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ABSTRACT. We study the asymptotic behavior of geodesics near the boundary of a con-
formally compact Riemannian manifold (X, g). In the case where the sectional curvature
at infinity is constant (the asymptotically hyperbolic case) it is known that non-trapped
geodesics extend to the conformal infinity as smoothly immersed curves in X and that
the conformal infinity can be locally smoothly parametrized by the initial directions
of such non-trapped geodesics starting at a given point. We show that in the general
case non-trapped geodesics typically only extend to the conformal infinity with C1:@
regularity, due to the presence of a logarithmic singularity sourced by the gradient of
the limiting sectional curvature. In spite of this singular behavior, we show that the
endpoints of such geodesics depend smoothly on the initial conditions, so that the con-
formal infinity can still be locally smoothly parametrized using the initial velocities of
geodesics. In particular, the smooth structure of the conformal infinity is canonically
determined by (X, g). We also show how to specify ‘initial data’ for geodesics at the
conformal infinity and obtain an asymptotic expansion that parametrizes the geodesics

tending toward a given boundary point.

1. INTRODUCTION AND MAIN RESULTS

The notion of conformal compactification of semi-Riemannian metrics was introduced
by Penrose for the study of asymptotic properties of radiative fields in general relativity
[44, [45]. Although Penrose was initially interested in the case where the curvature tends
to zero at infinity, the case where the curvature is negative near infinity has also proved
to be of great interest. In the Lorentzian setting this gives a class of spacetimes that are
asymptotically similar to anti-de Sitter space, and in the Riemannian setting a class of
Riemannian manifolds whose asymptotic geometry is similar to that of hyperbolic space.
An early application of this class of geometries can be found in the work of Hawking
and Page on black hole thermodynamics [30], but the development of this area really
began with the seminal work of Fefferman and Graham on conformal invariants [19, 20].
Starting in the late 1990s, an explosion of activity was sparked by the work of Maldacena,
Witten and others on the AdS/CFEFT correspondence in physics [40, 51, 28], 31], and the
area continues to be highly active today.
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In this paper we study the boundary behavior of geodesics in a complete Riemannian
manifold (X, ¢g) of dimension n + 1 that is conformally compact in the sense that X is
the interior of a compact manifold X with boundary 0X and g is of the form p~2h,
where p is a defining function for 9X (with p > 0 on X) and h is a metric on X that
is smooth and nondegenerate up to the boundary. We are particularly concerned with
the regularity of the geodesics at the boundary and the smoothness of the dependence of
the boundary endpoints on the initial direction of the geodesic. These questions are well
understood in the asymptotically hyperbolic case, where the limiting sectional curvature of
g is constant on 0.X [30]; it was already noted in [36], however, that when the asymptotic
hyperbolicity condition fails there is an additional singularity present at the boundary
in the (rescaled) geodesic equations and this presents an obstacle to generalizing beyond
the asymptotically hyperbolic setting. The main goal of the present paper is to overcome
this obstacle. We find, moreover, that new phenomena arise when the metric g fails to
be asymptotically hyperbolic.

If (X, g) is conformally compact in the sense just defined, with g = p~2h, then it is easy
to show that the sectional curvatures of g all tend towards —|dp|? as one approaches a
point of the conformal infinity X (and hence are uniformly negative near 0.X). It follows
that (X, g) is asymptotically hyperbolic if and only if the function k = |dp|, on 0X is
constant. Our investigation shows that, while in the asymptotically hyperbolic case all
geodesics for g near X extend (by appending their boundary endpoints) to give smoothly
embedded curves in X, geodesics that tend towards a point in 0X with dx # 0 pick up
a weak singularity at that point arising from the singularity in the geodesic equations
sourced by dk and are only C** up to the boundary in general. Nevertheless, we find
that the dependence of the endpoint of geodesics continues on the initial (point and)
direction continues to be C*°-smooth even when the asymptotic hyperbolicity condition
fails.

While the questions addressed in this paper are of intrinsic interest geometrically, our
initial motivation for the present work came from complex analysis in several variables.
In terms of the behavior of the geodesic equations, generalizing from asymptotically
hyperbolic to merely conformally compact manifolds turns out to be highly analogous
to generalizing from the case where the log-term in the Bergman kernel is absent to the
(generic) case where it is present in Fefferman’s treatment of the boundary behavior of
geodesics of the Bergman metric on strongly pseudoconvex domains in [21] (even though
the presence of the log-term does not correspond to a failure of asymptotic complex
hyperbolicity [17]). A major motivation for the present work was that it gives a simpler

setting in which to consider boundary regularity questions for the cogeodesic flow than
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that of asymptotically complex hyperbolic metrics (or, more generally, of ©-metrics [17])
where similar issues arise. Fefferman’s treatment of the boundary behavior of geodesics
of the Bergman metric on strongly pseudoconvex domains was a key step in his proof of
the smoothness up to the boundary of biholomorphic mappings between such domains;
this result was subsequently proved by other methods, which have been greatly developed
(see, e.g., [B, 4, 23] 24] [46]), but many open questions remain concerning the boundary
regularity of proper holomorphic mappings in positive codimension (for example, when
N > n > 1, is a proper holomorphic map B” — B” that is, say, C> up to the boundary
forced to be C* up to the boundary?). In a planned follow-up the authors intend to place
the work of Fefferman [21] in a more general setting that includes, e.g., the canonical
complete Kéhler-Einstein metric on strongly pseudoconvex domains in C" [22] [13], with
a view to applications to boundary regularity of proper holomorphic mappings in several
complex variables. For such applications one expects that it will be necessary to be
flexible with the choice of metric(s) used (unlike in the case of biholomorphic mappings,
one cannot hope to use a “canonical” metric on both the domain and target), hence the
desire to consider a more general family of metrics.

Of course, conformally compact Riemannian metrics are of considerable interest in
their own right and the study of the cogeodesic flow near infinity is well motivated
from the point of view of spectral and scattering theory and microlocal analysis for the
Laplacian and related operators on such manifolds (the cogeodesic flow being precisely
the bicharacteristic flow of the Laplacian on the unit sphere subbundle in the cotangent
bundle). This was the original motivation for the consideration of the geodesic flow
on conformally compact manifolds in [36] (where the Hodge Laplacian on ¢-forms is
considered, cf. [37]). Although some analytic results can be obtained in the general
conformally compact case without extra difficulty [30, B7, B8], many things simplify

when the limiting sectional curvature —x?

is constant on 0X and the asymptotically
hyperbolic case has received considerably more attention than the general case (see, e.g.,
[9, 10}, 1), 12] 18], 26l 291 [34) [39] [50]). The nonconstancy of the function xk = |dpl|, on 0X
complicates both the analysis of the cogeodesic flow near the boundary [36] and of related
geometric operators such as the Laplacian A, [6, 8, 48] (since, e.g., for A > 0 the indicial
roots of A, — \, viewed as a degenerate elliptic operator on X, are constant on 9X if and
only if k is constant on 0.X ). Although we only address the cogeodesic flow in this paper,
our study demonstrates the significance of the gradient of the limiting sectional curvature
in the asymptotic geometry and analysis of conformally compact manifolds and provides

key tools for the study of geometric inverse problems in this setting (cf., e.g., [26] [15]).
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Motivation for dropping the asymptotic hyperbolicity condition is also provided by
recent interest in submanifolds in Poincaré-Einstein manifolds with prescribed boundary
at infinity (see, e.g., [, 2, 25] 149, 4T], 42, [7]), which is again driven by connections with
physics [27, 47]. Although Poincaré-Einstein manifolds are necesarily asymptotically
hyperbolic, such submanifolds are typically only conformally compact. Our study of
geodesics near the conformal infinity in such (merely) conformally compact manifolds
is also related with the study of minimal submanifolds in Poincaré-Einstein manifolds
(and “partially even” asymptotically hyperbolic manifolds more generally) and could be
seen as extending this work to the general conformally compact setting for the case of

submanifolds of dimension 1; cf. Remark [1.7] below.

1.1. Main Results. Before stating our main results, we briefly recall some basic facts
about conformally compact manifolds. We note first that when (X, g) is a conformally
compact Riemannian manifold with g expressed as p~2h, the defining function p and the
metric » on X are not canonical; if we replace p by p = Qp and h by h = Q2h where
Q) > 0 is any smooth function on X, then g = ﬁ_zﬁ. Nevertheless, on 0X the quantity
Kk = |dp|n is well defined, independent of the particular choice of h and p. Indeed, the
quantity —x? gives the limiting value of the sectional curvatures of g at any point on
0X, as can easily be seen by computing the Riemannian curvature tensor of ¢ in terms

of that of h using the standard conformal transformation law. One finds

Rijin = —p~*|dpl; (hahj — hjxha) + O(p~°)
= —“2(9ikgﬂ — gjk9a) + 0(073)7

(1)

where the O(p~®) term is p~ times a tensor that is smooth up to the boundary of X.
Of course, the metric h (or h) determines a canonical conformal structure on X and
hence also on 0X. In the case when x = 1, it is standard to normalize a defining
function p (equivalently, a choice of h on X) near X in terms of a choice of metric
in the conformal class on dX by requiring that h extends this metric and |dp|, = 1 in
a neighborhood of 0X; in particular, it is natural to assume in this case that h and
p have been chosen so that (near 0X) p is the h-distance from the boundary. In the
general conformally compact case, however, it is not possible to normalize h and p in this
way. Given a choice of h and p such that ¢ = p~2h we then have two natural defining
functions for X, namely, p and the h-distance from the boundary, which we will denote
by x. The function x is defined near X and we may use the flow of grad, z to identify
a (closed) neighborhood U of X in X with the product [0,6] x X so that = becomes
the coordinate on the first factor. Representing a point in U C X by (z,2’) € [0,8] x 0X



our two defining functions are related by
(2) p(z,2') = K(a)x + O(2?),

where k= |dp|, on 0X. This relationship will play an important role in our analysis.

Since it is convenient to have a coordinate that increases as one moves towards the
boundary, in the following we typically make use of 2° = —z rather than z. Fixing a local
coordinate system (x!, ..., 2") for 0X we obtain a Fermi coordinate chart (z°, 2!, ... 2™)
for X C X with respect to the metric h. Our first main result is:

Theorem 1.1. Let (X, g) be a conformally compact Riemannian manifold with g = p~2h.
Let v : [0,00) = X be a geodesic for g that leaves all compact sets. Then

(i) v(t) tends to a definite point lim; o, Y(t) = Yoo € 0X;

(ii) in a Fermi coordinate chart (z° z',... 2") for the boundary OX with respect to

the metric h, with 2° < 0 in X, near vyo we have
F(t) = p+O0(p%),
A%(t) = O(p*logp) fora=1,...n;

(iii) v([0,00)) U {7s0} is a CY*-immersed curve in X that meets the boundary orthog-
onally,
(iv) the point o = limy_,o Y(t) € 0X wvaries smoothly as we vary the initial direction

of .

The results of Theorem are obvious in the model case of hyperbolic space (B"!, ¢)
and were known previously in the asymptotically hyperbolic case (as were (i) and the
fact that the direction of #4(t) tends to that of the outward normal X in the general
case), see [36]. Items (ii), (iii) and (iv), however, are new in the general case where |dp|;,
is not required to be constant on X and their proof in this case is more subtle due to a
singularity in the (suitably reparametrized) geodesic equations at the boundary which is
sourced by the gradient of the function k = |dp|, on 9X. In the asymptotically hyperbolic
case, the singularity is not present and the O(p?log p) bound in Theorem [L.1fii) can be
improved to O(p?). It turns out that this gives a characterization of asymptotically
hyperbolic metrics among conformally compact metrics on X:

Theorem 1.2. Let (X, g) be a conformally compact Riemannian manifold with g = p~2h.
Suppose 0X is connected. Then the following are equivalent:

(i) the metric g on X is asymptotically hyperbolic;
(i) for every geodesic v : [0,00) — X for g that tends to a point v, on X, in a

Fermi coordinate chart (2%, 21, ... 2™) for the boundary OX with respect to the
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metric h, near v, we have
A4(t) = O(p*) fora=1,...n;

(iii) for every geodesicy : [0,00) — X for g that tends to a point v on 0X, ([0, 00))U

{Voo} is a C®-immersed curve in X.

Remark 1.3. In fact, for (iii) we need only require that for each point in X there is one
geodesic v for ¢ tending to this point such that v(]0, 00)) U {7} is C*; see Theorem
and below. A similar comment applies to (ii); see Remark [3.1]

The key observation behind the above two theorems is that, while in the asymptotically
hyperbolic case the cogeodesic flow for geodesics approaching X can be reparametrized
and extended smoothly to 0X in a certain sense [306, [6 26], in the general case one can
only obtain an analogous extended flow with coefficients that are smooth on X and on
0X but have a logarithmic-type conormal singularity at 0X (meaning regularity is only
lost when one takes derivatives in the normal direction at 9.X); this singularity is absent
precisely when « is locally constant. The conormal nature of the singularity means that,
although the geodesics pick up a weak singularity at 0X (being only C* and not C?
there in general), the boundary endpoint 7., of the geodesic still varies smoothly with
the initial condition (Theorem [L.1[iv)).

Since the sectional curvatures of a conformally compact Riemannian manifold (X, g)
tend to —x% < 0 on 0X, they are negative and bounded away from zero there. From

part (iv) of Theorem [I.1| we therefore obtain the following;:

Theorem 1.4. Let (X, g) be a conformally compact Riemannian manifold. Then

(i) if p € X s sufficiently close to 0X then there is an open subset V, in the unit
tangent space S,X C T,X such that all geodesics in (X, g) with initial direction
in 'V, tend to a point in the boundary 0X;

(ii) the map exp, ., : V, — 0X that sends the initial velocity of a geodesic to the
endpoint of that geodesic in 0X is a local C*°-diffeomorphism onto its image;

(ili) for every point ps, € 0X there is a point p € X and an open subset V,,  C V,
such that exp, ., is a C*-diffeomorphism from V,,_ . to an open neighborhood of
Poo 1N 0X.

The above result is again obvious in the model case of hyperbolic space (B"™!, g) and
was known in the case where (X g) is asymptotically hyperbolic [36]. The key point in
the above theorem is that we obtain C*°-smoothness in the conformally compact case in
spite of the fact that the geodesics v used to construct the exponential map only extend

to Che-immersed curves in X in general.
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Note that Theorem implies the existence of a smooth atlas for X determined
intrinsically by the geometry of (X, g). Putting this result in a broader context we note
that by using the limiting behavior of geodesics a complete noncompact Riemannian
manifold (X, g) with sectional curvature K < —? < 0 may be canonically endowed with
a boundary dX at infinity in a C° fashion [16] and that when —r3 < K < —x? < 0
this boundary has an intrinsically determined C®-structure, for any o € (0,k1/k2) [3]
(of course, one only really needs the sectional curvature bounds near infinity for these
results).

From the point of view of our intended applications to boundary regularity problems,
the smoothness of the local parametrizations of 0X obtained in Theorem is key. In
particular, Theorem has the following corollary:

Corollary 1.5. Let (Xi1,¢1) and (Xs,92) be conformally compact Riemannian mani-
folds. Let F' be an isometry from (X1, g1) to (Xa,g2). Then F extends continuously to a
homeomorphism from X, to X, whose restriction to the boundary gives a C* conformal
diffeomorphism f : 0X; — 0Xos.

Corollary|1.5|is analogous to the result of Fefferman [21] stating that a biholomorphism
F between smoothly bounded strongly pseudoconvex domains (which is necessarily an
isometry for the respective Bergman metrics of the domains) extends continuously to a
C*> CR diffeomorphism f between the boundaries. In that case the smoothness of the
CR map f on the boundary implies the smoothness of F' up to the boundary (by the
Hartogs phenomenon); in other words, in the complex setting one gets smoothness in
the normal direction at the boundary “for free” from the smoothness in the tangential
direction plus the fact that the boundary map is CR (the analog of being conformal
in Corollary . It is therefore natural to ask whether regularity is implied in the
normal direction for the extension obtained in Corollary [I.5] Unfortunately, there is no
analog of the Bochner-Hartogs theorem in this setting. From our study of the geodesic
flow near infinity, however, it follows that the extension X; — X, of the isometry F in
Corollary is C! up to the boundary in the general case, and C* in the asymptotically
hyperbolic case; see Theorem in Section below.

So far the results we have presented concern the behavior of geodesics that are “shot
towards the boundary” from the inside. But, having reparametized and extended the
cogeodesic flow so as to be (suitably) regular up to the conformal infinity, it is also possible
to “shoot geodesics in from the boundary” by prescribing appropriate “initial conditions”
at infinity. The nature of these “initial conditions” can be seen by considering geodesics
in the model hyperbolic space. If we consider 2-dimensional hyperbolic space as the right
half-plane with metric % then the family of geodesics coming in to a given point
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on the boundary consists of a horizontal ray together with the family of (semi-)circles
tangent to that ray at the boundary point; these curves may be parametrized by their
second-order Taylor coefficient at the common boundary point when locally represented
as the graph of a function y(x) near x = 0. An analogous parametrization exists in the
asymptotically hyperbolic case (where the geodesics are all smooth up to the boundary
point), but in the general case we find that the expansion picks up a singular leading
term proportional to x? log x:

Theorem 1.6. Let (X, g) be a conformally compact Riemannian manifold with g = p~2h.
Let ¢ € 0X and let (z,y*...,y") be a Fermi coordinate chart adapted to 0X in X with
respect to the metric h, with x > 0 in X and centered at q. Then for any vector u € T,0X
there is a geodesic v : (—o0,00) — X in (X, g) tending to q at infinity such that the curve
7([0,00)) U {q} is given near q by y*(x),...,y"(x), where

(3) y*(z) = O°2*log x + u®x? + o(x?),

for some O € T,0X depending only on q and not on u. Moreover, the trace of v is
uniquely determined by u and every geodesic for g that tends toward q is obtained in this

way.

The obstruction O € X(0X) to higher boundary regularity of geodesics appearing in
Theorem can be explicitly computed. In the notation of the theorem we find that, at
a given point g € 0X,

1 h*Pkg
2 Rk
where rg = Jgr and h*P is the inverse of h,s (the metric induced by h on dX). Note

(@) 0" -

that when 0X is connected, (X, g) is asymptotically hyperbolic if and only if O = 0 on
0X. Thus the obstruction to higher boundary regularity turns out to be an obstruction
to asymptotic hyperbolicity; cf. Theorem [I.2]

Remark 1.7. It is interesting to compare the asymptotic expansion for geodesics in
conformally compact manifolds tending to a prescribed boundary point with the known
asymptotic behavior of minimal surfaces in Poincaré-Einstein manifolds and (more gen-
erally) asymptotically hyperbolic spaces that are “partially even” to sufficiently high
order. In [4I] such minimal surfaces Y are considered, for m = dimY > 2. When m
is odd one finds that, in suitably adapted coordinates (z,s!,...,s™ 1 y' ... y9), with
s = (st,...,s™ 1) giving a local parametrization of Y C 90X, x a boundary defining
function in X and d = n+ 1 —m, near a point on Y the submanifold Y is the graph of

(y'(x,s),...,y%x,s)) with



(5)

y* (s, ) = uy(s)z® +us(s)z* + (even powers) +O%(s)z™  log z+ul, 1 ()™ +o(z™T),

where uy, and O are smooth functions of s (provided dY is smooth). Extrapolating to
the case m = 1 (where the Y becomes a point and so the s is not needed) the expansion
becomes y*(x) = O log x + u§z?* + o(z?). So, the position of the log term in our
expansion is consistent with the pattern seen for minimal surfaces of odd dimension
in Poincaré-Einstein manifolds (though, of course, the log term in (3) is only nontrivial
when (X, g) fails to be asymptotically hyperbolic and so would not actually appear in the
Poincaré-Einstein case, whereas the log coefficient O in is a local conformal invariant
of Y C 0.X; one expects that there should be a simultaneous generalization of these two
quantities for minimal surfaces in conformally compact manifolds, but we do not pursue
this here).

Outline. In Section [2] we study the cogeodesic flow of g near 90X in Fermi coordinates
with respect to the metric A and, after successive changes of dependent and independent
variables, obtain an equivalent system that extends to the boundary (with suitable
regularity properties). In Section [3| we make use of properties of the extended system
to prove our main results. In Section 4| we illustrate our main results for a simple
family of 2-dimensional examples, with figures obtained by numerically solving . For
completeness and ease of reference we have also included an appendix establishing the
required regularity results for certain non-autonomous systems of first order ordinary
differential equations.

Acknowledgements. The authors would like to thank Rafe Mazzeo his interest and
encouragement, and in particular for asking the question answered by Theorem S.C.
gratefully acknowledges support provided by the Simons Foundation, grant MPS-TSM-
00002876.

2. THE COGEODESIC FLOW NEAR THE CONFORMAL INFINITY

Let (X, g) be a conformally compact manifold. We shall begin with a consideration
of the cogeodesic flow for the metric g near the conformal infinity 0X. The cogeodesic
flow is, of course, just a convenient way of writing the geodesic equations for ¢ as a first
order system. By successive changes of variables, we will show that in a certain sense the
(rescaled) cogeodesic flow can be extended to 0.X.

2.1. Preliminary observations. As in the introduction we fix a smooth defining func-
tion p for X with p > 0 on X and let h be the metric on X such that g = p~2h. Note
that the metric g is complete, since log p gives an exhaustion function with bounded
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gradient. Again we let x denote the h-distance from 0X and use the flow of grad,z to
identify U C X with [0,6] x X, > 0, so that = becomes the coordinate on the first
factor. We may therefore represent a point p € U as (z,2') € [0,8] x 0X. We let U be
the interior of U. Fixing a local coordinate system (z!, ..., 2") for X near a given point
we obtain a Fermi coordinate system (2°,z!,... 2") for X with 2° = —z. We denote
the corresponding fiber coordinates for T*X by (&, &1,...,&,). Note that 2° and & are
well defined on U (independent of the choice of local coordinates for 9X). Although for
convenience we make use of coordinates for 90X, our discussion of the cogeodesic flow
near 0X really only requires the decomposition U = [0, 6] x X. When working in local
coordinates the latin indices i, j, k, . .. will have range 0, ..., n whereas the greek indices
a, f3,... will have range 1,... n.

In an arbitrary local coordinate system for X the Hamiltonian for the cogeodesic flow
of ¢ is given by

1 .. 1 .
(6) H = 59”&@ = §P2h”fzfj-

The integral curves (z%(t),&(t)) of the flow satisfy

OH

i 27 ij
Tr = = h J iy
: 0OH . 1 ,
& = o —ppih?* &€ — 5/)25’ihjk§jfk7

where 0; = %, and p; = 0;p. Restricting our attention to unit speed geodesics, we shall

only consider the integral curves that further satisfy the energy surface equation
(8) PRhiEE = 1.
On the energy surface the cogeodesic flow takes the form

i = pPhig,

9) : PR
§i=—p pi— 3P ;7" ;.

Since (7)) and @ only differ in the equation for & by a term proportional to (1—p*h¥&E;)
and since the cogeodesic flow preserves the level sets of p*h*&;¢;, it follows that if a
solution of @ satisfies at one time then by uniqueness (since the corresponding
solution of the cogeodesic flow will also solve (9))) it follows that holds for all time

and (2(t), &(t)) also solves (7).
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In Fermi coordinates adapted to 0.X it is natural to write the system @D as

i’ = p’&,
% = thaﬁgﬁv
10 : L1
o) o=~ 0 — 3P0,
. L1
fa = —p lpa - §p2aahﬁv§6§w

where we have used that h% = 1 and h% = 0. Recalling that 2° = —, we note that by
(2) we have

(11) po =—k+ O(x)

and

(12) pa = Ko + O(2?),

where ko = duk. In particular, while p~!py = —z~! + O(1) blows up as * — 0, p~lp, =

Kk 1kq + O(x) extends smoothly to the boundary x = 0. Note also that that the energy
surface equation becomes

(13) P22+ PPhePE L = 1.

An example of Fermi coordinates in a neighborhood of a given boundary point for
the hyperbolic ball is obtained by identifying hyperbolic space with the upper half space
model (sending the given boundary point to the origin) and taking h to be the Euclidean
metric. In this case it is easy to see that along any geodesic the quantity &, remains

bounded as the geodesic parameter time ¢t — oo (since &, = p22® with p ~ e~ and

1 = O(e™?")). From the energy surface equation it follows then that p&, must tend
to £1. Returning to the general setting, we therefore introduce the new variable

(14) Co = péo.

With this change of variables, since o = pP&o + pfo with p = poi® + pa®, the cogeodesic
flow is given by

i° = plo,
% = pzh'aﬁgﬁa

) 1
Co = —po(l — Cg) + Pl)ﬁfﬁgo - §Pgaohﬂ7§ﬂ£w

. B 1
Co=—p "o — §p28ahﬁ”§5€m

(15)
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where p? = hi¥p; = h*’p,. The energy surface equation then becomes

(16) G+ pPPhPeats = L.

Note, in particular, that we must therefore have |(o| < 1 and |£,| = O(p™!) along the flow.
Our observations from the hyperbolic case are generalized in the following proposition:

Proposition 2.1. After shrinking U (equivalently 6 > 0) if necessary, the following hold
for all geodesics 7 : [0,00) — X with v(0) € U:

(i) if 2°(0) > 0, then v remains in U, 2°(t) > 0 for all t and 2° — 0 as t — oo;

(i) if 2°(0) > 0, then (o — 1 ast — oo.

Proof. Fix such a geodesic . Note that 2°(¢) > 0 if and only if (o(¢) > 0. Note also that,
by , after shrinking 6 > 0 if necessary, we may assume that —py > 0 in U. To prove
the first part of (i) we observe that if ¢ > 0 is such that v(¢t) € U then either |(o(¢)| > 1/2
or we have [(y(t)| < 1/2 and hence (in an appropriate Fermi coordinate chart)

: 1 1 3
(17) Co > =0 (1 - Z) + 0P €s60 — §P330hﬂ7§6§v =t O(p).

Although depends on a choice of Fermi coordinate chart containing ~(¢) € U, since
k > 0 on 0X and 0X is compact, we may cover U with a finite number of preferred
coordinate charts and take ¢ > 0 small enough such that the right-hand-side %/@ + O(p)
of is always positive in such a chart. Thus, if (y is initially positive then either
Co > 1/2 or ¢y > 0 at any time such that v(t) € U. Clearly, then, i = p, remains
positive, so that 2°(¢) is strictly increasing and ~(t) can never leave U.

To see that 2° — 0 as t — oo we note that lim;_,, 2°(t) exists (since 2°(¢) is increasing
and bounded above). If this limit were not zero then there would be € > 0 such that
p(7(t)) > € for all ¢, so that the positive quantity 2 = p{y would bounded away from zero
along « (since (y(t) > min{(y(0),1/2} > 0). But this would imply that lim; ., 2°(t) =
+00, which is impossible. Tt follows that we must have lim; .., 2°(t) = 0.

It remains to prove (ii). Suppose (o(0) > 0, so that (o(t) > 0 for all ¢. Arguing
similarly to the above, for each integer n > 2 there is a 4, > 0 and a corresponding
subset U, = (0,4,) x 0X such that when (¢) € U, then either (4(t) > 1 — 1/n or we
have (o(t) <1 —1/n and hence (in one of our preferred coordinate charts)

(18) &>~ (1~ (1 Un)?) 4 p0%6Co — 07666, = 2L 0(p) > 6, > 0.

Since limy .o, 2°(t) = 0, the geodesic vy eventually enters every set U,. Once 7y enters a

given set U,, (, must eventually become larger than 1 —1/n (since otherwise Co>cn >0
for all ¢ near oo and hence lim; ., (4(t) = 400, which is impossible) and afterward ¢

can never again decrease below 1 — 1/n. It follows that lim; ., (o(t) = 1. O
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We henceforth assume that U (equivalently, 6 > 0) is taken small enough that Propo-
sition holds. For convenience, we’ll also suppose that § < 1 so that logz < 0 in
U.

It follows that if v : [0,00) — X is a geodesic for g with v(0) € U and 2°(0) > 0
then z°(t) is a monotone function of ¢ and so can be used as a parameter for v. When
viewing 2V as a parameter, we will write it as 7. Occasionally we’ll write 7 : [—dg, 0) for
the reparametrized geodesic, so that 4(7) = ~(t) where 7 = 7(t) (or t = t(7)). By the
previous lemma, 7 — 0 as t — oo, but it will be useful to have a more precise asymptotic

relationship. For now, the following lemma will suffice.

Lemma 2.2. Let vy : [0,00) = X be a geodesic with v(0) € U and £°(0) > 0. Then there
are constants k1, ke > 0 such that x(0)e™"* < x(t) < x(0)e~"2" for all t. Hence there are
constants C1,Cy > 0 such that

(19) —Cilog|r| <t < —Cylog||
for all t.

Proof. Since (; > 0 for all t and (; — 1 as t — oo, (p is bounded above and below by
positive constants. Similarly, p/z is a bounded positive function on U that is bounded

O = p(y implies that —k1z < & < —kyx for some

away from 0. Hence, the equation z
positive constants ki, ko. Thus —ky < %logx < —ky and hence z(0)e ™! < z(t) <
x(0)e 2" for all ¢. This proves the first claim. The second follows easily from the

first. [

Proposition 2.3. For all geodesics v : [0,00) — X with v(0) € U, if 2°(0) > 0 then
v(t) tends to a definite point v, € 0X ast — 0.

Proof. Suppose 7 is such a geodesic, with #°(0) > 0. Since v remains in U = (0, §) x 0X,
v projects on the second factor to a well-defined smooth curve v9X : [0,00) — 0X.
In a Fermi coordinate chart where 4 has components (4%, %), 49X has components i®.
The energy surface equation combined with % = p?h*f¢s gives us the coordinate-
independent identity,

(20) G+, =1

where h, is the metric induced by h on the hypersurface {z} x 0X in U = [0,6] x 0X,
viewed as a metric on dX. Since (o — 1, it follows that p(y(t)) 279X (t)|,2%c(t> — 0 as
t — oo. Since h is a smooth metric on X, h,;) and hg are quasi-isometric, uniformly in ¢.
It follows that p(v(t))2|3°X(¢)[3, — 0 as t — co. In particular, this quantity is bounded
and thus |[¥9%(¢)|n, = O(p), equivalently, |¥9%(¢)|n, = O(z) (later it will be important
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that [49X ()]s, = o(p) but we do not need this here). Now, by Lemma there is a
constant ko > 0 such that x(t) < z(0)e 2!, Hence [§9%(¢)|n, = O(e~"2!). Since (90X, ho)
is a compact Riemannian manifold (hence complete) it follows that X (¢) must tend to
some fixed point ., € X as t — oo. Since lim; o, 2°(¢) = 0 it then follows that ~(t)
must also tend to 7., € 0X. O

In the above argument, we made a point of not relying on any particular local coordi-
nate system. If we had known that v remained in a single Fermi coordinate chart, then
we could have argued in essentially the same way to show that i%(t) was o(e~ ) and
hence integrable, so that lim; ., z*(t) must exist. Of course, now that we know ~ tends
to a specific boundary point 7., we know that 7(t) eventually remains in some Fermi
coordinate chart. Since the questions we are interested in may all be studied locally near
the boundary endpoint v,, of a given geodesic 7 : [0,00) — X that leaves all compact

sets, in the following we will work in a fixed Fermi coordinate chart.

Remark 2.4. Note that from the proof above we know that, in such a chart, p='2% — 0
(equivalently, p&, — 0) as t — oo. This shows us that, although it is natural to replace
the variable & by (y = p&o, if we wish to be able to “shoot geodesics in” from 0.X then we
should not replace the variables &, by (, = p&, (the (, go to zero along every geodesic, so
their limiting values at ¢t = oo clearly fail to distinguish between the different geodesics
that tend to a given point ¢ € 0X; hence the limiting values of these variables cannot
be chosen as initial data for a “flow” that goes in the opposite direction). In hyperbolic
space (B""1 g) it is easy to see that the family of geodesics tending towards a given
boundary point is parametrized by the limiting values of the variables &, (not of the ¢,).
Hence, in that case, the &, are already “good” variables. This continues to be the case for
asymptotically hyperbolic manifolds, but we will see below that we need to make some

adjustments to handle general conformally compact manifolds.

2.2. Extending to the boundary. In light of Proposition[2.1} for geodesics v in U € X
with 2°(0) > 0 it is natural to replace the parameter time variable ¢ with the boundary-
defining function 7 = 2° and attempt to extend the (reparametrized) cogeodesic flow up
to 0X. Before doing this we first replace the momentum variables ({y, &, .. .,&,) with
suitable (equivalent) “velocity variables.” This gives a more direct relation between our
variables and 7 (and also facilitates comparison with [36]). We set v* = h¢; = p~2i*, so
that

(21) =& =p%2" and v* = hPE = p i

We have already seen that w® = (o = p&, = p~ ' is a better variable than v° = &,. After

we have examined the equations in these new variables, we will also give replacements
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w® for the v® (which are needed in the case when asymptotic hyperbolicity fails). Since
we are interested in obtaining a system that is regular up to 0.X, it will be useful to note

that p, = J,p can be written as pk, where k, is smooth up to 90X (and equal to K Ky

on 0X, cf. ) Writing k% = h*Pkg, we therefore also have p® = pk®.
With ((o, &1, ..., &) replaced by (w® vl ... v™) the cogeodesic flow equations become
i’ = pu”,
j;a — p2va7
1
(22) W’ = —po(1 — (w)?) + p*kgv’w’ — §p3hwhwﬁoh‘wvﬁv7,
1
0 = —k* + phg, Ooh* w4+ p a0, hP T — épzhughw@ah“"vﬁv”’,

where the dot still denotes a t-derivative and 9% = g®*d, (to obtain the last equation we
have used that v* = haﬁég + ho‘ﬁﬁg, where h®? = gyh®? - i° + 0,hP - 7). The energy
surface equation then becomes

(23) (W")? 4 p*hasv®v? = 1.

In particular, since we consider only integral curves lying on the energy surface, we may

rewrite the equation for ° as
1
(24) W’ = —p? pohasv®v” + p*kgv’uw® — §p3hu5hwﬁoh“”vﬁvw.

Before we make our change of dependent variable, we make one simple observation
concerning solutions of :

Lemma 2.5. Let v : [0,00) — X be a geodesic for g that remains in a given Fermi
coordinate system for all time. Then, for the corresponding solution of we have
v* = O(t) fort large, and hence v* = O(log p) for p near 0.

Proof. Note that, by the energy identity, v* = O(p~!) and w° is bounded. (In fact the
energy estimate tells us that v® = o(p™!), since w® — 1 as t — oo, but we do not need
this for the argument and we get a stronger result as our conclusion.) It follows from the
equation for v in that 0 is uniformly bounded in ¢ and hence that v® = O(t) for ¢
large. By Lemmal[2.2] this implies v* = O(log |7|) for T near 0, equivalently, v* = O(log p)
for p near 0. This proves the lemma. O

Remark 2.6. It follows from the discussion below that in the asymptotically hyperbolic
case v* = O(1), but that in the general conformally compact case the bound v® =
O(log p) cannot be improved. Eventually we will replace v® by a variable w® that is

always O(1) and tends to a finite limit.
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Restricting our attention to geodesics near the conformal infinity with 2°(0) > 0, we
now replace the parameter time ¢ with the new independent variable 7 = z° € [—§,0).
From we obtain the system

dz® R
dr P
dw® pohasv®0® 1, hughy,Ogh*vPuY
25 2k g POl © 1 o lbuBliyy
(25) dr PrgY P w? 2'0 wO ’
dv® 1 ke hpr0,h®Bv Y 1 hygh,, 0 W vPoY
- - - hahaﬁ'y BASyIe v Vv = Bty
dr p wO + gy Ooh v+ p wo 2p wo ’

where we have used to obtain the expression for CZ—“;O. Recalling that #° > 0 is
equivalent to w® > 0 and that w® — 1 as t — oo (equivalently, as 7 — 07), we see that
if it weren’t for the term —p~'k%/w? in the third equation, the system would be regular
up to the boundary 7 = 0. Moreover, as observed in [36], the expression p~'k* = p=2p®
leads to a singularity at 7 = 0 if and only if & fails to be locally constant on 90X (since
p~2p* = 27157262 + O(1), where k%(2') = h*?(0,2')ks(2’) and the O(1) term is smooth
up to X). In particular, if (X, g) is asymptotically hyperbolic, then p~'k® is smooth
up to the boundary and the system is regular for 7 € [—4,0]. When & is not locally
constant on X, however, the term p~'k® is only O(p™1).

We will handle the singularity in the general case by making a singular change of
variables to obtain a more regular system. Since —p~'k*/w® blows up like p~! as one
approaches a boundary point with kg # 0 (along a geodesic), one is tempted to eliminate
this term from the last equation of by replacing v* by v® plus a logarithmically

O (or p). The problem with this, however, is that the linear term

divergent term in 7 = x
hsOoh*Pv" would then pick up a logarithmic singularity, and so the equation would still
fail to be regular at 7 = 0 (the other terms in that involve v* would also pick up
singularities, but since these terms each come with a power of p the resulting coefficients
would at least still be continuous up to dX). We resolve this problem by first dealing
with the linear term hg,0ph®’v? using an integrating factor (which we must take to be
matrix valued). To this end, we rewrite the last equation of more suggestively as
dv®

(26) == = hpGh® T = —p

k1 hyghy, 00 P N phmﬁvh“b}v}‘m

wd 2 wO wO '
In the domain of our Fermi coordinate chart we therefore define the matrix-valued func-
tion p = (u5) by

0

(27) u,‘;(xo,a:l, ) = —/ hﬁ,yaohaﬁ|(7_w17m7xn) dr,
0
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so that dous = —hg,00h®P. Applying the matrix exponential we then define M = (M, 5)
by M = et and its inverse L = (Lg) by L = e *. Note that, in the Fermi coordinate
chart where they are defined, gy M = M;\)‘ag,u:\y and M/‘\’Lg = 0g. Note also that u, M
and L are C* up to 0X and M is the identity on 0.X. With M thus defined, we introduce
new variables 9% given by

(28) 0 = M.
Since, along the solutions of , we have

d . . . . dr? N
%M,y == 80MA/ + E({%\M’y

(29) ;
_ « B «
= —M/\ hgfyaoh + pma)\M,y s

the system then becomes

dx® LgoP
d’/' - p U)O )
d—wo = pk LeiP — ppoh’ng Eﬁa@ﬁ o po huahuéaohlw[/g[ff/@ﬁ@'y
oy 4 T wd 2 0 :
do* MEK MPhusOMIALE0%6T 1 Mhyshy 0 h L L0507
IR B} + P gLy 1 129
dr w® w? 2 WO
O My LY LS00
p 0 ,
w
for 7 € [-6,0).

Remark 2.7. Note that 9yh*® does not vanish on 90X in general. It is easy to see that
oh® = O(p) if and only if the second fundamental form of 9X with respect to h vanishes.
While it is possible to conformally rescale h (and correspondingly rescale p, so as to
preserve that p~2h = g) so that the mean curvature of X vanishes, the trace free part
of the second fundamental form is a (weighted) conformal invariant and does not vanish
in general. Indeed, the trace free part of the second fundamental form is determined by
g (and can be interpreted as measuring the failure of g to be asymptotically Einstein to a
certain order, see, e.g. [14]). These observations show that the change of variables made
in the preceding paragraph was necessary, in the sense that otherwise our next change of
variables would not lead to a system that extends up to dX in the general conformally

compact case.
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We are now in a position to eliminate the singular term —p !M@k*/w® from the
system. We first note that

(31) —p MK = —p MR p = — - 5+ O(1),

where k%(2') = h*?(0,2")ks(2') and the O(1) term, which we will denote by E(z°, 2'), is
smooth up to 0X in the given Fermi coordinate system. Thus, defining smooth functions
A“ of the Fermi coordinates (for 2° < 0) and of w® > 0 by

1 «
(32) A¥(2° 2t 2" w0) = E~%~log|x0\,
we have
(33) MR A E°

wO 0x0  wd’

Hence, if we define new variables w® by

(34) w® = 0% — A% = Mgv® — A%,
then the system becomes

dx® Lo (w? + AP

Ao o, LA AT

dr w

dw® N poh, LA LY (w® + A%) (wP + AP)

W - WO = pkaLﬁ(wﬁ + Aﬁ) -p s : wY

1, hmh,,gﬁgh‘“’Lng(wﬂ + AP)(wY 4 A7)

(35) o ApTé 26 B B Y ’on

dwa _ Wa ‘: g +pM/\ hmgﬁeh LﬁLV(w +A )(w +A )

dr CowO w?

B lpMi“hughw@*h“”Lng(wﬁ + AP)(wY + A7)
2 w?
O.MELALE (wP 4+ AP) (w” + AY
p—2 78 i - ) ) _ VAGL A% — W00,0 A,
w

which now makes sense for 7 € [—4,0] (since zlogz, z(logx)? and z(logx)? extend
continuously from z > 0 to z = 0).

Letting y stand for the (2n+1)-tuple of independent variables (z', ..., 2" w° w!, ... w"),
the system (39]) is of the form

(36) == V().

where V' is C* in (7,y) for 7 < 0 but only continuous at 7 = 0. Note, however, that we

have good deal more control over the right hand side V'(7,y) than this would suggest.
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Indeed, from and it follows that V(7,y) is of the form
(37)  V(r,y) = Vo(r,y) + 7(log |T)Vi(7,y) + 7(log |7|)*Va(T, y) + T (log | 7])° V5 (T, ),

where the functions Vp, Vi, Vs, V3 are smooth up to 7 = 0 in (7,y). In particular, this
means that not only V' but also all of its y-partial derivatives are C* in (7,y) for 7 < 0
and continuous at 7 = 0. This puts us in a setting very similar to that of Fefferman in
his work on the boundary behavior of geodesics for the Bergman metric [21], and allows
us to make use of the regularity results established in Appendix [A] to prove our main
results.

2.3. Extending solutions to the boundary. Before we prove our main results, how-
ever, we wish to establish that geodesics for g that approach 90X give rise to solutions of
that extend to 7 = 0. This is shown in the following lemma.

Lemma 2.8. Let 7y : [0,00) — X be a geodesic for g with v(0) € U and £(0) > 0 and let
(2%, 2, ..., 2") be a Fermi coordinate system in a neighborhood of vss. Then the smooth
solution (x®,w®, w®) of obtained from ~y for T € [—d9,0) extends to T = 0, giving a
C! solution for T € [—dy,0].

Proof. As observed previously, the system (35)) is of the form with V (7, y) smooth in y
for each fixed 7 € [—§,0]. Moreover, the y-partial derivatives of V (7, y) vary continuously
with 7 € [—6,0], and hence V(7,y) is locally Lipschitz in y uniformly in 7 € [—6,0]. It
therefore follows from the standard Picard-Lindel6f existence theorem that if y(7) solves
for 7 € [~&,0) and remains in a bounded set (with w’(7) bounded away from
0 and the z%(7) bounded away from the boundary of the region where the coordinate
system is defined) for all 7 € [—6,0) then the solution y(7) extends to 7 € [—dy, 0]
and is C! in 7. Since the functions z* tend to the coordinates of 7, as 7 — 0~ and
w’ = (o — 1 as 7 — 07, it remains only to see that the functions w® are also bounded
for 7 € [—d0,0). To see this it is helpful to write the system back in terms of the
variables v® = L§(w® + A?). We obtain (cf. ):

dz® V¢
— =V =p—
dT pr’
du’ pohasv®® 1 housha doh#vP
T WO = pkgf — ploeB T 2luBvy
(38) dr PREVT = P % 5P 0 ,
dwa _ « - ﬁ + M . lphﬂﬁhuﬁ/aahwjvﬁv’y + pa’)’MﬁaleU’y
dr . ’LUO UJO 2 wO wo

— VAONAY — W90,0 A

Recalling from Lemma that v = O(logp), it follows that V* = O(plogp) and
WO = O(p(log p)?). Hence, all terms in the expression for W remain bounded (indeed,
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the first term, E%/w°, is smooth up to X and therefore bounded; noting that VA9, A% =
O(p(log p)?) and W2,0 A% = O(p(log p)?), it is easy to see that all other terms go to
zero as T — 07). It follows easily that lim, ,q- w®(7) exists, and, in particular, that the
functions w* are bounded for 7 € [—dy,0). Therefore, by the classical existence theory

for ordinary differential equations, the solution (z%, w°,w®) extends to 7 = 0 as a C*
solution of . This proves the lemma. O

3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Theorem [1.1] Here we prove Theorem [I.I] from the introduction, which
shows, in particular, that geodesics leaving all compact sets tend to a definite point in the
conformal infinity and that this point varies smoothly as one varies the initial direction
of the geodesic.

Let (X,g) be a conformally compact Riemannian manifold with ¢ = p~2h. Let ~ :
[0,00) — X be a geodesic for g that leaves all compact sets. To prove (i) we note that,
since 7 leaves all compact sets, v must eventually enter U. Clearly we must also have
lim; oo 2°(t) = 0, where 2°(t) = 2%(y(t)). It follows that there is a parameter time t,
such that v(tg) € U and i%(tg) > 0. After an affine change of parameter, we may assume
without loss of generality that ¢, = 0. It then follows from Proposition that ~(¢)
tends to a definite point 7., € 0X as t — oco. This proves part (i).

To prove part (ii) we first note that we may again assume, without loss of generality,
that v(0) € U and that #°(0) > 0. Then v remains in U and z° remains positive for
all t > 0. Thus we may reparametrize v in terms of 7 = 2°. Fixing a Fermi coordinate

system (2%, 21,... ™) in a neighborhood of 74, we therefore obtain a (smooth) solution

(2%, w°, w®) of the system for 7 € [—6&y,0) from v, for some dy € [4,0). By Lemmal2.§
this solution extends to a C! solution of for 7 € [0y, 0]. In particular, w® is C! up to
7 = 0. Thus, since w® — 1 as 7 — 07 it follows that w® = 1+O(7). Hence w°® = 1+0(p),

and recalling that 2% = pw® we see that
(39) i’ = p+O0(p).

Similarly, from Lemma we have that v® = O(log p) and recalling that ©® = p?v® it
follows that

(40) #* = O(p*log p).
This proves (ii).

Remark 3.1. In fact, from the formula % = p?v® = pQLg(wﬁ + AP) and the fact that w”
is bounded we obtain a more precise asymptotic statement than . Since L is smooth
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up to 0X (in the Fermi coordinates) and equal to the identity on 0.X, from the definition
of AP we see that

«

o K
(41) " = —5 - p*logp+ O(p"),

where we have used that w® = 1+ O(p) and log |2°] = log p + O(1). In particular, the
coefficient of p?logp in depends only on the boundary endpoint ¢ = v, and not
on the particular geodesic v tending to q. Moreover, the p*log p-coefficient vanishes at
¢ if and only if dk|, = 0. We will make use of this remark in the proof of Theorems
and [L.6]

We now turn to the proof of (iii). Since the image of a geodesic is a smooth immersed
curve, the problem localizes near v,,. We therefore assume, without loss of generality,
that 7(0) € U, 2°(0) > 0 and that ¥([0,00)) U {7s} is contained in a single Fermi
cordinate chart. As before, we reparametrize v using 7 = 2° and obtain a smooth
solution of for 7 € [—0p,0) that extends to a C! solution for 7 € [—dy, 0]. It follows
that 7([0,0)) U {7s} is a C'-embedded curve in X (recall that we have localized near
Yoo). That the curve meets the boundary orthogonally then follows from part (ii) and the
fact that (20, 2%) are Fermi coordinates for h, since (ii) implies that /2% = O(plog p)
and hence #/i* — 0 as t — oo, equivalently, 2= — 0 as 7 — 0~. Since ([0, 00)) U{7x}
is smooth away from v, it remains only to show that the curve is C** up to the conformal
infinity, for v € (0,1). To see this we note that &= = pL§(w” + A%) /u® (a =1,...,n).
Since (2, w’, w®) is C* on [—dy, 0] it follows that <= is C* as a function of 7 € [y, 0].
Thus 7([0,00)) U {7s} is C1*-embedded near 9X. This proves (iii).

To prove (iv) we note first that for any v € T,(9)X there is a smooth 1-parameter family
of geodesics 75 : [0,00) — X with initial velocity given by 45(0) = cos(s)¥(0) + sin(s)v
for s € R. Let T > 0 be such that v(7T) € U and 2°(T) > 0, then for all s near 0 we
also have v4(T) € U and #%(T) > 0. It follows that there is a Fermi coordinate chart
containing 7., such that the closure of ([T, 00)) lies in the chart for all s near 0. Hence
there is a §y > 0 such that for all s near 0 the curve v, gives rise to a solution (2%, w?, w?)

of the system for 7 € [—dp,0). Moreover, by Lemma[2.8] for all s near 0 the solution

0

Y w?) extends to 7 = 0, giving a C! solution for 7 € [—dy, 0]. Now, from the smooth

(25, w
dependence of s on s it follows that the initial conditions (z%(—dp), w?(—d), w*(—dp))

of these solutions vary smoothly with s. By the results of Appendix [A]it follows that

0

2, w?) at 7 = 0 depend smoothly on the initial condition

the values of the solution (z%,w
(and hence vary smoothly with s). In particular, the coordinates z¢| __, of the boundary
limit point lim;_, Vs(t) of s vary smoothly with s. This proves (iv).

This concludes the proof of Theorem [1.1
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3.2. Geodesics with prescribed data at the conformal infinity. Before we prove
our other main theorems, we need some results on going from solutions of for 7 €
[—d0, 0] to geodesics for g that tend to a point in the boundary. For 7 < 0 the system
is equivalent to , and hence equivalent to @D (on the open subset of T*X
where the Fermi coordinates are defined and & > 0). When a solution of any of these
systems satisfies the energy condition 2H = 1 at some 7 < 0 (or some t) then it satisfies
2H =1 for all 7 < 0 (or all ¢) and hence gives a solution of the original cogeodesic flow.
Moreover, when the energy condition holds for 7 < 0 it clearly also holds at 7 = 0, where
it is equivalent to the condition w°|,—g = 1 (cf. ) Our first lemma shows that by
specifying that w® = 1 at 7 = 0 one also ensures that the energy condition holds for
T <0.

Lemma 3.2. If (x%, w° w®) is a solution of for T € [—00,0] with w°),—g = 1, then
the enerqy condition holds for all T € [—dy, 0], where v* is given by L§(w* + A*).

Proof. Fix a Fermi coordinate system. Note that for 2° < 0 and w® > 0 the variables
(w®, w?) and (w®, v®) are smoothly related to (&, &,) and can be regarded as nonstandard
fiber coordinates for T7*X. If we augment the system (35) with the trivial equation

dz®
dr

& > 0 (equivalently, w® > 0), we may think of the augmented system as describing the
flow of a vector field on 7*X of the form % + V (where V depends on z° but has no
%—component). Clearly @) also describes the flow of a vector field, and we denote this
vector field by Vi (note that Vi is not the Hamiltonian vector field, Vi, of H, but differs
from Vi by a vector field that vanishes on the energy surface 2H = 1). By construction,

525+V is proportional to Vi indeed, 25+V =1 Vi (where w® = p&;). For 2° < 0 both

pw®

= 1 then, in the open subset of T*X where the Fermi coordinates are defined and

of these vector fields are tangent to the energy surface 2H = 1. Fixing (2%, %, w®, w®)
as our preferred coordinates on 7% X, the vector field % + V extends continuously to
7Y = 0 (though not as a vector field on T*X, as our coordinate system is singular relative
to a coordinate system for 7*X about a point with z° = 0; we are now forgetting about
the cotangent bundle and working only in the (z°, %, w°, w®)-coordinates). Since

(42) 1 = 2 (00 + Phas LS L + A + 4%))

is C! up to 2° = 0 in this coordinate system, it follows that % + V remains tangent to
the level set 2H = 1 up to 2° = 0. Therefore, an integral curve of % +V that lies on the
energy surface 2H = 1 at one point (with z° < 0) must lie entirely in the energy surface.
Note that at 2% = 0 the energy condition 2H = 1 is equivalent to w® = 1 (w® = —1 is
ruled out because we require w® > 0). Since solutions of correspond to the integral
curves of ;% + V with 2°(r) = 7, the result follows. O



23

Lemma [3.2] ensures that we obtain solutions to the cogeodesic flow for g near 0.X from
solutions of with w®|,—g = 1. We state this as another lemma:

Lemma 3.3. If (x*,w° w®) is a solution of for T € [—00,0] with w®),—g = 1, then
the curve 5 : [—09,0) — X defined in the given Fermi coordinate system by 7(1) =
(1,2%(7)) is a geodesic for g reparametrized in terms of minus the h-distance from 0X.

Proof. Fix a Fermi coordinate chart for X and suppose (2%, w", w?®) is a solution of
for 7 € [~&,0] with w’|,—o = 1. Then, Lemma [3.2] (2*,w° w®) satisfies the energy
condition 2H = 1 for all 7. Hence, setting v = L§(w* 4+ A*) we obtain a solution of
satisfying the energy condition for 7 € [—8),0). Using that p?h,sv®0”® = 1 — (w°)?
it is straightforward to show that

d_|° P?hasvo? 1
dr |, (w?) (pw°)
and it follows that if we introduce an arclength parameter ¢ for 4 with the same orientation

as the parameter 7 then ‘é—: = pw®. For convenience, we fix ¢ by requiring that ¢t = 0

when 7 = —§y. Considering 2° and the solution (z%,w® v®) of as functions of ¢
rather than 7 we therefore obtain a solution of satisfying . This is, of course,
equivalent to a solution of @D satisfying and hence an integral curve of the cogeodesic
flow corresponding to a unit speed geodesic. Clearly this geodesic is the arclength
reparametrization 7 : [0,00) — X of 4 by ¢. This proves the result. U

From Lemma |3.3| we immediately obtain the following useful lemma:

Lemma 3.4. For every point ¢ € 0X there is a geodesic v : [0,00) — X for g with

Proof. Given ¢ € 0X we fix a Fermi coordinate system containing g and consider the
initial value problem for the system with “initial” condition at 7 = 0 given by
requiring z%|,—¢ to be the coordinates of ¢, w°|,—¢ = 1 and w®|,—¢ = 0 (the choice of
w*|,—o does not matter). There is then J, > 0 and a solution of for 7 € [—dy, 0]
with these “initial” conditions, and 7 : [—dy,0) — X defined by (1) = (7,2%(7)) is then
the required geodesic (up to reparametrization). This proves the lemma. O

3.3. Proof of Theorem [1.2] Here we prove Theorem [I.2] which characterizes asymp-
totically hyperbolic manifolds in terms of the boundary regularity of geodesics.

Let (X, g) be a conformally compact Riemannian manifold with g = p~2h and suppose
0X is connected. That asymptotic hyperbolicity (condition (i)) implies (ii) and (iii) is
well known and follows easily from the regularity of the system in the asymptotically
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hyperbolic case (and the fact that & = p?v® for (ii)), cf. [36, 10]. (That (i) implies (ii)
is also easily seen from Remark [3.1])

To see that (ii) implies (i) we note that, by ([@1), if ¥ = @* is O(p?) then k, = 0 at
Yoo- Since there is a geodesic tending toward every boundary point it follows that (ii)
implies dk = 0 on 0X and hence k is constant. Thus (ii) implies (i). Clearly then (ii)
also implies (iii).

To see that (iii) implies (ii), suppose (ii) does not hold. Then, again by (41)), there
is a point ¢ and a geodesic v : [0,00) — X tending to ¢ such that dk|, # 0. Moreover,
i = Kk 2k%|, - p?log p 4+ O(p?) implies that &= = £=2k%|, - plog p + O(p), which implies
that x*(7) is not smooth up to 7 = 0. Hence, if (ii) does not hold, then (iii) does not
hold. Thus (iii) implies (ii).

This concludes the proof of Theorem

3.4. Proof of Theorem [1.4, Here we prove Theorem from the introduction.

We first prove (i), stating that if p € X is sufficiently close to X then there is an
open subset V, in the unit tangent space S,X C T, X such that all geodesics in (X, g)
with initial direction in V, tend to a point in the boundary 0.X. For this we only require
the results of Section 2.1} If p € U then, taking V,, € S, X to be all unit tangent vectors
with positive %—component, we know from Propositions and that any geodesic
7 :[0,00) = X with 4(0) € V,, tends to a definite point in the boundary 0X as t — oo.
This proves (i).

With V,, thus defined for p € U we let exp,, , : V}, = dX denote the map that takes the
initial velocity 4(0) € V, of a geodesic v : [0,00) — X emanating from p to the endpoint
Yoo = limy_, Y(t) € 0X. Before we prove part (ii) of Theorem we establish another

lemma.

Lemma 3.5. Let v : [0,00) = X be a geodesic for g with v(0) € U and °(0) > 0. Then

p ~ e " along v, where k is evaluated at ¢ = V. That is, there are constants Cy, Cy > 0

such that Cre "Dt < p(y(t)) < Coe ™Dt for all t € [0, 00).

Proof. Since p/x° is negative, bounded and bounded away from zero on U it suffices to

. To see this we recall that (with 7 = 2°) we have % = pﬁ =

—L 4+ 0(p) = =L + O(7), where £ is evaluated at ¢ = yo. Hence —x% =14 O(7), so

T

that —rt = log || + O(1). Tt follows that |7| ~ e ** and hence 7 ~ —e™**. This proves
the result. U

show that 20 ~ —e™*t

We now establish part of (ii) Theorem by showing that for each p € U the
map exp, ., is a local C*-diffeomorphism. That exp, ., is C*-smooth follows from

Theorem |[1.1)(iv). Moreover, from the results above, for a unit vector v orthogonal to
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vg € V, C S, X it follows that if 74 : [0,00) — X is the family of geodesics with initial
velocity cos(s)uvg +sin(s)v € V, defined for s near 0 and 7o (S) = s, is the curve in 0X
traced by the boundary endpoints of the curves v, then

(44) a4

S ls) = lim J0),

s=0 t—o00

where J(t) = 4 .o Vs(t) is the Jacobi field associated with the variation 7 of the
geodesic v = 7p. To show that exp, ., is a local diffeomorphism it suffices to show that
L]y Ve0(8) # 0 when v # 0. Note that, by , the maximum K (¢) and minimum K(t)
of the sectional curvatures at «(t) are both of the form —x? + O(p) = —k* + O(e™"),

where k is evaluated at 7. It therefore follows from the Rauch comparison theorem that
(45) [T (#)]g ~ e™[v]

for t large (note that if (X, g) were the hyperbolic space with constant sectional curvature
r then the length of the Jacobi field J(¢) with respect to g would be k™' sinh(xt)|v],).
Hence, by Lemma [3.5]

(46) ()]0 = plT(E)]g ~ |v]g

for ¢ large. In particular, when v # 0 the length |J(¢)|, of the Jacobi field is bounded
away from zero for large ¢t and hence %L:O Yoo(s) = limy o J(t) # 0. It follows that the
differential of exp, ., is injective at vg. Since vy was arbitrary, we conclude that exp,, .,
is a local diffeomorphism. This proves part (ii) of Theorem

[t remains to prove part (iii), which states that for every point p,, € 90X there is a
point p € U and a subset V), of V}, such that exp, ,, restricts to a diffeomorphism from
Vppeo to a neighborhood of p., in 0X. This follows easily from part (ii) and Lemma ,
since for every point p,, € 0X there is a point p € U and a geodesic v : [0,00) — X
with #°(0) > 0 such that lim; .o Y(t) = peo. Without loss of generality, we can assume
that v(0) € U and #°(0) > 0 (so that 4(0) € V, by definition). Therefore, being a local
diffeomorphism, the map exp, ., : V, — 0X must restrict to a diffeomorphism from some
neighborhood V},,.. of 4(0) to a neighborhood of p,. This proves (iii).

This concludes the proof of Theorem

3.5. Proof of Corollary [1.5] Here we give a proof of Corollary [I.5] Before we give
the proof it is useful to note that if (X, ¢g) is a conformally compact manifold, then the
topological manifold structure of X = X UdX is determined by the geometry of (X, g).
Points in 0X can be thought of as equivalence classes of geodesics v : [0,00) — X in
(X, g) that tend to the same endpoint in 0X (this can be charaterized intrinsically using
the notion of asymptotic geodesics from [16]). Ome can also construct C° coordinate
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charts for X in a neighborhood of any point p., € X intrinsically from the geometry of
(X, g). We briefly sketch one way to do this: Fix a unit speed geodesic v : [0,00) — X
tending to ps, such that y(0) € U and z°(0) > 0 and set p = v(0). Let V,,. CV, be a
neighborhood of 4(0) such that the map V, ., x (0,00) — X defined by (v, ) > exp,(tv)
is injective. Viewing (v,r =e™") € V,,, x (0,1) as coordinates for the image of this map
and extending r to 0X by zero (and shrinking V, ,_ if necessary), the coordinates (v, r)
extend to a C° coordinate system for X containing p,, with (v,7) € V,,,.. x [0,1).

#t along each

Remark 3.6. Note that, geometrically, it would be better to take r = e~
geodesic with initial velocity v, where « is evaluated at the endpoint of the geodesic, since
then r ~ p (as opposed to a variable power of p) but this does not matter at present

since we only require C° regularity. We will return to this point in Section below.

From the above discussion it is clear that an isometry between two conformally com-
pact manifolds must extend continuously to the boundary (since it clearly takes such
a coordinate system for the domain to another such coordinate system for the target,
and when viewed with respect to these two C° coordinate systems therefore becomes the
trivial map (v,r) +— (v,r) for r > 0 which is, of course, continuous up to the boundary
r = 0). The continuous extension is clearly also a homeomorphism.

To prove Corollary |1.5]it remains to show that if (X3, ¢;) and (Xs, g2) are conformally
compact Riemannian manifolds and F' is an isometry from (X7, g1) to (Xz, g2) then the
continuous extension F : X; — X, restricts to a C*°-smooth conformal diffeomorphism
[ 0X; — 0X,. The smoothness of the map f follows easily from Theorem [I.4} If p,, €
0X then there is p € X; such that expf' : V,,, . — 0X; gives a smooth parametrization
of a neighborhood of p.,. Since F' is an isometry (and extends to a homeomorphism
X, — X,) it follows that if p’ = F(p), p., = f(pso) and Vo = dF,(Vyp.,) then
exp;;?’OO : Vi pr. — 0X, gives a smooth parametrization of a neighborhood of pl, = f(p).
Moreover, since f takes the endpoint 7. of a geodesic v in X; to the endpoint 7. of the
geodesic v/ = F oy in X5, near p,, we have

(47) f= explgiC>O o dF, o (expf,}oo)*l,

which is clearly smooth. Hence f : 0X; — 0X5 is C™.

It now remains only to show that f : 0X; — 90X, is a conformal diffeomorphism. One
way to see this is as follows: Let po, € 0X; and let 7y : [0, 00) be a geodesic tending to pu.
with v(0) = p € U and 2°(0) > 0. Let v = %(0) and let (vy,...,v,) be an orthonormal
frame for 4(0)* C T,X; and for each o € {1,...,n} let J, be the Jacobi field along
with Jo(0) = 0 and Vs )Jo = va. Then Ji(t),..., J,(t) are linearly independent for all
t > 0. Moreover, J, oo = limy o0 Jo(t) is equal to dexpdly |,(va) and (J] o, ..., J}, o) is
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a basis for T, 0X;. Now, since F' is an isometry, it takes v to a geodesic 4" and each
Jo to a Jacobi field J/, along ' such that J{(¢),...,J! (t) are linearly independent for all
(t) then
(J1,00 - - -» In,oo) is a basis for T, _0X, and is the image of (Ji,c, - - -, Jn,00) under the map

t > 0. Moreover, 7' tends to p., = f(ps) as t — oo and if J| = limy o J,
df,... Writing g; = p; 2hy and go = p; >hg, where the h; are smooth and nondegenerate up
to the respective conformal infinities, and setting hap = hi(Ja, Js) and hi,z = ho(J),, Jj),
since F*g, = g; we have that

(48) ap(t) = At)has(t),

for all t € (0,00). Finally, by continuity, hoys = limy o0 hap(t) = h1(Jaco, Jp,00) and
Wop = limy o M g(t) = ho(J), o) Jj o), and since the matrices (h3y) and (B';5) are both

@,00)

nondegenerate, it follows from that
(49) ap = Asolics,

for some Ao, > 0. But, since df,, takes the frame (Ju,0) to the frame (J}, . ), equation
(49) is equivalent to

at pPoo. Since the point p, € 0X; was arbitrary, we conclude that f is a conformal
diffeomorphism. This proves Corollary [I.5]

3.6. Regularity in the normal direction. In this section we supplement Corollary [L.5]
with the following boundary regularity result.

Theorem 3.7. Let (X1, ¢1) and (X, g2) be conformally compact Riemannian manifolds.
Let F be an isometry from (X1, 1) to (Xa,2). Then F extends to a C* diffeomorphism
from X, to X,. If (X1, g1) is asymptotically hyperbolic, then the extension is C*.

Remark 3.8. (i) Note that, in contrast to our previous results, the result that the extension
is C! in the general case may not be optimal. Since our proof makes use of coordinates
constructed from the solutions of our extended flow , which are only C! up to the
boundary in general, we cannot establish higher boundary regularity by this method.
Nevertheless, it is useful to know that the extended map F : X; — X is at least C' up
to the boundary. (ii) We could have used this result to establish the conformality of f in
the previous section, but we wanted to emphasize that Corollary [L.5] follows directly from
Theorem (and also to separate out the discussion of tangential and normal regularity
at the conformal infinity).
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To prove Theorem we modify the canonical C° boundary coordinate charts con-
structed in Section to improve the regularity. As before, given a point p,, € 0X we
fix a point p € U and a subset V,,,, C V,, such that the map V,, _ x (0,00] 3 (v,t) —
exp,(tv) € X (extended continuously to ¢ = oo in the obvious way) parametrizes a
neighborhood N of the point p., in X. Identifying V,,  with its image in 0X under
exp, o, we may think of x as a C* function of v € V. With k interpreted this way
we define the function 7 on N by r = e™** when ¢ € [0,00) and r = 0 when ¢ = co. The
new coordinates (v,r) € V,, % [0,1) for N are C*> away from 0X (r = 0). Up to the

boundary we have:

Lemma 3.9. The smooth coordinates (v,r = e ") € V,,_ x (0,1) for N\ 0X extend
to C coordinates (v,r) € Vj,,.. % [0,1) for N with r a local defining function for 0X. If
(X, g) is asymptotically hyperbolic then the extension is C™.

Proof. We assume, without loss of generality, that /N is contained in a single Fermi coor-
dinate chart (z°,z',...,2"). For each v € V},,,__, let 7,(t) = exp(tv) be the corresponding
geodesic (for t > 0) and let 4(7) be its reparametrization in terms of minus the h-distance
from the boundary (7 € [—d,0)). Writing the (2%, z!,..., 2™)-coordinates of 7,(7) as

(2°(v,7),...,2"(v, 7)) gives a C*-diffeomorphism
(51) Vppe X (=00,0) 3 (v,7) = (2°(v,7),...,2"(v,7)) € N\ 0X.

By our previous discussion of the system and the regularity results of Appendix ,
the map extends to 7 = 0 as a C'-diffeomorphism V,,,, . X (—d,0] — N (and in the
asymptotically hyperbolic case this map is C*). We may therefore view (v,7) as a C!
coordinate system on N. The result will follow (in the general case) if we can show that
r is a C! function of (v, 7) up to 7 = 0.

dt 1

L . o p . -
Viewing v as a parameter, we write d,r = Jor as r’. Along each geodesic - = Tl

and hence for 7 < 0 we have
, dr dt  —kr

2 = .2 = _"
(52) T A ar pw?’

where £ is a smooth function of v, and p and w® are viewed as smooth functions of (v, 7)

that are C* up to 7 = 0. For 7 < 0 we define the smooth function w of (v, 7) by requiring

r=—e“7. Then v’ = —w'e¥T — e, where ' = J,w, and it follows easily that
1 [ —kT
53 = — =1 =
(53 J= (1) =
for 7 < 0. Now, p = —kT + 372, where 8 is a C* function of the Fermi coordinates (up

to 0X) and hence is C* up to 7 = 0 as a function of (v, 7). Similarly, w® = 1+ 7a, where
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« is a C! function of (v,7) up to 7 = 0. It follows that

(54) pw’ = —KT + 072,
where 0 = —ka + 8 4+ af7. Hence
1 (VN 2
(55) @*(M—l)z%-
T pw pw
Since o /w® is C! up to 7 = 0 and p/T = —k + 47 is C' up to 7 = 0 and nonvanishing, it

follows that ¢ is C* up to 7 = 0 in the variables (v, 7). In particular, ¢ is continuous up
to 7 = 0. It follows easily that w is continuous on N. Since r(v, —dy) = € "|;—g = 1 for
all v, we have r(v,7) =1+ fj&) (—pes — e[, ds on N. Hence 9,1 exists on N (not
just N\ 0X) and is continuous up to 7 = 0.

In the general setting, therefore, it remains only to consider the first order v-partial
derivatives. For clarity, we identify Vj,,  with it’s image in 0X under exp, ., so that
the cartesian coordinates (z!, ..., 2™) can be used for v when defining partial derivatives.
Now, the function r is smooth for 7 < 0 and the v-partial derivatives of r are zero when
7 = 0. Moreover, since the v-partial derivatives of r (of any order) tend to zero as
7 — 07, they are clearly continuous on N. Thus r is a C! function of (v,7) on N.

To see that (v,r) extend smoothly to 0X in the asymptotically hyperbolic case, we
note that in this case (v, 7) are C*> coordinates on N and the functions ¢ and w are C*
up to 0X so that r(v,7) =1+ f_Téo (—pes — )], ¢ ds is C> on N. O

Theorem [3.7 then clearly follows from Lemma[3.9) by the same argument that was used
to establish the continuous extension to the boundary in the Section [3.5] An isometry
F : X; — X5 between conformally compact manifolds will take a coordinate system of
the form appearing in Lemma to another of the same kind, and when viewed in these
coordinates becomes the trivial map (v,r) +— (v,7), for r > 0. Since the coordinates
extend to be C! up to the boundary (C* in the asymptotically hyperbolic case), the map
F trivially extends with the same regularity.

3.7. Proof of Theorem 1.6 Here we prove Theorem (1.6 which includes the asymptotic

0 in a Fermi coordinate

expansion for a geodesic when viewed as a function of v = —x
chart.

Let ¢ € 0X and let (z,y'...,y") be a Fermi coordinate chart adapted to X in X
with respect to the metric h, with x > 0 in X and centered at ¢. In the notation that we

Ozl .. 2" = (—z,y' ..., y"). We wish to

have been using more frequently, we have (z
show that (as unparametrized curves) the geodesics approaching ¢ € 90X have asymptotic
expansion (3) and are parametrized by u € T,0X. Since we know that we can obtain the

geodesics (near X)) by solving with for 7 < 0 near 0 with 2%|,—o = 0, w°),—g = 1



30 SEAN N. CURRY AND ACHINTA K. NANDI

and w®|,—¢ prescribed freely (see Section [3.2)), the proof boils down to establishing the
asymptotic expansion of the form (3]) and showing that the u® appearing in that expansion
are in one-to-one correspondence with the w®|,—g. Theorem 1.6/ will therefore follow easily

from the following lemma:

Lemma 3.10. If (%, w° w®) is a solution of for T € [0y, 0] with x*|,—0 = 0 and
w®,—o = 1, then

(56) 2(r) = =5 - 7 log|r| - (gw%_o - :—H) 7%+ o),

where k and K are evaluated at the origin x® = 0 in the coordinate system for 0.X.

Proof. Recall that the solution is C' and that %= = pL§(w” + AP)/w®. Recall also that
L% is smooth and equal to d§ for 7 = 0 (2° = 0) and that p = —s7 + O(7?). Since
w? =1+ O(7) and w* = w*|,—¢ + O(7) it follows that
(57 = g rl = w7+ O(r g 7]

— = —— 7log|7| — Kw®|,=0 - 0 :

o —-Tlog|T 0T % log |7
Since z%|,—o = 0 it follows that

/iol

1 K
(8)  a(r) = -5 ( log || - 572) — Sl 72+ O(r* log |7]).

The result follows. 0

From the lemma we see that every geodesic (t) in (X, g) that tends to ¢ as t —
oo is given near ¢ by , with O% given by . Moreover, when the geodesic (as
unparametrized curve) is viewed as a solution to with 2%|,—9 = 0, w°),—o = 1, the
vector u € T,0X appearing in is given by

,{/a

(59) u® = —gwo‘|T:0 + —.

Since w*|,—o may be prescribed freely when solving (near 7 = 0) and this choice
parametrizes the geodesics tending to ¢ (viewed as unparametrized curves), it follows
from that one may equivalently parametrize the geodesics using the second order
coeflicient u € T,0X in the asymptotic expansion ((3). This proves Theorem .

Remark 3.11. Although, as defined in , O depends on the choice of metric h (such
that g = p~2h with p a defining function for 9X), when interpreted as a vector field on
0X of conformal weight —2 it is independent of this choice.
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4. A FAMILY OF EXAMPLES

Here we illustrate some of our main results in a simple setting by considering the family

of metrics on the upper half plane X = {y > 0} in R? defined by
da? + dy?

Letting h = daz? + dy* and p = ye®® we have g. = p~2h and so we are in the setting
described above (of course, X = {y > 0} is not compact, but this is of no consequence if
we consider geodesics that start near y = 0 with initial velocity directed downward and
sufficiently close to the vertical). Note that x = €¢*, and we have the standard hyperbolic
metric when ¢ = 0.

A straightforward calculation shows that the geodesic equations for the metric g. are

given by

i’—gy'cy—e(:EQ—yQ) =0
(61) /

i+ 5@2 — 9?) — 2eiy = 0.

When ¢ = 0 these equations can be explicitly integrated and give the familiar circular
(and straight) geodesics of the hyperbolic metric on the upper half plane. One way to
see this is to define the normalized velocity variable v, = y~2% and observe that the
geodesic equations imply that ©, = 0 so that v, must be constant. Thus & = cy?,
where ¢ = v,(0), and for a unit speed geodesic one finds that 52 = y?(1 — cy?), so that
Z—z = tcy(1 - cy2)_1/ 2. The solutions of this last equation are circular arcs (of curvature
lc|) when ¢ # 0 and vertical line segments when ¢ = 0.

When ¢ # 0, if we take v, = p~2i (as in Section [2]) then the geodesic equations imply
that o, = —e (cf. (22)), so that v, = ¢ — et with ¢ = v,(0). Note that, while for this
simple family of examples v, appears to be a “good” choice of velocity variable for the -
direction, from the discussion above we know that it is the linear behavior in ¢ of v, that
ultimately leads to the (weak) logarithmic singularity of the geodesics at the conformal

—ft where &

infinity (since, along a geodesic that tends to the boundary as t — oo, y ~ e
is evaluated at the boundary endpoint of the geodesic). Moreover, while we can explicitly
solve for v,, when € # 0 we can no longer straightforwardly integrate the full system (61).
Using the (weakly) regular system obtained in Section , however, we can easily
numerically integrate the geodesic equation up to y = 0 (see Figure . Of course, one
can also fairly easily create such figures by numerically solving the geodesic equations
(61)), rewritten as a first order system, but this has the disadvantage of requiring the

equation to be solved on an parameter time interval [0, 7] that is long enough for the
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geodesic to reach a Euclidean distance of, say, 10~ from the boundary (and for ¢ = 1
the minimum parameter time 7" required increases rapidly as the initial velocity of the

geodesic points more to the left).

-05 O 0.5 -05 0 0.5 -05 0 0.5

FIGURE 1. Five geodesics with initial position (0, 1) and initial velocities
(0,—1), (£sin(n/8), — cos(n/8)), and (£ sin(mw/4), — cos(mw/4)) are plotted
for the metric g. for € = 0 (left), ¢ = 0.5 (center) and € = 1 (right).

Of course, one cannot test the smooth dependence of the boundary endpoints on the
initial direction by numerical computations such as those in Figure [, But the figure is
at least suggestive. On the other hand, even with a modest level of computation, one can
see the direction of the geodesics tending towards the normal direction to the boundary
as y — 07. In fact, when € # 0 one can also see the leading order y*logy behavior of
the geodesics: Note that for our examples the obstruction to boundary regularity
has only one component, O = —%8, and this is constant on 0X. It follows that for a
given ¢, a geodesic reaching the boundary at a point x., is asymptotically of the form
T = Too — %5@/2 logy + O(y?). This explains why for a given & > 0 the geodesics in Figure
all bend slightly to the right at y = 0 in approximately the same fashion (note that
—%ng logy is positive near y = 0). A further observation concerning Figure [1| is that
increasing ¢ causes the geodesics to “drift to the left.” This can also be seen without
numerically plotting the geodesics: If one considers a segment of a hyperbolic geodesic
and then increases € the geodesic segment between those two endpoints will move to the
right due to the €*? in the denominator of (for example, consider the segement
of the second geodesic from the right with ¢ = 1 in Figure [1| that begins and ends on
the y-axis; it clearly lies to the right of the corresponding hyperbolic geodesic segment).
Correspondingly, the geodesics with initial velocity pointing downward as in the figure
will move to the left. With these observations one can produce a fairly accurate sketch
of the geodesics shown in Figure |1l without computation.

A more important application of (from the point of view of constructing figures) is
that it easily allows us to shoot geodesics in from the boundary, with prescribed quadratic
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term in the expansion (3 of the geodesic. Noting the (invertible, affine) relationship
between u® and the initial condition at at 0X for the variable w® used in (35]), one can

easily produce Figure [2]

0.5

0.25

-025 0 025 =025 O 025 =025 0 0.25

FIGURE 2. The five geodesics of the metric g. with prescribed asymptotic
expansion r = —%ayQ logy + uy?® + o(y?), for u = 0,40.5, &1, are plotted
near (0,0) for e = 0 (left), e = 0.5 (center) and € = 1 (right).

Note that although for ¢ # 0 the geodesics appear to be slightly tilted away from
the vertical at the origin, this is not the case (as could be easily seen by looking
at the geodesics on a smaller scale). For each € the geodesics have leading behavior
xr = —%eyZ logy + O(y?), which ensures that they are indeed vertical at the origin. A
comparison of the five geodesics with their leading asymptotics is given for € = 1 in the
following figure.

0.25 -

|
—0.25 0 0.25

FiGURE 3. The blue dotted curves are the asymptotic solutions x =
—3y?log y+uy? of the geodesic equation when e = 1, with u = 0,40.5, +1.
Superimposed in black are the five geodesics for ¢g; from Figure [2| that
correspond to these five asymptotic curves. The second geodesic from the

left can barely be distinguished from the asymptotic solution.
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We conclude by noting that for the special family of metrics ¢g. the construction of
the system simplifies. In particular, the change of variables going from the system
to is trivial since for these examples we have 9yh*” = 0 (equivalently, since the

level sets of y = —a° form a geodesic foliation for the metric /). Hence in this case the
variable 0, = 0! is the same as v, = v!. It follows that if w, = —w" and w, = w!, then
(62) W, = v, — A,
where A(z,y,w,) = A'(z,y,w,) is given by
(63) A( j= L.
Ty, wy) = —— - — - logy.
» Y, Y w e gy

Y

The system then becomes
dx o Ws + A
e

dy 7w,
% 2ex (wfﬂ + A)2

(64) = cye™(w, + A) — ye

dy Wy
dw, w, + A 0A (w, + A)*\ 0A
= — €T [ —— ET - A _ 2ex . )
dy ve wy Oz (5ye (e £+ A) = ye wy, ow,
Note that when € = 0, A = 0 and the above system simplifies to
dr  w,
dy ywy
2
(65) dwy _ _yZLe
dy Wy
dw,
Wy 0
dy

which can easily be integrated. Although when ¢ # 0 the right hand side of is no
longer smooth up to y = 0, it is continuous up to 0X due to the factor of y that appears
in each term. The (weakly) regular system (64)) was used to construct Figures above.

APPENDIX A. REGULARITY RESULTS FOR ORDINARY DIFFERENTIAL EQUATIONS

In this section we prove some regularity results for a class of non-autonomous first
order systems of ordinary differential equations (ODE) that arise naturally in the study
of geodesics in conformally compactified and related geometries. The results will follow
from a straightforward modification of the standard argument for the smoothness of the
flow of a time-dependent vector field, but we include it anyway for completeness. The
only real catch is that, while in the smooth case the smoothness of the flow of a time-

dependent vector field V; on a manifold M follows from the smoothness of the flow of the
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vector field & + V; on R x M (with 7 the coordinate for the R-factor) and hence from a
standard result on smooth dependence on initial conditions of solutions of autonomous
first order ODE (see, e.g., [35, Appendix D]), when V; is no longer smooth in 7 we must
work directly with the corresponding non-autonomous system.

We therefore let U be a domain in R™ and I an interval and consider a first order

system of the form
(66)

where (19,2) € I x U and V : I x U — R" is a continuous function satisfying some
additional regularity hypotheses that will be specified below. Since our considerations
are local it will be convenient to take I = R and U = R". For simplicity we will also
assume that V' is bounded. In our intended applications we will always be able to assume
that V' has been extended to a bounded function on all of R x R™ in a way that respects
the regularity hypotheses.

The first additional condition we will impose on V' : R x R" — R” is the standard
hypothesis that it be uniformly Lipschitz in the second factor, with Lipschitz constant
C > 0. By this we mean that there is C' > 0 such that

(67) V(7 91) = V(T 92)ll < Cllyr — v

for all 7 € R and yy,y> € R™. It then follows from the classical Picard-Lindel6f theorem
that for any (70, 2) € R x R™ there is a unique solution y : (79 — 0,79 + J) — R" of
provided ¢ < % Since for completeness we would also like to consider the initial time 7
as a variable, we note that this implies that if I; is an open interval of length less than
% then for any 75 € Iy and x € R"™ there is a unique solution y : Iy — R" of . Fixing
such an interval I it follows that there is a map 0 : Iy x Iy x R® — R" such that the
solution y : Iy — R"™ of with initial condition (79, ) € Iy x R™ is given by

(68) y(1) = 0(1, 10, ).

We will refer to the map 6 : Iy x Iy x R" — R"™ as the local flow map of V. For fixed
(1,70) € Iy x Iy we also define the map Fl,, : R” — R" by

(69) Fl, ., (z) = 0(T, 79, x).

We are interested in the regularity of the maps 6 and Fl,,, under additional regularity

hypotheses on V.
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A.1. Basic properties of the local flow map. Note that, under the present hypothe-
ses, for fixed (79, ) € Iy x R the local flow map (7, 79, ) is clearly C' in 7. Importantly,
the local flow map 6 also inherits a uniform Lipschitz property (in the third argument)
from the the uniform Lipschitz condition on V' (in the second argument). To see this, fix
any 19 € Iy and x1, o € R™ and let y;(7) = 0(7, 79, ;) for i« = 1,2. Then the Lipschitz
property of V' implies that

(70) 191(7) = 4o (DIl = V(7 41(7)) = VI(7, 92(7)| < Cllya(7) = y(7)l

for all 7 € Iy, and hence |y (1) — ya(7)|| < e“I=™l||z; — 25 In particular, since

|7 — 70| < % it follows that for any 7,79 € Iy we have
(71) 10(7, 70, 21) — O(7, 70, 22) || < ef|xy — 22,

for all xq,xo € R™.
Using one can then easily show that 0 : Iy x Iy x R™ — R" is continuous. To see
this, note that

(72) O(r,10,2) =+ /T V(s,0(s,m9,x))ds

70

so that

0(7,70,2) — O(1, 70, x) = (T — ) + /T (V(s, 0(s, 70, x)) — V(s,0(s, 10, x))) ds

<73) 70 T
+/ V(s,@(s,%o,ir))ds—i—/ V(s,0(s, 7o, Z)) ds.

T0 T

Viewing (7, 7o, ) as fixed, the only term on the right hand side of the above display that
does not obviously go to zero as (7, 7y, Z) — (7,70, x) is the first integral. To estimate
this term we note that setting y(s) = 6(s, 70, ) we have

(74) 0(s, 70, 2) = 0(s, 70, y(70))-
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Using the Lipschitz property of V in the second argument and we therefore have

(assuming for simplicity that 7 > 7p)

‘ /T (V(s5,0(s, 70, 7)) — V(s,0(s,70,))) ds

70

< Clr — 71| sup ||0(s, 7o, Z) — O(s, 70, )|

$€[70,7]

< sup ||6(s,7o,2) — 0(s, 10, ))]|

(75) $€[70,T]
= sup H9<S7%07‘%) - 9(57%07y(7-0))||
s€[10,7]
<ellz —y(7)ll

< el|lz — zf| + elly(7o) — |-

Since y(s) = 6(s, 10, x) is continuous, it follows easily that the right hand side of
goes to zero as (T, 7y, Z) — (7,79, ). Hence 6 is continuous.
09

Note that, since Z-(7,7,2) = V(7,0(7,7,2)), the continuity of ¢ implies that % is

continuous on Iy X Iy X R™ (not merely on I for each fixed (79, x) € Iy x R").

A.2. A regularity theorem. In our intended applications V(7,y) will have a given
regularity that is preserved under partial differentiation with respect to the y-variables,
but not with respect to 7. Taking our basic level of regularity in (7,y) to be continuity,
we therefore consider the the regularity of the maps 6 and Fl,,;, under the additional
hypothesis that the y-partial derivatives of V(7,y) of order k exist and are everywhere

continuous in the variables (7, ).

Theorem A.1. Let V : RxR"™ — R" be a continuous function that is uniformly Lipschitz
in the second factor, with Lipschitz constant C' > 0. Suppose in addition that the k'™ order
partial derivatives of V' with respect to the coordinates of the second factor exist and are
continuous on R x R™ (k > 1). Let Iy be an open interval of length less than é Then

(i) the local flow map 0 : Iy x Iy x R" — R™ is C!;

(i) the k' order partial derivatives of 0 with respect to the coordinates of the third

factor exist and are continuous on Iy X Iy X R™;
(iii) for fived (7,79) € Iy x Iy the map Fl, ., : R® — R™ 4s C*.

Remark A.2. Note that, although Theorem was stated for finite £, the case where
k = oo clearly follows from the finite regularity case.

The key point here is that the regularity condition we imposed in the dependent
variables holds uniformly in the independent variable, and this property is passed on to

the local solution maps.
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We will prove Theorem in stages in the subsections that follow. The proof is a
straightforward modification of the standard argument for the case when V is C* in both
variables (see, e.g., [35, Theorem D.5]). The catch, as we have mentioned, is that since
the regularity in 7 and y is now different we cannot reduce to the time-independent (i.e.

autonomous) case.

A.3. Existence and continuity of first partials. In this subsection we prove the
theorem Theorem for k£ = 1. Since (iii) clearly follows from (ii), it suffices to prove

(i) and (ii).

Suppose that V' satisfies the hypotheses of the Theorem for k = 1. That % exists
and is continuous on Iy X [y X R™ has already been observed. We therefore consider the
partial derivative of 8 with respect to the y-coordinates (and afterward the 7y coordinate).

t gzj (1,70, ) = 5;

We use this fact together with the diﬂerential equation %(7’ 10,x) = V(7,0(7,70,7))

satisfied by 6 to gain an understanding of ~ for general (7, 7).

The key observation here is that when 7 = 79, 0(7, 79, 2) = x so tha

Fix any closed interval J, C I and any compact subset Uy C R™ and consider the
n x n matrix valued map Ay : Jo x Jo X Uy — My, (R) defined by

0" (7,70, ¢ + hej) — (7, 79, )
h Y
where e; is the j standard basis vector in R". Note that by we have

(76) (Ah) (T,70,2) =

(77) ](Ah) (1,70, )| < el < e

for each ¢ and j. From the differential equation satisfied by @ it follows that

0
or

For each (7,7, z) € Joy X Jo x Uy (and each i and ), consider the C! function

(78) 9 (A7) = % (Vi(r, 67, 70,2 + hey)) — Vi(r, 6(r, 10,7)) -

(79) u(s) = V(r, (1 — 8)0(r, 70, 7) + s0(7, 70, 7 + he;)).

By the mean value theorem there is a point ¢ € (0,1) such that u(1) — u(0) = u/(c).
Hence, if ¥ = (1 — ¢)8(7, 10, x) + c0(T, 70, + he;) then

0 8‘/’
(80) aT(Ah T, To, T Z (AR5 (7, 70, ).
Note that ¥ depends on (7,79, z) € Jox Jox Uy (and i and j), but, since it lies on the line
segment between 0(7, 79, ) and 6(7, 79, x + he;) and 6 is continuous, ¥ tends to 0(7, 19, )

as h — 0 (uniformly in (7, 79, x), since Jy x Jo x Uy is compact). If h is another (small,
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nonzero) real number, we define § similarly. Letting Qi = (An)(7,70,2) = (A;)(7, 70, T)
it follows that

0
aT(Q )Z = B ((Ah)](T7 To,flf) (Ah)]<7— 7—0737))

_ Z g‘y/,: (1, 9) - (A)k (7, 70,2 Z avz J) - (A;)5 (7,70, 2)

k=1
(81) " oy .
- £ Qy’“ (T 19) ((Ah) (T To, T ) - (Aﬁ)j (Tv 7_07I>)
ov? ove - K

+ 2 <0y (1,9) — o (T, 19)) (A7) (1,70, 7).

Now, since 6 is continuous, the image of Jo x Jo x Uy is a compact set. Moreover,
requiring that |h| < 1, x + he; will always lie in the compact set U; = U+ B" and hence
¥ will always lie in the convex hull W; of the image of Jo x J, x U; under #, which is also
compact. Since the (first order) y-partial derivatives of V' are continuous in (t,y), they
are bounded on Jo x Wj. It therefore follows from that there is a constant £ > 0
such that

5| < EllQuill +e

Y

|

— (OV' ovi
; <a_yk<7-7 79) - 8y’“ (7-7 19))

provided |h| < 1 and |h| < 1. Since the y-partial derivatives of V are also uniformly

continuous on Jy x Wy, for any € > 0 there is a § > 0 such that

‘ oV’ ove -

(83) 6—yk(7, v) — Iy (1,9)

<€, foralliandk,

provided ]1§ — J| < d. Now, for each i and j, the ¥ and U in (81) and can be viewed
as functions of (7, 7y, x) that converge uniformly to 6(r, 79, z) on Jo x Jo x Uy as h — 0
and h — 0, respectively. Hence, for any € > 0, by taking |h| and || sufficiently small we
may ensure that holds (for all relevant indices) and hence that

0
(8) e

<nkE ”QhBH + en’e.

Note that when 7 = 7 we have Q,, ;, = (An)(70, 70, 7) — (A;) (70, 70, 2) = ¥ —2 = 0. For
general (7,79) it therefore follows by an ODE comparison argument that for any ¢ > 0
one has

(85) @il = [[(An)(T, 70, 2) = (Af) (7, 70, 2) || < ege (enE\T—Tol _ 1) < % (enE/C _ 1) ’
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provided h and h are sufficiently close to 0. It follows that for any sequence of nonzero

numbers h; that tends to zero, the corresponding sequence of matrix-valued functions
Ay

independent of the choice of hy it follows that limy,_,o Aj, exists (and is continuous). In

96°
) Oxd

sets of the form Jy x Jy x Uy exhaust Iy x Iy x R”, the first order z-partial derivatives

. 1s uniformly Cauchy and hence uniformly convergent. Since the limit is clearly

particular exists and is continuous (on Jox Jox U 0) for each 7 and j. Since compact
of # exist and are continuous on Iy x Iy x R™.

It remains to show that the same holds for the partial derivative of 6 with respect
to 79 (i.e. the second factor). To see this, we note that Fl., oFl, . : R" — R" is
the identity map. Thus F1, ,, = Fl_ 17, and hence the existence and continuity of the 7-

partial derivative of (7, 79, x) = F lTolT( ) follows from the existence and continuity of the
partial derivatives of 6 in the other two arguments (and the inverse function theorem).
Moreover, differentiating the expression (7, 19, 0(79, 7,x)) = x with respect to 7o (and

setting set xg = 0(7o, 7, ), so that = (7, 79, xp)) we find that

00" 0" 00"

(86) 5 0(7' ,T0, Lo) = 8 (7, 70, To) - 57

— (70, 7, 0(7, 70, 70) ) -
This proves Theorem in the case where k = 1.

A.4. Higher regularity. It remains to prove Theorem (ii) for k > 1 (part (iii) then
follows). We do this by induction on k. Let & > 1 and suppose that Theorem [A.1|(ii) is
known to hold for this k. Suppose that V satisfies the hypotheses of Theorem with
k replaced by k + 1.

By the previous subsection, the local flow map 0 : Iy x Iy x R® — R" of V is C!.
Moreover, from (72)) we have

o0 L~ [TOV? o0*
(87) @(T,T@,JJ) = 5]Z +;/T'O a_yk(sue(saﬁ)’x)) or ](5 ’7'0,1’) ds.
It follows that for each ¢ and j the 7-partial derivative of the function gej exists (and is

continuous in (7, 79, z)) and satisfies

d 00 oV’ ol

(88) 5 D — (1,710, %) = 3 - (1,0(7, 70, 7)) - D

— (7,70, ).

We therefore augment the independent variable y = y(7) in our initial value problem ((66)

with an n x n matrix valued function of Y = Y (7) and consider the following following
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initial value problem for (y,Y):

y'(1) =V(r,y(r)) Y(70) = Yo

(89) Y'(r) = D,V(r,y(r)) - Y(r) Y (1) = Yo

After fixing a compact subset Uy C R™ and redefining V by extending it from Iy x Uy,
if necessary, the augmented system satisfies the hypotheses of Theorem for our
given k (for a possibly larger Lipschitz constant C’) It follows that for any sufficiently
small open subinterval I; of I there is a well-defined local flow

(90) (0,W) : I; x I; x R" = R" x Myyn(R)

for the system , and that © and ¥ have k** order partial derivatives with respect to
the third factor. Since y(7) = 0(7, 79, z) and Y (7) = D,0(T, 10, z) solve this system with
initial conditions yy = x and Yy = Id, we have

(91) 0(r,10,2) = O(1,70, (2,1d)) and  D,O(7, 79, 2) = V(7, 70, (x,1d))

when (7,70, 2) € I} x I x Uy. It follows that the first order z-partial derivatives 379; have

kt" order z-partial derivatives that are continuous on I; x I; x Uy. Since Iy x Iy x R™
can be exhausted by sets of the form I x [; x U, it follows that this holds on all of
Iy x Iy x R™ Thus 0 has z-partial derivatives of order k£ + 1 that are continuous on
Iy x Iy x R™. This proves the inductive step.

It follows by induction that Theorem [A.1f(ii) holds for all ¥ > 1. This concludes the

proof of Theorem [A ]

REFERENCES

[1] S. Alexakis and R. Mazzeo. Renormalized area and properly embedded minimal surfaces in hyper-
bolic 3-manifolds. Comm. Math. Phys. 297 (2010), no. 3, 621-651.

[2] S. Alexakis and R. Mazzeo. Complete Willmore surfaces in H® with bounded energy: boundary
regularity and bubbling. J. Differential Geom. 101 (2015), no. 3, 369-422.

[3] M. T. Anderson and R. Schoen, Richard. Positive harmonic functions on complete manifolds of
negative curvature. Ann. of Math. (2) 121 (1985), no. 3, 429-461.

[4] S. R. Bell. Biholomorphic mappings and the d-problem. Ann. of Math. (2) 114 (1981), no. 1,
103-113.

[5] S. R. Bell and E. Ligocka. A simplification and extension of Fefferman’s theorem on biholomorphic
mappings. Invent. Math. 57 (1980), no. 3, 283-289.

[6] D. Borthwick. Scattering theory for conformally compact metrics with variable curvature at infinity.
J. Funct. Anal. 184 (2001), no. 2, 313-376.

[7] J. S. Case, C. R. Graham, T.-M. Kuo, A. J. Tyrrell and A. Waldron. A Gauss-Bonnet formula for
the renormalized area of minimal submanifolds of Poincaré-Einstein manifolds. Comm. Math. Phys.
406 (2025), no. 3, Paper No. 53, 49 pp.



42

8]

[9]

[10]

[12]

[13]

SEAN N. CURRY AND ACHINTA K. NANDI

N. Charalambous and J. Rowlett. The Laplace spectrum on conformally compact manifolds. Trans.
Amer. Math. Soc. 377 (2024), no. 5, 3373-3395.

X. Chen. Resolvent and spectral measure on non-trapping asymptotically hyperbolic manifolds III:
Global-in-time Strichartz estimates without loss. Ann. Inst. H. Poincaré C Anal. Non Linéaire 35
(2018), no. 3, 803-829.

X. Chen and A. Hassell. Resolvent and spectral measure on non-trapping asymptotically hyperbolic
manifolds I: Resolvent construction at high energy. Comm. Partial Differential Equations 41 (2016),
no. 3, 515-578.

X. Chen and A. Hassell. Resolvent and spectral measure on non-trapping asymptotically hyper-
bolic manifolds II: Spectral measure, restriction theorem, spectral multipliers. Ann. Inst. Fourier
(Grenoble) 68 (2018), no. 3, 1011-1075.

X. Chen and A. Hassell. The heat kernel on asymptotically hyperbolic manifolds.(English summary)
Comm. Partial Differential Equations 45 (2020), no. 9, 1031-1071.

S.-Y. Cheng and S.-T. Yau. On the existence of a complete Kahler metric on noncompact complex
manifolds and the regularity of Fefferman’s equation. Comm. Pure Appl. Math., 33(4):507-544,
1980.

S. N. Curry and A. R. Gover. An introduction to conformal geometry and tractor calculus, with a
view to applications in general relativity. Asymptotic analysis in general relativity, 86-170. London
Math. Soc. Lecture Note Ser., 443 Cambridge University Press, Cambridge, 2018

M. V. de Hoop, J. llmavirta, A. Kykkénen and R. Mazzeo. Geometric inverse problems on gas
giants. Preprint: arXiv:2403.05475, 2024.

P. Eberlein and B. O’Neill. Visibility manifolds. Pacific J. Math. 46 (1973), 45-109.

C. L. Epstein, R. B. Melrose and G. A. Mendoza. Resolvent of the Laplacian on strictly pseudoconvex
domains. Acta Math. 167 (1991), no. 1-2, 1-106.

N. Eptaminitakis and C. R. Graham. Asymptotically hyperbolic manifolds with boundary conjugate
points but no interior conjugate points. J. Geom. Anal. 31 (2021), no. 7, 6819-6844.

C. L. Fefferman and C. R. Graham. Conformal invariants. In The mathematical heritage of Elie
Cartan (Lyon, 1984 ), number Numéro Hors Série, pages 95-116. 1985.

C. L. Fefferman and C. R. Graham. The Ambient Metric, volume 178 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 2012.

C. L. Fefferman. The Bergman kernel and biholomorphic mappings of pseudoconvex domains. In-
ventiones mathematicae, 27:1-66, 1974.

C. L. Fefferman. Monge-Ampere equations, the Bergman kernel, and geometry of pseudoconvex
domains. Ann. of Math. (2), 103(2):395-416, 1976.

F. Forstneri¢. Extending proper holomorphic mappings of positive codimension. Invent. Math. 95
(1989), no. 1, 31-61.

F. Forstneri¢c. Proper holomorphic mappings: a survey. Several complex wvariables (Stockholm,
1987/1988), 297-363. Math. Notes, 38. Princeton University Press, Princeton, NJ, 1993.

C. R. Graham and N. Reichert. Higher-dimensional Willmore energies via minimal submanifold
asymptotics. Asian J. Math. 24 (2020), no. 4, 571-610.

C. R. Graham, C. Guillarmou, P. Stefanov and G. Uhlmann. X-ray transform and boundary rigidity
for asymptotically hyperbolic manifolds. Ann. Inst. Fourier (Grenoble) 69 (2019), no. 7, 2857-2919.



27]
28]
20]
30]
31)
32]
33]
34]
35]
36]
37]
38]
30]
[40]
1]
42]

[43]

43

C. R. Graham and E. Witten. Conformal anomaly of submanifold observables in AdS/CFT corre-
spondence. Nuclear Phys. B 546 (1999), no. 1-2, 52-64.

S. S. Gubser, I. R. Klebanov and A. M. Polyakov. Gauge theory correlators from non-critical string
theory. Phys. Lett. B 428 (1998), no. 1-2, 105-114.

C. Guillarmou. Meromorphic properties of the resolvent on asymptotically hyperbolic manifolds.
Duke Math. J. 129 (2005), no. 1, 1-37.

S. W. Hawking and D. N. Page. Thermodynamics of black holes in anti-de Sitter space. Comm.
Math. Phys. 87 (1982/83), no. 4, 577-588.

M. Henningson and K. Skenderis. The holographic Weyl anomaly.(English summary) J. High Energy
Phys. (1998), no. 7, Paper 23, 12 pp.

M. V. de Hoop, J. Ilmavirta, A. Kykkénen, R. Mazzeo. Geometric inverse problems on gas giants.
Preprint: arxiv.org/abs/2403.05475

J. M. Lee and Richard Melrose. Boundary behaviour of the complex Monge-Ampere equation. Acta
Math., 148:159-192, 1982.

J. M. Lee. The spectrum of an asymptotically hyperbolic Einstein manifold. Comm. Anal. Geom.
3 (1995), no. 1-2, 253-271.

J. M. Lee. Introduction to smooth manifolds. Second edition. Grad. Texts in Math., 218. Springer,
New York, 2013. xvi+708 pp.

R. Mazzeo, Hodge Cohomology of Negatively Curved Manifolds. Ph.D. Thesis, Massachusetts Insti-
tute of Technology, 1986.

R. Mazzeo. The Hodge cohomology of a conformally compact metric. J. Differential Geom. 28
(1988), no. 2, 309-339.

R. Mazzeo. Unique continuation at infinity and embedded eigenvalues for asymptotically hyperbolic
manifolds. Amer. J. Math. 113 (1991), no. 1, 25-45.

R. R. Mazzeo and R. B. Melrose. Meromorphic extension of the resolvent on complete spaces with
asymptotically constant negative curvature. J. Funct. Anal. 75 (1987), no. 2, 260-310.

J. Maldacena. The large N limit of superconformal field theories and supergravity. Adv. Theor.
Math. Phys. 2 (1998), no. 2, 231-252.

J. Marx-Kuo. Variations of renormalized volume for minimal submanifolds of Poincaré-Einstein
manifolds. Comm. Anal. Geom. 33 (2025), no. 1, 17-129.

J. Marx-Kuo. An Inverse Problem for Renormalized Area: Determining the Bulk Metric with
Minimal Surfaces ArXiv Preprint: https://doi.org/10.48550/arXiv.2401.07394

R. Melrose and M. Zworski. Scattering metrics and geodesic flow at infinity. Invent. Math. 124
(1996), no. 1-3, 389-436.

R. Penrose. Asymptotic properties of fields and space-times. Phys. Rev. Lett. 10 (1963), 66—68.

R. Penrose. Zero rest-mass fields including gravitation: Asymptotic behaviour. Proc. Roy. Soc.
London Ser. A 284 (1965), 159-203.

S. I. Pinchuk, R. Shafikov and A. Sukhov. Geometry of holomorphic mappings. Front. Math.
Birkhduser/Springer, Cham, 2023. xi+213 pp.

S. Ryu and T. Takayanagi. Aspects of holographic entanglement entropy. J. High Energy Phys.
2006, no. 8, 045, 48 pp.

Aspects of holographic entanglement entropy.(English summary)


https://arxiv.org/abs/2403.05475
https://doi.org/10.48550/arXiv.2401.07394

44 SEAN N. CURRY AND ACHINTA K. NANDI

[48] A. S& Barreto and Y. Wang. The semiclassical resolvent on conformally compact manifolds with
variable curvature at infinity. Comm. Partial Differential Equations 41 (2016), no. 8, 1230-1302.

[49] A.J. Tyrrell. Renormalized area for minimal hypersurfaces of 5D Poincaré-Einstein spaces. J. Geom.
Anal. 33 (2023), no. 10, Paper No. 310, 26 pp.

[50] A. Vasy. Microlocal analysis of asymptotically hyperbolic and Kerr-de Sitter spaces (with an ap-
pendix by Semyon Dyatlov). Invent. Math. 194 (2013), no. 2, 381-513.

[51] E. Witten. Anti de Sitter space and holography. Adv. Theor. Math. Phys. 2 (1998), no. 2, 253-291.

DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078-5061
Email address: sean.curry@okstate.edu

DEPARTMENT OF MATHEMATICS, UC SAN DIEGO, LA JoLLA, CA 92093-0021

Email address: anandi@ucsd.edu



	1. Introduction and Main Results
	1.1. Main Results
	Outline
	Acknowledgements

	2. The cogeodesic flow near the conformal infinity
	2.1. Preliminary observations
	2.2. Extending to the boundary
	2.3. Extending solutions to the boundary

	3. Proofs of the main results
	3.1. Proof of Theorem 1.1
	3.2. Geodesics with prescribed data at the conformal infinity
	3.3. Proof of Theorem 1.2
	3.4. Proof of Theorem 1.4
	3.5. Proof of Corollary 1.5
	3.6. Regularity in the normal direction
	3.7. Proof of Theorem 1.6

	4. A family of examples
	Appendix A. Regularity results for ordinary differential equations
	A.1. Basic properties of the local flow map
	A.2. A regularity theorem
	A.3. Existence and continuity of first partials
	A.4. Higher regularity

	References

