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ABSTRACT. The notion of Eliashberg-Gromov convex ends provides
a natural restricted setting for the study of analogs of Moser’s
symplectic stability result in the noncompact case, and this has been
significantly developed in work of Cieliebak-Eliashberg. Retaining
the end structure on the underlying smooth manifold, but dropping
the convexity and completeness assumptions on the symplectic
forms at infinity we show that symplectic stability holds under a
natural growth condition on the path of symplectic forms. The
result can be straightforwardly applied as we show through explicit
examples.

1. INTRODUCTION

A fundamental problem in symplectic topology is that of determining
when two symplectic forms are equivalent. Recall the symplectic stability
result of Moser [14] (1965) saying that if wy, ¢ € [0, 1], is a smooth path
of cohomologous symplectic forms on a smooth manifold M (i.e. an
isotopy), and M is compact, then there exists a smooth path ¢, of
diffeomorphisms of M such that pfw; = wy (i.e. wy, t € [0, 1], is a strong
isotopy). Moser’s argument depends strongly on the assumption that
M is compact. The result does not generalize straightforwardly to the
noncompact case. On the one hand, in his work on the h-principle
Gromov showed that two cohomologous symplectic forms wy and w,
on a noncompact manifold may be joined by an isotopy if and only if
they are connected by a path of nodegenerate forms [11] (1969). On
R?" the h-principle says that any two symplectic forms inducing the
same orientation are isotopic. On the other hand, in his paper on
pseudoholomorphic curves [12] (1985) Gromov proved the existence of
exotic symplectic structures on R**, n > 2 (not symplectomorphic to
the standard structure, though having the same orientation). See also
[3, 15]. In order to give a natural setting within which one may attempt
to generalize stability and other results from compact to noncompact
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symplectic manifolds Eliashberg and Gromov [6] (1991) formalized the
notion of symplectic manifolds with convex ends, which has become
a fundamental concept in symplectic topology. In particular it led to
important work of Cieliebak and Eliashberg, e.g., in their book on Stein
and Weinstein manifolds [5] where stability results are established for
special classes of symplectic manifolds with convex ends, namely for
Liouville manifolds and Weinstein manifolds.

Our goal is to drop the assumption that the symplectic forms be
convex on the ends, keeping only the assumption that the underlying
manifold has an end structure, i.e. can be viewed as the interior of a
manifold with boundary. In order to do so, one must impose a growth
condition on the path of symplectic forms, for which a metric is required.
Recall that a Riemannian manifold (M, g) has cylindrical ends if there
exists a compact codimension 0 submanifold K whose boundary 0K
is a smooth hypersurface, and an isometry M \ K — 0K x (1,00)
where 0K has the induced metric. The second component of the
isometry may be smoothly extended to a function M — R, with values
less than 1 on K°, referred to as the radial coordinate function of
(M, g). The reciprocal of the radial coordinate is a defining function
for the boundary at infinity OM, diffeomorphic to OK. Let ||-||, denote
the uniform norm with respect to the metric over the points with
radial coordinate r. Let S,(M) be the set of symplectic forms on M
with cohomology class a € H?*(M,R). We define the log-variation
LV: S, (M) x dQ' (M) — [0, oc] by

(e, 8) = supr! o ]

Our main result gives a sufficient condition for symplectic stability on
these manifolds.

Main Theorem. Let M be a manifold with cylindrical ends and
HY(OM,R) = 0. Ifw, t € [0,1], is a symplectic isotopy with total
log-variation

1
/ LV(CL)t,C;)t) dt < oo
0

then it is a strong isotopy.

The condition in the theorem is not necessary, see Example 4.3. It
is natural, however, in the sense that it amounts to a natural growth
condition on the size of the vector field X; constructed via a general-
ization of Moser’s Path Method to the noncompact case (Section 2).
The difficulty with establishing a necessary condition in terms of the
growth of the family w; is that X; may grow rapidly at infinity, yet still
be complete.
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Corollary 1.1. Let M be a manifold with cylindrical ends and with
HY(OM,R) = 0. Then a symplectic isotopy wy, t € [0,1], is a strong
isotopy if there exists C' > 0 such that Hwt_lHTHthr < Cr forr>0,t e
0, 1].

Corollary 1.2. Let M be a manifold with cylindrical ends and with
HY(OM,R) = 0. Fiz a € H*(M,R). Then S,(M) x So(M) — [0, 0]
given by («, ) — inf (fol LV (wy, wy)dt), where the infimum is taken
over all isotopies from « to B, is a pseudometric. Moreover, forms at
finite distance are strongly isotopic.

Corollaries 1.1 and 1.2 follow immediately from the Main Theorem.

Corollary 1.3. Let M be a manifold with cylindrical ends and radial
coordinate function v, with H*(OM,R) = 0. Let w be a symplectic form
and o a 1-form on M. Suppose that sup,c,pllw™"|,[|doll, < 1. Then
w+tdo, t € [0,1], is a strong isotopy of symplectic forms.

Corollary 1.4. A symplectic isotopy wy, t € [0,1], on R*", 2n > 4, is
a strong isotopy if there exists C > 0 such that ||wt_1||ert‘ .S Clogr
forr > 1t €[0,1], where || - |, is the uniform Euclidean norm over
the sphere of radius .

Corollary 1.5. Let M be an even dimensional compact manifold,
dimM > 4, and let F be a finite set of points on M. If w;, t € [0,1],
is a symplectic isotopy on M \ F for which w; " and &, are bounded
uniformly in t with respect to any fixed metric on M, then w; is a strong
isotopy on M \ F.

The Main Theorem, and Corollaries 1.3 and 1.5 are proved in Section 3.
Corollary 1.4 follows by noting that, away from the origin, Euclidean
space is conformal to a cylinder.

Remark 1.1. The assumption H'(OM,R) = 0 is equivalent to the
natural map H2(M,R) — H?*(M,R) being injective. This allows one to
handle the compact part of M separately in constructing the generator
X; of the strong isotopy via the Path Method (Section 2). More
importantly, this assumption implies injectivity of the map H?(V,R) —
H?(V,R) for sets V of the form »~'(r — ¢, 7 + €), where r is the radial
coordinate function of M. Without this assumption it is impossible
to construct the time dependent vector field X; with bounds on X,
which are localized in the radial coordinate on the ends. This makes the
assumption natural, and apparently necessary for our kind of results.
The assumption H!'(OM,R) = 0 also implies dim M > 2. If dim M = 2
a symplectic isotopy is a strong isotopy if || L Wo = / 4y w1 and the set of
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ends where wg and w; give infinite volume coincide up to permutation
by a diffeomorphism [10, 16].

Remark 1.2. The role of the condition Hwt_lHertHr < Cr in Corol-
lary 1.1 is intuitive and natural: it prevents finite time blow up for
the ordinary differential inequality of the form 7(t) < [jw; lHert”r‘
Heuristically, this inequality controls the escape to infinity of the in-
tegral curves for the time dependent vector field X;, constructed by
generalizing Moser’s Path Method (Section 2), whose flow gives the
strong isotopy. In practice, one only obtains an inequality of (roughly)
this form for r in a set of intervals with arbitrarily small gaps between
them, which makes formalizing this heuristic argument awkward. Our
approach, therefore, is to control the lengths of the integral curves more
directly, leading to the result obtained in the Main Theorem.

Remark 1.3. In stating our Main Theorem and some of its corollaries
we have made use of a Riemannian metric with cylindrical ends. This
metric plays only an auxiliary role, allowing us to give the simplest
formulation of our result. Metrics with different asymptotics can be used.
This is demonstrated for the most basic case of the Euclidean metric in
Corollary 1.4. For concrete examples our conditions are also very easy
to check. The following is a simple application of Corollary 1.4: If fi, f5
are smooth functions bounded away from zero and with bounded time
derivative and c is any constant, then the isotopy of symplectic forms
Wt = fl(t, x1, yl)dl'l A dyl + fg(t, T, yg)dl'g VAN dyg + CdZL‘l A dl’z, t e [0, 1],
on R* is a strong isotopy. More generally, the time derivatives of f; and
f» may have logarithmic growth in r, the radial coordinate on R*.

Acknowledgments: The last two authors are supported by NSF CA-
REER Grant DMS-1518420. We are very grateful to Roger Casals,
Daniel Cristofaro-Gardiner, Yakov Eliashberg, Larry Guth, Rafe Mazzeo,
Leonid Polterovich, Justin Roberts, Alan Weinstein, Paul Yang, and
Shing-Tung Yau for helpful discussions about symplectic stability.

2. PATH METHOD ON NONCOMPACT MANIFOLDS

For M compact, Moser proved his symplectic stability result by
differentiating ¢jw; = wp to get 0 = %(gpj{wt) = ¢f (W + Lx,wy), where
w; is the time derivative of w; and X, is the time-dependent vector
field generating the family ¢;, and then solving for ¢, in terms of X;.
Since [wy] is constant, w; is exact for all ¢ € [0,1]. By Hodge theory
on compact manifolds there exists a smooth family o, of 1-forms such
that w; = doy for all ¢ € [0, 1]. By Cartan’s formula Lx,w; = d(X; Jw;)
since wy is closed for each ¢t € [0,1]. So w; + Lx,w; = d(oy + X Jwy). If
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one chooses X; to be the vector field determined by o, + X; Jw;, =0
then, since M is compact, we may integrate X, to determine a family
¢y such that ¢fw; = wp for all ¢ € [0, 1]. This technique is usually called
the Path Method. In the noncompact case, the argument above does
not work, and the conclusion is false. The problem lies in being able to
solve w; = doy for a smooth family of 1-forms o; in such a way that X;,
t € [0, 1], is complete.

The following is the outline of the steps we carry out to construct
the vector field X; and provide the L*> estimates needed to determine
the existence of the flow when M is not compact: In the first step
we consider a compact Riemannian manifold (N, gn) of dimension m
and an open interval J. Combining Hodge theory on (N, gx) with
the Poincaré Lemma one has, for any k£ with 1 < k£ < m, an operator
I%  QF(N x J) — QF YN x J) satisfying dI%, ;w = w for all w €
dQ*Y(N x J). We bound the L* norm of I%, ; by proving (for m > 3)
that 1% = d* o G: QF(N) — QF1(N) has finite L>® norm, where G is
the Green’s operator for the Hodge Laplacian on k-forms and d* is the
codifferential.

In the second step we solve the d-equation for compactly supported
forms. Let M be a smooth manifold and let V' be an open submanifold
of M with compact closure and smooth boundary. We use the weighted
Hodge theory of Bueler-Prohorenkov [4] on noncompact manifolds to
construct an operator I, : QE(M,V) — Q¥ '(M,V) on forms com-
pactly supported in V satisfying do I}, yw = w for all w € dQF~ (M, V).

In the final step, given an isotopy of symplectic forms w;, t € [0, 1],
we put the previous steps together to construct a time-dependent vector
field X satisfying d(X; Jw;) = —w, with explicit L>° estimates in terms
of the L™ norms of «;, w; ', and the operators 1%, ; and ]JITLV for a
collection of precompact pieces U = N x J and V of the underlying
manifold M. To define these pieces we pick a proper smooth function
f and a covering of f(M) by intervals whose preimages give the sets U
and V. For intervals J not containing any critical values of f we identify
U= f~%J) with N x J, where N = f~!(rg) for some rq € J, and define
oy = 1%, 0y, for which we have explicit L™ estimates from the first
step. We then smoothly extend o; across the remaining gluing regions,
corresponding to the remaining intervals J’, to solve doy = w;. This
requires using the operator I3,y from the second step with V- = f=1(.J").
This gluing step is topologically obstructed, and we must assume that
H2(V,R) — H?*(V,R) is injective (this is the reason for the condition
HY(OM,R) = 0 in our Main Theorem). We then let X, = —w, ‘0.
Since d(X; Jwy) = —wy, the local flow of ¢; of X; starting from ¢y = 0
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satisfies %(gpjwt) = 0, where this makes sense. So the problem reduces
to studying the global existence of the flow ¢; for ¢ € [0,1]. This is
done in Section 3 using the precise estimates on X; which appear in
Lemma 2.4.

Step 1: L>™ estimates for solving the d-equation. Let N be a
manifold and J an open interval. The Poincaré Lemma for de Rham
cohomology states that H*(N x J,R) = H*(N,R) for any k. This is
proved by fixing any ry € J and constructing a de Rham homotopy
operator for the pair of maps n: N x J — N, the projection, and
t: N — N x J, the inclusion y — (y,79). An example of such a
homotopy operator is the map I%¥: QF(N x J) — Q*Y(N x J) given by
(Ikw)(y,r) = f:;) 0s Jw(y, s)ds for each (y,r) € N x J, where 0, is the
coordinate vector field along J. A straightforward calculation shows that
dIfw+Ifdw = w—7m**w for any w € QF(N x J), with 0 < k < dim N+1.
We will make use of the following trivial consequence.

Lemma 2.1. Let N be a manifold and J an open interval. Let k €
{1,...,dim N} and let I%: QF(N) — Q*Y(N) be a smooth operator
such that dI% =id on dQ*Y(N). Fizro € J and let 1: N — N x J be
the map y — (y,10). Then the operator I%., ;: QF (N xJ) — QF1(Nx J)
given by

(1%, )7 / 0, sw(y, s)ds + (Ii'w)(y)

satisfies 1% ;w = w for all w € AQFY(N x J).

We will be applying Lemma 2.1 in the case of a compact Riemannian
manifold (N, gy). In order to bound the L norm of 1% ; it suffices to
prove that the natural Hodge theoretic operator I has finite L> norm.

Theorem 2.2. Let (N,gy) be a compact Riemannian manifold of
dimension m > 3. Let k € {1,...,m} and let I%, = d* o G: QF(N) —
QF=Y(N) where G is the Green’s operator for the Hodge Laplacian on
k-forms, and d* is the codifferential. Then d o I% is the identity on
dQ*1(N) and

178l e v g

Iz =

[
verw) Tl ey

Here ||*|| oo (i gy @ the uniform norm with respect to gn over N.

Proof. The Green’s operator G: QF(N) — QF(N) is characterized by
AGw = w for w € (kerA)t and Gw = 0 for w € ker A, where
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A: QF(N) — QF(N) is the Hodge Laplacian. It is possible to con-
struct an integral kernel for GG; the only difficulty is that the Green’s
kernel must be thought of as a distributional section of the bundle
i A2N @ 73 (A2N)* — N x N where 7, m: N x N — N are the pro-
jections onto the first and second factor respectively. We will show
that the Green’s kernel has the same asymptotic behavior at leading
order near the diagonal as the Euclidean Green’s function (cf. [1]
for the case of functions). To construct the Green’s kernel we solve
Ay aistr. G(p, @) = 0,(q) — V1 where A, qistr. is the distributional Lapla-
cian, J,(q) is the Dirac delta function at p, and V is the volume of
(N, gn). We start by formally approximating G(p, ) near the diagonal.
Let f € C3°(R) be the standard bump function equal to 1 on (—32,2)
and supported in ( d,d) where 0 is the injectivity radius of (IV, gn). Let

H(p,q) = &, a)* f(dist(p, q)) where o,,_1 is the volume of the (m—1)-

(m—2)om—1

sphere. Let n be an integer larger than % Let Fl(p, q) =—-AH(p,q)
and for 1 < i < n let Typ1(p, q fN r)A,H(r,q)dvol,. We
write

—m

G(p,q) = H(p,q) + Z /N Li(p,r)H(r,q) dvol, +F(p, q)

where F(p, q) is a distributional section of 7;A2N @ 75 (A2N)* — N x N,
and seek to solve for F(p,q). Taking the Laplacian of G(p, q), using
that Ay giste. H(p, q) = AgH (p, q) + 9,(q) by Green’s third identity (see
for instance p. 107 in [1]), and canceling,

(2.1) Vo =Toi(p,q) + Ay, aise F (D, )

By a standard Lemma of Giraud [7, p. 150] I',,(p, ¢) is bounded, and
consequently T',,1(p,q) is C'. By elliptic theory, for each fixed p
there is a weak solution F'(p,q) of (2.1). Then by elliptic regularity for
elliptic operators between vector bundles whose principal part has scalar
coefficients the solution F(p,q) is C?. It follows from the definition of
H(p, q) and the ansatz for G(p, q) above that

dist(p, ¢)>~™
(m — 2)0m—1

near the diagonal. Thus | [ Bs(p) d:G(p, q)w(q) dvol, | is at most

G(p,q) = (1+ O(dist(p, q)))

Tl—m
(1 4+ O(r)) ™ dr dvolgm 1 |[|w|| ;o
/35( ) (m _ 2)0'm71( ’ ’L (N,9)
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where r = dist(p, ¢). Since the derivative of G(p, q) is bounded outside
of the ball Bs(p) and N is compact there exists C' > 0 for which

| (I%w)(p ‘/ d,G(p, q)w(q) dvol,

<

/ drG(p, q)w(q) dvol,
Bs(p)

g

/ d;G(p, q)w(q) dvol,
N\Bs(p)

< COllwl] oo v
for all p e N. O

+

g

Step 2: Solving the d-equation for compactly supported forms.
Our construction of the vector field X; in Step 3 relies on the following
fact: Let w; be a smooth family of k-forms, each of which is the exterior
derivative of a compactly supported form, then there exists a smooth
family of compactly supported (k — 1)-forms 7, such that dn, = w, for all
t. There are various ways to prove this fact, see, e.g., [2, Lemme 11.2.2],
cf. [8, Lemma, page 617]. The following lemma gives an alternative
approach to this fact using weighted Hodge theory. This approach really
gives more than, say, [2, Lemme I1.2.2], since in principle it allows one
to estimate 7 in terms of w,. We will not need to make use of such
estimates however.

Lemma 2.3. Let M be a smooth manifold and let V' be an open sub-
manifold of M with smooth compact boundary. Let Q¥(M,V) be the
space of k-forms which vanish outside of V.. For k € {1,...,dim M}
there exists a smooth operator Iy, : QE(V) — QF (M, V) such that

(do I} yw)|y =w for allw € AQE(V).

Proof. Let gy be ametricon N = V. Let U be a tubular neighborhood
of N and let p be a defining function for N such that U = p~!(—1,1)
and p > 0 on V. Fix a diffeomorphism U — N x (—1, 1) with the second
component being p. Let f = p~! on V and use this diffeomorphism to
identify U NV with N X (1,00). The metric gy & dr? on N x (1, 00)
may be extended to a complete metric gy on V. Let S(A*V) be the
space of smooth k-forms w on V with rapid decay in the sense that
lim, o | fC0%|(y,7) = 0 for any multiindex «, ¢ € N, and choice of
local coordinates on N (here the coordinate derivatives are with respect
o (y,r) and act only on the coefficients of the differential form). A k-
form w in e"2°S (A¥V) vanishes to infinite order on N = 9V, and thus
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extends smoothly by zero to all of M. Let pu = €2/ Zdvolgv where dvol,
is the Riemann-Lebesgue measure. Then dj, = e~2/*q*e2” is the formal
adjoint of d with respect to u. Let A, = ddj, 4+ d;d. By the Hodge
decomposition of [4] there exists a Green’s operator G, for A, with
domain and codomain equal to e~2/*S (A*V), which properly contains
QF(V). By definition we then have dd}G,w = w for all w € dQ}~(V),

and we define [ ]’f/[y to be dj,GG,, composed with extension by zero. U

Step 3: Piecewise construction of X; with estimates. Given a
compact Riemannian manifold (IV, gy) we denote, as in Theorem 2.2,
the Hodge theoretic right inverse to the exterior derivative d : Q'(N) —
QO%(N) by I%.

Lemma 2.4. Let M be a manifold, dim M > 4, and f: M — R an
exhaustion. Let [a;, b;], i € N, be intervals containing no critical values
of [ such that a; < b; < a;11 and by — oo. Let X = Ujenla;, bi] and
suppose that H*(M\ f~1(X),R) — H*(M \ f~1(X),R) is injective. Let
g be a Riemannian metric on M such that V [ is a unit Killing vector
field on f~Y(X). If ws, t €]0,1], is an isotopy of symplectic forms on
M, then there exists a time-dependent vector field Xy on M, t € [0, 1],
satisfying d(X; Jw;) = —wy and on each U; = f~1(a;, b;)

bi —

e [ PR Y

a+b)

Proof. For each ¢ € N let J; = (a@,bi) and choose enlarged intervals
J; = (@, b;) such that the closures [d;,b;] do not contain critical points
of f, and a; < a; < b; < b <al+1 for all i € N. For each i € N let J; =
(aut2as b”gfb ), so that J; C J; C J;, and let U; = f~'(.J;), U; = f~1(J;),
and U; = f71(J;). Let r; = “F% and let ¢,,: f~'(r;) — M be the
inclusion. Using the flow ¢ of Vf we may identify U; with f~1(r;) x J;.
We thus define the 1-form o? on U; by

(2.2) a,f(y, r) = / Vol (a(y,s))ds + (1?71(”%:1_(;075) (y),

for (y,r) € f~'(r;) x J;. By Lemma 2.1 we have doj = w; on U;. Let
Ai: M — [0,1] be a smooth function supported in U; and equal to 1 in
a neighborhood of U;. Let

Zd (Nio}) = Zd)\ Aoy + (1—§:Ai)wt
1=1
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Let Jo1 = (—o0, %1%) and for each 7 € Nlet J; ;41 = (Qbi;bi, 2‘““;6“1 ).
For all i € NU {0} let V; ;41 = f~*(Jiss1). Note that oy is supported
in the union of the gluing regions V;;,1, moreover ayly,,, , is com-
pactly supported in V; ;41. Since o is exact on M and, by assumption,
HZ(V;iy1) = H?*(Vii41) is injective we have [ov|v, ., ]m2(v;,,,) = 0. By
Lemma 2.3, there is 8;"t' € Q'(M) which vanishes outside Vj 1,
and satisfies d8"™ = a; on Viie1. Let By = 3772, 2 and let
or =y oo (Niop) + Br. Then w; = doy. Hence the time-dependent vector
field given by X; = —w; ‘o for t € [0, 1] satisfies d(X; Jw,;) = —;. The
estimate follows from (2.2). O

3. SYMPLECTIC STABILITY ON MANIFOLDS WITH CYLINDRICAL ENDS

Lemma 3.1. Let M be a smooth manifold and Xy, t € [0,1], a smooth
time-dependent vector field on M. Let ~v: J — M be the mazimal flow

line of Xy with v(0) = xo. If v(J) is contained in a compact set then
J =10,1].

Proof. Suppose that J # [0,1], then there is T" € (0, 1] such that
J =[0,T). Define X on M x [0,1] by X = X, + 9, and let 5 be the
maximal integral curve of X with 5(0) = (x,0). Then 4 has maximal
domain J and is given by 4(t) = (v(t),t). By the standard Escape
Lemma [13, Lemma 9.19] 4(.J) is not contained in any compact subset
of M x[0,1]. But this implies that v(.J) is not contained in any compact
subset of M. O

Lemma 3.2. Suppose that M is a noncompact manifold and f: M — R
is an ezhaustion such that H'(f~(r),R) =0 for r > R. Let {r;};cy C
Ror, {0itien € Ruo, and {o;},cy C Rxg be sequences such that the
intervals [r; — 0;,m; + 0;] are disjoint and contain no critical values of
[, and Y72 a;0; = 0o. Let g be a metric on M which is a product on
each Uy = f~Y((r; — 65,7 + 6;)) = f~1(ry) x (15 — 03,75 + 0;). Then an
isotopy of symplectic forms wy, t € [0,1], such that

1
[spas
0 €N

15 a strong isotopy.

Proof. Let J; = (az, b;) = (r; — &, + 6;) for each i € N. The assump-
tion that H'(f~'(r),R) = 0 for all » > R implies that dim M > 2
and H2(M \ f~Y(X),R) — H*(M \ f~Y(X),R) is injective for X =
Uienlai, b;]. Hence dim M > 4 and we can apply Lemma 2.4. Let X;
be the time-dependent vector field of Lemma 2.4. It suffices to show
that the flow of X, starting at ¢ty = 0 exists globally for all ¢ € [0, 1].

i)

N e Nl e 2 < 0.
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Let x € M. Fix ig such that f(x) < a;,. Let v be the maximal flow
line of X; with v(0) = x. Suppose that the maximal domain of ~
is [0,7) with 0 < 7" < 1. Then by Lemma 3.1 the image (]0,7))
must not be contained in any compact set. So lim; 7 f(7(t)) = oo.
It follows that v must pass through each set U; with ¢ > i5. For
each i let {; = [, [X(7(t))],dt. Then {; > §; for each i > iy, so
Zzig Ozi&‘ 2 Z?im Oéz'(sz‘ = OQ.

On the other hand, by the bound on || X;(%)|| j(p, ;) from Lemma 2.4

2
& </_ <5i+HIf—1<m
=Y (Us)

2 -1 -
and thus a;¢; < frl(Ui) ai(éﬁ—‘ ]ffl(n_) Loo)Hwt HLOO(Ui,g)HthLOC(Ui,Q)
Since the subsets v~1(U;) of [0,1] are disjoint we have that

> 1
S et ompen (0t s e

dt

a [
W W
’LOO>|| t Moo (Uy,g) 1M 1L (U3 0)

dt.

where the right hand side is finite, a contradiction. We conclude that ~
has domain [0, 1]. O

Proof of Main Theorem. Let (M, g) be a Riemannian manifold with
cylindrical ends and f: M — R, its radial coordinate function. Let
wy, t € [0,1], be an isotopy of symplectic forms with total log-variation
fol LV (ws,w;) dt < oo. Since M is symplectic and H*(OM,R) = 0,
dimM > 4. Let A denote the diagonal in (1,00) x (1,00). The
finiteness of the total log-variation is equivalent to

1
/ sup f($)_1‘w;l(x)|g|wt(x’)|gdt < 0.
0 (f(2).f(z'))eA
By continuity, any point (¢, ¢,t) € A x [0, 1] has an open neighborhood
W+ such that
P @] e, < s @) e @) o), + 1
(f(@),f(=")eA
for all z, 2/ and s with (f(2), f(2),s) € Wes. So by the compactness of
0, 1] there exists a neighborhood W of A C (1,00) x (1,00) such that

1

(3.1) / sup f(x)_l|wt_1(x)‘g|wt(a:’)|gdt < o0.
0 (f(2),f(z")ew

Let p: (1,00) — Ry be a continuous function such that r — r + p(r)

is strictly increasing and {(r,s) € RZ | —u(r) <r —s < pu(s)} C W.

We construct disjoint subintervals {(r; — d;,r; + 0;)};oy in (1,00) as
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follows. Let §; = min{1, x(2)/2} and r; = 2 + ;. Then inductively let
diy1 = min{1, u(r; + 9;)/2} and ;41 = r; + §; + 0;41 for all i € N. We
have r; — oo as ¢ — 00, since otherwise the sequence r; would converge
to some point 7o, with p(r.) = 0.

For each i € N, let o; = 1/(r; 4+ ;). Then

i+1 — 0
22%5 —Z(l— 7“z+1—5+1) me{— —lo <—T2_5i+1>}'

=1
In the last sum there are either infinitely many ¢ for which the ‘"

summand is 5, or there is some fixed iy € N such that i*" sum-

mand is —log(%) for all i@ > 4y. In either case the sum di-
verges. So Y oo, o;0; = oo. By reducing each §; a little bit we can
ensure that r; + &; < riy1 — 0;41 with Y °, @;0; still being co. For
each i € N let J; = (r; — 6,7 + 6;) and U; = f~1(J;). Note that
(3.1) holds with W replaced by the subset U;enJ; X J;, which im-

plies fo Sup;en Qi [|w; ! ||Loo Voo H tHLw (Us.g) < 00 since a; < f(x)~! for
x € U;, i € N. Now since the hypersurfaces f~!(r;) are all isometric to
f7(r1), the quantity ‘

for all 7 we have

1
[ et 110
0 €N

1
< ( N A2 el N =

The result then follows from Lemma 3.2. O

I?_I(T")H is independent of 7, and since 9; < 1
7 L

dt

‘LOO) Hwt_l HLOO(U’L.’g) ||thL°°(Ui,g)

Proof of Corollary 1.3. Suppose A = supref(M)Hw_lHTHdaHr < 1. For
any v € M, w™'(r)do(z) is an endomorphism of (T,M,|-|,) with
operator norm at most A. If t < A~', then [tw™"(z)do(x)|, < 1 for any
xr € M, which means 1 + tw!(z)do(z) is invertible. So w; = w + tdo is
symplectic for all ¢ € [0, 1]. Moreover, for any z € M

|w;1(x)‘g < ‘(1 + tw’lda)’l(x)b‘w’l(m)!g < (1-— tA)’l}w’l(x)’g.
Thus by assumption we have

1 1 A
/ LV (o, ) df < / sup(1 — tA4)~ [l do |, df < —2— < oo,
0 0o r=1 " " 1-A
0

Proof of Corollary 1.5. Note that Corollary 1.4 generalizes trivially to
manifolds equipped with a metric which is Euclidean on the end(s).
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We will make use of this generalization, rather than arguing directly
from the Main Theorem, because it makes the coordinate computations
easier. It suffices to treat the case where F' contains just one point p.
Let g be a metric on M, and let U be geodesic ball about p. Scaling
g if necessary we may take U to be a unit geodesic ball, and we may
use normal (exponential) coordinates to identify (U, p) with (B?",0)
where B?" is the unit ball in R*". Let ¢ : U \ {p} — R** \ B?" be the
diffeomorphism which in normal coordinates sends = € B*" \ {0} to
#. Under ¢ the radial coordinate r on R?>"\ B2 pulls back to the
reciprocal of the geodesic distance from p on U \ {p}. Let (z;) denote
the standard coordinates on B** and (Z;) those on R?*"\ B2". Then

dodz; = zfgl(lj_% +2752)dz; and 6,0;, = S (22655 + 22,25)0s, -
Since w; is bounded with respect to g, uniformly in ¢, the corresponding
forms &y = ¢,&; on R¥\ B2 are O(r~*), uniformly in ¢. Similarly, from
the differential of ¢ one has that @; ' = ¢,w; ' is O(r*) uniformly in ¢.
Pulling the Euclidean metric on R?™\ B2" back to U\ {p} and extending
this to a metric ¢' on M \ F we may apply (a trivial generalization of)

Corollary 1.4 to conclude that w; is a strong isotopy on M \ F. O

4. EXAMPLES

Example 4.1. Consider R?", 2n > 4, with standard coordinates
(T1,Y1,- -+, Tn,Yn). Let U be an open subset of R**. Let f; € C(U),
for i = 1,...,n. Then w = ", fidz; A dy; is a symplectic form
if and only if each of the f; is nowhere vanishing and depends only
on the coordinates x; and y;. The isotopy of symplectic forms w; =
Sov filt i y)da A dy;, t € [0, 1], satisfies the assumption of Corol-
lary 1.4 if the functions f; are bounded away from zero and have bounded
time derivative. Suppose a; € R\ {0}. Consider the symplectic forms
wr = ap/2? +yi+ 1+ 2dzy Adyy + >, aidz; Ady;, t € [0,1]. By
Corollary 1.4 there is a smooth path of diffecomorphisms ¢, of R?",
t € [0,1], such that ¢}w; = wo.

Example 4.2. Here we apply our result to an isotopy wy, t € [0, 1],
for which the norm of the derivative grows with r, while the norm of
the inverse decays. Let ¢: [0,+00) — [0,+00) be a diffeomorphism
such that ¢|p1) = id, and ¢(r)/r is increasing. Then b: RY = R4,

o(z) = %x is a diffeomorphism. If w = ¢*wp, then with r = |z| we
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have
CL)(Ih e ,l’4) = (A + B(l’% + l’g))dl’l A dIg

+ (A4 B(23 + 27))dzs Adzy

— B<I1$4 — ZL’QIg)(dZ‘l VAN d$3 + dl’g A dl’4)

+ B(xyx3 + xomy)(day A day — dae A dag),
where A = (—T) and B = 2 )(¢(T)) > 0. Let us fix p > 1, c € (0,1)
and define ¢ by ¢(r) = r? for 7 > 1. Since we want ¢ to be smooth, we
should perturb it in a neighborhood of » = 1. None of our estimates
are affected if this perturbation is sufficiently small, so we proceed as if

¢ were given by the exact formula. Then for r > 1 we have A = r?P~2,
B=(p—1)r* and

(., 1)

= (pai + pxj + x5 + x7)day Aday + (2] + 25 + pad + pag)des Aday
— (p — 1)(z124 — zox3)(dzy A das + dag A day)
+ (p — 1)(z123 + xox4)(dzy A dzg — dzg A ds).

Let A: [0,400) — [0,4+00) be an increasing smooth function which
vanishes on [0, 3], equals 1 in [1, +00), and satisfies X' < 3. Let
c
- wp—zil)z/\(r)r%_l(dxl + dzo + das + day).
Then do = g5 (20— DA+ A'r)r 7337w —aj)de; Adw;. For an

m X m-matrix Q = (g;;), the ¢* operator norm is |Q|, = max Z’Cb]|

For convenience we define ||-||, as the supremum over the sphere of
radius r of this pointwise norm (rather than of the equivalent ¢* norm).

We then have |w™|, < 2—p " )r*? ifr > 1, and [w ]|, = 1 if
r < 1. Similarly HdUH,« < g2 if v > 1, and |do(z)| < e if
r < 1. Since |w™! |da ‘ < ¢ < 1 the 2-form w;, = w + tdo is

nondegenerate for every t € [0,1] (cf. the proof of Corollary 1.3).
Moreover, fol supr>1||w{1||THthrdt < 00. So wy, t €[0,1], is a strong
isotopy by Corollary 1.4.

Example 4.3. Here we give an example of a strong isotopy with
infinite log variation. Consider the unit sphere S3 contained in R* with
coordinates (1, y1, T2,y2), and let ag = (xldyl —y1day +xodys —yodas)
be the standard contact form on S3. C0n81der the rescaled contact form
a = (223 + y?)ap on S3. The structure (5%, ) can be realized as the
boundary of a Liouville domain (€, w, V') in the sense of [5] (in fact this
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may be taken to be the boundary of a star convex domain in R* with
the standard symplectic form). The Liouville completion of (Q,w, V') is
constructed by attaching S x [0, 00) to §2, where the symplectic form
on S3 x [0,00) is d(e"a) with r the coordinate on [0, 00). The resulting
symplectic manifold (M, w) is symplectomorphic to the standard R*, but
this construction allows us to more easily write down the required family
of diffeomorphisms of M. For t € R define ¢, : S*x [0, 00) — 5 x [0, c0)
by (z,7) + (" -z, r), where e acts on S® by a rotation through angle
0 in the (x1,y1)-plane. The family ¢, may be extended to a smooth 1-
parameter family of diffeomorphism of M, which we still denote ¢;. Let
wy = ¢fw, t €10,1]. Then on M\ Q = 33 x [0, 00) we have w; = "[(1 +
cos?(trP))a? — sin(2trP)zyy; + (14 sin?(#r?))y?](dag +dr A a) + e [2(1 +
cos?(tr?))xydzy — sin(2tr?) (x1dy; + yidar) + 2(1 + sin®(trP))yrdys ] A ap.
From this it is easy to see that Hwt’lHT ~ e~ " whereas Hthr ~ rPe’; so
that Hw[ 1HertHr ~ rP and hence the Main Theorem does not apply.
Although this is a path of Liouville structures by construction, it is not
obvious from the formula for w;.

5. CONCLUDING REMARKS

5.1. Naive symplectic stability on R?". For R?" it is possible to
get a naive symplectic stability result with a completely elementary
proof as follows. Let wy, t € [0,1], be an isotopy of symplectic forms on
R?*" with fol SUD,cR, se(0.1] s\x!‘w{l(x)|gE\wt(sx)|gEdt finite. Then w; is a
strong isotopy. To verify this let £ be the Euler vector field on R?" and
I: Q*(R*") — QYR?*™) be given by Jw(x) = fol E(sz) Jw(sz)ds. Then
d/w = w for any exact 2-form w. Let o, = Iw; and let X; = —wt_lat.
Let z € R* and let v be the maximal flow line of X; with v(0) = z. If
the maximal domain of v is [0,7") with 0 < 7" < 1, then by Lemma 3.1
the image of v must not be contained in any compact set. But the length
of v is bounded by fOT SUD,eR, se(0,1] s|x!‘w{l(x)|gE\wt(sx)|gEdt < 00 S0

~([0,T)) is precompact. So the flow ¢; of X; starting from ¢y = 0 exists
for all t € [0,1].

5.2. Symplectic stability for compactly supported isotopies.
Using Lemma 2.3 one can generalize Moser’s stability theorem to apply
to compactly supported isotopies: Let wy, t € [0, 1], be an isotopy of
symplectic forms on a manifold M such that supp(w; — wy) C W for
all ¢, where W C M is an open submanifold with compact closure and
smooth boundary, and the cohomology class of (w; —wp)|w in H2(W,R)
is trivial for all ¢. Then for any smoothly bounded precompact open
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submanifold V' of M with W C V there exists a smooth path of diffeo-
morphisms of M fixing M \ V such that ¢fw; = wy for all ¢. Indeed,
let ]12\/“/ be as in Lemma 2.3. Let o, = 12\4,1/%, then do; = w;. Then
X, = —w; oy is compactly supported in W and therefore complete;
the flow of X; fixes points in M \ V. By the Path Method the flow
¢ of X, satisfies pjw; = wy for all t. In fact, the result holds for W
any precompact open set, cf. [5, Theorem 6.8] or [8, Lemma, page 617]
for alternative approaches (we chose to keep with the Hodge theoretic
approach in establishing Lemma 2.3).

This result was used in the proof of the stability result [5, Proposi-
tion 11.8] for “Liouville homotopies” of Liouville manifolds, where it
plays a role analogous to our use of Lemma 2.3 on the gluing regions:
By assuming the existence of smoothly varying families of compact
hypersurfaces transverse to the (radial) Liouville vector field Cieliebak
and Eliashberg are able to construct the required 1-parameter family of
diffeomorphisms on certain primary regions by applying Gray’s theorem
[9] to these hypersurfaces and then using the local product structure
coming from the Liouville vector field; the resulting 1-parameter family
of diffeomorphisms can be fixed up on the remaining gluing regions by
using the above generalization of Moser’s theorem. Without the convex-
ity assumptions on the symplectic forms, however, and the compatible
“Liouville homotopy” giving the smooth families of contact hypersurfaces
on which one can apply Gray’s theorem, the generator X, for the strong
symplectic isotopy one is trying to construct needs to be estimated to
determine its integrability.

5.3. Punctured compact manifolds. Considering punctured com-
pact manifolds allows for a comparison of sorts between our result and
the original result of Moser. Corollary 1.5 states that a symplectic
isotopy on a punctured compact manifold M \ F such that w; ' and
w; are uniformly bounded with respect to a metric defined on M is a
strong isotopy, provided dimM > 4. Slightly modifying Moser’s proof
in the compact case one has a direct elementary proof of the weaker
result: Let M be a compact manifold and let F' be a finite set of points
on M. If w, t € [0,1], is a symplectic isotopy on M \ F which is the
restriction of a symplectic isotopy on M, then w; is a strong isotopy on
M\ F. To demonstrate this let w; also denote the symplectic isotopy on
M whose restriction is the isotopy w; on M \ F. Construct X; on M as
in the usual proof of Moser’s theorem. Since F is finite, for each t one
can choose a Hamiltonian vector field Y; (Hamiltonian with respect to
wy) for which Y;|p = —X;|r. Since X is smooth in ¢, Y; can be chosen
smooth in ¢. By the usual argument the flow ¢, t € [0, 1], generated
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by X; + Y] satisfies ¢y = id and ¢jw; = wy. Moreover, by construction
@y preserves F. So o[ is the required strong isotopy.

5.4. Contact stability. The previous ideas apply trivially to contact
manifolds. Let (M, g) be a complete oriented odd dimensional Rie-
mannian manifold. Let 6;, ¢t € [0,1], be a smooth path of contact
forms on M with fol sup ‘(d9t|Ht)_19t|Ht‘gdt < oo where H; = ker 6.
Then there exists a smooth path ¢, of diffeomorphisms of M and f;
of positive smooth functions on M such that ¢, = id and ¢;6, = f,0
for t € [0,1]. Indeed, this case is easy because one does not need to
invert the exterior derivative to construct the time-dependent vector
field (using the ‘path method’). Let H; = ker 6;, and let H = Hy. Let
X, be the time dependent vector field —(d6,|m, ) (6|,). Let z € M
and let v be the maximal flow line of X; with 7(0) = x. If the maximal
domain of v is [0,7) with 0 < T" < 1, then by Lemma 3.1 the image
of v must not be contained in any compact set. However, the length

of v is bounded by fol supM‘(d0t|Ht)*19t|Ht‘ dt and therefore ([0, 7))
g

is precompact. So the flow ¢; of X; starting from ¢, = 0 exists for all
t € [0,1]. Let R, denote the Reeb vector field of 6; and let h; = 6,(R;).
We compute, using Cartan’s formula and 6,(X;) = 0,

d ) ) ) .
&(90:90 = i (Lx,0; +0,) = 0f (=01, + 0) = ©f (0.(Ry)0:) = hyo; 0y

Since @by = Oy there exists f; such that ¢}, = f,0, for all ¢ € [0, 1].
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