=+. Condous ']t:v\‘\-e&m\g

Mobvedinn (He Couduy Twtepyal Formula):

TR £ ¢ Wdomorphic on and nade Ha Gimpe cloed  (poshuaiy
or‘\ey\‘\'uC) oo T Alen

\ L=
22y = 3_:&7 o=, Az

of 2
7
‘e}r % 1o erda ’r (‘..z. ewdmnk‘ob 7’)
Cormmanks:
e We'll astume our curnes ace ™ plecemir m‘r\mu&\n

Al erentiolie” Meoumina o H—qa bove o picenice C
poramebization.  This will e Qo &r our QuspoRRs , M
we could du-a\- osharma  Yhe erxishenca A a Lipeiv co~Nruons,
porasmdrizatem  (ond cudly I 15 Mo wnge + odentelion ok e
orve At malten, wob He gomevzatony.

e Whoi JD!& *wside mn?

A ﬂow\‘\'\{v\a\ ONESIY , —Sof'da.m Cunre T laocem

A conbimuous Sege chomad clane carve, diides ta
plane wmho dwe comgonets (e, its complement bhos ke
onneded owmponets), one boanded omd ta obar
unomndad. Tl lowndad compomant dafnas la nside
ok He corve.

Unlortuncdely , we dodk bave Hima to go o Hus.

For o 9«@«2 se:  Fullon, A\g.\-ealc. "tzpo\om: A Gk Coucse,
poges 6-72A. (%pﬂw&ur GTM)



Swnee this is an ovelugls cour (o Sor Mo ol & L) we
are avioding uswg oo mweck foplogyy W do ot soweMine,
by doina Haic, hewever, and GO o Qf\‘bhd.b RCOnmmandhad
o coad Ha Bat 32 piges f Fullen's bosk s a comglamanrd
o Huie cousse (Mw presemtodion demadooy and gen will lesen
a lob o lead®ul matamdne on Ho way s M gl £ e
Tordan Curve Tleoram).

No.w\\\be_co&gvé\', Qorass*n-*r, :)vs\' \b@cm Mok Qo Qm%
'IA&Q.%M\ Crmulo. haldy  waben ’f it o cede (Mg ol o;\ﬂ.adﬁ
ollows ws to Peow.a(p%«@ -“Nvﬁ) Here we moke sowme Secmal

dofiiione:
Dabrikion
A (pormwelid) cueve o medic spact (or opdopeat spac’) X
T a conbuous wop 7:lab3—> X,
Tle e & closed € 7 = T,
A non-closed corve 6 simple £ Vav1=>x i '\V\'Qﬂh'\'\vi..
A doeld e s simga € YL i e,

The wage (or trom) b 7 Wil e darcked 7%= 7(La,s3).

We o@m\ 6&—\' \a‘?.s ond Yol oleouk a eo‘wé\- B\ws on
b e Lo mean Hak t lies o 7.

Delnition

A piecensse oot Ierartioia. Cor Qwgemise ') carve w C

s o carve JiTaISC whidh s colauaniy Iheratiolda erceght ok
kel many erceptional povts, af cadn o dad e dasvmbie bas orecsided

Lwibs.
| v ) ~ Q




Mw\‘\\bﬂ
A codeur s a QIRCRIAASR M &w AR,
UWadh uses He fern “emooth curve” catlar fhan “contonr”

The prodena with e word “emoccth’ e ek & s th\f.s
usedd o weom C° codler Haw puavise C ; o rervn s

L“SHS M\am asnd\ a@.\n\\a WARGIAS “\m:ub sa@.w\-\:s o
danvales

Dedivibon
Ly YCaT—=C ba a codor andt @- T*—> C o codvuocus

b
‘er fydr = Sa vy - 7(6) dt.

¢ Tla conkewr .“A*"S‘& S olso mgon'uk '\'h as ao \ina 'W\’ﬂﬂ-&\"
o a *Pa“« ‘.w‘rﬁs\'

* Note Hab we are ddeiny o shwcbad wilts our dadnition
(once Qor us fha covdour nbenral s just a fod). "Tn
portiadlar, woke Huab we wuld hae defived 3,7 € r)dz
bn m% -‘An.. (PR oz a Sd@a.wu. J- “Rw-%h.&\\cs Sams”

S, foar = 2 RO (T-T6-D).

Qe we will m\a‘o& Nu\ms ?'umudsq. c! CAruaS, *a\uvﬁ
o Shacrtcuk B wo prolohem.

e The corloue ‘;«\-:Gu\dn:;w:s\-r!.dlaw on te pomw.{‘n‘ca\\ba
*"'LA—W’Y, B‘L"Oﬂ\n@'\‘\'\-‘..\\ﬂ\o%ﬂ-y*wlk
orentodion. Exeruse: Prova Y S’Y g(‘i\o\% doea wo'r cl\nm?.
when we egoamedim T () by an ocievkakion presrving c

dranga. o whcdes (’f‘—”fﬂff, ¢:ed]=Lae] C', ¢’>o).
kc):a, ﬂd)=b



Example :
L-d' ,ra,b : [a,bj—% € 6\\&#\ \on ffa,b ()= t.
Ther Yoo () = | & o\ telab] so
o ‘ g
S 2%de = S et = [(£70 = 55
'Yc\.b o
~» _\_v\c@.m.m\ -@ @(%\ \srzm\Q,r—e rep.\ Heen K’L L@vde
is e o\'b\.m«-n ceal \w\'eq-d g 2 (Vdx Q"bvv\ co\clus .
Con’m»r \V\\'eam\ﬂ oo as o walusal Qe.um\‘\u\'\bw 12 ceal
wkegrale.
Exomgas.
ot

Lek ff Eo 2x]1—=> C 'oa.%um‘oa ’f(k.) = (‘\Ln. c;r:&n.oQ- cadios
rv0 ocivted cowmberclocsisr). For neZ we ot

S’ 27da = 2=i, &wn=-\
7 o, otlenve.

\ Note: Tlhie s whese e 2=t wn Hea Cocclny Twrepro\
Cormlan  comee Crom.

Colesulokion:
= = (ne)t
S " dr = S (™Y - wrebdt = Lr""'j Pk
of o o
w o el t .
Wen n=-\, ™M=z and e_"L\ =e'°=_\’ ”m%‘)‘_ 12“'

= ¢ = %
When n 4 -\ ), We \ove S Q‘(M“) & = S cos (a1 t) Ak -(-i,y (@)t
o

(> (2]

= O 4« .0 =0 Swa W\ £0.

Exece: Compude X’f Z d=a Qbr He <one godh Y.




*  Reporomelrizakion amnd Clhanoes oA Coorhinodes

While Mp‘cm\\s '\Mpof\'uw\&- ) He &\Bﬂwﬁ Yredaicol sl o
repocamatvizakia  and cw; ae coocbinares Laill ot e esselial
Qbf‘ us. "TL% are wduded R comgledeness.

Proposition ( Reppmmetization) :

Buppee Va1 =€ ond Ta:(,d 1= € ae (porwalvizedd)
codounrs mdallak V. =7 Geeo 7 ([ad)) =7 (T, a1)).
Qppose edar

O 7 ad 72 o weskwe o

Y ’Y\\&M and rr*\tc,A) are wiedive ardk Y, @) =T =% DT ().

Tlar Kere adshs a S\‘V;C\'La wonckune O AmAS 4"- Ce A l—=(a,67)
Suda Hat 7, o ¢ = (A Moreovar,

@) .\e & s 'w\(_rusns) e 20( evenn -e alrous on 7:*':7:.*,

S’Y. Rrde = S’{ Layar

2

(‘o) T(— ¢\‘ \s An.cn-o.s‘w\s, Moan ev Mr3 g cokinnons on d\k""rf:,

X Liayde = -S’ L@ydz.
1, 1,

M: Exercise. Tw wse Q) S % M o "f." s
on\vuous on ’f‘((a .VD bﬁ Asinoy roX closed %sdrsdg a6}
are compock.  For e lagk park (ARWY) Hunk W resms &

Remark.: Aw:) pileceaise C e T:CayvTI—=C con be
ceporamdmuad ko a ' carve 7o $ (‘45 N“k‘una Fhe oivambive
ok Hw "’com'y“ua.pkovw»\ po‘wx\\" 7.0"0). Tl ?@.2 1S O VceISL .




wnder  ceporomaiizaiiive  We  towmeleas wake dowon ‘\v\\-\Qm\s
ol on orenled e v e Q\O«M (M\Q Geculor arcs or (nay)
wiouk ) ‘wﬁ o @rmu\'nm\-m Twn Qo(\iqg\or, we C\Pd.\a\'\ﬂ:\.s
o Ve \cundosiea 02 B CeRASNE ™ e F\A\m. (suda o a\\&s\,
whare Ho loundany_odedelion ie dekerrdnad loy Ha Q&Mvﬁ
ruh. w\m.v\ M“M«j Aevss '\'\N— ‘oﬂunéo«a ‘“r'- %\ov\ ému“a&mw
be bo lJ4

For <ample , S '@(15 dr  com loe understood to waoe

RD

S,, f@de  whee 7:T0,267—2 € s given by TG = &5

Conlor wkeprole are also nbdonk wdar Gladomorpiaic drevpea of
csordinodes (2 V> W =W(@)):

Broporibion (Change ok Cosrdiunolres):

Let R,V €€ be open stfn ad WiV =5 WU a Likdomeorplisan
TR 7 s a codour v V ond £:V=C 7 condimuous, Y
’?= We? o codoue v A, §= RoW': A= € ¢ coimwonn
oural

K fwdr = S” fYdw
1 y

Exercdz: Lei Qz’DD—ve be o conunous %vw.\w Prose. Yok

SQD Prdr = S g(j) dz = S%DQ@?AQ;.

D



* C"\OTI.V\S

D@Q-'w\\\-br\
A&_LM'M AN=C \sagurwa\espves;m
r = a\(Yl + erY:. + - ¥ Q“/Y.\

where A, -, An €& o\ f/\’__.)’)c\ afe  Qiecemise c} Coarfves (CD'\M\
N T e d T M= UL TR Ttee
S CO'&M, Hon we dafine “""‘“"—":s'_‘\

8 Qanvdr = a\g fRyde + --- + Q“X Ryda.
r 1, Un

Two droims N ond (o are soid b be cquivld (os daaind)

S g(ﬂol‘t =X Ravde
0 p

! 2
Qor A\ confnucus Q.ul\an ‘e A= C ) ‘W Mis cose we
wake T =0 Cas dotne).  We wdte T2 0 (Mo e o) €

S de@ =0
5

B Al cokinous Ructoms £: =@

Commants:

* The nohtan ok o “duoin” comen Bron clgplomic topdagy.  Winek
we are ca\\‘w-s drows ore ceally “l-dnoing”  (Huough Ha carvas
ore wsally Yodan o e merey comtinuous, caltler Haan geceise Q).
“O-dhara’ m WA are %««a\moe pomis W W pn vl
P:la,6l > U s a cave Han ‘o cheded oundoryy s
O-duoin BT = T -V, Thie dalhidmn eduds nouellyds
\-droing: '“-I—Mraog T=a%+--«a Y. & =T, ¢+ tandVa.
A cdwin 0 ig dosed € AM=0. A cdowd \-daaim s eolled

a \- .




“h-cdhding’ T K ore Ha Goreol wsoe Confinuous waape Conn
fue densional Smplices (Rl fiomgles B>) e (K. Thase
olso hove o well defad nahon ok oriented boundarny (B> = B,
Twa MJ— A 2-dacn s nasessorln o Imgueie (o dssed  -dron).

Whan s a \-:.gﬁn.\v\ A hwda A-daoin W KT
This w\\ wak oot be M case % e sef N eC has “lhder!
We weoswre e e J(- sacda  Mhdes” using, ke Rk \'\m\e&
Qroug | delad to oo M quetiont (4 akeliom oues undar odditiun):

\ - \- smk&-\-&-«\-m
W = § S e

\oommlmu. 2-clroima W WA

For @ompa, € hos wo hdas and W (€)= {03,
S\...:.\«\o W (D) = {o. On Y otlar hand, L\ oy
one "Wole’ amdh W (C\{R) =2 Z ; 0 e wda os ta
ik cieda kol commberdodudise ie ek M aumdany o o
L-crsin wn R\16] loecomse sada o L-desin Losddh laave 4o
Brekds over O Wi T nek n U= €\%AY ; we gek Xea wkegess
Z & or Y| Gna o l-opele cn Wil acund O o
whegpr nantoer o bimas ) amy hso \-cugles n €\%oT Ak
wWind oromnd O W Kwes Mo couvterdodusie direkon (e )
Al G L copiaa Mo comberdoduise Lk cinde Loy Mo

Ma(l a 2-clrdia,

Exompe: 7, ad 7 dfer loy tha looundony A o 2-choiin
w €\%od. Henw -\'Ln.:) defie. Mo sone equiwmlance. closs of

\-cueles A H(C\te)) 5 e B Yok ’Y‘ and ’fz_ ae \wﬁ;‘



e Whle we will wek MP e covup‘\" o‘ \o\ow\o\m %ﬂmn“‘ﬁ
wm Aas oase we Wl naeh W (odes (we.‘“ undasstand W uu.‘ms
w‘mn\i-:) wamoers. L& wold Fo, -k\aood»s o ceadd more aleaudr
Mis Co..a Con Cullon’s Alggleraiic Topo\eaﬁ) .

e Noke tat wa daflnad ko cdhoime O ond T, W K b ‘e
equivalant £ S“ ydz = S &2 (RDdr L &\ conuous
Ruckione R:U>C.

o we %z)r o Aot wokioa of equivdlance  (Whida 18 eosies
o ankoh). K tums ok Mk Mas 1 e welbtun of beiney
howmelogous b A varsion of  Caudny's thesrem grves:
Let (X be on opan stk and \eb T ondd T3 e croing = WA
Tham § f¥ae = Sq?(ad-e Roe oll idhowmorghic Qunchvans

£:U>€ Kond ody & T o 0 ar bhomdenpen L.

For the wosh poct e will swmply use e nokion A duoins to
ﬂw. an eﬁswaﬂog wr'\\-'\us dovon M comcadenolion A swreral
curves S Mo purposas o(- 'hhsw\iu\. Clain ockhwelic also a‘w-c.s
A nw«R "'”'3"& m«s\% O CAarve: -7 3s quiualm\"\o Y bk
with Mo coversed odedudian  cud

%‘_q f@Ydz = - Sd Lyd= .

Exerase (Concakenotion):

Led 7,:(a61=@C ad ,: (6,15 € ke two codunn, with
1,06 =To(6). Prove Yok Mo codonr 7:(a,c1—5C dafbhaa
AN= 7 br e (a8 amd YO =7, & ke(o,]

is equweladr (o8 a chain) ko 7 +7. Ther &, drow khak &
dl conbiuous Lunchons £: €€ (or €T =) we hae

S’Y Leyde = Lavd=.

Vit



T« s\'v-u\'m \ke  Ma cdeave exercal , We an L S | PPV SR
Y T as I wee a codonr (7)) carar Hen a chain
(WO‘C.OU\M).

Exercise ((Comoy arsund » kimes):

Let 9D damste He counterdodenise path oround Hae wall disc.
Shevs Hhrot ?u—%»a«@: w, tHe dwin WD w equivalent Yo
Ha curve 700,251 Q@ guam o T = @™ (e ot
Aok Qo w fwes oromnd Mo b arde countrerclockansse) .

E shimating  Condoue Trieprals

Note that 'w\\'ca-m\'\m% Ry wira respect Yo dz a\o% o Conkour

e different fom tha Qliar arclerghl inkegrad Crepral with cespack ho da)
p\‘wa colelua. Buhr e have wnotarion Lo s Voo

'_'Ee e T CONMUOUS & o contour ’{1 (abl—=>C, Mun Ma v_\\c_c.@\

A £ Wl cespeck ko arclavglhs dlonay 7 s

b
S f\de| = S R(ren) - \7'(or\de.
4 a . :
W\ A&”

Tha ‘eo\\owms proposihom s a consequance A Ha Aiamgla ‘qu«_»all\-wﬁ
(opp\ﬁ.* hil‘.m M\:
Rupoution (Estmating Conour Twarit / “ML Traqualiby”) -
Suepne ’/=Ea,bja’(’. T o covkour ownd Q 1S o Contnuous
Lancn on T*. Tlea

\ S’Y Lvdr \ < Sd [{@\\d=\.

T poucdor, & 101 M on 7% and L= § ldel ic Heloghn £ 7,
Han

\S 2@41\ < WML,
of .



Exertir (Ardo\s\-h ondh Unfoom Covvesppnea’) :
(@ Show ther arclenglls T6 nol preserved wndar anBorm ConvepRns.

Q)

e patha: Fd a We‘- comdens Pt (o, 1—=>C ok

m(vrw&s Covrerpr o a comstot path (o comhour A \ud'\o- o)
bur sudh Maat Kqﬁ\«\ zn Lo &\ .

Dupge a s..ima..ﬁ C' cnen 7,:0o, 1 —=C convepRs

wndorda bo o € arve V00 A>C and Mok VL dw
converaes uv&Qgem\.a’rb v’'. Show Mk &’Y-\‘A‘\A’ X’{ \d=\.

\.



