2ðrh;vÞ þ ð1� aÞaðrh �mðD2uhÞ; s�mðD2vÞÞ ¼ f ðvÞ ð3:4Þ
for "(s,v) 2 Vh � Uh. This can be viewed as a Galerkin/least-squares stabilized finite element scheme, where the term
(1 � a)a(rh �m(D2uh),s �m(D2v)) is the imposed stabilization term for the scheme
aðrh; sÞ � b2ðs; uhÞ þ b2ðrh;vÞ ¼ f ðvÞ; 8ðs;vÞ 2 Vh � Uh:
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When 1 � a > 0, from a(s,s) + (1 � a)a(s �m(D2v),s �m(D2v)) = 0 we have s = 0 and v = 0 for the weakly compatible space
Uh (see Definition 2.1). So
aðs; sÞ þ ð1� aÞaðs�mðD2vÞ; s�mðD2vÞÞ½ �
1
2

is a norm of Vh � Uh. From the equivalence of any two norms in a finite-dimensional space we immediately get
aðs; sÞ þ ð1� aÞaðs�mðD2vÞ; s�mðD2vÞÞP C ksk2
V þ kvk

2
U

� 	
: ð3:5Þ
According to the Lax–Milgram theorem, the existence and uniqueness of the discrete solution of the scheme (3.4) follow nat-
urally. Furthermore, we have

Theorem 3.1. Let ðr;uÞ 2 Hðdivdiv;XÞ � H2
0ðXÞ be the exact solution to problem (2.1). Assume that Uh is weakly compatible and

E-compatible with respect to Vh with
jb1ðs;v � TcðvÞÞj 6 CkskVkvkU ; 8ðs;vÞ 2 V � Uh: ð3:6Þ
Then, for any a 2 (�1, 0)
S

(0,1), the problem (3.4) admits a unique solution (rh,uh) 2 Vh � Uh such that the following error esti-
mate holds:
kr� rhk0;X þ ku� uhkU 6 C inf
s2Vh
kr� skV þ inf

v2Uh
ku� vkU

� �
: ð3:7Þ
Proof. We only need to prove the estimate (3.7). From the Eqs. (2.3)–(2.4) and u � uc = 0, r(u � uc) � n = 0 on @X, the exact
solution (r,u) of the problem (2.1) satisfies, for (s,v) 2 Vh � Uh,
aðr; sÞ � b2ðs;uÞ þ b2ðr; vÞ � b1ðr;v � TcðvÞÞ þ ð1� aÞaðr�mðD2uÞ; s�mðD2vÞÞ ¼ f ðvÞ: ð3:8Þ
Let (I1r, I0u) 2 Vh � Uh be any given approximation of (r,u). Subtracting (3.4) from (3.8), we have
aðI1r� rh; sÞ � b2ðs; I0u� uhÞ þ b2ðI1r� rh; vÞ þ ð1� aÞa I1r� rh �mðD2ðI0u� uhÞÞ; s�mðD2vÞð Þ
¼ aðI1r� r; sÞ � b2ðs; I0u� uÞ þ b2ðI1r� r;vÞ � b1ðI1r� r;v � TcðvÞÞ
þ ð1� aÞa I1r� r�mðD2ðI0u� uÞÞ; s�mðD2vÞð Þ:
Taking s = I1r � rh ¼: drh, v = I0u � uh ¼: duh in the above equation, we get
aðdrh; drhÞ þ ð1� aÞa drh �mðD2duhÞ; drh �mðD2duhÞð Þ
¼ aðI1r� r; drhÞ � b2ðdrh; I0u� uÞ þ b2ðI1r� r; duhÞ � b1ðI1r� r; duh � TcðduhÞÞ
þ ð1� aÞa I1r� r�mðD2ðI0u� uÞÞ; drh �mðD2duhÞð Þ
¼ ð2� aÞaðI1r� r; drhÞ � ð2� aÞb2ðdrh; I0u� uÞ þ ab2ðI1r� r; duhÞ
þ ð1� aÞdðI0u� u; duhÞ � b1ðI1r� r; duh � TcðduhÞÞ ¼:

X
ðr; uÞ:
By virtue of the Schwartz inequality and jb2(s,v)j 6 a1/2(s,s) � d1/2(v,v), and by (3.6), we have
X
ðr;uÞ 6 ð2� aÞa1

2ðI1r� r; I1r� rÞ � a1
2ðdrh; drhÞ þ ð2� aÞa1

2ðdrh; drhÞ � d
1
2ðI0u� u; I0u� uÞ

þ aa
1
2ðI1r� r; I1r� rÞ � d

1
2ðduh; duhÞ þ ð1� aÞd

1
2ðI0u� u; I0u� uÞ � d

1
2ðduh; duhÞ þ CkI1r� rkVkduhkU

6 C a
1
2ðdrh; drhÞ a

1
2ðI1r� r; I1r� rÞ þ d

1
2ðI0u� u; I0u� uÞ

h in
þ d

1
2ðduh; duhÞ a

1
2ðI1r� r; I1r� rÞ þ d

1
2ðI0u� u; I0u� uÞ

h i
þ kI1r� rkVkduhkU

o
6 C ½aðdrh; drhÞ þ dðduh; duhÞ�

1
2 � ½aðI1r� r; I1r� rÞ þ dðI0u� u; I0u� uÞ�

1
2 þ kI1r� rkVkduhkU

n o
:

Since
kvkU 6 Cd
1
2ðv;vÞ 6 CkvkU ; a

1
2ðs; sÞ 6 CkskV;

dðv ;vÞ 6 Cfaðs; sÞ þ aðs�mðD2vÞ; s�mðD2vÞÞg;
using Schwartz inequality, we further have
X
ðr;uÞ 6 C½aðdrh; drhÞ þ dðduh; duhÞ�

1
2 � ½aðI1r� r; I1r� rÞ þ dðI0u� u; I0u� uÞ þ kI1r� rk2

V�
1
2

6 C½aðdrh; drhÞ þ aðdrh �mðD2duhÞ; drh �mðD2duhÞÞ�
1
2 � kr� I1rk2

V þ ku� I0uk2
U

h i1
2
:
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Hence, by the definition of
P
ðr; uÞ, we get
aðdrh; drhÞ þ aðdrh �mðD2duhÞ; drh �mðD2duhÞÞ 6 C kr� I1rk2
V þ ku� I0uk2

U

n o
:

Therefore,
kdrhk0;X þ kduhkU 6 C kr� I1rkV þ ku� I0ukU


 �
:

Finally, by triangular inequality and arbitrariness of (I1r, I0u), we obtain the desired estimate (3.7). h

Notice that in this theorem the admissible interval of the combination parameter a becomes (�1,0)
S

(0,1), while in
Lemma 2.1 it is (0,1). In what follows, we shall discuss the advantage of this extension of a in the energy adjustment of
the discretized model.

3.2. Energy adjustment by the combination parameter

The saddle-point form of the problem (3.2)–(3.3) reads as:
PCHðrh;uh;aÞ ¼ inf
v2Uh

sup
s2Vh

PCHðs;v ;aÞ;
where the energy functional
PCHðs; v; aÞ :¼ 1� a
2

dðv ;vÞ � f ðvÞ þ a b2ðs;vÞ �
1
2

aðs; sÞ
� �

:

We can rewrite the above saddle-point form as
PCHðrh;uh;aÞ ¼ inf
v2Uh

sup
s2Vh

1� a
2

dðv ;vÞ � f ðvÞ þ a b2ðs;vÞ �
1
2

aðs; sÞ
� �� �

¼ inf
v2Uh

1
2

dðv ;vÞ � f ðvÞ þ sup
s2Vh

a �1
2

aðs; sÞ þ b2ðs;vÞ �
1
2

dðv ;vÞ
� �( )

¼ inf
v2Uh

1
2

dðv ;vÞ � f ðvÞ þ sup
s2Vh

�a
2

aðs�mðD2vÞ; s�mðD2vÞÞ
( )

:

From this novel formulation, we have the following conclusion:

Proposition 3.1. For given spaces Uh and Vh with Vh +m(D2Uh), the energy functional PCH(rh,uh;a) depends on a continuously,
and PCH(rh,uh;a) is monotone decreasing with respect to a 2 (�1, 0)

S
(0,1), i.e. for a1,a2 2 (�1, 0)

S
(0,1), a1 < a2 implies
PCHðrh;uh;a1ÞP PCHðrh; uh; a2Þ:
Moreover, there holds lima?�1PCH(rh,uh;a) = +1.
Proposition 3.1 clarifies the energy-adjusting mechanism of the CHFE method and the role of the combination parameter

a in adjusting the energy of the discretized model. As shown in [20–22], higher energy-accuracy schemes generally enjoy
higher numerical accuracy. Then, in this sense, the CHFE method can improve the given displacement model
PPðuh
1Þ ¼ inf

v2Uh
PPðvÞ
by adjusting the combination parameter a such that the energy-error inequality
jPCHðrh; uh;aÞ �PPðuÞj < jPPðuh
1Þ �PPðuÞj ð3:9Þ
holds, where PPðvÞ ¼ PCHðs;v ; 0Þ ¼ 1
2 dðv ;vÞ � f ðvÞ denotes the potential energy functional and PPðuÞ ¼ inf

v2H2
0ðXÞ

PPðvÞ is the

exact energy. In other words, an appropriate choice of a can lead to a CHFE scheme with energy-accuracy more accurate than

the corresponding displacement scheme.
For the weakly compatible subspace Uh, we consider the following two cases:

Case 1. The potential energy PPðuh
1Þ satisfies
PP uh
1

� 

> PPðuÞ; ð3:10Þ
Case 2. There holds
PP uh
1

� 

< PPðuÞ: ð3:11Þ



G. Yu et al. / Applied Mathematics and Computation 216 (2010) 3265–3274 3271
For Case 1, according to Proposition 3.1, for a given bending moment subspace Vh, we can realize the improvement (3.9) by
adjusting the parameter a 2 (0,1), whereas for Case 2, we can obtain (3.9) by adjusting the parameter a 2 (�1,0).

Especially, for Case 2, from Proposition 3.1,there exists �a 2 ð�1;0Þ such that
PCHðrh;uh; 0Þ ¼ PP uh
1

� 

< PPðuÞ < PCHðrh;uh; �aÞ: ð3:12Þ
Thus, by the continuity of the energy functional PCH(rh,uh;a) with respect to a, we easily know that there exists a parameter
a* 2 (�1,0) such that the combined hybrid scheme (3.2)–(3.3) is of zero energy-error, i.e. there holds the energy relation
PCH rh;uh;a�ð Þ ¼ PPðuÞ: ð3:13Þ
Remark 3.1. Theoretically the optimal choice a* in (3.13) can be approximately found out by a bisection algorithm. In fact,
assume that for an appropriately coarse mesh with mesh size h and its finer mesh with size h/2, the energy PCH(rh,uh;a) at
fine mesh is more accurate than at the coarse mesh. Then different accuracy-altered trends at two ends of interval ð�a;0Þ will
occur, where �a is the same as in (3.12). At a = 0, the energy increases in the direction from h to h/2, while it decreases at
a ¼ �a. Utilizing this difference in trend, the altered trend at a0 ¼ �a=2 can be used to decide the optimal a* being inside which
one of two intervals ð�a;a0Þ and (a

0
,0), and a better �a� than a

0
can be determined.
4. Application: improvement of Adini’s rectangular element

As an application of the above theory for the parameter extension, this section is devoted to improvement of Adini’s rect-
angular element by the CHFE method.

Assume that X is a rectangular domain and Xi 2 Th is an arbitrary rectangle with vertices Qj(xj,yj), j = 1,2,3,4, central point
(x0,y0), and side lengthes hx and hy.

The deflection subspace of Adini’s C0-interpolants is defined as [5]
Uh
A ¼ v 2 U

\
C0ð�XÞ; v jXi

2 P3ðXiÞ �
_
fxy3; x3yg; 8Xi 2 Th

n o
;

with the set of nodal parameters on Xi
PXi
¼ fvðQ jÞ; @1vðQ jÞ; @2vðQ jÞ; j ¼ 1;2;3;4g:
Let bXi ¼ ½�1;1�2 be the referential square with four vertices
bQ 1 ¼ ðn1;g1Þ ¼ ð�1;�1Þ; bQ 2 ¼ ðn2;g2Þ ¼ ð1;�1Þ;bQ 3 ¼ ðn3;g3Þ ¼ ð1;1Þ; bQ 4 ¼ ðn4;g4Þ ¼ ð�1;1Þ:
The local co-ordinates n and g on bXi are given by
n ¼ 2ðx� x0Þ=hx; g ¼ 2ðy� y0Þ=hy:
Then for 8v̂ 2 P3ðbXiÞ �
W
fng3; n3gg, we can write
v̂ ¼
X4

j¼1

v̂ðjÞpj þ v̂nðjÞ/j þ v̂gðjÞwj

� 

;

with
pj ¼
ð1þnjnÞð1þgjgÞ

4 1þ njnþgjg
2 � n2þg2

2

� 	
;

/j ¼ �
ð1þgjgÞð1þnjnÞ2ð1�njnÞ

8 nj;

wj ¼ �
ð1þnjnÞð1þgjgÞ

2ð1�gjgÞ
8 gj;

8>>>><>>>>:

where v̂ðjÞ; v̂nðjÞ; v̂gðjÞ ðj ¼ 1;2;3;4Þ denote the twelve degrees of freedom on bXi.

Consider the following two kinds of bending moment modes [21]: the piecewise-constant mode Vh
0 and the piecewise-

incomplete-quadratic mode Vh
0�2. They are defined, respectively, as
8s 2 Vh
0; sjXi

¼
s11

s22

s12

0B@
1CA ¼ 1 0 0

0 1 0
0 0 1

0B@
1CA b1

b2

b3

0B@
1CA; ð4:1Þ

8s 2 Vh
0�2; sjXi

¼
s11

s22

s12

0B@
1CA ¼ 1 0 0 g 0 0 0 n2 0 0 g2 0 0

0 1 0 0 n 0 0 0 n2 0 0 g2 0
0 0 1 0 0 n g 0 0 n2 0 0 g2

0B@
1CA

b1

..

.

b13

0BB@
1CCA: ð4:2Þ
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Since Uh
A � C0ðXÞ, from Remark 2.1 we have
b1ðs;v � TcðvÞÞ ¼
XI

@Xi

MnnðsÞrðv � TcðvÞÞ � nds 8ðs;vÞ 2 Vh � Uh
A:
Furthermore, as proved in [21], the E-compatibility condition
b1ðs;v � TcðvÞÞ ¼ 0 8ðs;vÞ 2 Vh � Uh
A ð4:3Þ
Fig. 1. Quadrant of a square plate: geometry and 4 � 4 mesh.

Fig. 2. Energy P and central displacement u for CHA0 and CHA1: simply-supported boundary and unit uniform load.

Fig. 3. Energy P and central displacement u for CHA0 and CHA1: clamped boundary and unit uniform load.
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holds, where Vh ¼ Vh
0 or Vh

0�2. We can also easily verify the inequality (3.6) for Uh
A.

Now take Uh ¼ Uh
A in the combined hybrid scheme (3.2)–(3.3), and take Vh ¼ Vh

0 and Vh ¼ Vh
0�2, respectively, we then ob-

tain the combined hybrid plate elements Vh
0 � Uh

A and Vh
0�2 � Uh

A which are denoted respectively by CHA0(a) and CHA1(a)
[21].

According to Theorem 3.1, the parameter extension is valid for CHA0(a) and CHA1(a), i.e. we can take a 2 (�1,0)
S

(0,1).

5. Numerical experiments

Several test problems are calculated with the combined hybrid scheme (3.2)–(3.3) for the combined hybrid elements
CHA0(a) and CHA1(a) to show the role of the combination parameter a in reducing the energy error of the discretized model
so as to yield accurate displacement results at coarse meshes.

A thin isotropic square plate of side length L = 1 and Poisson’s ratio m = 0.3 is considered with two types of boundary con-
ditions (Fig. 1): simply-supported boundary conditions and clamped boundary conditions. The applied transverse loading is
in the form of a unit uniform load or a unit center concentrated load.
Table 1
Energy and displacement results: simply-supported boundary and unit center concentrated load.

Element a CHA0 CHA1

2 � 2 4 � 4 8 � 8 2 � 2 4 � 4 8 � 8

P(e � 3) 0.5 �6.957 �6.176 �5.916 �6.757 �6.116 �5.898
0.3 �6.544 �6.038 �5.873 �6.430 �6.004 �5.863
0.1 �6.272 �5.949 �5.845 �6.235 �5.938 �5.842
Adini (a = 0) �6.166 �5.914 �5.835 �6.166 �5.914 �5.835
�0.1 �6.068 �5.884 �5.825 �6.104 �5.895 �5.829
�0.3 �5.905 �5.831 �5.809 �6.011 �5.864 �5.819
�0.5 �5.767 �5.788 �5.796 �5.941 �5.841 �5.812
�1 �5.489 �5.699 �5.769 �5.823 �5.803 �5.800

u(e � 2) 0.5 1.391 1.235 1.183 1.352 1.223 1.180
0.3 1.309 1.208 1.175 1.286 1.201 1.173
0.1 1.254 1190 1.169 1.247 1.188 1.168
Adini (a = 0) 1.233 1.183 1.167 1.233 1.183 1.167
�0.1 1.214 1.177 1.165 1.221 1.179 1.166
�0.3 1.181 1.166 1.162 1.202 1.173 1.164
�0.5 1.153 1.158 1.159 1.188 1.168 1.162
�1 1.098 1.140 1.154 1.165 1.161 1.160

12-parameter [25] BFS [5]
1.136 1.155 1.159 1.147 1.157 1.159

Note: Exact P = �5.801e � 3, u = 1.160e � 2.

Table 2
Energy and displacement results: clamped boundary and unit center concentrated load.

Element a CHA0 CHA1

2 � 2 4 � 4 8 � 8 2 � 2 4 � 4 8 � 8

P(e � 3) 0.5 �3.944 �3.192 �2.925 �3.789 �3.141 �2.910
0.3 �3.475 �3.036 �2.877 �3.390 �3.007 �2.868
0.1 �3.180 �2.939 �2.848 �3.153 �2.929 �2.845
Adini (a = 0) �3.067 �2.901 �2.836 �3.067 �2.901 �2.836
�0.1 �2.970 �2.869 �2.826 �2.996 �2.878 �2.829
�0.3 �2.809 �2.815 �2.810 �2.883 �2.842 �2.818
�0.5 �2.678 �2.770 �2.796 �2.799 �2.815 �2.810
�1 �2.430 �2.683 �2.769 �2.656 �2.769 �2.797

u (e � 3) 0.5 7.888 6.384 5.851 7.578 6.283 5.819
0.3 6.950 6.073 5.755 6.780 6.014 5.737
0.1 6.360 5.877 5.695 6.306 5.859 5.689
Adini (a = 0) 6.135 5.803 5.672 6.135 5.803 5.672
�0.1 5.940 5.738 5.652 5.992 5.756 5.658
�0.3 5.617 5.629 5.619 5.766 5.684 5.636
�0.5 5.356 5.540 5.592 5.597 5.629 5.620
�1 4.861 5.366 5.538 5.313 5.539 5.593

12-parameter [25] BFS [5]
5.324 5.544 5.597 5.622 5.597 5.606

Note: Exact P = �2.806e � 3, u = 5.612e � 3.
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In the elements CHA0(a) and CHA1(a), the combination parameter a is taken respectively as a = 0.5,0.3,0.1,0,
�0.1,�0.3,�0.5,�1. When a = 0, CHA0(0) and CHA1(0) are identical to Adini’s element. Three kinds of meshes, (2 � 2),
(4 � 4) and (8 � 8), are used. In Figs. 2 and 3, we give graphically the results of the energy P and the central displacement
u for the square plates under simply-supported/clamped boundary conditions and a unit uniform load, whereas in Tables 1
and 2, we list the computational results of the energy and displacement under a unit center concentrated load. From Figs. 2, 3
and Tables 1, 2, we can see that in all the cases, it holds the relation PCH(rh,uh;0) < PP(u), i.e. Adini’s rectangular element
satisfies (3.11). Especially, for a 2 (�1,0), the energy results are more accurate than those of Adini’s element, and so are
the displacement results. We can also see that high accuracy for displacement, as well as for energy, are attained at coarse
meshes for appropriate choice of a, say a = �0.5 for CHA0(a). Comparisons are made with the conforming Bogner-Fox-Sch-
mit (BFS) element with 16 parameters [5] and the 12-parameter rectangular element proposed by Shi and Chen [25].

6. Conclusions

Equivalence of the combined hybrid finite element scheme and some Galerkin/least-squares stabilized scheme has been
established. This extends the choice of the combination parameter a from the interval (0,1) to (�1,0)

S
(0,1). It has been

shown by numerical experiments that high numerical accuracy of the CHFE method can be attained at coarse meshes by
appropriately choosing a 2 (�1,0).
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