Chapter 8

Several variables and partial derivatives

8.1 Vector spaces, linear mappings, and convexity

Note: 2-3 lectures

8.1.1 Vector spaces

The euclidean space R"” has already made an appearance in the metric space chapter. In this chapter,
we will extend the differential calculus we created for one variable to several variables. The key
idea in differential calculus is to approximate functions by lines and linear functions. In several
variables we must introduce a little bit of linear algebra before we can move on. So let us start with
vector spaces and linear functions on vector spaces.

While it is common to use X or the bold x for elements of R”, especially in the applied sciences,
we use just plain x, which is common in mathematics. That is, v € R" is a vector, which means
v=(vi,v2,...,v,) is an n-tuple of real numbers.*

It is common to write vectors as column vectors, that is, n x 1 matrices:

Vi

Vn

We will do so when convenient. We call real numbers scalars to distinguish them from vectors.

The set R” has a so-called vector space structure defined on it. However, even though we will be
looking at functions defined on R", not all spaces we wish to deal with are equal to R". Therefore,
let us define the abstract notion of the vector space.

*Subscripts are used for many purposes, so sometimes we may have several vectors which may also be identified
by subscript such as a finite or infinite sequence of vectors yy,yz, .. ..
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Definition 8.1.1. Let X be a set together with operations of addition, 4+: X x X — X, and multipli-
cation, -: R x X — X, (we usually write ax instead of a - x). X is called a vector space (or a real
vector space) if the following conditions are satisfied:

(i) (Addition is associative) If u,v,w € X, then u+ (v+w) = (u+v)+w.
(i) (Addition is commutative) Ifu,v € X,thenu+v=v+u.
(iii) (Additive identity) Thereisa O € X such that v+0=v forallv € X.
(iv) (Additive inverse) For every v € X, there is a —v € X, such that v+ (—v) = 0.
(v) (Distributive law) Ifa € R, u,v € X, then a(u+v) = au+ av.
(vi) (Distributive law) Ifa,b € R,v € X, then (a+b)v = av+ bv.
(vii) (Multiplication is associative) If a,b € R, v € X, then (ab)v = a(bv).
(viii) (Multiplicative identity) 1lv=vforallv e X.

Elements of a vector space are usually called vectors, even if they are not elements of R” (vectors in
the “traditional” sense).

If Y C X is a subset that is a vector space itself with the same operations, then Y is called a
subspace or vector subspace of X.

Example 8.1.2: An example vector space is R”, where addition and multiplication by a constant is

done componentwise: if a € R, v = (vi,v2,...,v,) € R", and w = (w,wy,...,w,) € R", then
vEw = (V1,v2, ) + (WL W, W) = (VWi vt wa, e Ve W),
av:=a(vy,va,...,vy) = (avy,ava,...,avy,).

In this book we mostly deal with vector spaces that can be often regarded as subsets of R”, but
there are other vector spaces useful in analysis. Let us give a couple of examples.

Example 8.1.3: A trivial example of a vector space (the smallest one in fact) is just X = {0}. The
operations are defined in the obvious way. You always need a zero vector to exist, so all vector
Spaces are nonempty sets.

Example 8.1.4: The space C([0,1],R) of continuous functions on the interval [0, 1] is a vector
space. For two functions f and g in C(]0, 1],R) and a € R we make the obvious definitions of f + g
and af:

(f+8)(x):=f(x)+g(x),  (af)(x)=a(f(x)).

The 0 is the function that is identically zero. We leave it as an exercise to check that all the vector
space conditions are satisfied.

Example 8.1.5: The space of polynomials co+ ¢t + cpt? + -+ -+ ¢,ut™ is a vector space, let us
denote it by R[] (coefficients are real and the variable is 7). The operations are defined in the same
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way as for functions above. Suppose we have two polynomials, one of degree m and one of degree
n. Assume n > m for simplicity. Then

(co+cit+eat® +---+ept™) + (do+dit +dot> + -+ dpt™) =
(co+do) + (c1 +di)t+ (co+da)t> + -+ (Co + d)t"™ + dpps 1™ + -+ dpt”
and
a(co+cit +cot® + -+ ept™) = (aco) + (acy )t + (ac2)t* + - - + (acy )™

Despite what it looks like, R[] is not equivalent to R” for any n. In particular it is not “finite
dimensional”’, we will make this notion precise in just a little bit. One can make a finite dimensional
vector subspace by restricting the degree. For example, if we say &7, is the space of polynomials of
degree n or less, then we have a finite dimensional vector space.

The space R[f] can be thought of as a subspace of C(R,R). If we restrict the range of ¢ to [0, 1],
R[] can be identified with a subspace of C([0, 1],R).

It is often better to think of even simpler “finite dimensional” vector spaces using the abstract
notion rather than always R". It is possible to use other fields than R in the definition (for example
it is common to use the complex numbers C), but let us stick with the real numbers*.

8.1.2 Linear combinations and dimension

Definition 8.1.6. Suppose X is a vector space, x1,x2,...,X; € X are vectors, and aj,a,...,a; € R
are scalars. Then
aixy+axy + -+ gk

is called a linear combination of the vectors xi, x>, ..., X.
If Y C X is a set then the span of Y, or in notation span(Y), is the set of all linear combinations
of some finite number of elements of Y. We also say Y spans span(Y).

Example 8.1.7: LetY := {(1,1)} C R2. Then
span(Y) = {(x,x) € R? : x € R}.
That is, span(Y) is the line through the origin and the point (1,1).
Example 8.1.8: Let Y := {(1,1),(0,1)} C R?. Then
span(Y) = R?,
as any point (x,y) € R? can be written as a linear combination

(%6,y) = x(1, 1) + (y =x)(0, 1).

*If you want a very funky vector space over a different field, R itself is a vector space over the rational numbers.
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A sum of two linear combinations is again a linear combination, and a scalar multiple of a linear
combination is a linear combination, which proves the following proposition.

Proposition 8.1.9. Let X be a vector space. For any Y C X, the set span(Y) is a vector space itself.
That is, span(Y) is a subspace of X.

If Y is already a vector space then span(Y) =Y.

Definition 8.1.10. A set of vectors {x1,x2,...,x;} C X is linearly independent, if the only solution
to
aixy+axxy+---+apx =0 (8.1)

is the trivial solution a; = ap = --- = g = 0. A set that is not linearly independent, is linearly
dependent.

A linearly independent set B of vectors such that span(B) = X is called a basis of X. For
example the set ¥ of the two vectors in Example 8.1.8 is a basis of R2.

If a vector space X contains a linearly independent set of d vectors, but no linearly independent
set of d 4+ 1 vectors then we say the dimension or dim X := d. If for all d € N the vector space
X contains a set of d linearly independent vectors, we say X is infinite dimensional and write
dim X := oo.

Clearly for the trivial vector space, dim {0} = 0. We will see in a moment that any vector space
that is a subset of R” has a finite dimension, and that dimension is less than or equal to .

If a set is linearly dependent, then one of the vectors is a linear combination of the others. In
other words, in (8.1) if a; # 0, then we solve for x;

ap aj—1 aj41 ag
xj= _xl+"‘+]—xj71+]—Xj+1+"‘+—xk-
aj aj a;j ay

Clearly then the vector x; has at least two different representations as linear combinations of
{x1,x2, ..., x¢ }

Proposition 8.1.11. If B = {x|,x2,...,x} is a basis of a vector space X, then every point'y € X
has a unique representation of the form

k
y= Z ajXxj
j=1

for some scalars ay,a,...,a.

Proof. Every y € X is a linear combination of elements of B since X is the span of B. For uniqueness
suppose

k k
y=Y ajxj=Y b,
=1 =1
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then
k
Y (aj—bj)x;=0.
j=1
By linear independence of the basis a; = b; for all ;. 0
For R" we define
e; :=(1,0,0,...,0), e:=(0,1,0,...,0), ..., e,:=(0,0,0,...,1),

and call this the standard basis of R". We use the same letters e; for any R", and which space R"
we are working in is understood from context. A direct computation shows that {ey,es,...,e,} is
really a basis of R"; it spans R” and is linearly independent. In fact,

X = (X1,X0,..0,Xy) = ijej.

Proposition 8.1.12. Let X be a vector space and d a nonnegative integer.
(i) If X is spanned by d vectors, then dim X <d.
(ii) dim X =d if and only if X has a basis of d vectors (and so every basis has d vectors).
(iii) In particular, dim R" = n.
(iv) If Y C X is a vector subspace and dim X = d, then dimY <d.
(v) If dim X = d and a set T of d vectors spans X, then T is linearly independent.

(vi) If dim X = d and a set T of m vectors is linearly independent, then there is a set S of d —m
vectors such that T US is a basis of X.

Proof. Let us start with (i). Suppose S = {x1,x2,...,x7} spans X, and T = {y1,y2,...,ym} is a set
of linearly independent vectors of X. We wish to show that m < d. Write

d
1= Z Ak, 1 Xk,
k=1

for some numbers ay 1,a2 1,...,a41, which we can do as S spans X. One of the g ; is nonzero
(otherwise y; would be zero), so suppose without loss of generality that this is a; ;. Then we solve

a1
= — Z —xk
l, -2 ai
In particular {y;,x»,...,x;} span X, since x; can be obtained from {yj,xy,...,x4}. Therefore, there
are some numbers for some numbers a; »,a; 7, ...,a42, such that

d

Y2 =aipyr+ Z e 2 Xk -
k=2
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As T is linearly independent, we must have that one of the ay > for kK > 2 must be nonzero. Without
loss of generality suppose as > # 0. Proceed to solve for

In particular {y;,y>,x3,...,x;} spans X.

We continue this procedure. If m < d, then we are done. So suppose m > d. After d steps we ob-
tain that {y1,y2,...,y4} spans X. Any other vector v in X is a linear combination of {y,y2,...,V4},
and hence cannot be in T as T is linearly independent. So m = d.

Let us look at (ii). First, if we have a set T of k linearly independent vectors that do not span
X, then we can always choose a vector v € X \ span(T'). The set T U {v} is linearly independent
(exercise). If dim X = d, then there must exist some linearly independent set of d vectors T, and it
must span X, otherwise we could choose a larger set of linearly independent vectors. So we have a
basis of d vectors. On the other hand if we have a basis of d vectors, it is linearly independent and
spans X. By (i) we know there is no set of d + 1 linearly independent vectors, so dimension must be
d.

For (iii) notice that {e},ey,...,e,} is a basis of R".

To see (1v), suppose Y is a vector space and ¥ C X, where dim X = d. As X cannot contain
d + 1 linearly independent vectors, neither can Y.

For (v) suppose T is a set of m vectors that is linearly dependent and spans X. Then one of the
vectors is a linear combination of the others. Therefore if we remove it from 7" we obtain a set of
m — 1 vectors that still span X and hence dim X < m — 1 by (i).

For (vi) suppose T = {x1,x2,...,%} is a linearly independent set. We follow the procedure
above in the proof of (ii) to keep adding vectors while keeping the set linearly independent. As the
dimension is d we can add a vector exactly d —m times. [

8.1.3 Linear mappings
A function f: X — Y, when Y is not R, is often called a mapping or a map rather than a function.

Definition 8.1.13. A mapping A: X — Y of vector spaces X and Y is linear (or a linear transfor-
mation) if for every a € R and x,y € X we have

A(ax) = aA(x), and  A(x+y)=A(x)+A(y).

We usually write Ax instead of A(x) if A is linear.

If A is one-to-one an onto then we say A is invertible and we denote the inverse by A~

If A: X — X is linear then we say A is a linear operator on X.

We write L(X,Y) for the set of all linear transformations from X to ¥, and just L(X) for the set
of linear operators on X. If a € R and A, B € L(X,Y ), define the transformations aA and A + B by

(aA)(x) := aAx, (A+B)(x) := Ax+ Bx.
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If A€ L(Y,Z) and B € L(X,Y), define the transformation AB as the composition A o B, that is,
ABx := A(Bx).
Finally denote by I € L(X) the identity: the linear operator such that Ix = x for all x.

It is not hard to see that aA € L(X,Y) and A+ B € L(X,Y), and that AB € L(X,Z). In particular,
L(X,Y) is a vector space. As the set L(X) is not only a vector space, but also admits a product, it is
often called an algebra.

An immediate consequence of the definition of a linear mapping is that if A is linear then AO = 0.

Proposition 8.1.14. IfA € L(X,Y) is invertible, then A~ is linear.

Proof. Letac Randy € Y. As A is onto, then there is an x such that y = Ax, and further as it is
also one-to-one A~ (Az) =z forall z € X. So

A N ay) =A"(aAx) =A7! (A(ax)) =ax= aA~1(y).
Similarly let y;,y, € Y, and x1,x; € X such that Ax; = y; and Axy = y»,, then
AT 01 +y) =A N Ax +AR) =A T (A +x)) =x +x=A"" ) +A (). O

Proposition 8.1.15. IfA € L(X,Y) is linear then it is completely determined by its values on a basis
of X. Furthermore, if B is a basis of X, then any function A: B — Y extends to a linear function on
X.

We will only prove this proposition for finite dimensional spaces, as we do not need infinite
dimensional spaces. For infinite dimensional spaces, the proof is essentially the same, but a little
trickier to write, so let us stick with finitely many dimensions.

Proof. Let {x1,x2,...,x,} be abasis and suppose Ax; =y;. Every x € X has a unique representation

X = ibjxj
j=1

for some numbers by, b, ...,b,. By linearity

n n n
Ax=A ijx]' = ijij' = ijyj'
j=1 j=1 J=1

The “furthermore” follows by setting y; := A(x;), and defining the extension as Ax := Yi1bjyj.
The function is well defined by uniqueness of the representation of x. We leave it to the reader to
check that A is linear. [



14 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

The next proposition only works for finite dimensional vector spaces. It is a special case of the
so-called rank-nullity theorem from linear algebra.

Proposition 8.1.16. If X is a finite dimensional vector space and A € L(X), then A is one-to-one if
and only if it is onto.

Proof. Let {x1,x;,...,x,} be a basis for X. Suppose A is one-to-one. Now suppose

n
CjAXjZAZCijZO.
1 j=1

n
j=

As A is one-to-one, the only vector that is taken to 0 is O itself. Hence,

0= iCij
j=1

and c; = 0 for all j. So {Ax;,Axy,...,Ax,} is a linearly independent set. By Proposition 8.1.12 and
the fact that the dimension is n, we have that {Ax;,Ax,,...,Ax,} span X. Any point x € X can be
written as

n n
x= Z ajAx;j=A Z ajxj,
Jj=1 Jj=1

so A is onto.
Now suppose A is onto. As A is determined by the action on the basis we see that every element
of X has to be in the span of {Ax|,Ax,,...,Ax,}. Suppose

n
cjAx; =0.
i=1

n
A Z CjXxj=
j=1 j=

By Proposition 8.1.12 as {Ax;,Axs,...,Ax,} span X, the set is independent, and hence ¢; = 0 for
all j. In other words if Ax = 0, then x = 0. This means that A is one-to-one: If Ax = Ay, then
A(x—y)=0and sox=y. O

We leave the proof of the next proposition as an exercise.

Proposition 8.1.17. If X and Y are finite dimensional vector spaces, then L(X,Y) is also finite
dimensional.

Finally let us note that we often identify a finite dimensional vector space X of dimension n
with R”, provided we fix a basis {x,x2,...,x,} in X. That is, we define a bijective linear map
A € L(X,R") by Ax; = e, where {ej,e,...,e,}. Then we have the correspondence

n
chxjeX A (c1,¢2,...,cp) €ER™
j=1
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8.1.4 Convexity

A subset U of a vector space is convex if whenever x,y € U, the line segment from x to y lies in U.
That is, if the convex combination (1 —t)x+tyisin U for all r € [0,1]. See Figure 8.1.

Figure 8.1: Convexity.

Note that in R, every connected interval is convex. In R? (or higher dimensions) there are lots
of nonconvex connected sets. For example the set R?\ {0} is not convex but it is connected. To see
this simply take any x € R?\ {0} and let y := —x. Then (1/2)x+ (1/2)y = 0, which is not in the set.
On the other hand, the ball B(x,r) C R”" (using the standard metric on R") is always convex by the
triangle inequality.

Exercise 8.1.1: Show that in R" any ball B(x,r) for x € R" and r > 0 is convex.
Example 8.1.18: Any subspace V of a vector space X is convex.

Example 8.1.19: A somewhat more complicated example is given by the following. Let C([0, 1], R)
be the vector space of continuous real valued functions on R. Let X C C([0,1],R) be the set of
those f such

/lf(x) dx <1 and f(x) >0forall x € [0,1].
0

Then X is convex. Take ¢ € [0,1] and note that if f,g € X then tf(x) 4+ (1 —¢)g(x) > 0 for all x.
Furthermore
1

/Ol(tf(x)+(1 —1)g(x)) dx=z/0 Fx) dx+ (1 —t)/olg(x) dx< 1.

Note that X is not a subspace of C([0,1],R).

Proposition 8.1.20. The intersection two convex sets is convex. In fact, if {Cy } ¢ is an arbitrary
collection of convex sets, then
C:=(\C
Ael
is convex.
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Proof. If x,y € C, then x,y € C; for all A € I, and hence if t € [0, 1], then tx+ (1 —¢t)y € Cy, for all
A € I. Therefore tx+ (1 —1t)y € C and C is convex. O

Proposition 8.1.21. Let T: V — W be a linear mapping between two vector spaces and let C CV
be a convex set. Then T (C) is convex.

Proof. Take any two points p,q € T(C). Pick x,y € C such that Tx = p and Ty = g. As C is convex
then for all 7 € [0, 1] we have tx+ (1 —t)y € C, so

tp+(1—t)g=1Tx+(1—1)Ty=T(tx+ (1 —1)y) € T(C). O

For completeness, a very useful construction is the convex hull. Given any set S C V of a vector
space, define the convex hull of S, by

co(S) := ﬂ{C CV:SCC, and C is convex}.

That is, the convex hull is the smallest convex set containing S. By a proposition above, the
intersection of convex sets is convex and hence, the convex hull is convex.

Example 8.1.22: The convex hull of 0 and 1 in R is [0, 1]. Proof: Any convex set containing 0 and
1 must contain [0, 1]. The set [0, 1] is convex, therefore it must be the convex hull.

8.1.5 Exercises

Exercise 8.1.2: Verify that R" is a vector space.

Exercise 8.1.3: Let X be a vector space. Prove that a finite set of vectors {xi,...,x,} C X is linearly
independent if and only if for every j=1,2,...,n

span({xi,...,.Xj—1,Xj41,-.,%}) C span({x1,...,X,}).
That is, the span of the set with one vector removed is strictly smaller.

Exercise 8.1.4 (Challenging): Prove that C(]0,1],R) is an infinite dimensional vector space where the
operations are defined in the obvious way: s = f + g and m = fg are defined as s(x) := f(x) + g(x) and
m(x) := f(x)g(x). Hint: for the dimension, think of functions that are only nonzero on the interval (1/n+1,1/n).

Exercise 8.1.5: Let k: [0,1)> — R be continuous. Show that L: C([0,1],R) — C([0,1],R) defined by

1
Lf) 1= [ k) de
is a linear operator. That is, show that L is well defined (that Lf is continuous), and that L is linear.

Exercise 8.1.6: Let &2, be the vector space of polynomials in one variable of degree n or less. Show that
P, is a vector space of dimension n+ 1.
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Exercise 8.1.7: Let R]t] be the vector space of polynomials in one variable t. Let D: R[t] — R[t] be the
derivative operator (derivative in t). Show that D is a linear operator.

Exercise 8.1.8: Let us show that Proposition 8.1.16 only works in finite dimensions. Take R|t] and define the
operator A: R[t] — R[t] by A(P(t)) =tP(t). Show that A is linear and one-to-one, but show that it is not
onto.

Exercise 8.1.9: Finish the proof of Proposition 8.1.15 in finite dimensional case. That is, suppose, {x1,x2,...x, }
is a basis of X, {y1,y2,...yn} CY and we define a function

n n
Ax = ijyj, lf X = ijxj.
Jj=1 j=1

Then prove that A: X — Y is linear.

Exercise 8.1.10: Prove Proposition 8.1.17. Hint: A linear operator is determined by its action on a basis.
So given two bases {x1,...,x,} and {y1,...,ym} for X and Y respectively, consider the linear operators A j
that send A jyx; = yx, and A jixp = 0 if £ # j.

Exercise 8.1.11 (Easy): Suppose X and Y are vector spaces and A € L(X,Y) is a linear operator.
a) Show that the nullspace N := {x € X : Ax = 0} is a vectorspace.
b) Show that the range R := {y € Y : Ax =y for some x € X } is a vectorspace.

Exercise 8.1.12 (Easy): Show by example that a union of convex sets need not be convex.

Exercise 8.1.13: Compute the convex hull of the set of 3 points {(0,0),(0,1),(1,1)} in R
Exercise 8.1.14: Show that the set {(x,y) € R? 1y > x*} is a convex set.

Exercise 8.1.15: Show that every convex set in R" is connected using the standard topology on R".

Exercise 8.1.16: Suppose K C R? is a convex set such that the only point of the form (x,0) in K is the point
(0,0). Further suppose that there (0,1) € K and (1,1) € K. Then show that if (x,y) € K then'y > 0 unless
x=0.
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8.2 Analysis with vector spaces

Note: 2-3 lectures

8.2.1 Norms

Let us start measuring distance.

Definition 8.2.1. If X is a vector space, then we say a function ||-||: X — R is a norm if:
(i) ||x|| >0, with ||x|| = 0 if and only if x = 0.
(ii) [|cx|| = |c|||x|| for all c € R and x € X.
@ii) |lx+y| < ||x|| + ||yl for all x,y € X (Triangle inequality).

Before defining the standard norm on R”, let us define the standard scalar dot product on R".
For two vectors if x = (x1,x2,...,%,) € R" and y = (y1,y2,...,yn) € R", define

n
Xy = xjyj.
Jj=1

It is easy to see that the dot product is linear in each variable separately, that is, it is a linear mapping
when you keep one of the variables constant. The Euclidean norm is then defined as

] = llxeller == v/x-x = \/(X1)2+ (02)2 4+ ().

We normally just use ||x||, but sometimes it will be necessary to emphasize that we are talking about
the euclidean norm and use ||x||g». It is easy to see that the Euclidean norm satisfies (i) and (ii). To
prove that (ii1) holds, the key inequality is the so-called Cauchy-Schwarz inequality that we have
seen before. As this inequality is so important let us restate and reprove it using the notation of this
chapter.

Theorem 8.2.2 (Cauchy-Schwarz inequality). Let x,y € R", then
eyl < eyl = vx-x /-y,
with equality if and only if the vectors are scalar multiples of each other.

Proof. If x =0 or y = 0, then the theorem holds trivially. So assume x # 0 and y # 0.
If x is a scalar multiple of y, that is x = Ay for some A € R, then the theorem holds with equality:

Ay-yl = 1AL ly-yl = AL I¥lI* = [A5IHy]]
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Next take x +ty,
x4+ 1y]]> = (x+1y) - (x+1y) =x-x+x-ty+y-x+ty-ty = ||x]|*+ 2t (x-y) +22[|y]| -

If x is not a scalar multiple of y, then ||x +¢y||? > O for all . So the above polynomial in ¢ is never
zero. From elementary algebra it follows that the discriminant must be negative:

4(x-y)” —4[x|[ly]* <0,
or in other words (x-y)* < ||x/|?|ly]|?. =

Item (iii), the triangle inequality, follows via a simple computation:
2 2 2 2
x4+ yl7 =x-x+y-y+200-y) < |lxl|” 4+ IyI7 + 201l [y]]) = (el +lIv1)"

The distance d(x,y) := ||x —y|| is the standard distance function on R” that we used when we
talked about metric spaces.

In fact, on any vector space X, once we have a norm (any norm), we define a distance d(x,y) :=
||x — y|| that makes X into a metric space (an easy exercise).

Definition 8.2.3. Let A € L(X,Y). Define
|A|| := sup{||Ax]|| : x € X with ||x|| = 1}.

The number ||A|| is called the operator norm. We will see below that indeed it is a norm (at least for
finite dimensional spaces). Again, when necessary to emphasize which norm we are talking about,
we may write it as [|Al|(x y)-

By linearity for any nonzero vector x € X, ||A|| = 1Al The vector - is of norm 1.
erefore,
- [[Ax]]
|A|| = sup{||Ax|| : x € X with [Jx|] = 1} = sup—".
xeX HxH
x#£0

This implies that
1A < [JA[[]x]]-

It is not hard to see from the definition that ||A|| = 0 if and only if A = 0, that is, if A takes every
vector to the zero vector.
It is also not difficult to see the norm of the identity operator:

[[2x]] ]l
[ = sup~—+ =sup— =
xex x|l xex ||x|l
x#£0 x#£0
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For finite dimensional spaces ||A|| is always finite as we prove below. This also implies that
A is continuous. For infinite dimensional spaces neither statement needs to be true. For a simple
example, take the vector space of continuously differentiable functions on [0, 1] and as the norm
use the uniform norm. The functions sin(nx) have norm 1, but the derivatives have norm n. So
differentiation (which is a linear operator) has unbounded norm on this space. But let us stick to
finite dimensional spaces now.

When we talk about finite dimensional vector space, one often thinks of R”, although if we have
a norm, the norm might perhaps not be the standard euclidean norm. In the exercises, you can prove
that every norm is in some sense “equivalent” to the euclidean norm in that the topology it generates
is the same. For simplicity we only prove the following proposition for the euclidean space, and the
proof for a general finite dimensional space is left as an exercise.

Proposition 8.2.4. Let X and Y be finite dimensional vector spaces with a norm. If A € L(X,Y),
then ||A|| < oo, and A is uniformly continuous (Lipschitz with constant ||A||).

Proof. As we said we only prove the proposition for euclidean space so suppose that X = R"” and
Y = R™ and the norm is the standard euclidean norm. The general case is left as an exercise.
Let {e},e2,...,e,} be the standard basis of R". Write x € R”, with ||x|| = 1, as

X = icjej
j=1

Since ej-e; =0 whenever j # fand e;-e; = 1 then c; = x-¢; and

lej| = [x-ej] < Ilxllflejll = 1.
Then
n n n
HA)CH = ZCjAej < Z |Cj} ||Aej|| < ZHAejH-
=1 i=1 =1

The right hand side does not depend on x. We found a finite upper bound independent of x, so
IA]] < .
Now for any vector spaces X and Y, and A € L(X,Y ), suppose that ||[A|| < co. For v,w € X,

|A( =w) || < [|A[l[lv—wl|.
As ||A|| < oo, then this says A is Lipschitz with constant ||A|. O

Proposition 8.2.5. Let X, Y, and Z be finite dimensional vector spaces with a norm.

(i) IfA,B€ L(X,Y) and c € R, then
lA+Bl < [[All+ 1Bl [lcAll = || |A]l-

In particular, the operator norm is a norm on the vector space L(X,Y).



8.2. ANALYSIS WITH VECTOR SPACES 21

(ii) IfA€ L(X,Y)and B € L(Y,Z), then
[BA|| < [|BI[[|A]l
Proof. For (i), let us note that
I(A+B)x|| = [|Ax+ Bxl| < [|Ax]| + || Bx[| < [[Al[llx]| + [|BI[[|x[| = ([|A[] +[|BI]) ]|

So [|A+B|| < [|A[|+[B]|
Similarly
[(cA)xl| = [e| |Ax]] < (lel [lA1)I}x]]-

Thus ||cA|| < |c|||A||- Next note
el [1Ax]] = [leAx]| < [|cAl[[|x]]-

Hence [c] [|A]| < [|cA[|
For (ii) write
[1BAx|| < ||BI|[|Ax]| < [|BI[ I A[]]|x[]- O

As a norm defines a metric, we have a metric space topology on L(X,Y), so we can talk about
open/closed sets, continuity, and convergence.

Proposition 8.2.6. Let X be a finite dimensional vector space with a norm. Let U C L(X) be the
set of invertible linear operators.

(i) fA€U and B € L(X), and
1
|A—B|| < AT (8.2)
then B is invertible.

(ii) U is open and A — A~ is a continuous function on U.

Let us make sense of this on a simple example. Think back to R!, where linear operators are
just numbers a and the operator norm of a is simply |a|. The operator a is invertible (¢~ = 1/a)
whenever a # 0. The condition |a — b| < ‘a+l| does indeed imply that b is not zero. And a — 1/a is
a continuous map. When n > 1, then there are other noninvertible operators than just zero, and in
general things are a bit more difficult.

Proof. Let us prove (i). We know something about A~! and something about A — B. These are
linear operators so let us apply them to a vector.

AY(A—B)x=x—A"'Bx.
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Therefore,

Ix] = A~ (A= B)x+A~"Bx]|
~1 ~1
< [[A7[[[|A = BI|[}x]| + |A~" ||| Bx]|.

Now assume x # 0 and so ||x|| # 0. Using (8.2) we obtain
ell << flell 4+ 1A B,

or in other words ||Bx|| # O for all nonzero x, and hence Bx # 0 for all nonzero x. This is enough to
see that B is one-to-one (if Bx = By, then B(x —y) = 0, so x = y). As B is one-to-one operator from
X to X which is finite dimensional and hence is invertible.

Let us look at (ii). Fix some A € U. Let B be invertible and near A, that is ||A — BJ|||[A~!| < 1/2.
Then (8.2) is satisfied. We have shown above (using B! y instead of x)

1B~ vl < A HIA = BIIIB~ vl + A7 Iyl < 1208~ il + AT Iy,
or
1B~y < 2Aa7H[]ly].-

So [|B~']| < 2[|A71.
Now note that
A A-BB ' =a"tuB ' -=B"1-4a"1,

and
—1_ 41 ~1 -1 -1 -1 —12
[B= —A7 [ =[A"(A=B)B"|| < [|A7"[[[|[A—BI[[|B~"|| < 2[[A~"[|"]|A - BI|.
Therefore, if as B tends to A, ||B~! —A~!|| tends to 0, and therefore the inverse operation is a
continuous function at A. O

8.2.2 Matrices

As we previously noted, once we fix a basis in a finite dimensional vector space X, we can represent
a vector of X as an n-tuple of numbers, that is a vector in R”. The same thing can be done with
L(X,Y), which brings us to matrices, which are a convenient way to represent finite-dimensional
linear transformations. Suppose we have bases {x1,x2,...,x,} and {y1,y2,...,ym} for vector spaces
X and Y respectively. A linear operator is determined by its values on the basis. Given A € L(X,Y),
Ax; is an element of Y. Therefore, define the numbers {a; ;} as follows

m
AXJ' = Z a,‘in,
i=1
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and write them as a matrix

ai; aip - diy
a1 axp -+ ayy
am1 AaAm2 - dmn

And we say A is an m-by-n matrix. The columns of the matrix are precisely the coefficients that
represent Ax;. Let us derive the familiar rule for matrix multiplication.

When
n
= Z CjXj,
Jj=1

then

n n m m n
Azchijj:ch (Z%’,j}’i) =Z< Cli,jCj>)’i»
i=1 =1

j=1 j=1 i=1 \j

which gives rise to the familiar rule for matrix multiplication.

There is a one-to-one correspondence between matrices and linear operators in L(X,Y). That
is, once we fix a basis in X and in Y. If we would choose a different basis, we would get different
matrices. This is important, the operator A acts on elements of X, the matrix is something that works
with n-tuples of numbers, that is, vectors of R".

If B is an n-by-r matrix with entries b; x, then the matrix for C = AB is an m-by-r matrix whose
i,kth entry c; i is

n
ik =Y aijbjr.
=1

A way to remember it is if you order the indices as we do, that is row,column, and put the elements
in the same order as the matrices, then it is the “middle index” that is “summed-out.”

A linear mapping changing one basis to another is a square matrix in which the columns
represent basis elements of the second basis in terms of the first basis. We call such a linear mapping
an change of basis.

Now suppose all the bases are just the standard bases and X = R" and Y = R"™. If we recall the
Cauchy-Schwarz inequality we note that

2
lazl* =} <.:1aivjcj) = l; <,;1 (Cj)2> <,;1 (anj)z) = ,:ZI (; (ai,j)2> [

i=1 \J

In other words, we have a bound on the operator norm (note that equality rarely happens)

1]l <
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If the entries go to zero, then ||A|| goes to zero. In particular, if A if fixed and B is changing such
that the entries of A — B go to zero then B goes to A in operator norm. That is B goes to A in the
metric space topology induced by the operator norm. We have proved the first part of:

Proposition 8.2.7. If f: § — R is a continuous function for a metric space S, then taking
the components of f as the entries of a matrix, f is a continuous mapping from S to L(R" /R™).
Conversely if f: S — L(R",R™) is a continuous function then the entries of the matrix are continuous
functions.

The proof of the second part is rather easy. Take f(x)e; and note that is a continuous func-
tion to R™ with standard Euclidean norm: notice that || f(x)e; — f(y)e;|| = || (f(x) — F()) el <
| f(x) = f(y)||. Soas x =y, then || f(x) — f(y)|| = 0 and so || f(x)e; — f(y)e;|| — 0. Such a func-
tion is continuous if and only if its components are continuous and these are the components of the
Jjth column of the matrix f(x).

8.2.3 Determinants

A certain number can be assigned to square matrices that measures how the corresponding linear
mapping stretches space. In particular this number, called the determinant, can be used to test for
invertibility of a matrix.

First define the symbol sgn(x) for a number is defined by

—1 ifx<O,
sgn(x): =<0 ifx=0,
1 ifx > 0.

Suppose 6 = (01,02,...,0,) is a permutation of the integers (1,2,...,n), that is, a reordering
of (1,2,...,n). Any permutation can be obtained by a sequence of transpositions (switchings
of two elements). Call a permutation even (resp. odd) if it takes an even (resp. odd) number of

transpositions to get from o to (1,2,...,n). It can be shown that this is well defined (exercise). In
fact, define
sgn(o) :=sgn(oy,...,0,) = H sgn(o, — 0p). (8.3)
p<q

Then it can be shown that sgn(o) is is 1 if o is even and —1 if & is odd. This fact can be proved by
noting that applying a transposition changes the sign. Then note that the sign of (1,2,...,n) is 1.

Let S, be the set of all permutations on n elements (the symmetric group). Let A = [a; j| be a
square n X n matrix. Define the determinant of A

det(A) := Z sgn(c)lﬁai@.

oS,
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Proposition 8.2.8.
(i) det(I) = 1.
(ii) det([x; x2 --- xp]) as a function of column vectors xj is linear in each variable x; separately.
(iii) If two columns of a matrix are interchanged, then the determinant changes sign.
(iv) If two columns of A are equal, then det(A) = 0.
(v) If a column is zero, then det(A) = 0.
(vi) A det(A) is a continuous function.
(vii) det[ %] = ad — bc, and det[a] = a.

In fact, the determinant is the unique function that satisfies (i), (ii), and (iii). But we digress. By
(i1), we mean that if we fix all the vectors xy,...,x, except for x; and think of the determinant as
function of x;, it is a linear function, that is, if v,w € R" are two vectors, and a,b € R are scalars
then

det([x; -+ xj_1 (av+bw) xjqp1 -+ x4]) =
adet([x; --- xj_1 v xj41 -+ x))+bdet(xy - Xjo1 W Xjp1 o x)).

Proof. We go through the proof quickly, as you have likely seen this before.

(1) is trivial. For (ii), notice that each term in the definition of the determinant contains exactly
one factor from each column.

Part (iii) follows by noting that switching two columns is like switching the two corresponding
numbers in every element in S,. Hence all the signs are changed. Part (iv) follows because if
two columns are equal and we switch them we get the same matrix back and so part (iii) says the
determinant must have been 0.

Part (v) follows because the product in each term in the definition includes one element from
the zero column. Part (vi) follows as det is a polynomial in the entries of the matrix and hence
continuous. We have seen that a function defined on matrices is continuous in the operator norm if
it is continuous in the entries. Finally, part (vii) is a direct computation. 0

The determinant tells us about areas and volumes, and how they change. For example, in the
1 x 1 case, a matrix is just a number, and the determinant is exactly this number. It says how the
linear mapping “stretches” the space. Similarly for R? (and in fact for R"). Suppose A € L(R?)
is a linear transformation. It can be checked directly that the area of the image of the unit square
A([0,1]?) is precisely |det(A)|. The sign of the determinant tells us if the image is flipped or not.
This works with arbitrary figures, not just the unit square. The determinant tells us the stretch
in the area. In R3 it will tell us about the 3 dimensional volume, and in n-dimensions about the
n-dimensional volume. We claim this without proof.

Proposition 8.2.9. If A and B are n x n matrices, then det(AB) = det(A) det(B). In particular, A is
invertible if and only if det(A) # 0 and in this case, det(A~") = 1

det(A)*



26 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

Proof. Letby,b,, ..., b, be the columns of B. Then
AB=1[Ab; Aby, --- Ab,].

That is, the columns of AB are Ab|,Ab;,...,Ab,.
Let b; i denote the elements of B and a; the columns of A. Note that Ae; = a;. By linearity of
the determinant as proved above we have

n
det(AB) = det([Ab; Aby --- Aby)) :det<[ bira; Aby - Ab,,])
j=1
= medet([aj Aby, .- Abn])
j=1
= Y bjabpabjadet(la ap o aj)
1§j17j27-~~7jﬂ§"
= ( Z bjlvlbj272' ) 'bjm”l Sgn(j17j27 s 7]")) det([al aj ce Cln])
(jl7j27~--7jn)€Sn

In the above, go from all integers between 1 and n, to just elements of S,, by noting that when two
columns in the determinant are the same then the determinant is zero. We then reorder the columns
to the original ordering and obtain the sgn.

The conclusion that det(AB) = det(A) det(B) follows by recognizing the determinant of B. We
obtain this by plugging in A = I. The expression we got for the determinant of B has rows and
columns swapped, so as a sidenote, we have also just proved that the determinant of a matrix and its
transpose are equal.

To prove the second part of the theorem, suppose A is invertible. Then A~!A = I and conse-
quently det(A~!)det(A) = det(A~'A) = det(I) = 1. If A is not invertible, then the columns are
linearly dependent. That is, suppose

n
Z}/jaj:(),
j=1
where not all y; are equal to 0. Without loss of generality suppose y; # 1. Take

(i 0 0 - 0]
1 0 -~ 0

B=|» 01 - 0
7 0 0 - 1]

Applying the definition of the determinant we see det(B) = ¥; # 0. Then det(AB) = det(A) det(B) =
Y1 det(A). The first column of AB is zero, and hence det(AB) = 0. Thus det(A) = 0. O
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Proposition 8.2.10. Determinant is independent of the basis. In other words, if B is invertible then,
det(A) = det(B~'AB).

Proof follows by noting det(B~!AB) = detl( B det(A)det(B) = det(A). If in one basis A is the
matrix representing a linear operator, then for another basis we can find a matrix B such that the
matrix B~ !AB takes us to the first basis, applies A in the first basis, and takes us back to the basis we
started with. We choose a basis on X, and we represent a linear mapping using a matrix with respect

to this basis. We obtain the same determinant as if we had used any other basis. It follows that

det: L(X) — R

is a well-defined function (not just on matrices).
There are three types of so-called elementary matrices. Recall again that e; are the standard
basis of R”. First for some j = 1,2,...,nand some A € R, A # 0, an n x n matrix E defined by

S
Ae; ifi=j.

Given any n X m matrix M the matrix EM is the same matrix as M except with the kth row multiplied
by A. It is an easy computation (exercise) that det(E) = A.
Second, for some j and k with j # k, and A € R an n x n matrix E defined by

€j 1fl7é.]7
Ee; = e
ei+Ae, ifi=j.

Given any n X m matrix M the matrix EM is the same matrix as M except with A times the kth row
added to the jth row. It is an easy computation (exercise) that det(E) = 1.
Finally, for some j and k with j # k an n X n matrix E defined by

ei ifi# jandi#k,
Ee;=< e, ifi=],
ej ifi=k.
Given any n X m matrix M the matrix EM is the same matrix with jth and kth rows swapped. It is
an easy computation (exercise) that det(E) = —1.

Elementary matrices are useful for computing the determinant. The proof of the following
proposition is left as an exercise.

Proposition 8.2.11. Let T be an n X n invertible matrix. Then there exists a finite sequence of
elementary matrices E|,E,, ..., Ey such that

T =EE; - E,

and
det(T) = det(E;)det(E3) - - - det(Ey).
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8.2.4 Exercises

Exercise 8.2.1: If X is a vector space with a norm ||-||, then show that d(x,y) := ||x — y|| makes X a metric

space.
Exercise 8.2.2 (Easy): Show that for square matrices A and B, det(AB) = det(BA).

Exercise 8.2.3: For R" define
[1x[lee 2= max{ x|, 2l beal},

sometimes called the sup or the max norm.
a) Show that ||-|| is @ norm on R" (defining a different distance).
b) What is the unit ball B(0,1) in this norm?

Exercise 8.2.4: For R" define

n
el = 3 il
j=1

sometimes called the 1-norm (or L' norm).
a) Show that ||-||1 is a norm on R" (defining a different distance, sometimes called the taxicab distance).
b) What is the unit ball B(0, 1) in this norm?

Exercise 8.2.5: Using the euclidean norm on R?. Compute the operator norm of the operators in L(R?)
given by the matrices:

o lo5] 1[5l oloi] @ I[60]

Exercise 8.2.6: Using the standard euclidean norm R". Show

a) Suppose A € L(R,R") is defined for x € R by Ax = xa for a vector a € R". Then the operator norm
|All(r rry = |lallrs. (that is the operator norm of A is the euclidean norm of a).

b) Suppose B € L(R",R) is defined for x € R" by Bx = b- x for a vector b € R". Then the operator norm

|1B| (e ) = [|D]|er

Exercise 8.2.7: Suppose 6 = (01,02,...,0y) is a permutation of (1,2,...,n).

a) Show that we can make a finite number of transpositions (switching of two elements) to get to (1,2,...,n).
b) Using the definition (8.3) show that o is even if sgn(c) = 1 and o is odd if sgn(c) = —1. In particular
showing that being odd or even is well defined.

Exercise 8.2.8: Verify the computation of the determinant for the three types of elementary matrices.
Exercise 8.2.9: Prove Proposition 8.2.11.

Exercise 8.2.10: a) Suppose D = [d; j| is an n-by-n diagonal matrix, that is, d; j = 0 whenever i # j. Show
that det(D) = d171d2’2 . -d,m.

b) Suppose A is a diagonalizable matrix. That is, there exists a matrix B such that B-"'AB = D for a diagonal
matrix D = [d; j|. Show that det(A) = d, 1dr - - - dyp.
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Exercise 8.2.11: Take the vectorspace of polynomials R[t] and the linear operator D € L(R[t]) that is
the differentiation (we proved in an earlier exercise that D is a linear operator). Define the norm on
P(t)=co+cit+---+cut" as ||P|| ;= sup{‘cj’ :j=0,1,....n}

a) Show that ||P|| is a norm on R]t].

b) Show that D does not have bounded operator norm, that is ||D|| = eo. Hint: consider the polynomials t" as
n tends to infinity.

Exercise 8.2.12: In this exercise we finish the proof of Proposition 8.2.4. Let X be any finite dimensional
vector space with a norm. Let {xy,xy,...,x,} be a basis for X.
a) Show that the function f: R"* - R

fler,ea,.. o en) = |lc1xr +coxn 4+ + cpxn|

is continuous.

b) Show that there exists numbers m and M such that if ¢ = (c1,ca,...,c,) € R" with ||c|| = 1 (standard
euclidean norm), then m < ||c1x1 + cax2 + - - + cpxy|| < M (here the the norm is on X).

¢) Show that there exists a number B such that if ||c1x) + coxa + - - + cpxp|| = 1, then ’cj‘ <B.

d) Use part (c) to show that if X and Y are finite dimensional vector spaces and A € L(X,Y), then ||A|| < oe.

Exercise 8.2.13: Let X be any finite dimensional vector space with a norm ||-|| and basis {x1,xa,...,x,}. Let
c=(c1,...,cn) € R" and ||c|| be the standard euclidean norm on R".
a) Find that there exist positive numbers m,M > 0 such that for

ml|c|| < |lerxr +caxa + - 4 cpxn|| < M|

Hint: See previous exercise.
b) Use part (a) to show that of ||-||1 and ||-||2 are two norms on X, then there exist positive numbers m,M > 0
(perhaps different than above) such that for all x € X we have

ml|x|lr < [lx[l2 < M|x]|1.

¢) Now show that U C X is open in the metric defined by ||x — y||, if and only if it is open in the metric defined
by ||x —yll,. In other words, convergence of sequences, continuity of functions is the same in either norm.



30 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

8.3 The derivative

Note: 2-3 lectures

8.3.1 The derivative

Recall that for a function f: R — R, we defined the derivative at x as

L SR — @)

h—0 h

In other words, there was a number a (the derivative of f at x) such that

| — £ frh) = f() —ah| . |f(e+h)— f(x) —ah]

0.
h—0 h h h—0 |h|

— a‘ = lim
h—0
Multiplying by a is a linear map in one dimension. That is, we think of @ € L(R!,R!) which is
the best linear approximation of f near x. We use this definition to extend differentiation to more
variables.

Definition 8.3.1. Let U C R" be an open subset and f: U — R™. We say f is differentiable at
x € U if there exists an A € L(R",R™) such that
LGk h) — F) AR
h—0 ||A|
heR"
We write Df (x) := A, or f/(x) := A, and we say A is the derivative of f at x. When f is differentiable
at all x € U, we say simply that f is differentiable.

0.

For a differentiable function, the derivative of f is a function from U to L(R",R™). Compare
to the one dimensional case, where the derivative is a function from U to R, but we really want to
think of R here as L(R!,R!).

The norms above must be on the right spaces of course. The norm in the numerator is on R™,
and the norm in the denominator is on R” where 4 lives. Normally it is understood that 7 € R" from
context. We will not explicitly say so from now on.

We have again cheated somewhat and said that A is the derivative. We have not shown yet that
there is only one, let us do that now.

Proposition 8.3.2. Let U C R" be an open subset and f: U — R™. Suppose x € U and there exist
A,B € L(R",R™) such that

G = AR fekh) — (@)~ Bl
h—0 ||A| h—0 | Al

Then A = B.

0.
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Proof.
[(A=B)h|| _ |[f(x+h)—f(x) =Ah—(f(x+h) — f(x) = Bh)|
1] el
< IfCeth) = fl) ARl |If(x+h) — fx) — Bhl|
B 1] 1]
So % — 0 as h — 0. That is, given € > 0, then for all /4 in some J-ball around the origin
[(A—B)A] H h
—— = [(A—=B)—||.
2] 1]
For any x with ||x|| = 1, let h = (8/2) x, then ||k]| < 6 and ﬁ =x. So ||(A—B)x|| < €. Taking the
supremum over all x with ||x|| = 1 we get the operator norm ||A — B|| < €. As € > 0 was arbitrary
|A — BJ| = 0 or in other words A = B. O

Example 8.3.3: If f(x) = Ax for a linear mapping A, then f’(x) = A. This is easily seen:

lf(x+h) = f(x) —Ah|| _ [[A(x+h) —Ax—AR|| _ 0

= — =0,
1] 1] 1]

Example 8.3.4: Let f: R? — R? be defined by f(x,y) = (f1(x,), f2(x,y)) := (1 +x+2y+x*,2x+
3y+xy). Let us show that f is differentiable at the origin and let us compute compute the derivative,
directly using the definition. The derivative is in L(R?,IR?) so it can be represented by a 2 x 2 matrix
[‘Cl Z} . Suppose h = (hy,hy). We need the following expression to go to zero.

”f(hl,hz) —f((),()) — ((lhl + bhy, chy —|-dh2)“ _
[[(7, ) |
¢«1—amr+@—bwu+h@2+«2—@hr+6—dyn+hmg2

\/ 13+ h3

If we choose a =1,b =2, c =2, d = 3, the expression becomes

\/ B+ h3h3 \/ 12+ h3
=|m| =l
N \/h3+ 13

And this expression does indeed go to zero as & — 0. Therefore the function is differentiable at the

origin and the derivative can be represented by the matrix B %] .

Proposition 8.3.5. Let U C R" be open and f: U — R™ be differentiable at p € U. Then f is
continuous at p.
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Proof. Another way to write the differentiability of f at p is to first write
r(h):= f(p+h)—f(p) = f'(p)h,

and HFH(:”)H must go to zero as h — 0. So r(h) itself must go to zero. The mapping i +— f'(p)his a
linear mapping between finite dimensional spaces, it is therefore continuous and goes to zero as
h — 0. Therefore, f(p+ h) must go to f(p) as h — 0. That is, f is continuous at p. O

Theorem 8.3.6 (Chain rule). Let U C R”" be open and let f: U — R™ be differentiable at p € U.
Let V C R™ be open, f(U) CV and let g: V — R’ be differentiable at f(p). Then

F(x)=g(f(x))

is differentiable at p and
F'(p)=¢'(f(p))f'(p)-

Without the points where things are evaluated, this is sometimes written as F/ = (fog)' = g'f'.
The way to understand it is that the derivative of the composition g o f is the composition of the
derivatives of g and f. That s, if f'(p) = A and g’(f(p)) = B, then F’'(p) = BA.

Proof. Let A := f'(p) and B := g'(f(p)). Take h € R" and write g = f(p), k= f(p+h) — f(p).
Let

r(h):= f(p+h) = f(p) —Ah.
Then r(h) =k —Ah or Ah = k — r(h). We look at the quantity we need to go to zero:

IF(p+h) —F(p) —BAR| _ llg(f(p+h)) —g(f(p)) — BAA|

Tl 7
_ llglg+k) —g(q) —B(k—r(h))]|
]
lelg 8 —g(a)— BRI (o 1) — £ o (B
- % B

First, ||B|| is constant and f is differentiable at p, so the term ||B|| Hﬂ(:H)H goes to 0. Next as f is

continuous at p, we have that as & goes to 0, then k goes to 0. Therefore lg(g-+k) m(q)*Bk” goes to 0

because g is differentiable at g. Finally

1Fp+h) = f)Il _ 1f(p+h)— f(p) —AR| ARl _ [lf(p+h) —f(p) —Ahl
I B 1] [ 1]

As f is differentiable at p, for small enough & || f(p+h) — f(p) — Ah||||k|| is bounded. Therefore
the term W stays bounded as & goes to 0. Therefore, LF(p +h)ﬂlf“(p J=BAh] goes to zero,

and F'(p) = BA, which is what was claimed. O

+ Al
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8.3.2 Partial derivatives

There is another way to generalize the derivative from one dimension. We hold all but one variable
constant and take the regular derivative.

Definition 8.3.7. Let f: U — R be a function on an open set U C R". If the following limit exists
we write

f(xl,' ..,Xj_l,Xj+h,Xj+],...,Xn) —f(X)
ox; ' h=0 h h—0 h

We call ﬂ(x) the partial derivative of f with respect to x;. Sometimes we write D ; f instead.
Jx; J J
For a mapping f: U — R™ we write f = (f1, f2,...,fm), where f; are real-valued functions.
Then we define % (or write it as D fi).
J

Partial derivatives are easier to compute with all the machinery of calculus, and they provide a
way to compute the derivative of a function.

Proposition 8.3.8. Let U C R" be open and let f: U — R be differentiable at p € U. Then all the
partial derivatives at p exist and in terms of the standard basis of R" and R™, f'(p) is represented
by the matrix

0 0 0
g—g(p) 3—,;(19) 3§;(p)
aop) galp) - 32(p)
Ui\ o
ep) $2p) .. F2()
In other words 5
m
S
f(pej=Y 7(p)ek
k=1 J

Ifv= Z;!:lcjej = (c1,¢2,...,¢y), then

Proof. Fix a j and note that

"f(p+hej)—f(19)

— f(p)e; h

_ f(p+hej) = f(p) = f'(p)hejl]
e '

_ H f(p+hey) — £(p) — f (p)he;
h
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As h goes to 0, the right hand side goes to zero by differentiability of f, and hence

i f(p+hej)—f(p)
h—0 h

= f'(p)e;.

Note that f is vector valued. So represent f by components f = (f1, f2, ..., fm), and note that taking
a limit in R” is the same as taking the limit in each component separately. Therefore for any & the
partial derivative

9 fi Ji(p+hej) — fi(p)
Ik ) =1
ax]' (p) hl—r>r(l) h
exists and is equal to the kth component of f'(p)e;, and we are done. O

The converse of the proposition is not true. Just because the partial derivatives exist, does not
mean that the function is differentiable. See the exercises. However, when the partial derivatives are
continuous, we will prove that the converse holds. One of the consequences of the proposition is
that if f is differentiable on U, then f’: U — L(R",R™) is a continuous function if and only if all

the % are continuous functions.
J

8.3.3 Gradient and directional derivatives

Let U C R" be open and f: U — R is a differentiable function. We define the gradient as
\% =) = .
f(x) j—zl axj ()C) €j

Notice that the gradient gives us a way to represent the action of the derivative as a dot product:

[y =Vf(x)-v.
Suppose 7: (a,b) C R — R" is a differentiable function and the image }/((a,b)) C U. Such
a function and its image is sometimes called a curve, or a differentiable curve. Write y =

(11, %,---,%)- Let
g(t) = f(v(1)).

The function g is differentiable. For purposes of computation we identify L(R!) with R, and hence
g’ (¢) can be computed as a number:

For convenience, we sometimes leave out the points where we are evaluating as on the right hand
side above. Let us rewrite this with the notation of the gradient and the dot product:

g)=VH{®) YO)=Vf7.
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We use this idea to define derivatives in a specific direction. A direction is simply a vector
pointing in that direction. So pick a vector u € R” such that ||u|| = 1. Fix x € U. Then define a
curve

y(t) :=x+1tu.

It is easy to compute that ¥/(¢) = u for all z. By chain rule

2| ) = (9@

t=0

d

where the notation - ‘ .o represents the derivative evaluated at 7 = 0. We also compute directly

4
dt

=0 h—0 h
We obtain the directional derivative, denoted by

d

Duf(x) = 2| _ [,

which can be computed by one of the methods above.
Let us suppose (Vf)(x) # 0. By Cauchy-Schwarz inequality we have

IDuf ()] < (VL)

Equality is achieved when u is a scalar multiple of (Vf)(x). That is, when

we get D, f(x) = ||(Vf)(x)||. The gradient points in the direction in which the function grows
fastest, in other words, in the direction in which D, f(x) is maximal.

8.3.4 The Jacobian

Definition 8.3.9. Let U C R" and f: U — R" be a differentiable mapping. Then define the Jacobian,
or Jacobian determinant®, of f at x as

Jr(x) := det(f'(x)).

Sometimes this is written as

a(flafZ?' 7fn>

O(X1,X2,- -, Xn)

*The matrix from Proposition 8.3.8 representing f’(x) is sometimes called the Jacobian matrix.
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This last piece of notation may seem somewhat confusing, but it is useful when you need to
specify the exact variables and function components used.

The Jacobian Jy is a real valued function, and when n = 1 it is simply the derivative. From the
chain rule and the fact that det(AB) = det(A) det(B), it follows that:

Jrog(x) =Jf (g(x))Jg(x).

As we mentioned the determinant tells us what happens to area/volume. Similarly, the Jacobian
measures how much a differentiable mapping stretches things locally, and if it flips orientation. In
particular if the Jacobian is non-zero than we would assume that locally the mapping is invertible
(and we would be correct as we will later see).

8.3.5 Exercises

Exercise 8.3.1: Suppose y: (—1,1) - R" and a: (—1,1) — R" be two differentiable curves such that
7(0) = a(0) and Y (0) = &’(0). Suppose F: R" — R is a differentiable function. Show that

d

dt

Floa(t)).
=0 t=0 ( ( ))
Exercise 8.3.2: Let f: R?> — R be given by f(x,y) = \/x2+y2 Show that f is not differentiable at the
origin.

Exercise 8.3.3: Using only the definition of the derivative, show that the following f: R?> — R? are differen-
tiable at the origin and find their derivative.

a) f(x,y) := (1 +x+x,%),

b) f(x,y) = (y—y'°,x),

o) fx,y) = ((x+y+1)%, (x—y+2)?).

Exercise 8.3.4: Suppose f: R — R and g: R — R are differentiable functions. Using only the definition of
the derivative, show that h: R* — R? defined by h(x,y) := (f(x),8(y)) is a differentiable function and find
the derivative at any point (x,y).

Exercise 8.3.5: Define a function f: R> — R by

& e £00),
s {0 i (x.3) = (0.0)

a) Show that partial derivatives % and ’3—’; exist at all points (including the origin).
b) Show that f is not continuous at the origin (and hence not differentiable).
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Exercise 8.3.6: Define a function f: R> — R by

- szjryyz lf(xay) (030)7
T {0 i (5.3) = (0.0).

N

a) Show that partial derivatives % and % exist at all points.
b) Show that for all u € R? with ||u|| = 1, the directional derivative D, f exists at all points.

c) Show that f is continuous at the origin.
d) Show that f is not differentiable at the origin.

Exercise 8.3.7: Suppose f: R" — R" is one-to-one, onto, differentiable at all points, and such that f~" is
also differentiable at all points.

a) Show that f'(p) is invertible at all points p and compute ) (f(p)). Hint: consider p= f~'(f(p)).
b) Let g: R" — R" be a function differentiable at ¢ € R" and such that g(q) = q. Suppose f(p) = q for some
p €ER™. Show J4(q) = Jp-10401(P) Where Jg is the Jacobian determinant.

Exercise 8.3.8: Suppose f: R? — R is differentiable and such that f(x,y) = 0 if and only if y = 0 and such
that Vf(0,0) = (1,1). Prove that f(x,y) > 0 whenever y > 0 and f(x,y) < 0 whenevery < 0.

Exercise 8.3.9: Suppose U C R" is open and f: U — R is differentiable. Suppose f has a local maximum
at p € U. Show that f'(p) = 0, that is the zero mapping in L(R",R). That is p is a critical point of f.

Exercise 8.3.10: Suppose f: R? — R is differentiable and suppose that whenever x> +y* = 1, then f(x,y) =
0. Prove that there exists at least one point (xq,yo) such that %(xo, yo) = %(xo,yo) =0.

Exercise 8.3.11 (The Peano surface): Define f(x,y) := (x —y*)(2y* — x). Show

a) (0,0) is a critical point, that is f'(0,0) = 0, that is the zero linear map in L(R?,R).

b) For every direction, that is (x,y) such that x> +y?> = 1 the “restriction of f to the line containing the points
(0,0) and (x,y)”, that is a function g(t) := f(tx,ty) has a local maximum at t = 0.

¢) f does not have a local maximum at (0,0).

Exercise 8.3.12: Suppose f: R — R" is differentiable and ||f(t)|| = 1 for all t (that is, we have a curve in
the unit sphere). Then show that for all t, treating f' as a vector we have, f'(t) - f(t) = 0.

Exercise 8.3.13: Define f: R*> — R? by f(x,y) := (x,y+ (p(x)) for some differentiable function ¢ of one
variable. Show that f is differentiable and and find f'.
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8.4 Continuity and the derivative

Note: 1-2 lectures

8.4.1 Bounding the derivative
Let us prove a “mean value theorem” for vector valued functions.

Lemma 8.4.1. If ¢: [a,b] — R" is differentiable on (a,b) and continuous on [a,b), then there exists
aty € (a,b) such that

lo(b) —@(a)ll < (b—a)]¢'(t0)]-

Proof. By mean value theorem on the function (¢ (b) — ¢(a)) - (¢) (the dot is the scalar dot product
again) we obtain there is a ty € (a,b) such that

(@(b)—@(a)) - 0(b) — ((b) — 9(a)) - @(a) = [|@(b) — (a)||* = (b—a) (@(b) — @(a)) - @' (t0)

where we treat ¢’ as a simply a column vector of numbers by abuse of notation. Note that in this
case, if we think of ¢'(¢) as simply a vector, then by Exercise 8.2.6, [|¢(¢)|| (r,rr) = [|¢'(t)[|rn-
That is, the euclidean norm of the vector is the same as the operator norm of ¢’(7).

By Cauchy-Schwarz inequality

lp(b) = (@[> = (b—a)(9(b) — ¢(a)) - ¢'(t0) < (b—a)ll@(b) = @(a)lll¢'(t0)[. O
Recall that a set U is convex if whenever x,y € U, the line segment from x to y lies in U.

Proposition 8.4.2. Let U C R" be a convex open set, f: U — R"™ a differentiable function, and an
M such that
I/ () <M

forall x € U. Then f is Lipschitz with constant M, that is
1F() = fFODI < Mllx—y
forall x,y e U.

Proof. Fix x and y in U and note that (1 —#)x+ty € U for all 7 € [0, 1] by convexity. Next

C L0 —xrm)] = F(0-0x )6

By the mean value theorem above we get for some 7y € (0, 1)

Hﬂﬂ—f@ﬂg‘d

dt

— [f((l _z)x+ty)} H <|[IF (1 =t0)x+10y) [ ly —x|| <Mly—x|. O
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Example 8.4.3: If U is not convex the proposition is not true. To see this fact, take the set
U={(x,):09<x*+y* < 1.1}\{(x,0) : x < 0}.

Let f(x,y) be the angle that the line from the origin to (x,y) makes with the positive x axis. You
can even write the formula for f:

f(x,y) =2arctan S A—
x++/x2+y?

Think spiral staircase with room in the middle. See Figure 8.2.

Figure 8.2: A non-Lipschitz function with uniformly bounded derivative.

The function is differentiable, and the derivative is bounded on U, which is not hard to see.
Thinking of what happens near where the negative x-axis cuts the annulus in half, we see that the
conclusion of the proposition cannot hold.

Let us solve the differential equation f/ =

Corollary 8.4.4. If U C R" is connected and f: U — R™ is differentiable and f'(x) = 0, for all
x €U, then f is constant.

Proof. For any x € U, there is a ball B(x,0) C U. The ball B(x, ) is convex. Since ||f'(y)|| <0
for all y € B(x,8) then by the theorem, ||f(x) —f(y)|| < 0|lx—y|| = 0, so f(x) = f(y) for all
y € B(x,0).

This means that £ ~!(c) is open for any ¢ € R™. Suppose f~!(c) is nonempty. The two sets

U=f"c), U =f"®R"\{H=U r
a;]g"
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are open disjoint, and further U = U’ UU". So as U’ is nonempty, and U is connected, we have that
U”"=0.So f(x)=cforallxe U. O

8.4.2 Continuously differentiable functions

Definition 8.4.5. We say f: U C R" — R™ is continuously differentiable, or C' (U) if f is differen-
tiable and f’: U — L(R",R™) is continuous.

Proposition 8.4.6. Let U C R" be open and f: U — R™. The function f is continuously differen-
tiable if and only if all the partial derivatives exist and are continuous.

Without continuity the theorem does not hold. Just because partial derivatives exist does not
mean that f is differentiable, in fact, f may not even be continuous. See the exercises for the last
section and also for this section.

Proof. We have seen that if f is differentiable, then the partial derivatives exist. Furthermore, the
partial derivatives are the entries of the matrix of f'(x). Soif f': U — L(R",R™) is continuous,
then the entries are continuous, hence the partial derivatives are continuous.

To prove the opposite direction, suppose the partial derivatives exist and are continuous. Fix
x € U. If we show that f'(x) exists we are done, because the entries of the matrix f’(x) are then
the partial derivatives and if the entries are continuous functions, the matrix valued function f” is
continuous.

Let us do induction on dimension. First let us note that the conclusion is true when n = 1. In
this case the derivative is just the regular derivative (exercise: you should check that the fact that the
function is vector valued is not a problem).

Suppose the conclusion is true for R"! that is, if we restrict to the first n — 1 variables, the
conclusion is true. It is easy to see that the first n — 1 partial derivatives of f restricted to the set
where the last coordinate is fixed are the same as those for f. In the following we think of R"~! as a
subset of R”, that is the set in R” where x,, = 0. Let

a_Q(X) o a—Q(X) a—Q(x) e ax{il (x) a)];ll (x)
A=l o | A= s e =

d m d m 0 - 9 - 9 -

a_ﬁ;(x) o a_f;(x) a—f;(x) . W{_l(x) a_i’n(x)

Let £ > 0 be given. Let § > 0 be such that for any k € R"~! with ||k|| < & we have

lf (x+k) — f(x) —Ak|

<€
]

By continuity of the partial derivatives, suppose 9§ is small enough so that

af; af;
ox, ox,

(x+h)— (x)| <€,
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for all j and all & with ||A|| < §.
Let i = hy +te, be a vector in R” where i; € R"~! such that ||2|| < §. Then ||h|| < ||A|| < 8.

Note that Ah = A1h) +1tv.

1f(x+h) = f(x) = Ah|| = || f(x+h +ien) = flx+hi) —tv+ fx+hi) — f(x) = Ak |
1f (et hy +ten) = flx+hy) —tv|[ + |l (x+ ki) — f(x) — Ak ]
If

<
S| f(x+hy +tep) — f(x+hy) —tv]| + €| hy]].

As all the partial derivatives exist then by the mean value theorem for each j there is some 6; € [0, 7]
(or [¢,0] if r < 0), such that

of;
filx+h+te,) — fi(x+h) :ta)]:] (x+h1+6je,).

Note that if ||4]| < & then ||h; + 0je,|| < ||h]| < 8. So to finish the estimate

1FCe+h) = () = ARl < [l f (et ha +1en) = f(x+ ) — vl 4 €| ]

& (9f i\’
< J_; (ta_xr]l(x"i‘hl +9jen) —taxi (x)) +8Hh1”
< Vmelt|+ €|
< (Vm+1)e||hl.

8.4.3 Exercises

Exercise 8.4.1: Define f: R> — R as

X2 2 in X2 \—1 i (x
nﬂmw::{é +y?)sin((* +5%) ) 2;?0#(Q°”

Show that f is differentiable at the origin, but that it is not continuously differentiable.

Exercise 8.4.2: Let f: R* — R be the function from Exercise 8.3.5, that is,

B i) #(0.,0),

Compute the partial derivatives % and g—J; at all points and show that these are not continuous functions.
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Exercise 8.4.3: Let B(0,1) C R? be the unit ball (disc), that is, the set given by x> +y* < 1. Suppose
f: B(0,1) — R is a differentiable function such that |f(0,0)| < 1, and ‘%‘ <1and ‘%‘ <1 for all points
in B(0,1).

a) Find an M € R such that || f'(x,y)|| < M for all (x,y) € B(0,1).

b) Find a B € R such that |f(x,y)| < B for all (x,y) € B(0,1).

Exercise 8.4.4: Define ¢: [0,27] — R? by @(r) = (sin(r), cos(t)). Compute ¢'(t) for all t. Compute ||¢’(¢)||
for all t. Notice that ¢'(t) is never zero, yet (p( ) = @(27), therefore, Rolle’s theorem is not true in more
than one dimension.

Exercise 8.4.5: Let f: R*> — R be a function such that af and extst at all points and there exists an

M € R such that ‘%‘ <M and ‘%‘ <M at all points. Show that f is continuous.

Exercise 8.4.6: Let f: R? — R be a function and M € R, such that for every (x,y) € R?, the function
g(t) := f(xt,yt) is differentiable and |g'(t)| < M.

a) Show that f is continuous at (0,0).

b) Find an example of such an f which is not continuous at every other point of R? (Hint: Think back to how
did we construct a nowhere continuous function on [0,1]).
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8.5 Inverse and implicit function theorem

Note: 2-3 lectures

To prove the inverse function theorem we use the contraction mapping principle we have seen
in chapter 7 and that we have used to prove Picard’s theorem. Recall that a mapping f: X — X’
between two metric spaces (X,d) and (X', d") is called a contraction if there exists a k < 1 such that

d'(f(x),f(y)) <kd(x,y) forallx,y€X.

The contraction mapping principle says that if f: X — X is a contraction and X is a complete metric
space, then there exists a unique fixed point, that is, there exists a unique x € X such that f(x) = x.

Intuitively if a function is differentiable, then it locally “behaves like” the derivative (which is a
linear function). The idea of the inverse function theorem is that if a function is differentiable and
the derivative is invertible, the function is (locally) invertible.

Theorem 8.5.1 (Inverse function theorem). Let U C R”" be a set and let f: U — R" be a con-
tinuously differentiable function. Also suppose p € U, f(p) = q, and f'(p) is invertible (that is,
Jr(p) # 0). Then there exist open sets V,W C R" such that p € V. C U, f(V) =W and fly is
one-to-one and onto. Furthermore, the inverse g(y) = (f|v)~'(y) is continuously differentiable and

1

g =(f'(x) ",  forallxeV,y= f(x).
Proof. Write A = f’(p). As f’ is continuous, there exists an open ball V around p such that
1
A - (X)]| < =——— forallxeV.
2[|A=1]

Note that f’(x) is invertible for all x € V.
Given y € R" we define ¢,: C — R"

oy(x) =x+AT (y— f(x)).

As A~ is one-to-one, then @ (x) = x (x is a fixed point) if only if y — f(x) = 0, or in other words
f(x) =y. Using chain rule we obtain

o) =1-A"f(x) =A"H (A~ f(x).

So for x € V we have
oy ()| < JATHHIA = /()] < /2.

As V is a ball it is convex, and hence

1
@y (x1) — @y(x2) || < EHM —xo||  forallx;,x, €V.
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In other words @y is a contraction defined on V, though we so far do not know what is the range of
@,. We cannot apply the fixed point theorem, but we can say that ¢, has at most one fixed point
(note proof of uniqueness in the contraction mapping principle). That is, there exists at most one
x € V such that f(x) =y, and so f|y is one-to-one.

Let W = f(V). We need to show that W is open. Take a y; € W, then there is a unique x; € V
such that f(x;) = y;. Let r > 0 be small enough such that the closed ball C(x;,r) CV (such r >0
exists as V' is open).

Suppose y is such that

p
Iy =yill < Sa=r7
2/a-1|

If we show that y € W, then we have shown that W is open. Define ¢y(x) =x+A~! (y— f(x)) as
before. If x € C(xy,r), then

@y (x) = x1]| < @y (x) — @y (x1) || + [ @y (x1) — x1 |
1 _
< EIIX—MII +A N =yl

1 _
< sr+1A7 - nl
r
=r
24T

1
< —r+|A7!
2r+\| |

So @, takes C(xy,r) into B(xy,r) C C(xy,r). Itis a contraction on C(xy,r) and C(x;,r) is complete
(closed subset of R” is complete). Apply the contraction mapping principle to obtain a fixed point x,
i.e. @y(x) =x. Thatis f(x) =y. Soy € f(C(x1,r)) C f(V)=W. Therefore W is open.

Next we need to show that g is continuously differentiable and compute its derivative. First let
us show that it is differentiable. Let y € W and k € R", k # 0, such that y+ k € W. Then there are
uniquex € Vand h € R", h A0 and x+h € V, such that f(x) =yand f(x+h) =y+kas flyisa
one-to-one and onto mapping of V onto W. In other words, g(y) = x and g(y+k) = x+h. We can
still squeeze some information from the fact that @, is a contraction.

@y (x+h) = @y(x) = h+ A" (f(x) = f(x+h) =h—A"k.

So
_ 1 Il
= A"k = [y (x4 ) = @, ()| < 5 lle+-h = = 120,

By the inverse triangle inequality ||h|| — [[A~'k|| < [|A] so
Il < 2]~ k]| < 2]a7 {1}

In particular as k goes to 0, so does A.
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As x €V, then f’(x) is invertible. Let B = (f’(x)) !, which is what we think the derivative of g
at yis. Then

18(y+k) —g(y) —Bk|| _ || — Bk]|

[l Il

I = B(f (x+h) — f(x))]]
]
_ B+ — £ () = f'()h)||

]
[A]] 11 (x+h) — f(x) = f/(x)A]|
[l 1]
¥ 1f Ce+1) = f(x) = f(x)RI

|

<|B||

<2|Bl[]]a~

As k goes to 0, so does h. So the right hand side goes to 0 as f is differentiable, and hence the left
hand side also goes to 0. And B is precisely what we wanted g’(y) to be.

We have g is differentiable, let us show it is C'(W). Now, g: W — V is continuous (it is
differentiable), f’ is a continuous function from V to L(R"), and X — X! is a continuous function.

g = ( il (g(y))) s the composition of these three continuous functions and hence is continuous.
O

Corollary 8.5.2. Suppose U C R" is open and f: U — R" is a continuously differentiable mapping
such that f'(x) is invertible for all x € U. Then given any open setV C U, f(V) is open. (f is an
open mapping).

Proof. Without loss of generality, suppose U = V. For each point y € f(V), we pick x € £~ (y)
(there could be more than one such point), then by the inverse function theorem there is a neigh-
bourhood of x in V that maps onto an neighbourhood of y. Hence f(V) is open. 0

Example 8.5.3: The theorem, and the corollary, is not true if f’ (x) is not invertible for some x.
For example, the map f(x,y) = (x,xy), maps R? onto the set R?\ {(0,y) : y # 0}, which is neither
open nor closed. In fact f~'(0,0) = {(0,y) : y € R}. This bad behavior only occurs on the y-axis,
everywhere else the function is locally invertible. If we avoid the y-axis, f is even one-to-one.

Example 8.5.4: Also note that just because f/(x) is invertible everywhere does not mean that f
is one-to-one globally. It is “locally”” one-to-one but perhaps not “globally.” For an example, take
the map f: R?\ {0} — R? defined by f(x,y) = (x> —y%,2xy). It is left to student to show that f is
differentiable and the derivative is invertible

On the other hand, the mapping is 2-to-1 globally. For every (a, b) that is not the origin, there
are exactly two solutions to x> — y> = ¢ and 2xy = b. We leave it to the student to show that there
is at least one solution, and then notice that replacing x and y with —x and —y we obtain another
solution.
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The invertibility of the derivative is not a necessary condition, just sufficient, for having a
continuous inverse and being an open mapping. For example the function f(x) = x° is an open
mapping from R to R and is globally one-to-one with a continuous inverse, although the inverse is
not differentiable at x = 0.

8.5.1 Implicit function theorem

The inverse function theorem is really a special case of the implicit function theorem which we
prove next. Although somewhat ironically we prove the implicit function theorem using the inverse
function theorem. What we were showing in the inverse function theorem was that the equation
x— f(y) = 0 was solvable for y in terms of x if the derivative in terms of y was invertible, that is if
f'(y) was invertible. That is there was locally a function g such that x — f (g(x)) =0.

OK, so how about we look at the equation f(x,y) = 0. Obviously this is not solvable for y in
terms of x in every case. For example, when f(x,y) does not actually depend on y. For a slightly
more complicated example, notice that x> +y? — 1 = 0 defines the unit circle, and we can locally
solve for y in terms of x when 1) we are near a point which lies on the unit circle and 2) when we

are not at a point where the circle has a vertical tangency, or in other words where ‘3—]; =0.

To make things simple we fix some notation. We let (x,y) € R"™™ denote the coordinates
(X1y-++sXnY1,--,Ym). A linear transformation A € L(R"*™ R™) can then always be written as
A=A, Ay sothat A(x,y) =Ax+A,y, where A, € L(R",R™) and A, € L(R™).

Proposition 8.5.5. Let A = [A, A)] € L(R"™™ R™) and suppose A, is invertible. If B = —(Ay)_le,
then
0=A(x,Bx) =Ax+A,Bx.

The proof is obvious. We simply solve and obtain y = Bx. Let us show that the same can be
done for C! functions.

Theorem 8.5.6 (Implicit function theorem). Let U C R be an open set and let f: U — R™ be a
CY(U) mapping. Let (p,q) € U be a point such that f(p,q) = 0 and such that

a(fl?"'7ﬁn)

301, oym) DD 7O

Then there exists an open set W C R" with p € W, an open set W' C R™ with g € W', with
W x W' C U, and a C'(W) mapping g: W — W', with g(p) = q, and for all x €W, the point g(x)
is the unique point in W’ such that

f(xag(x)> :O
Furthermore, if [Ax Ay| = f'(p,q), then
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The condition agf L)y mg (p,q) = det(Ay) # 0 simply means that A, is invertible.

Proof. Define F: U — R"™™ by F(x,y) := (x, f(x,y)). It is clear that F is C', and we want to
show that the derivative at (p,q) is invertible.
Let us compute the derivative. We know that

| f(p+h,qg+k)—f(p,q) —Ah—Ak|
| (R, K|

goes to zero as ||(h,k)|| = \/||h||? + || k||? goes to zero. But then so does

[(a, f(p+h a+k) = f(p,@) — (AR +AK)| _ |If(p+h,qg+k)— f(p,q) —Ach— Ajk|
ol (ol '

So the derivative of F at (p,q) takes (h,k) to (h,Axh+Ayk). If (h,Axh+Ayk) = (0,0), then =0,
and so Ayk = 0. As Ay is one-to-one, then k = 0. Therefore F ! (p,q) is one-to-one or in other words
invertible and we apply the inverse function theorem.

That is, there exists some open set V C R"™ with (p,0) € V, and an inverse mapping G: V —
R™"™, that is F (G(x,s)) = (x,s) for all (x,s) € V (where x € R" and s € R™). Write G = (G1,G>)
(the first n and the second m components of G). Then

F(Gi(x,5),Ga(x,5)) = (Gi(x,5), f(Gi(x,5),Ga(x,5))) = (x,s).

Sox = Gi(x,s) and f(Gi(x,s),Ga(x,s)) = f(x,Ga(x,s5)) = 5. Plugging in s = 0 we obtain

) =
f(x, Ga(x, 0)) 0.

The set G(V') contains a whole neighbourhood of the point (p,q) and therefore there are some open
The set V is open and hence there exist some open sets W and W’ such that Wx W C G(V) with
peW and g W' Thentake W = {x € W : G»(x,0) € W'}. The function that takes x to G, (x,0)
is continuous and therefore W is open. We define g: W — R™ by g(x) := G, (x,0) which is the g in
the theorem. The fact that g(x) is the unique point in W’ follows because W x W' C G(V) and G is
one-to-one and onto G(V).

Next differentiate

x> f(x,g(x)),

at p, which should be the zero map. The derivative is done in the same way as above. We get that
for all h € R"

0=A(h,g'(p)h) = Ash+Ayg (p)h,

and we obtain the desired derivative for g as well. [
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In other words, in the context of the theorem we have m equations in n 4 m unknowns.

fl(xla'--7xn7y17"'aym) =0

fm(xla"'axmyl;"'vym> =0

And the condition guaranteeing a solution is that this is a C' mapping (that all the components are
C!, or in other words all the partial derivatives exist and are continuous), and the matrix

ah 9fi
dyr " Idym
9fm 9fm
dyi T Oym

is invertible at (p,q).

Example 8.5.7: Consider the set x2 +y? — (z+1)° = —1, ¢ + &’ + €% = 3 near the point (0,0,0).
The function we are looking at is

Fenz) =2+ = (z+ 1) +1,65 +e¥ + & —3).
We find that

o {2x 2y —3(z+1)2}
e e et ’

The matrix 2(0) —3(0+1)> 0 -3
EAR R N i

&Y 1 1

is invertible. Hence near (0,0,0) we can find y and z as C! functions of x such that for x near 0 we
have

Py - (0 +1)°=—1,  FreW e =3,
The theorem does not tell us how to find y(x) and z(x) explicitly, it just tells us they exist. In other
words, near the origin the set of solutions is a smooth curve in R? that goes through the origin.

Note that there are versions of the theorem for arbitrarily many derivatives. If f has k& continuous
derivatives, then the solution also has k derivatives.

8.5.2 Exercises

Exercise 8.5.1: Let C = {(x,y) € R?>: x> +y* =1}.
a) Solve fory in terms of x near (0,1).

b) Solve fory in terms of x near (0,—1).

¢) Solve for x in terms of y near (—1,0).
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Exercise 8.5.2: Define f: R* — R? by f(x,y) := (x,y+h(x)) for some continuously differentiable function
h of one variable.

a) Show that f is one-to-one and onto.

b) Compute f'.

c¢) Show that f' is invertible at all points, and compute its inverse.

Exercise 8.5.3: Define f: R* —R*\ {(0,0)} by f(x,y) := (e*cos(y), e sin(y)).

a) Show that f is onto.

b) Show that f' is invertible at all points.

c) Show that f is not one-to-one, in fact for every (a,b) € R*>\ {(0,0)}, there exist infinitely many different
points (x,y) € R? such that f(x,y) = (a,b).

Therefore, invertible derivative at every point does not mean that f is invertible globally.

Exercise 8.5.4: Find a map f: R" — R" that is one-to-one, onto, continuously differentiable, but f'(0) = 0.
Hint: Generalize f(x) = x> from one to n dimensions.

Exercise 8.5.5: Consider z*> +xz+y = 0 in R>. Find an equation D(x,y) = 0, such that if D(xo,yo) # 0 and
22 +x0z+yo = 0 for some z € R, then for points near (xo,yo) there exist exactly two distinct continuously
differentiable functions ri(x,y) and ra(x,y) such that z = ri(x,y) and z = r»(x,y) solve 2> +xz+y = 0. Do
you recognize the expression D from algebra?

Exercise 8.5.6: Suppose f: (a,b) — R? is continuously differentiable and %(t) # 0 for all t € (a,b).
Prove that there exists an interval (c,d) and a continuously differentiable function g: (c,d) — R such that
(x,y) € f((a,b)) if and only if x € (c,d) and y = g(x). In other words, the set f((a,b)) is a graph of g.

Exercise 8.5.7: Define f: R> — R?

(«sin(1/x) +3,y) ifx#0,

fx,y) = {(O,y) ifx=0

a) Show that f is differentiable everywhere.

b) Show that f'(0,0) is invertible.

c) Show that f is not one-to-one in any neighbourhood of the origin (it is not locally invertible, that is, the
inverse theorem does not work).

d) Show that f is not continuously differentiable.

Exercise 8.5.8 (Polar coordinates): Define a mapping F (r,0) := (rcos(8),rsin(0)).

a) Show that F is continuously differentiable (for all (r,0) € R?).

b) Compute F'(0,0) for any 6.

c¢) Show that if r # 0, then F'(r,0) is invertible, therefore an inverse of F exists locally as long as r # 0.

d) Show that F : R? — R? is onto, and for each point (x,y) € R?, the set F~(x,y) is infinite.

e) Show that F : R? — R? is an open map, despite not satisfying the condition of the inverse function theorem.
f) Show that F (g «)x[0,2x) is one to one and onto R*\ {(0,0)}.
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8.6 Higher order derivatives

Note: less than 1 lecture

Let U: R" be an open set and f: U — R a function. Denote by x = (x1,xp,...,x,) € R"” our

coordinates. Suppose % exists everywhere in U, then we note that it is also a function % U —R.
J J

Therefore it makes sense to talk about its partial derivatives. We denote the partial derivative of ng
J

with respect to x; by

2 9

8xk8x j o 8xk
. .. 0%f . ..
If kK = j then we write 52 for simplicity.
j
We define higher order derivatives inductively. Suppose ji, ja,..., j¢ are integers between 1 and

n, and suppose
af— 1 f

0xj,_0xj,_, -+ 0xj,

exists and is differentiable in the variable x;,, then the partial derivative with respect to that variable
is denoted by

/-1
5 P
olf _ (axjeflax,é,fzv.-ale )
dx;j,0xj,_, -+ 9xjy dx;j,

Such a derivative is called a partial derivative of order {.
*f

Remark that sometimes the notation ijxk 1s used for Tex,

. This notation swaps the order of
derivatives, which may be important.

Definition 8.6.1. If U C R" is an open set and f: U — R a function. We say f is k-times con-
tinuously differentiable function, or a C* function, if all partial derivatives of all orders up to and
including order k exist and are continuous.

So a continuously differentiable, or C!, function is one where all partial derivatives exist and
are continuous, which agrees with our previous definition due to Proposition 8.4.6. We could have
required only that the kth order partial derivatives exist and are continuous, as the existence of lower
order derivatives is clearly necessary to even define kth order partial derivatives, and these lower
order derivatives will be continuous as they will be differentiable functions.

When the partial derivatives are continuous, we can swap their order.

Proposition 8.6.2. Suppose U C R" is open and f: U — R is a C? function, and j and k are two
integers between 1 and n. Then

9% f 9% f

axkax]‘ N 8)6]'8)6]{'
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Proof. Fix apoint p € U, and let e; and ¢; be the standard basis vectors and let s and ¢ be two small
nonzero real numbers. We pick s and ¢ small enough so that p + soe; +foe, € U for all sg and 7o
with |so| < |s| and |fo| < |¢|. This is possible since U is open and so contains a small ball (or a box
if you wish).

Using the mean value theorem on the partial derivative in x; of the function f(p +se;) — f(p),
we find a 7y between 0 and ¢ such that

f(p+sej+te)— f(p+te) — f(p+sej)+f(p) If

af
p —a—)q{(P+S€j+to€k)—a—xk(P+foek)-

Next there exists a number sg between 0 and s such that

2 2
SL(p+sej+ien) = FL(p+we) 2y

s ~ ox 10X, (p

+s0e + toex).

In other words

. _ _ , 92
o(s.1) 1= f(p+sej+te) f(ptttek) f(p+se))+f(p) _ axj;xk(p“"ef“"e")‘

Taking a limit as (s,¢) € R? goes to zero we find that (s, %) also goes to zero and by continuity of
the second partial derivatives we find that

. °f
(s}tl)n—lmg(s’t) N 8xj8xk p

We now reverse the ordering, starting with the function f(p +te;) — f(p) we find an s; between 0
and s such that

f(P+tek+se')_f(P+se')_f(P+tek)+f(P) Jdf af
J . J :a_)cj(p+tek+slej)—a—xj(p+s1ej).
And we find a #; between 0 and ¢
g—é(p-l—tek-l—slej)—gTj;(p—l—slej) 2f
= t )
P axkaxj(p+ 1€k+slej)

Again we find that g(s,7) = afk%(p +t1ex + s1¢;) and therefore
J

*f
lim g(s,t) =
(s,t)—>0g( ) 8xk8xj p
And therefore the two partial derivatives are equal. 0

The proposition does not hold if the derivatives are not continuous. See the exercises. Notice
also that we did not really need a C? function we only needed the two second order partial derivatives
involved to be continuous functions.



52 CHAPTER 8. SEVERAL VARIABLES AND PARTIAL DERIVATIVES

8.6.1 Exercises

Exercise 8.6.1: Suppose f: U — R is a C? function for some open U C R" and p € U. Use the proof of
Proposition 8.6.2 to find an expression in terms of just the values of f (analogue of the difference quotient for

o R
the first derivative), whose limit is ngk(p)

Exercise 8.6.2: Define

f(x,y) — { x2+y2 l:f‘(xky) # (0’0)’
0 if (x,y) = (0,0).
Show that
a) The first order partial derivatives exist and are continuous.

2 2 2 2
b) The partial derivatives ;xafy and aay{x exist, but are not continuous at the origin, and ;x—gfy(0,0) # ;ygfx (0,0).

Exercise 8.6.3: Suppose f: U — R is a C* function for some open U C R" and p € U. Suppose ji, ja, ..., jk
are integers between 1 and n, and suppose ¢ = (0,02, ...,0y) is a permutation of (1,2,... k). Prove

ok f ok f

p =
dxj0xj,_, -+ 0x, dxj, Oxj, - 0xj,

()

Exercise 8.6.4: Suppose ¢: R> — R be a C* function such that ¢(0,0) = @(0,v) for all 6,y € R and
¢(r,0) = @(r,0 +27) for all 1,6 € R. Let F(r,0) = (rcos(0),rsin(6)) from Exercise 8.5.8. Show that a
function g: R?> — R, given g(x,y) := (p(F_1 (x,y)) is well defined (notice that F~'(x,y) can only be defined
locally), and when restricted to R?\ {0} it is a C* function.



Chapter 9

One dimensional integrals in several
variables

9.1 Differentiation under the integral

Note: less than 1 lecture

Let f(x,y) be a function of two variables and define

s0) = [ 1) v

Suppose f is differentiable in y. The question we ask is when can we “differentiate under the
integral”, that is, when is it true that g is differentiable and its derivative

?

b
¢0)2 [ L a

Differentiation is a limit and therefore we are really asking when do the two limitting operations of
integration and differentiation commute. As we have seen, this is not always possible, some sort of
uniformity is necessary. In particular, the first question we would face is the integrability of g—JyC, but

the formula can fail even if ‘3—]; is integrable for all y.
Let us prove a simple, but the most useful version of this theorem.

Theorem 9.1.1 (Leibniz integral rule). Suppose f: [a,b] x [c,d] — R is a continuous function, such
that g—]; exists for all (x,y) € |a,b] X [c,d] and is continuous. Define

g(y) = /abf(w) dx.
5

3
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Then g: [c,d] — R is differentiable and

b
¢0) = [ L a

The continuity requirements for f and ’3—]; can be weakened, but not dropped outright. The main

point is for g—f; to exist and be continuous for a small interval in the y direction. In applications, the
[c,d] can be a small interval around the point where you need to differentiate.

Proof. Fix y € [c,d] and let € > 0 be given. As ‘3—§ is continuous on [a,b] X [c,d] it is uniformly
continuous. In particular, there exists 6 > 0 such that whenever y; € [c,d] with |y; —y| < & and all
x € [a,b] we have

d d
%mm—%@w<a

Suppose £ is such that y+ & € [c,d] and |h| < §. Fix x for a moment and apply mean value
theorem to find a y; between y and y + & such that

h) — d

If |h| < 6 then

af af

Sy +h) —flxy) 8f(x’y)‘ _ ‘&_y(x’yl) _ a—y(x,y) <E.

h dy

This argument worked for every x € [a,b]. Therefore, as a function of x

o 9
N f(x,y+ Zl f<x7y) converges uniformly to X = a—;c(x,y) ash— 0.

We only defined uniform convergence for sequences although the idea is the same. If you wish you
can replace h with 1/n above and let n — o.
Now consider the difference quotient

ﬂy+m—g@):Jfﬂmy+hﬁM—Jfﬂ&wdx:/%f@m+h)<ﬂxw(m
h h a h '

Uniform convergence can be taken underneath the integral and therefore

_ b _ b
fim 8O =80) _ Py SOV ER )y POF 0
h—0 h a h—0 h a 0y
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Example 9.1.2: Let

Then 1
)= / —2ycos(x* —y?) dx.
0

Example 9.1.3: Suppose we start with

lx—1
/ dx
o In(x)
The function under the integral extends to be continuous on [0, 1], and hence the integral exists, see
exercise below. Trouble is finding it. Introduce a parameter y and define a function:

Ly 1
= d
g(y) /O ln(x) X
-1

The function {7 also extends to a continuous function of x and y for (x,y) €10,1] x[0,1]. Therefore
g is a continuous function of on [0, 1]. In particular g(0) = 0. For any € > 0, the y derivative of the

integrand, x”, is continuous on [0, 1] x [g, 1]. Therefore, for y > 0 we may differentiate under the

integral sign
Un(x)x ! 1
'(y) = dx = Vdx = ——.
§0)= [ g de= )

We need to figure out g(1), knowing g'(y) = -+ and g(0) = 0. By elementary calculus we find

RSl
g(1) = Jy & (y) dy =1In(2). Therefore

Ly—1
/0 o) 4 =n(2)

Exercise 9.1.1: Prove the two statements that were asserted in the example.

1 . .
a) Prove i ) extends to a continuous function of [0, 1].
1

b) Prove )f:l(;) extends to be a continuous function on [0,1] x [0, 1].

9.1.1 Exercises

Exercise 9.1.2: Suppose h: R — R is a continuous function. Suppose g: R — R is which is continuously
differentiable and compactly supported. That is there exists some M > 0 such that g(x) = 0 whenever |x| > M.
Define

1) = [ r)glx—y) dy.
Show that f is differentiable.
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Exercise 9.1.3: Suppose f: R — R is an infinitely differentiable function (all derivatives exist) such that
f(0) = 0. Then show that there exists another infinitely differentiable function g(x) such that f(x) = xg(x).
Finally show that if f'(0) # 0 then g(0) # 0. Hint: first write f(x) = [y f'(s)ds and then rewrite the integral
to go from O to 1.

Exercise 9.1.4: Compute fol e'* dx. Derive the formula for fol x"e* dx not using itnegration by parts, but by
differentiation underneath the integral.

Exercise 9.1.5: Let U C R" be an open set and suppose f(x,y1,V2,...,Yn) IS a continuous function defined
on [0,1] x U € R Suppose 5—yfl, g—yj;,..., gf exist and are continuous on [0,1] x U. Then prove that
F: U — R defined by

1
F(ylvy27"'ayn) ::/0 f(xayl’yZa‘-wyn)dx

is continuously differentiable.

Exercise 9.1.6: Show the following counterexample: Let

oy
flay) = | rap Fx#F0ory#0

’ fx=0andy=0.

a) Prove that for any fixed y the function x — f(x,y) is Riemann integrable on [0, 1] and
1

M
B di—
g()’) /0 f(X,y) X s

Therefore g'(y) exists and we get the continuous function

gy) = 1_73’2
20> +1)*

b) Prove g—f exists at all x and y and compute it.

c) Show that for all y

Lof
——(x,y)dx
) 3y (x,y)

exists but

1 af
g'(0) # / 87()6’0) dx.
0 oy
Exercise 9.1.7: Show the following counterexample: Let
2 gin (L .
xy=sin(;) fx#0andy#0,
fxy) = () :
0 ifx=00ry=0.

a) Prove f is continuous on [0,1] X [a,b] for any interval |a,b]. Therefore the following function is well
defined on |a,b)

1
80) = [ fny)dx.
f

b) Prove ?Ty exists for all (x,y) in [0,1] X [a,b], but is not continuous.

c) Show that |, 5=(x,y)dx does not exist if y even if we take improper integrals.
) Show th 0“35 dx d istif y £ 0 ' ke i ] I
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9.2 Path integrals

Note: 2-3 lectures

9.2.1 Piecewise smooth paths

Definition 9.2.1. A continuously differentiable function y: [a,b] — R" is called a smooth path or a
continuously differentiable path™ if 7y is continuously differentiable and ¥/ (¢) # 0 for all 7 € [a, D).
The function 7y is called a piecewise smooth path or a piecewise continuously differentiable path
if there exist finitely many points fp = a < t; <t < --- <t = b such that the restriction of the
function ¥|y,, ;] is smooth path.
We say v is a simple path if |, ) is a one-to-one function. A yis a closed path if y(a) = y(b),
that is if the path starts and ends in the same point.

Since ¥ is a function of one variable, we have seen before that treating /(z) as a matrix is
equivalent to treating it as a vector since it is an n X 1 matrix, that is, a column vector. In fact,
by an earlier exercise, even the operator norm of /() is equal to the euclidean norm. Therefore,
we will write ¥/ (¢) as a vector as is usual, and then ¥/(¢) is just the vector of the derivatives of its
components, so if ¥(r) = (1 (2), 12(t), ..., %(t)), then ¥ (r) = (% (1), %5(¢), ..., % (1)).

One can often get by with only smooth paths, but for computations, the simplest paths to
write down are often piecewise smooth. Note that a piecewise smooth is automatically continuous
(exercise).

Generally, it is the direct image }/([a,b]) that is what we are interested in, although how we
parametrize it with 7y is also important to some degree. We informally talk about a curve, and often
we really mean the set y([a, b]) , just as before depending on context.

Example 9.2.2: Let : [0,4] — R? be defined by

(¢,0) ifr €10,1],
J(e=1) ifre(1,2],
7)== (3—1,1) ifre(2,3],
(0,4—1) ifre (3,4].

Then the reader can check that the path is the unit square traversed counterclockwise. We can
check that for example ¥|[; 5(¢) = (1,# — 1) and therefore (¥|[; 2))'(¢) = (0,1) # 0. It is good to
notice at this point that (¥ 2)' (1) = (0,1), (¥ljo,17)'(1) = (1,0), and ¥(1) does not exist. That is,
at the corners 7 is of course not differentiable, even though the restrictions are differentiable and the
derivative depends on which restriction you take.

*The word “smooth” is used sometimes for continuously differentiable and sometimes for infinitely differentiable
functions in the literature.
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Example 9.2.3: The condition that ¥/ (¢) # 0 means that the image of 7y has no “corners” where v is
continuously differentiable. For example, take the function

(t,0) ift <0,
t) .=
v {(o,zz) if 1 > 0.

It is left for the reader to check that y is continuously differentiable, yet the image y(R) = {(x,y) €
R?: (x,y) = (s,0) or (x,y) = (0,s) for some s > 0 } has a “corner” at the origin. And that is because
¥ (0) = (0,0). More complicated examples with even infinitely many corners exist, see the exercises.

The condition that ¥ (¢) # 0 even at the endpoints guarantees not only no corners, but also that
the path ends nicely, that is, can always extend a little bit past the endpoints. Again, see the exercies.

Example 9.2.4: A graph of a continuously differentiable function f: [a,b] — R is a smooth path.
That is, define y: [a,b] — R? by
¥(e) = (1. £(1)).

Then ¥ (r) = (1, f'(¢)), which is never zero.

There are other ways of parametrizing the path. That is, having a different path with the same
image. For example, the function that takes ¢ to (1 —)a +tb, takes the interval [0, 1] to [a,b]. So let
a: [0,1] — R? be defined by

o(r) ;== ((L—=1)a+1b, f((1 —1t)a+1b)).

Then o'(t) = (b—a,(b—a) f'((1 —t)a+1tb)), which is never zero. Furthermore as sets ¢ ([0, 1]) =
Y([a,b]) = {(x,y) € R?*: x € [a,b] and f(x) = y}, which is just the graph of f.

The last example leads us to a definition.

Definition 9.2.5. Let y: [a,b] — R" be a smooth path and %: [c,d] — [a,b] a continuously differ-
entiable bijective function such that 4'(¢) # 0 for all # € [c,d]. Then the composition yo A is called a
smooth reparametrization of .

Let y be a piecewise smooth path, and 4 be a piecewise smooth bijective function. Then the
composition Yo h is called a piecewise smooth reparametrization of 7.

If h is strictly increasing, then £ is said to preserve orientation. If h does not preserve orientation,
then 4 is said to reverse orientation.

A reparametrization is another path for the same set. That is, (Yo ) ([c,d]) = y([a,b]).

Let us remark that for A, piecewise smooth means that there is some partition t) = ¢ < t; <
ty < --- <fx =d, such that hf,,_, ) is continuously differentiable and (h][,H’,j])’ (t) # 0 for all
t € [tj_1,t;]. Since h is bijective, it is either strictly increasing or strictly decreasing. Therefore
either (h,_, ,;)'(t) > 0 forallt or (A, _, 1) () <O forall .
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Proposition 9.2.6. If y: [a,b] — R" is a piecewise smooth path, and yoh: [c,d] — R" is a piecewise
smooth reparametrization, then Yo h is a piecewise smooth path.

Proof. Let us assume that & preserves orientation, that is, / is strictly increasing. If 4: [c,d] — [a, D]
gives a piecewise smooth reparametrization then for some partition ro =c<ri <r <---<rp=d,
we have A itjo1)] is continuously differentiable with positive derivative.

Letto =a <t <t <--- <ty = b be the partition from the definition of piecewise smooth for y
together with the points {A(ro),n(r1),h(r2),...,h(r¢)}. Lets; :=h~1(t;). Then so =c < s1 < 53 <
++ <sg=d. Fort € [sj_1,s,] notice that h(t) € [tj1,1)], h|js,_, s, is continuously differentiable,
and Q| itjo1.t]] is also continuously differentiable. Then

(yoh)] [sj—1,5] (1) =l [tj-1.1)] (h‘ [sj-1,5] (t)) :

The function (Yo h)|(, , s, is therefore continuously differentiable and by the chain rule

((Yomls, s) (1) = (Fi ) (RO) (hlis, -, 5)(8) £ 0.

Therefore yo h is a piecewise smooth path. The case for an orientation reversing # is left as an
exercise. 0

If two paths are simple and their images are the same, it is left as an exercise that there exists a
reparametrization.

9.2.2 Path integral of a one-form

Definition 9.2.7. If (x,x,...,x,) € R" are our coordinates, and given n real-valued continuous
functions f1, f3,. .., fu defined on some set S C R” we define a so-called one-form:

W = W1dx| + dx> + - - - ©dxy,.

We could represent @ as a continuous function from S to R", although it is better to think of it as a
different object.

Example 9.2.8: For example,

-

22 R dx+

o(x,y) = dy

x2+y?
is a one-form defined on R?\ {(0,0)}.
Definition 9.2.9. Let y: [a,b] — R” be a smooth path and

® = O1dx; + rdxy + - - Wudxy,
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a one-form defined on the direct image ¥([a,b]). Let Yy = (11, %, ..., %) be the components of .
Define:

0= [ (@ ()10 + @(0)h0) + -+ 0, ()0 ) d
= /ab (Z wj(Y(t))Vj(f)) dt.

J=1

Y

If y is piecewise smooth, take the corresponding partition tg =a < t] <t < ... <ty = b, where we
assume the partition is the minimal one, that is y is not differentiable at 7,13, . ..,_;. Each 7| itjo1.t)]
is a smooth path and we define

/yw:: /y[

The notation makes sense from the formula you remember from calculus, let us state it somewhat
informally: if x;(¢) = v;(¢), then dx; = ¥;(t)dt.

Paths can be cut up or concatenated as follows. The proof is a direct application of the additivity
of the Riemann integral, and is left as an exercise. The proposition also justifies why we defined the
integral over a piecewise smooth path in the way we did, and it further justifies that we may as well
have taken any partition not just the minimal one in the definition.

o+ O+ + .
!

1041 ity o) Vi, an)

Proposition 9.2.10. Let y: [a,c] — R" be a piecewise smooth path. For some b € (a,c), define the
piecewise smooth paths o = | la,p] and B =1 b, For a one-form @ defined on the image of y we

have
[o=[o+ o
14 a B

Example 9.2.11: Let the one-form @ and the path y: [0,27] — R? be defined by

-y X .
o(x,y) == 2 +y2dx+ 2 +yzdy, Y(r) := (cos(t),sin(r)).

Then

_ [ —sin(z) _in cos(t) cos
/7’0) N /0 ( (cos(1))” + (sin(r))? (Zsin@) + (cos(r))? + (sin(r))* ( (l))> a

27
:/ \dt = 27,
0

Next, let us parametrize the same curve as a: [0, 1] — R? defined by (r) := (cos(27t),sin(27t)),
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that is & is a smooth reparametrization of . Then

! — sin(27t) Corsin
/aa) B /O ( (cos(27tt))2 + (Sin(2n’t))2 (~2msin(2m)

cos(2mt)
(cos(27rt))2 + (sin(27rt))2

(27rcos(27tt))> dt
1

= / 2rdt =27,
0

Now let us reparametrize with : [0,27] — R? as f(t) := (cos(—t),sin(—¢)). Then

_ [ —sin(—7) sin(— cos(—t) —cos(—
/ﬁ © /0 ( (cos(—1))? + (sin(—1))° (sin(=0))+ (cos(=1)) + (sin(—1))* ( ( t))> a
:/()zn(—l)dt: _om.

Now, o was an orientation preserving reparametrization of ¥, and the integral was the same. On the
other hand f is an orientation reversing reparametrization and the integral was minus the original.

The previous example is not a fluke. The path integral does not depend on the parametrization
of the curve, the only thing that matters is the direction in which the curve is traversed.

Proposition 9.2.12. Let y: [a,b] — R" be a piecewise smooth path and yoh: [c,d] — R" a piece-
wise smooth reparametrization. Suppose @ is a one-form defined on the set }/([a, b]) Then

/ fy 0] if h preserves orientation,
W =
yoh — fyw if h reverses orientation.

Proof. Assume first that v and & are both smooth. Write the one form as ® = wydx| + @wydx; +
-+ 4 @,dx,. Suppose first that 4 is orientation preserving. Using the definition of the path integral
and the change of variables formula for the Riemann integral,

b n
a):/ (Z a)j(y(t)))/j(t)) di
Y a —



62 CHAPTER 9. ONE DIMENSIONAL INTEGRALS IN SEVERAL VARIABLES

If A is orientation reversing it will swap the order of the limits on the integral introducing a minus
sign. The details, along with finishing the proof for piecewise smooth paths is left to the reader as
Exercise 9.2.4. [

Due to this proposition (and the exercises), if we have a set I' C R” that is the image of a
simple piecewise smooth path }/([a, b]) , then if we somehow indicate the orientation, that is, which
direction we traverse the curve, in other words where we start and where we finish. Then we just

/ a),
I

without mentioning the specific y. Furthermore, for a simple closed path, it does not even matter
where we start the parametrization. See the exercises.

Recall that simple means that 7y restricted to (a,b) is one-to-one, that is, it is one-to-one except
perhaps at the endpoints. We also often relax the simple path condition a little bit. For example, as
long as y: [a,b] — R" is one-to-one except at finitely many points. That is, there are only finitely
many points p € R” such that y~!(p) is more than one point. See the exercises. The issue about the
injectivity problem is illustrated by the following example.

Example 9.2.13: Suppose 7: [0,27] — R? is given by ¥(r) := (cos(),sin(¢)) and B : [0,27] — R?
is given by B(r) := (cos(2t),sin(27)). Notice that ¥([0,27]) = B([0,27]), and we travel around

the same curve, the unit circle. But y goes around the unit circle once in the counter clockwise
direction, and 8 goes around the unit circle twice (in the same direction). Then

/y—dewLxdy = /()27:((— sin(r)) (—sin(r)) +cos(z) cos(t))dt =2,
/ﬁ —ydx+xdy = /02”<<_ sin(2¢)) (—2sin(21)) 4 cos(t) (ZCos(t)))dt =47,

It is sometimes convenient to define a path integral over y: [a,b] — R” that is not a path. We

define
b n
/yw ::/a (,_Zl a’f(7<f>)9é<t)) dt

for any y which is continuously differentiable. A case which comes up naturally is when ¥ is
constant. In this case y'(¢) = 0 for all t and y([a, b]) is a single point, which we regard as a “curve”
of length zero. Then, fya) =0.

9.2.3 Line integral of a function

Sometimes we wish to simply integrate a function against the so-called arc-length measure.
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Definition 9.2.14. Suppose 7: [a,b] — R" is a smooth path, and f is a continuous function defined
on the image ¥([a,b]). Then define

b
/fds::/ F@)IY @)l de.
Y a

The definition for a piecewise smooth path is similar as before and is left to the reader.

The geometric idea of this integral is to find the “area under the graph of a function” as we move
around the path 7y. The line integral of a function is also independent of the parametrization, and in
this case, the orientation does not matter.

Proposition 9.2.15. Let y: [a,b] — R" be a piecewise smooth path and yoh: [c,d] — R" a piece-
wise smooth reparametrization. Suppose f is a continuous function defined on the set j/([a, b])
Then
fds= / fds.

Y

Yoh

Proof. Suppose first that /4 is orientation preserving and 7y and 4 are both smooth. Then as before

b
Jras= [ s

= [ 1)y (@) @)
= [ 1)y @) @l
= [ s reny @z

= fds.
Yoh

If A is orientation reversing it will swap the order of the limits on the integral but you also have to
introduce a minus sign in order to take /4’ inside the norm. The details, along with finishing the
proof for piecewise smooth paths is left to the reader as Exercise 9.2.5. [

Similarly as before, because of this proposition (and the exercises), if ¥ is simple, it does not
matter which parametrization we use. Therefore, if I = }/([a, b]) we can simply write

/F fds.

In this case we also do not need to worry about orientation, either way we get the same thing.
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Example 9.2.16: Let f(x,y) = x. Let C C R? be half of the unit circle for x > 0. We wish to

compute
/ fds.
C

Pazlametrize Cby y: [-7/2,7/2] — R? given by ¥(r) = (cos(t),sin(t)). Then ¥ (r) = (—sin(z),cos(r)),
an

/Cfds = /yfds = /”/2 cos(t)\/(— sin(t))2+ (cos(t))zdt = /ﬂ/z cos(t)dr = 2.

—7/2 —x/2

Definition 9.2.17. Suppose I C R” is parametrized by a simple piecewise smooth path y: [a,b] —
R", that is ¥([a,b]) =T. The we define the length by

o) = /Fds:/yds:/abH)/(t)Hdt.

Example 9.2.18: Let x,y € R" be two points and write [x,y] as the straight line segment between
the two points x and y. We parametrize [x,y] by ¥(¢) := (1 —)x+ty for # running between 0 and 1.
We find ¥/ (t) = y — x and therefore

1
()= [ ds= [yl =y~

So the length of [x,y] is the distance between x and y in the euclidean metric.

A simple piecewise smooth path y: [0,r] — R" is said to be an arc-length parametrization if

(rloa) = [ I @lae=r.

You can think of such a parametrization as moving around your curve at speed 1.

9.2.4 Exercises

Exercise 9.2.1: Show that if ¢: [a,b] — R" is piecewise smooth as we defined it, then @ is a continuous
function.

Exercise 9.2.2: Finish the proof of Proposition 9.2.6 for orientation reversing reparametrizations.
Exercise 9.2.3: Prove Proposition 9.2.10.

Exercise 9.2.4: Finish the proof of Proposition 9.2.12 for a) orientation reversing reparametrizations, and
b) piecewise smooth paths and reparametrizations.
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Exercise 9.2.5: Finish the proof of Proposition 9.2.15 for a) orientation reversing reparametrizations, and
b) piecewise smooth paths and reparametrizations.

Exercise 9.2.6: Suppose y: [a,b] — R" is a piecewise smooth path, and f is a continuous function defined
on the image ([a,b]). Provide a definition of [, fds.

Exercise 9.2.7: Directly using the definitions:

a) Compute the arc-length of the unit square from Example 9.2.2 using the given parametrization.

b) Compute the arc-length of the unit circle using the parametrization y: [0,1] — R, y(t) = (cos(27t), sin(27t)).
c) Compute the arc-length of the unit circle using the parametrization B : [0,27) — R?, B(t) = (cos(t),sin(z)).

Exercise 9.2.8: Suppose v: [0,1] — R" is a smooth path, and ® is a one-form defined on the image ¥([a,b)).
For r € [0,1], let y,: [0,r] — R" be defined as simply the restriction of y to [0,r]. Show that the function
h(r) := [, @ is a continuously differentiable function on [0, 1].

Exercise 9.2.9: Suppose y: [a,b] — R" is a smooth path. Show that there exists an € > 0 and a smooth
function ¥: (a—¢&,b+¢€) — R" with §(t) = y(t) for all t € [a,b] and ¥ (t) # 0 forallt € (a—&€,b+¢€). That
is, prove that a smooth path always extends some small distance past the end points.

Exercise 9.2.10: Suppose o.: [a,b] — R" and B: [c,d] — R" are piecewise smooth paths such that T :=
Oc([a,b]) =B ([c,d]). Show that there exist finitely many points {p1,p2,...,pr} € I, such that the sets
a ' ({p1.p2.-..,pk}) and B~ ({p1,p2, ..., p}) are partitions of |a,b] and [c,d), such that on any subinter-
val the paths are smooth (that is, they are partitions as in the definition of piecewise smooth path).

Exercise 9.2.11: a) Suppose y: [a,b] — R" and o.: [c,d] — R" are two smooth paths which are one-to-one
and y([a,b]) = a([c,d]). Then there exists a smooth reparametrization h: [a,b] — [c,d] such that Y = oto h.
Hint: It should be not hard to find some h. The trick is to show it is continuously differentiable with a
nonvanishing derivative. You will want to apply the implicit function theorem and it may at first seem the
dimensions don’t seem to work out.

b) Prove the same thing as part a, but now for simple closed paths with the further assumption that
Y(a) = ¥(b) = a(e) = a(d)

c) Prove parts a) and b) but for piecewise smooth paths, obtaining piecewise smooth reparametrizations.
Hint: The trick is to find two partitions such that when restricted to a subinterval of the partition both paths
have the same image and are smooth, see the above exercise.

Exercise 9.2.12: Suppose a.: [a,b] — R" and B: [b,c] — R" are piecewise smooth paths with a.(b) = B (b).
Let v: [a,c] — R" be defined by
a(t) ift€la,bl,
eyi= 00 Frelad
B(r) ifre (b

Show that 7 is a piecewise smooth path, and that if ® is a one-form defined on the curve given by v, then

/ya)—/aa)Jr/I;a).
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Exercise 9.2.13: Suppose y: [a,b] — R" and B: [c,d] — R" are two simple piecewise smooth closed paths.
That is y(a) = y(b) and B(c) = B(d) and the restrictions Y|y and B|(.q) are one-to-one. Suppose
I =¥([a,b]) = B([c,d]) and @ is a one-form defined on ' C R". Show that either

szﬁ“ or Aw:—éw

In particular, the notation [ @ makes sense if we indicate the direction in which the integral is evaluated.
Hint: see previous three exercises.

Exercise 9.2.14: Suppose v: [a,b] — R" and B: [c,d] — R" are two piecewise smooth paths which are
one-to-one except at finitely many points. That is, there is at most finitely many points p € R" such that
v~ '(p) or B~'(p) contains more than one point. Suppose T = y([a,b]) = B([c,d]) and ® is a one-form
defined on I C R". Show that either

AwZAQ or Aw:—éw

In particular, the notation [ ® makes sense if we indicate the direction in which the integral is evaluated.
Hint: same hint as the last exercise.

Exercise 9:2.15: Define y: [0,1] = B2 by y(r) = (£ sin(1/),# (3¢%sin(1/1) ~rcos(1/1))*) for 1 # 0 and
¥(0) = (0,0). Show that:

a) vy is continuously differentiable on [0, 1].

b) Show that there exists an infinite sequence {t,} in [0, 1] converging to 0, such that ¥ (t,) = (0,0).

c¢) Show that the points Y(t,) lie on the line y = 0 and such that the x-coordinate of Y(t,) alternates between
positive and negative (if they do not alternate you only found a subsequence and you need to find them all).
d) Show that there is no piecewise smooth o whose image equals }/([0, 1]) Hint: look at part c) and show
that o must be zero where it reaches the origin.

e) (Computer) if you know a plotting software that allows you to plot parametric curves, make a plot of the
curve, but only for t in the range [0,0.1] otherwise you will not see the behavior. In particular you should
notice that }/([O, 1]) has infinitely many “corners” near the origin.
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9.3 Path independence

Note: 2 lectures

9.3.1 Path independent integrals

Let U C R" be a set and w a one-form defined on U, The integral of @ is said to be path independent
if for any two points x,y € U and any two piecewise smooth paths y: [a,b] — U and f: [c,d] - U
such that y(a) = B(c) = x and y(b) = B(d) =y we have

/ya):/ﬁco.
/xyw::/ya):/ﬁw.

Not every one-form gives a path independent integral. In fact, most do not.

In this case we simply write

Example 9.3.1: Let y: [0,1] — R? be the path y(t) = (¢,0) going from (0,0) to (1,0). Let
B: [0,1] — R? be the path B(z) = (,(1 —1)t) also going between the same points. Then

/yydx:/0]Yz(l‘)}/l(t)dtz/()IO(l)dt:O,
1 1
/ﬁydx:/o ﬁz(t)[il’(t)dt:/o (l—t)t(l)dt:é.

So the integral of ydx is not path independent. In particular, |, (1,0)

© b) ydx does not make sense.

Definition 9.3.2. Let U C R” be an open set and f: U — R a continuously differentiable function.
Then the one-form
af af af

df =2 aey + 2L ey 4.
! ox1 x1+8x2 Xt +8xn

dx,

is called the fotal derivative of f.
An open set U C R" is said to be path connected* if for every two points x and y in U, there
exists a piecewise smooth path starting at x and ending at y.

We will leave as an exercise that every connected open set is path connected.

*Normally only a continuous path is used in this definition, but for open sets two two definitions are equivalent.
See the exercises.
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Proposition 9.3.3. Let U C R" be a path connected open set and ® a one-form defined on U. Then

Y
/ o
X
is path independent (for all x,y € U) if and only if there exists a continuously differentiable

f: U — R such that @ =df.
In fact, if such an f exists, then for any two points x,y € U

Y
| o=1m-1w.

In other words if we fix p € U, then f(x) = C+ [, @.

Proof. First suppose that the integral is path independent. Pick p € U and define

Flx) = /pxw.

Write @ = wydx| + wdx; + - - - + @,dx,. We wish to show that for every j = 1,2,...,n, the partial

derivative g—f exists and is equal to ;.
Xj

Let e; be an arbitrary standard basis vector. Compute

flxthe) = f(x) 1 ( /’“”'e-fw_ / ) w) _! /x+heja)
p p hJx 7

which follows by Proposition 9.2.10 and path indepdendence as [ theig = | , O+ [ i @, because
we could have picked a path from p to x + he; that also happens to pass through x, and then cut this
path in two.

Since U is open, suppose & is so small so that all points of distance |A| or less from x are in
U. As the integral is path independent, pick the simplest path possible from x to x + hej, that is
Y(t) =x+thej fort € [0,1]. The path is in U. Notice ¥ (¢) = he; has only one nonzero component
and that is the jth component, which is /4. Therefore

h h

1 X+he; 1 1 1 1
]Tl/x a):];/y(g:z/o a)j<x+[hej)hdtz/() w](x+th€])dt

We wish to take the limit as 7 — 0. The function ®; is continuous. So given € > 0, & can be small
enough so that |®(x) — ©(y)| < &, whenever ||x — y|| < |h|. Therefore, |@;(x+the;) — w;(x)| < &
for all 7 € [0, 1], and we estimate

1
‘/ ;(x+the;)di — o(x) <e.
0

= '/0] (@j(x+1he;) — o(x)) dt
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I'hat is,
fx+hej)— f(x)
l — .
lim L ;(x),

which is what we wanted that is df = @. As ®; are continuous for all j, we find that f has
continuous partial derivatives and therefore is continuously differentiable.

For the other direction suppose f exists such that d f = @. Suppose we take a smooth path
y: [a,b] — U such that y(a) = x and y(b) =y, then

far=["(sEommo+ S aymo++ L ey a

b d
= | G )] as
=f0) = fx).

The value of the integral only depends on x and y, not the path taken. Therefore the integral is path
independent. We leave checking this for a piecewise smooth path as an exercise to the reader. []

Proposition 9.3.4. Let U C R" be a path connected open set and ® a 1-form defined on U. Then
o = df for some continuously differentiable f: U — R if and only if

/wzo
Y

for every piecewise smooth closed path y: [a,b] — U.

Proof. Suppose first that @ = df and let y be a piecewise smooth closed path. Then we from above
we have that

Aw:fww»—fww»:m
because y(a) = y(b) for a closed path.

Now suppose that for every piecewise smooth closed path v, fya) = 0. Let x,y be two points in
Uandleta: [0,1] — U and B: [0,1] — U be two piecewise smooth paths with @(0) = $(0) = x
and (1) = B(1) =y. Then let y: [0,2] — U be defined by

o(t) ifr €0,1],
() = .
B2—1) ifre(1,2].

This is a piecewise smooth closed path and so

O:Aw:Aw—éw

This follows first by Proposition 9.2.10, and then noticing that the second part is  travelled
backwards so that we get minus the f integral. Thus the integral of @ on U is path independent. [
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There is a local criterion, a differential equation, that guarantees path independence. That is,
under the right condition there exists an antiderivative f whose total derivative is the given one
form w. However, since the criterion is local, we only get the result locally. We can define the
antiderivative in any so-called simply connected domain, which informally is a domain where any
path between two points can be “continuously deformed” into any other path between those two
points. To make matters simple, the usual way this result is proved is for so-called star-shaped
domains.

Definition 9.3.5. Let U C R”" be an open set and p € U. We say U is a star shaped domain with
respect to p if for any other point x € U, the line segment between p and x is in U, that is, if
(1—t)p+txe U forallt € [0,1]. If we say simply star shaped then U is star shaped with respect
tosome pcU.

Notice the difference between star shaped and convex. A convex domain is star shaped, but a
star shaped domain need not be convex.

Theorem 9.3.6 (Poincare lemma). Let U C R" be a star shaped domain and ® a continuously
differentiable one-form defined on U. That is, if

O = W1dx) + dxy + - - + Wydxy,
then @y, m,...,®, are continuously differentiable functions. Suppose that for every j and k

00j _ 9%
8xk_ 8xj’

then there exists a twice continuously differentiable function f: U — R such that df = ®.

The condition on the derivatives of @ is precisely the condition that the second partial derivatives
commute. That is, if d f = @, and f is twice continuously differentiable then

8a)j o 82]‘ 82f 8wk

axk B 8xk8xj N 8xj8xk N 8xj .

The condition is therefore clearly necessary. The lemma says that it is sufficient for a star shaped U.

Proof. Suppose U is star shaped with respect to y = (y1,y2,...,y) € U.
Given x = (x1,x2,...,X,) € U, define the path y: [0,1] — U as y(¢) := (1 —1)y+1x,s0 Y (t) =
x—y. Then let

f(x) :z/ya):/o] (iwk((l—t)y+tx)(xk—yk)> dr.

k=1
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We differentiate in x; under the integral. We can do that since everything, including the partials
themselves are continuous.

aa_;;(x) :/01 ((i aa_)cjl.(((l—t)}’-l-tx)t(xk—yk)) +(Dj<(1—t)y—|-tx>) dt

(i %((1 —t)y—i—tx)t(xk—yk)) + o;((1 —t)y—l—tx)) dt

And this is precisely what we wanted. U

Example 9.3.7: Without some hypothesis on U the theorem is not true. Let

) X
OJ(X,y) = ma’)ﬂ— mdy

be defined on R?\ {0}. It is easy to see that

0 -y | X

Ay [x2+y2|  ox [x2+y?2|’
However, there is no f: R?\ {0} — R such that df = ®. We saw in if we integrate from (1,0) to
(1,0) along the unit circle, that is ¥() = (cos(t),sin(r)) for 7 € [0,27] we got 27 and not 0 as it

should be if the integral is path independent or in other words if there would exist an f such that
df = .

9.3.2 Vector fields

A common object to integrate is a so-called vector field. That is an assignment of a vector at each
point of a domain.

Definition 9.3.8. Let U C R" be a set. A continuous function v: U — R" is called a vector field.
Write v = (vi,v2,...,vp).
Given a smooth path y: [a,b] — R" with }/([a,b]) C U we define the path integral of the

vectorfield v as .
/v~dy::/ v(¥() -7 (1) dr,
Y a

where the dot in the definition is the standard dot product. Again the definition of a piecewise
smooth path is done by integrating over each smooth interval and adding the result.
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If we unravel the definition we find that
/v-d7: /vldxl +vodxy + -+ -+ vpdx,.
Y Y

Therefore what we know about integration of one-forms carries over to the integration of vector
fields. For example path independence for integration of vector fields is simply that

Y
/v-d}/

is path independent (so for any 7) if and only if v = V£, that is the gradient of a function. The
function f is then called the potential for v.

A vector field v whose path integrals are path independent is called a conservative vector field.
The naming comes from the fact that such vector fields arise in physical systems where a certain
quantity, the energy is conserved.

9.3.3 Exercises
Exercise 9.3.1: Find an f: R — R such that df = xe* ¥ dx +ye* + dy.

Exercise 9.3.2: Find an @,: R?> — R such that there exists a continuously differentiable f: R> — R for
which df = e?dx+ andy.

Exercise 9.3.3: Finish the proof of Proposition 9.3.3, that is, we only proved the second direction for a
smooth path, not a piecewise smooth path.

Exercise 9.3.4: Show that a star shaped domain U C R”" is path connected.

Exercise 9.3.5: Show that U :=R?\ {(x,y) € R? : x <0,y = 0} is star shaped and find all points (xo,yo) € U
such that U is star shaped with respect to (xo,Yo).

Exercise 9.3.6: Suppose B\ and B, are two open balls in R" with a nonempty intersection. Suppose @ is a
continuously differentiable one-form defined on By U By such that %—fkj = % for all j and k. Prove that there
J

exists a twice continuously differentiable f: U — R such that df = .
Hint: notice that By N By is connected (it is convex).

Exercise 9.3.7 (Hard): Let y: [a,b] — R" be a simple nonclosed piecewise smooth path (so Y is one-to-

one). Suppose @ is a continuously differentiable one-form defined on some open set V with }/([a,b]) cVv
and g—iy = %—?j’f for all j and k. Prove that there exists an open set U with ¥([a,b]) C U C V and a twice
continuously differentiable function f: U — R such that d f = ®.

Hint 1: See previous exercise.

Hint 2: y([a,b]) is compact.

Hint 3: Show that you can cover the curve by finitely many balls in sequence so that the kth ball only intersects

the (k—1)th ball.
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Exercise 9.3.8: a) Show that a connected open set is path connected. Hint: Start with two points x and y in a
connected set U, and let U, C U is the set of points that are reachable by a path from x and similarly for Uy,
Show that both sets are open, since they are nonempty (x € Uy and y € U,) it must be that U, = U, = U.

b) Prove the converse that is, a path connected set U C R" is connected. Hint: for contradiction assume there
exist two open and disjoint nonempty open sets and then assume there is a piecewise smooth (and therefore
continuous) path between a point in one to a point in the other.

Exercise 9.3.9: Usually path connectedness is defined using just continuous paths rather than piecewise
smooth paths. Prove that the definitions are equivalent, in other words prove the following statement:

Suppose U C R" is such that for any x,y € U, there exists a continuous function y: [a,b] — U such that
y(a) = x and y(b) =y. Then U is path connected (in other words, then there exists a piecewise smooth path).

Exercise 9.3.10 (Hard): Take
-y
d
PR x+x2+y2
defined on R?\ {(0,0)}. Let y: [a,b] — R*\ {(0,0)} be a closed piecewise smooth path. Let R := {(x,y) €
R? : x <0 andy = 0}. Suppose RN }/([a,b]) is a finite set of k points. Then

/ o =2nl

Y

for some integer ¢ with |¢| < k.

Hint 1: First prove that for a path B that starts and end on R but does not intersect it otherwise, you find that
/i p @ is —2m, 0, or 27. Hint 2: You proved above that R? \ R is star shaped.

Note: The number ¢ is called the winding number it it measures how many times does 'y wind around the
origin in the clockwise direction.

o(x,y) = dy
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Chapter 10

Multivariable integral

10.1 Riemann integral over rectangles

Note: 2-3 lectures

As in chapter chapter 5, we define the Riemann integral using the Darboux upper and lower inte-
grals. The ideas in this section are very similar to integration in one dimension. The complication is
mostly notational. The differences between one and several dimensions will grow more pronounced
in the sections following.

10.1.1 Rectangles and partitions

Definition 10.1.1. Let (ay,ay,...,a,) and (by,b,,...,by,) be such that a; < by for all k. A set of
the form [ay,b1] X [az,b3] X - -+ X [an,by] is called a closed rectangle. In this setting it is sometimes
useful to allow a = by, in which case we think of [ay, by] = {a;} as usual. If a; < by for all k, then
a set of the form (ay,by) X (az,b3) X -+ X (ay,by) is called an open rectangle.

For an open or closed rectangle R := [a;,b;]| X [az,b2] X -+ X [an,by] CR" or R := (ay,b;) X
(az,b2) X -+ X (an,by) C R", we define the n-dimensional volume by

V(R) = (bl —al)(bz—az)---(bn—an).

A partition P of the closed rectangle R = [aj,b1] X [az,b] X -+ X [a,,by] is a finite set of
partitions P, Ps, ..., B, of the intervals [a;,b], [az,b2],...,[an,by]. We write P = (P, P3,...,P,).
That is, for every k there is an integer ¢; and the finite set of numbers P, = {xy 0,k 1,Xk 2, -, X%, gk}
such that

A = Xg,0 < Xg,1 < Xp2 <o < Xgpp—1 < Xk, = by.

Picking a set of n integers ji, jo,- .., jn Where ji € {1,2,..., 4} we get the subrectangle
Pt i1 X1 ] X Xyt s X2 ] X X 15 X )

75
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For simplicity, we order the subrectangles somehow and we say {R},R5,...,Ry} are the subrectan-
gles corresponding to the partition P of R. More simply, we say they are the subrectangles of P. In
other words, we subdivided the original rectangle into many smaller subrectangles. See Figure 10.1.
It is not difficult to see that these subrectangles cover our original R, and their volume sums to that
of R. That is,

N N
R=|JR;, and V(R)=) V(R))
j=1 Jj=1
X23
Ry R R3
X222
R Rs Ry
X211
Ry Rg Ry
X2.0
X1,0 X1,1 X1,2 X1,3

Figure 10.1: Example partition of a rectangle in R?. The order of the subrectangles is not important.

When
Ri = [x1ji—1 5 X1y ) X P2 jo—1, X2, 0] X o X (X 1 5 X ]

then
V(Ry) = Axy j Axa jy - A j, = (X1 jy — X1y —1) (%2, = %2, j,—1) ++ (Xnjy — Xnju—1)-

Let R C R" be a closed rectangle and let f: R — R be a bounded function. Let P be a partition
of [a, D] and suppose that there are N subrectangles Ry,R;,...,Ry. Define

m; = inf{ f(x) : x € R;},
M; :=sup{f(x) : x € R;},

N
L(P,f) =Y mV(R:),
i=1
N
U(P.f):= Y MV (R).
i=1

We call L(P, f) the lower Darboux sum and U (P, f) the upper Darboux sum.
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The indexing in the definition may be complicated, but fortunately we generally do not need to
go back directly to the definition often. We start proving facts about the Darboux sums analogous to
the one-variable results.

Proposition 10.1.2. Suppose R C R" is a closed rectangle and f: R — R is a bounded function.
Let m,M € R be such that for all x € R we have m < f(x) < M. For any partition P of R we have

mV (R) < L(P.f) <U(P.f) < MV(R).

Proof. Let P be a partition. Then for all i we have m < m; and M; < M. Also m; < M; for all i.
Finally Y | V(R;) = V(R). Therefore,

N N N
mV (R) =m (Zi V(Ri)> = ;mV(Ri) < gmiV(Ri) <

M=

<Y MV(R;

1 i=1

[A
M=
<
=
=
1
<
/‘\
=
=
=
~_
1
<
=
=
]

~.

10.1.2 Upper and lower integrals

By Proposition 10.1.2 the set of upper and lower Darboux sums are bounded sets and we can take
their infima and suprema. As before, we now make the following definition.

Definition 10.1.3. If f: R — R is a bounded function on a closed rectangle R C R”". Define
/f :=sup{L(P, f) : P a partition of R}, /f :=inf{U (P, f) : P a partition of R}.
JR R

We call [ the lower Darboux integral and T the upper Darboux integral.
As in one dimension we have refinements of partitions.

Definition 10.1.4. Let R C R" be a closed rectangle. Let P = (Plz P,,...,P,) and pP= (131 ,132, ... ,13,,)
be partitions of R. We say P a refinement of P if, as sets, P, C P forallk =1,2,...,n.

It is not difﬁcglt to see that if P is a refinement of P, then subrectangles of P are unions of
subrectangles of P. Simply put, in a refinement we take the subrectangles of P, and we cut them
into smaller subrectangles. See Figure 10.2.

Proposition 10.1.5. Suppose R C R" is a closed rectangle, P is a partition of R and Pisa refinement
of P. If f: R — R be a bounded function, then

L(P.f)<L(P,f) and  U(P,f)<U(P,f).
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X4 X23 ; ;
_ ! ~ ol
Ry Ry R3 R4 1 Rs
|
~ | |
X3 X272 = = = —=
: Rig | Rp2 ! Ry3 Re ' Ry
272 kii*;iiiiikxiii‘iiiiif-\: 777777777 :\;7‘:777
Ri9 Rig | Ris Rg | Ry
. | |
X1 X2, — — - ——
R0 Rie | Ry7 Rio, R11
~ | |
X2,0 X2,0 ! |
X1,0 X1, X1 X13
X1,0 X1 Xip X3 K14 X5

Figure 10.2: Example refinement of a partition. New “cuts” are marked in dashed lines. Do note
that the exact order of the new subrectangles does not matter.

Proof. We prove the first inequality, the second follows similarly. Let Ry, Ry, ..., Ry be the sub-
rectangles of P and R;,R;,...,R}; be the subrectangles of R. Let Iy be the set of all indices j

such that ﬁj C Ry. For example, using the exampels in figures 10.1 and 10.2, I = {6,7,8,9} and
R4 = RgUR7URgURg. We notice in general that

Re=JR;, V(@®R)=Y V(R)

Jel J€l

Letm; :=inf{f(x) : x € R;}, and m; := inf{f(x) :€ R;} as usual. Notice also that if j € I, then
mi < mj. Then

imkVszij:ZI 12162; Zm] L(P,f). O

The key point of this next proposition is that the lower Darboux integral is less than or equal to
the upper Darboux integral.

Proposition 10.1.6. Let R C R" be a closed rectangle and f: R — R a bounded function. Let
m,M € R be such that for all x € R we have m < f(x) < M. Then

géfgl}ngm) (10.1)

Proof. For any partition P, via Proposition 10.1.2,

mV(R) < L(P,.f) <U(P,f) < MV(R).
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Taking suprema of L(P, f) and infima of U (P, f) over all P, we obtain the first and the last inequality.

The key inequality in (10.1) is the middle one. Let P = (P, P,,...,P,) and Q = (Q1,02,...,0n)
be partitions of R. Define P= (131 ,f’z, e ,13,,) by letting P.=P.U Q. Then Pisa partition of R as
can easily be checked, and P is a refinement of P and a refinement of Q. By Proposition 10.1.5,
L(P.f) < L(P,f) and U(P, f) < U(Q, f). Therefore,

L(P,f) <L(P,f) <U(P,f) <U(Q, ).

In other words, for two arbitrary partitions P and Q we have L(P, f) < U(Q, f). Via Proposition ??
we obtain
sup{L(P, f) : P a partition of R} <inf{U (P, f) : P a partition of R}.

In other words [, f < f_Rf. O

10.1.3 The Riemann integral

We have all we need to define the Riemann integral in n-dimensions over rectangles. Again, the
Riemann integral is only defined on a certain class of functions, called the Riemann integrable
functions.

Definition 10.1.7. Let R C R" be a closed rectangle. Let f: R — R be a bounded function such
that

/Rf(x) dx:Zf(x) dx.

Then f is said to be Riemann integrable, and we sometimes say simply integrable. The set of
Riemann integrable functions on R is denoted by Z(R). When f € Z(R) we define the Riemann

integral o
==L

When the variable x € R" needs to be emphasized we write
/f(x) dx, /f(xl,...,xn) dxy - -dxy, or /f(x) dv.
R R R
If R C R2, then often instead of volume we say area, and hence write

/R F(x) dA.

Proposition 10.1.6 implies immediately the following proposition.

Proposition 10.1.8. Let f: R — R be a Riemann integrable function on a closed rectangle R C R".
Let m,M € R be such that m < f(x) < M for all x € R. Then

mV (R) < /Rf <MV(R).
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Example 10.1.9: A constant function is Riemann integrable. Suppose f(x) = ¢ for all x on R. Then

V(R) < Af < Zf < ¢V(R).

So f is integrable, and furthermore [, f = cV (R).

The proofs of linearity and monotonicity are almost completely identical as the proofs from one
variable. We therefore leave it as an exercise to prove the next two propositions.

Proposition 10.1.10 (Linearity). Let R C R" be a closed rectangle and let f and g be in Z(R) and

o <R
/Rocf:oc/Rf.

(i) of isin Z(R) and
Jr+e)=[r+ e

Proposition 10.1.11 (Monotonicity). Let R C R" be a closed rectangle, let f and g be in Z(R),
and suppose f(x) < g(x) for all x € R. Then

LfSAg

Checking for integrability using the definition often involves the following technique, as in the
single variable case.

(ii) f+gisin Z(R) and

Proposition 10.1.12. Let R C R" be a closed rectangle and f: R — R a bounded function. Then
f € Z(R) if and only if for every € > 0, there exists a partition P of R such that

U(P.f)~L(P.f) < e.

Proof. First, if f is integrable, then clearly the supremum of L(P, f) and infimum of U (P, f) must
be equal and hence the infimum of U (P, f) — L(P, f) is zero. Therefore for every € > 0 there must
be some partition P such that U(P, f) — L(P, f) < €.

For the other direction, given an € > 0 find P such that U (P, ) — L(P, f) < €.

Zf_LfSU(P,f)—L(P,f) <e.

As [of > [xf and the above holds for every € > 0, we conclude [f = [»f and f € Z(R). O
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For simplicity if f: § — R is a function and R C S is a closed rectangle, then if the restriction
f|r is integrable we say f is integrable on R, or f € Z(R) and we write

1= sle

Proposition 10.1.13. For a closed rectangle S C R", if f: S — R is integrable and R C S is a
closed rectangle, then f is integrable over R.

Proof. Given € > 0, we find a partition P of S such that U(P,f) — L(P,f) < €. By making a
refinement of P if necessary, we assume that the endpoints of R are in P. In other words, R is
a union of subrectangles of P. The subrectangles of P divide into two collections, ones that are
subsets of R and ones whose intersection with the interior of R is empty. Suppose R,R>...,Rg are
the subrectangles that are subsets of R and let Rk 1,...,Ry be the rest. Let P be the partition of R
composed of those subrectangles of P contained in R. Using the same notation as before,

K N
e>U(Pf)— Z My —my )V (Ry) + Z (My, —my )V (Ry)
k=1 k=K+1
K o~ o~
Z My —my)V(Re) = U(P, f|g) — L(P, f|r)-
Therefore, f|g is integrable. L]

10.1.4 Integrals of continuous functions

Although later we will prove a much more general result, it is useful to start with integrability
of continuous functions. First we wish to measure the fineness of partitions. In one variable we
measured the length of a subinterval, in several variables, we similarly measure the sides of a
subrectangle. We say a rectangle R = [ay,b1| X [a2,b3] X - -+ X [ay, b,] has longest side at most « if
bp—ar < aforallk=1,2,...,n

Proposition 10.1.14. If a rectangle R C R" has longest side at most o. Then for any x,y € R,
lx=yll < Vno.

Proof.

eyl = /G =12 (12— 3224+ (= 90)?
<\/b1—a1 + (b — ) +---—|—(bn—an)2
<Vol+o2+-+a=na. O
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Theorem 10.1.15. Let R C R" be a closed rectangle and f: R — R a continuous function, then
feZR).
Proof. The proof is analogous to the one variable proof with some complications. The set R is
a closed and bounded subset of R", and hence compact. So f is not just continuous, but in fact
uniformly continuous by Proposition ??. Let € > 0 be given. Find a § > 0 such that ||[x—y|| < &
implies |£(x) — f()| < 75

Let P be a partition of R, such that longest side of any subrectangle is strictly less than \% If

x,y € Ry for some subrectangle Ry of P we have, by the proposition above, ||x—y|| < \/ﬁ\% =0.

Therefore
E

— < — < .
f)=f() < 1f () = f ) V(R)
As f is continuous on Ry, it attains a maximum and a minimum on this subrectangle. Let x be a

point where f attains the maximum and y be a point where f attains the minimum. Then f(x) = My
and f(y) = my in the notation from the definition of the integral. Therefore,

Mi—m; = f(x) = f(y) < ﬁ
And so
N N
U(P.f)—L(P,f) = (Z MkV<Rk)> - (Z mkV(Rk)>
k=1 k=1
N
=Y (My—m)V (Ry)
k=1
e N
< m ];1 V(Rk) &
Via application of Proposition 10.1.12 we find that f € Z(R). O

10.1.5 Integration of functions with compact support

Let U C R" be an open set and f: U — R be a function. We say the support of f is the set
supp(f) :={x € U : f(x) # 0},

where the closure is with respect to the subspace topology on U. Recall that if you take the closure
with respect to the subspace topology it is the same as {x € U : f(x) # 0} N U, taking the closure
with respect to the ambient euclidean space R”. In particular, supp(f) C U. That is, the support is
the closure (in U) of the set of points where the function is nonzero, its complement in U is open.
So for a point x € U, that is not in the support of f, we have that f is constantly zero in a whole
neighbourhood of x.

A function f is said to have compact support if supp(f) is a compact set.
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Example 10.1.16: Suppose B(0,1) C R? is the unit disc. The function f: B(0,1) — R defined by

Fley) 0 if \/x24+y2 > 1/2,
x,y) = ,
Y 12— /x2+y? if \/x2+y2 <1/2,

is continuous on B(0, 1) and its support is the smaller closed ball C(0,1/2). As that is a compact set,
f has compact support.
Similarly g: B(0,1) — R defined by

(x,) 0 ifx<O,
X,y) = .
gy x ifx>0,

is continuous on B(0, 1), but its support is the set {(x,y) € B(0,1) : x > 0}. In particular g is not
compactly supported.

We will mostly consider the case when U = R”. In light of the following exercise, this is not an
oversimplification.

Exercise 10.1.1: Suppose U C R" is open and f: U — R is continuous and of compact support. Show that
the function f: R" — R

0 otherwise,

L {f(x) ifxeu,

is continuous.

Example 10.1.17: On the other hand for the unit disc B(0,1) C R?, the function continuous
f: B(0,1) = R defined by f(x,y) := sin(#_yz), does not have compact support; as f is not
constantly zero on neighbourhood of any point in B(0, 1), we know that the support is the entire
disc B(0,1). The function clearly does not extend as above to a continuous function. In fact it is not

difficult to show that it cannot be extended in any way whatsoever to be continuous on all of R?
(the boundary of the disc is the problem).

Proposition 10.1.18. Suppose f: R" — R be a continuous function with compact support. If R and
S are closed rectangles such that supp(f) C R and supp(f) C S, then

[l

Proof. As f is continuous, it is automatically integrable on the rectangles R, S, and RN S. Then
Exercise 10.1.7 says [¢f = [sorf = Jr - O

Because of this proposition, when f: R"” — R has compact support and is integrable over a
rectangle R containing the support we write

[r=[sr o [ r=]r

For example if f is continuous and of compact support then [p. f exists.
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10.1.6 Exercises
Exercise 10.1.2: Prove Proposition 10.1.10.

Exercise 10.1.3: Suppose R is a rectangle with the length of one of the sides equal to 0. For any bounded
function f, show that f € Z(R) and [ f =0.

Exercise 10.1.4: Suppose R is a rectangle with the length of one of the sides equal to 0, and suppose S is a
rectangle with R C S. If f is a bounded function such that f(x) =0 for x € R\ S, show that f € Z(R) and

fRfZO-

Exercise 10.1.5: Suppose f: R" — R is such that f(x) :=0ifx # 0 and f(0) := 1. Show that f is integrable
onR:=[—1,1] x [=1,1] x --- x [—1,1] directly using the definition, and find [y f.

Exercise 10.1.6: Suppose R is a closed rectangle and h: R — R is a bounded function such that h(x) = 0 if
x & IR (the boundary of R). Let S be any closed rectangle. Show that h € Z(S) and

/hzO.
s

Hint: Write h as a sum of functions as in Exercise 10.1.4.

Exercise 10.1.7: Suppose R and R’ are two closed rectangles with R' C R. Suppose f: R — R is in Z(R)
and f(x) =0 for x € R\R'. Show that f € #(R) and

Jor = Jr

4 R

Do this in the following steps.

a) First do the proof assuming that furthermore f(x) = 0 whenever x € W

b) Write f(x) = g(x) + h(x) where g(x) = 0 whenever x € R\ R', and h(x) is zero except perhaps on JR'.
Then show [ph = [ph =0 (see Exercise 10.1.6).

c) Show [ f= [ f.

Exercise 10.1.8: Suppose R C R" and R" C R" are two rectangles such that R = R' UR" is a rectangle, and
R'NR" is rectangle with one of the sides having length O (that is V(R'NR") = 0). Let f: R — R be a function
such that f € Z(R') and f € #(R"). Show that f € Z(R) and

|r=[r+]r

Hint: see previous exercise.

Exercise 10.1.9: Prove a stronger version of Proposition 10.1.18. Suppose f: R" — R be a function with
compact support but not necessarily continuous. Prove that if R is a closed rectangle such that supp(f) C R
and f is integrable over R, then for any other closed rectangle S with supp(f) C S, the function f is integrable
over S and [, f = [ f. Hint: See Exercise 10.1.7.

Exercise 10.1.10: Suppose R and S are closed rectangles of R". Define f: R" — R as f(x) :=1ifx €R,
and f(x) := 0 otherwise. Prove f is integrable over S and compute [, f. Hint: Consider SNR.
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Exercise 10.1.11: Let R =[0,1] x [0,1] C R2.

a) Suppose f: R — R is defined by

L ifx=y,
0 else.

flxy) = {

Show that f € Z(R) and compute [ f.
b) Suppose f: R — R is defined by

1 ifxeQoryeQ,

0 else

f(x,y) ;:{

Show that f ¢ Z(R).

Exercise 10.1.12: Suppose R is a closed rectangle, and suppose S; are closed rectangles such that S; C R
and S; C Sj1 for all j. Suppose f: R — R is bounded and f € Z(S;) for all j. Show that f € Z(R) and

tim [ 1= s

Exercise 10.1.13: Suppose f: [—1,1] x [—1,1] — R is a Riemann integrable function such f(x) = —f(—x).
Using the definition prove
/ f=0.
[7171]X[715”
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10.2 Iterated integrals and Fubini theorem

Note: 1-2 lectures

The Riemann integral in several variables is hard to compute from the definition. For one-
dimensional Riemann integral we have the fundamental theorem of calculus and we can compute
many integrals without having to appeal to the definition of the integral. We will rewrite a a Riemann
integral in several variables into several one-dimensional Riemann integrals by iterating. However, if
f:[0,1]*> — R is a Riemann integrable function, it is not immediately clear if the three expressions

1 1 1 1
f / / f(x,y)dxdy, and / / f(x,y)dydx
[0,1]2 0 Jo o Jo

are equal, or if the last two are even well-defined.

Example 10.2.1: Define
1 ifx=12andyecQ,

0 otherwise.

flxy) = {

Then f is Riemann integrable on R := [0,1]? and [, f = 0. Furthermore, fol folf(x,y) dxdy = 0.
However

[ r0pma
0

does not exist, so we cannot even write fol fol f(x,y)dydx.

Proof: Let us start with integrability of f. We simply take the partition of [0, 1]> where the
partition in the x direction is {0,1/2—€,1/2+ €, 1} and in the y direction {0, 1} . The subrectangles
of the partition are

Ry :=[0,1/2—¢€] x [0,1], Ry:=[1)2—¢,1/24¢]| x[0,1], R3:=[1/2+¢,1] x[0,1].
We have m; = M| =0, my =0, M, = 1, and m3 = M3 = 0. Therefore,
L(P,f)=mV(R))+maV(Ry) +m3V(R3) =0(1/2—¢€)+0(2¢e) +0(1)2—€) =0,
and
U(P,f) =MV (R))+MV(Ry)+M3V(R3) =0(1/2—¢)+1(2¢€) +0(1/2—¢) = 2¢.

The upper and lower sum are arbitrarily close and the lower sum is always zero, so the function is
integrable and [ f = 0.
For any y, the function that takes x to f(x,y) is zero except perhaps at a single point x = 1/2. We
know that such a function is integrable and fol f(x,y)dx = 0. Therefore, fol fol f(x,y)dxdy =0.
However if x = 1/2, the function that takes y to f(1/2,y) is the nonintegrable function that is 1 on
the rationals and O on the irrationals. See Example ??.
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We will solve this problem of undefined inside integrals by using the upper and lower integrals,
which are always defined.

We split the coordinates of R into two parts. That is, we write the coordinates on R" " =
R" x R™ as (x,y) where x € R" and y € R™. For a function f(x,y) we write

£ () == f(x,9)

when x is fixed and we wish to speak of the function in terms of y. We write

Fx) = fxy)
when y is fixed and we wish to speak of the function in terms of x.

Theorem 10.2.2 (Fubini version A). Let R x S C R" x R™ be a closed rectangle and f: R x S — R
be integrable. The functions g: R — R and h: R — R defined by

g(x) ::éfx and h(x) := /Sfx

/Rg:/Rh:/Rxsf
/RxSfZ/R<Af(x,y)dy> dx:/R(Zf(x,y)dy) dx.

If it turns out that f is integrable for all x, for example when f is continuous, then we obtain the

more familiar
/ fz//f(x,y)dydx-
RxS RJS

Proof. Any partition of R x § is a concatenation of a partition of R and a partition of S. That is,
write a partition of R x S as (P,P') = (P, Ps,...,P,,P[,P5,...,P,). where P = (P, P,,...,P,) and
P'=(P{,P},...,P),) are partitions of R and S respectively. Let R|,Ry,...,Ry be the subrectangles
of P and R|,R),...,Ry be the subrectangles of P’. Then the subrectangles of (P, P’) are R; x R},
where ] < j<Nand 1 <k<K.

Let

are integrable over R and

In other words

mi = inf X,y).
Ik (x,y)eijR;f( y)

We notice that V(R; x R}) = V(R;)V(R,) and hence

N N K
L((PP),f) = Z Y mj V(R xRy) = Z (l;mLkV(RZ)) V(R;).
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If we let
my(x) := inf f(x,y) = inf fi(y),
yER YER,
then of course if x € R; then m; ; < my(x). Therefore
K K
Y m;V(Ry) gZ =L(P, fx)_/fng(X)-
k=1 k=1

As we have the inequality for all x € R; we have

K
. V(R)) < inf i
YmjuV (R < inf ()

We thus obtain

XER

L((PP),f i(mfg ) (Rj)=L(P,g).

Similarly U ((P, P'), f) > U(P,h), and the proof of this inequality is left as an exercise.
Putting this together we have

L((PP),f) <L(P.g) <U(Pg) <U(Ph) <U((P,P),f).
And since f is integrable, it must be that g is integrable as

U(Pg)—L(Pg) <U((P.P),f) —L((PP),f),

and we can make the right hand side arbitrarily small. As for any partition we have L((P, P, f ) <
L(P,g) <U((P,P'),f) we must have that [, g = [pys /-
Similarly we have

L((P,P),f) <L(P,g) <L(P,h) <U(Ph) <U((PFP),f),

and hence
U(P,h)—L(P,h) <U((P,P),f) —L((P,P),f).

So if f is integrable so is &, and as L((P,P'), f) < L(P,h) < U((P,P’),f) we must have that
Jrl = Jrxst- 0

We can also do the iterated integration in opposite order. The proof of this version is almost
identical to version A, and we leave it as an exercise to the reader.
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Theorem 10.2.3 (Fubini version B). Let R x § C R" X R™ be a closed rectangle and f: R xS — R
be integrable. The functions g: S — R and h: S — R defined by

g(y) ::Afy and h(y) := /Rfy
fie= 1= st
That is we also have

[ = [ (frena)ar= [ ([rona) o

Next suppose that f, and f” are integrable for simplicity. For example, suppose that f is
continuous. Then by putting the two versions together we obtain the familiar

/R><Sf: /R/Sf(X,y)dydx: /S/Rf(xay)dxa’y.

Often the Fubini theorem is stated in two dimensions for a continuous function f: R — Rona
rectangle R = [a,b] X [c,d]. Then the Fubini theorem states that

L= ’ / ! fley)dydx = / ‘ / " ) dedy

And the Fubini theorem is commonly thought of as the theorem that allows us to swap the order of
iterated integrals.

Repeatedly applying Fubini theorem gets us the following corollary: Let R := [ay,b;] X [a2,b3] X
-+ X [an,by] C R" be a closed rectangle and let f: R — R be continuous. Then

by rby by,
/f:/ / f(x1,x0, .0 x0) dxpdxy—1 -+ - dx.
R ar Jap a

n

are integrable over S and

Clearly we can also switch the order of integration to any order we please. We can also relax the
continuity requirement by making sure that all the intermediate functions are integrable, or by using
upper or lower integrals.

10.2.1 Exercises
Exercise 10.2.1: Compute fol f_llxexy dxdy in a simple way.
Exercise 10.2.2: Prove the assertion U ((P, P, f ) > U(P,h) from the proof of Theorem 10.2.2.

Exercise 10.2.3: Prove Theorem 10.2.3.
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Exercise 10.2.4: Let R = [a,b] X [c,d] and f(x,y) is an integrable function on R such that such that for any
fixed y, the function that takes x to f(x,y) is zero except at finitely many points. Show

Af:&

Exercise 10.2.5: Let R = [a,b] X [c,d] and f(x,y) := g(x)h(y) for two continuous functions g: [a,b] — R
and h: [a,b] — R. Prove
b d
Jr= (L) ()
R a c
Exercise 10.2.6: Compute

// oy —————dxdy and // -y ———dydx.
(2 +y2)° (2 +y2)

You will need to interpret the integrals as improper, that is, the limit of fgl as € — 0.

Exercise 10.2.7: Suppose f(x,y) := g(x) where g: |a,b] — R is Riemann integrable. Show that f is Riemann
integrable for any R = [a,b] X [c,d| and
b
/ f={d—¢) / g
R a

Exercise 10.2.8: Define f: [—1,1] x [0,1] — R by

flxy) = {x ¥yeQ

0 else.

Show

a) [y I, fx,y)dxdy exists, but [*| [ f(x,y)dydx does not.

b) Compute f fo (x,y)dydx andf fo (x,y)dydx.

¢) Show f is not Riemann integrable on [—1,1] x [0,1] (use Fubini).

Exercise 10.2.9: Define f: [0,1] x [0,1] — R by

g ifxeQ, yeQ, andy = p/qin lowest terms,
flxy) = / /
0 else

Show

a) Show f is Riemann integrable on [0, 1] x [0, 1].

b) Find fT}f(x,y) dx and jgf(x,y) dx for all y € [0,1], and show they are unequal for all y € Q.

c) fol fol f(x,y)dydx exists, but fol fol f(x,y)dxdy does not.

Note: By Fubini, fol fT}f(x,y) dydx and fol folf(x,y) dydx do exist and equal the integral of f on R.
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10.3 Outer measure and null sets

Note: 2 lectures

10.3.1 Outer measure and null sets

Before we characterize all Riemann integrable functions, we need to make a slight detour. We
introduce a way of measuring the size of sets in R".

Definition 10.3.1. Let S C R” be a subset. Define the outer measure of S as

where the infimum is taken over all sequences {R;} of open rectangles such that S C U;-":l R;. In
particular S is of measure zero or a null set if m*(S) = 0.

We will only need measure zero sets and so we focus on these. Note that S is of measure zero if
for every € > 0 there exist a sequence of open rectangles {R;} such that

Sc|JR; and Y V(R <e (10.2)
j=1

Furthermore, if S is measure zero and §' C S, then S’ is of measure zero. We can in fact use the
same exact rectangles.

It is sometimes more convenient to use balls instead of rectangles. In fact we can choose balls
no bigger than a fixed radius.

Proposition 10.3.2. Let § > 0 be given. A set S C R" is measure zero if and only if for every € > 0,
there exists a sequence of open balls {B}, where the radius of Bj is rj < 0 such that

SC UB_,- and ir7<8.
j=1 J=1

Note that the “volume” of B is proportional to r;?.

Proof. If R is a (closed or open) cube (rectangle with all sides equal) of side s, then R is contained
in a closed ball of radius /ns by Proposition 10.1.14, and therefore in an open ball of size 2./ns.

Let s be a number that is less than the smallest side of R and also so that 2,/ns < 8. We claim R
is contained in a union of closed cubes C;,(;, ... ,C; of sides s such that

k V(C)) <2"V(R).
j=1
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It is clearly true (without the 2") if R has sides that are integer multiples of s. So if a side is of length
(+a)s,for{ € Nand 0 < a < 1, then (£ + at)s < 2/s. Increasing the side to 2¢s we obtain a new
larger rectangle of volume at most 2" times larger, but whose sides are multiples of s.

So suppose that there exist {R;} as in the definition such that (10.2) is true. As we have seen
above, we can choose closed cubes {C;} with C of side s; as above that cover all the rectangles
{R;} and so that

i S = i V(Cy) < 2" i V(R < 2"€.
k=1 k=1 j=1

Covering Cy, with balls By, of radius ry = 21/ns; we obtain
Z rp < 2’"ne.
k=1

Andas S CU;R; C U Cr C Uy By, we are finished.
Suppose we have the ball condition above for some € > 0. Without loss of generality assume
that all r; < 1. Each B; is contained a in a cube R; of side 2rj. So V(R;) = (2r;)" < 2"r;. Therefore

iV(Rj)< iz”rj<2”s. O

SC UR]- and
Jj=1 J=1 J=1

The definition of outer measure could have been done with open balls as well, not just null sets.
We leave this generalization to the reader.

10.3.2 Examples and basic properties

Example 10.3.3: The set Q" C R" of points with rational coordinates is a set of measure zero.
Proof: The set Q" is countable and therefore let us write it as a sequence q1,4>, . ... For each ¢g;
find an open rectangle R; with ¢; € Rj and V(R;) < €27/, Then

Q'clyrR; and Y V(R)<) e27/=e.
he . ,

The example points to a more general result.
Proposition 10.3.4. A countable union of measure zero sets is of measure zero.

Proof. Suppose
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where S; are all measure zero sets. Let € > 0 be given. For each j there exists a sequence of open
rectangles {R; };>_, such that

S;C URjx
k=1
and N
Y V(Rjx) < 27 g,
k=1
Then

As V(R ) is always positive, the sum over all j and k can be done in any order. In particular, it can

be done as .
Y Y VR )<Y 2/e=e. O
j=1k=1

j=1
The next example is not just interesting, it will be useful later.

Example 10.3.5: Let P:= {x € R": x; = ¢} for a fixed k = 1,2,...,n and a fixed constant ¢ € R.
Then P is of measure zero.
Proof: First fix s and let us prove that

P:={xeR":x;=c, ‘xj| < s forall j # k}
is of measure zero. Given any € > 0 define the open rectangle
R:={xeR":c—e<x;<c+g,|xj| <s+1forall j#k}.
It is clear that P; C R. Furthermore
V(R) =2¢e(2(s+1))"".

As s is fixed, we can make V (R) arbitrarily small by picking € small enough.
Next we note that

and a countable union of measure zero sets is measure zero.

Example 10.3.6: If a < b, then m*([a,b]) = b —a.
Proof: In the case of R, open rectangles are open intervals. Since |a,b] C (a — €,b+ €) for all
€ > 0. Hence, m*([a,b]) < b—a.
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Let us prove the other inequality. Suppose {(a;,b;)} are open intervals such that
U aj,bj

We wish to bound }'(b; — a;) from below. Since [a, b] is compact, then there are only finitely many
open intervals that still cover [a,b]. As throwing out some of the intervals only makes the sum
smaller, we only need to take the finite number of intervals still covering [a,b]. If (a;,b;) C (aj,b;),
then we can throw out (a;,b;) as well. Therefore we have [a,b] C UI;-ZI (aj,bj) for some k, and we
assume that the intervals are sorted such that a; < ap < --- < a;. Note that since (a,b;) is not
contained in (a1,b1) we have that a; < ay < by < by. Similarly a; <aj1 <b; < bj;. Furthermore,
ay < a and by > b. Thus,

k _
> Z (bj—aj) > Z ajr1—aj)+ (by—ar) =by—a; >b—a.
j=1 j=1

Proposition 10.3.7. Suppose E C R" is a compact set of measure zero. Then for every € > 0, there
exist finitely many open rectangles R\,R», ..., Ry such that

ECRIURU---UR,  and Y V(Rj)<e.

Also for any 8 > 0, there exist finitely many open balls By,By,...,By of radii ri,ra,...,ry < 8 such
that

ECB UBU---UBy and ZV?<8.
Proof. Find a sequence of open rectangles {R;} such that

Ec|JR, and Y V(Rj)<e.
j=1 J=1

By compactness, finitely many of these rectangles still contain E. That is, there is some k such that
ECR{URyU---UR;. Hence

k oo
Y V(R)) < ) V(R
j=1 j=1

The proof that we can choose balls instead of rectangles is left as an exercise. 0
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10.3.3 Images of null sets

Before we look at images of measure zero sets, let us see what a continuously differentiable function
does to a ball.

Lemma 10.3.8. Suppose U C R" is an open set, B C U is an open or closed ball of radius at most r,
f: B — R" is continuously differentiable and suppose || f'(x)|| < M for all x € B. Then f(B) C B/,
where B' is a ball of radius at most Mr.

Proof. Without loss of generality assume B is a closed ball. The ball B is convex, and hence via
Proposition 8.4.2, that || f(x) — f(y)|| < M||x —y|| for all x,y in B. In particular, suppose B = C(y,r),

then f(B) C C(f(y),Mr). O

The image of a measure zero set using a continuous map is not necessarily a measure zero set.
However if we assume the mapping is continuously differentiable, then the mapping cannot “stretch”
the set too much. The proposition does not require compactness, and this is left as an exercise.

Proposition 10.3.9. Suppose U C R" is an open set and f: U — R" is a continuously differentiable
mapping. If E C U is a compact measure zero set, then f(E) is measure zero.

Proof. We must first handle a couple of techicalities. First let us replace U by a smaller open set
to make || /'(x)|| bounded. At each point x € E pick an open ball B(x, r,) such that the closed ball
C(x,ry) C U. By compactness we only need to take finitely many points x,x2, .. .,x, to still conver
E. Define

u CQ
u CQ

xj,rxj xj,rxj (10.3)
We have E C U’ C K C U. The set K is compact. The functlon that takes x to || f/(x)|| is continuous,
and therefore there exists an M > 0 such that || f/(x)|| < M for all x € K.

So without loss of generality we may replace U by U’ and from now on suppose that || f/(x)|| < M
forallx e U.

At each point x € E pick a ball B(x, ;) of maximum radius so that B(x,d,) C U. Let 0 =

infycg Ox. Take a sequence {x;} C E so that & ;= 0. As E is compact, we can pick the sequence to

be convergent to some y € E. Once ||x; —y|| < %, then &, > %

0> 0.
Given € > 0, there exist balls B,B»,...,By of radii r1,rp,...,r < 8 such that

by the triangle inequality. Therefore

k
ECB{UByU---UBy and Zr’}<£.
Suppose B}, B, ..., B, are the balls of radius Mri,Mr»,...,Mr from Lemma 10.3.8.

k
f(E) C f(B1)Uf(By)U---Uf(By) CByUBYU---UB,  and Y Mrt<Me. O
j=1
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10.3.4 Exercises

Exercise 10.3.1: Finish the proof of Proposition 10.3.7, that is, show that you can use balls instead of
rectangles.

Exercise 10.3.2: IfA C B then m*(A) < m*(B).
Exercise 10.3.3: Show that if R C R" is a closed rectangle then m*(R) = V(R).

Exercise 10.3.4: Prove a version of Proposition 10.3.9 without using compactness:

a) Mimic the proof to first prove that the proposition holds only if E is relatively compact; a set E C U is
relatively compact if the closure of E in the subspace topology on U is compact, or in other words if there
exists a compact set K with K C U and E C K.

Hint: The bound on the size of the derivative still holds, but you may need to use countably many balls. Be
careful as the closure of E need no longer be measure zero.

b) Now prove it for any null set E.

Hint: First show that {x € U : d(x,y) > /mfor all y ¢ U and d(0,x) < m} is a compact set for any m > 0.

Exercise 10.3.5: Let U C R" be an open set and let f: U — R be a continuously differentiable function. Let
G:={(x,y) €U xR:y= f(x)} be the graph of f. Show that f is of measure zero.

Exercise 10.3.6: Given a closed rectangle R C R", show that for any € > 0 there exists a number s > 0 and
finitely many open cubes C1,Cs,...,Cy of side s such that R C C;UCU---UCy and

f V(C) <V(R)+e.
j=1

Exercise 10.3.7: Show that there exists a number k = k(n,r,8) depending only on n, r and 8 such the
following holds. Given B(x,r) C R" and 6 > 0, there exist k open balls By,By,...,By of radius at most §
such that B(x,r) C By UByU---UBy. Note that you can find k that really only depends on n and the ratio 8/r.
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10.4 The set of Riemann integrable functions

Note: ??? lectures

10.4.1 Oscillation and continuity

LetSCR"beasetand f: S — R a function. Instead of just saying that f is or is not continuous at
a point x € S, we we need to be able to quantify how discontinuous f is at a function is at x. For any
0 > 0 define the oscillation of f on the d-ball in subset topology that is Bg(x,d) = Brn(x,0) NS as

o(f,x,8):= sup f(y)— inf f(y)= sup (f(y1)—f())-

yEBs(x,5) Y€Bs(x,5) V1.92€Bs(x,8)

That is, o(f,x, 8) is the length of the smallest interval that contains the image f (Bs(x,8)). Clearly
o(f,x,0) > 0 and notice o(f,x,8) < o(f,x,8") whenever § < §'. Therefore, the limit as § — 0
from the right exists and we define the oscillation of a function f at x as

of.2):= Jim olfx,8) = inf o(f.x,5).

Proposition 10.4.1. f: S — R is continuous at x € S if and only if o(f,x) = 0.

Proof. First suppose that f is continuous at x € S. Then given any € > 0, there exists a 8 > 0 such
that for y € Bg(x,8) we have |f(x) — f(y)| < €. Therefore if y;,y, € Bg(x, ) then

FO1) = f2) = fO1) = f(x) = (f(32) = f(x)) < e+€=2e.

We take the supremum over y; and y,

o(fx.8)=  sup  (F(n)—f(2)) <2e.

y1,y2€Bs(x,8)

Hence, o(x, ) = 0.
On the other hand suppose that o(x, f) = 0. Given any € > 0, find a 0 > 0 such that o(f,x,5) < €.
If y € Bg(x,0) then

|f(x)_f(y)‘ S sup (f(yl)_f(yZ)) :0(f7x76)<£' 0

y1,y2€Bs(x,6)

Proposition 10.4.2. Letr S C R" be closed, f: S — R, and € > 0. The set {x € S: o(f,x) > €} is
closed.

Proof. Equivalently we want to show that G = {x € §: o(f,x) < €} is open in the subset topology.
Asinfg.go(f,x,8) <&, find a 6 > 0 such that

o(f,x,0) <€
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Take any & € Bg(x,/2). Notice that Bg(&,9/2) C Bg(x, ). Therefore,

o(f,§,82)=  sup  (fO1)—f0n2) < sup (f(y1)—f(n)) =o(fx,8) <e.

y1.y2€Bs(&,8/2) Y1,y2€Bs(x,8)

So o(f,E) < € as well. As this is true for all & € Bg(x,/2) we get that G is open in the subset
topology and S\ G is closed as is claimed. [

10.4.2 The set of Riemann integrable functions

We have seen that continuous functions are Riemann integrable, but we also know that certain kinds
of discontinuities are allowed. It turns out that as long as the discontinuities happen on a set of
measure zero, the function is integrable and vice versa.

Theorem 10.4.3 (Riemann-Lebesgue). Let R C R" be a closed rectangle and f: R — R a bounded
function. Then f is Riemann integrable if and only if the set of discontinuities of f is of measure
zero (a null set).

Proof. Let S C R be the set of discontinuities of f. Thatis S = {x € R: o(f,x) > 0}. The trick to
this proof is to isolate the bad set into a small set of subrectangles of a partition. There are only
finitely many subrectangles of a partition, so we will wish to use compactness. If S is closed, then it
would be compact and we could cover it by small rectangles as it is of measure zero. Unfortunately,
in general S is not closed so we need to work a little harder.
For every € > 0, define
Se:={x€R:o(f,x) > ¢€}.

By Proposition 10.4.2 S¢ is closed and as it is a subset of R which is bounded, S¢ is compact.
Furthermore, S C § and S 1s of measure zero. Via Proposition 10.3.7 there are finitely many open
rectangles S1,52, ..., Sk that cover Sg and Y,V (S;) < €.

The set T =R\ (S U---USy) is closed, bounded, and therefore compact. Furthermore for x € T,
we have o(f,x) < €. Hence for each x € T, there exists a small closed rectangle 7, with x in the
interior of 7, such that

sup f(y) — inf f(y) <2e.
yeTy Yelx

The interiors of the rectangles 7, cover T. As T is compact there exist finitely many such rectangles
T,T>,...,T, that covers T.

Now take all the rectangles 7i,73,...,T,, and S1,S53,...,S; and construct a partition out of their
endpoints. That is construct a partition P with subrectangles Ry, R»,..., R, such that every R; is
contained in 7 for some ¢ or the closure of S; for some ¢. Suppose we order the rectangles so
that Ry, Rz, ..., R, are those that are contained in some 7, and Ry 1,R;2,...,R, are the rest. In
particular, we have

q )4
V(R))<V(R)  and Y V(R)<e.
=1 j=q+1

J
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Let mj and M be the inf and sup over R; as before. If R; C T; for some /, then (M; —m;) < 2¢.
Let B € R be such that |f(x)| < B for all x € R, so (M; —m;) < 2B over all rectangles. Then

U(P.F)~ LIPS = Y. (M)~ mV(R))

Z(Mj—mj)V(Rj)> +< i‘, (Mj—mj)V(Rj)>

Jj=q+1

zq: 28V(RJ~)> + ( i ZBV(RJ-)>
J=1 Jj=q+1

< 2¢V(R)+2Be = £(2V(R) + 2B).

IN

Clearly, we can make the right hand side as small as we want and hence f is integrable.
For the other direction, suppose that f is Riemann integrable over R. Let S be the set of
discontinuities again and now let

Sc:={x€R:o(f,x) > 1/k}.

Fix a k € N. Given an € > 0, find a partition P with subrectangles Ry, R», ..., R, such that
p
U(Pf)— Z —m;j)V(R)) <¢€

Suppose R1,R;,...,R, arr ordered so that the interiors of Ry,R;,...,R, intersect Sy, while the

interiors of Ry 1,Ry12,...,R, are disjoint from Sy. If x € R; NSy and x is in the interior of R; so

sufficiently small balls are completely inside R}, then by definition of Sy we have M; —m; > 1/k.
p q

Then .
, Z
j=1 j=1

In other words ):?: 1 V(R;) < ke. Let G be the set of all boundaries of all the subrectangles of P.
The set G is of measure zero (see Example 10.3.5). Let R;’- denote the interior of R;, then

»M—‘

Sk CRIURU---UR,UG.

As G can be covered by open rectangles arbitrarily small volume, S; must be of measure zero. As
S=J S
k=1

and a countable union of measure zero sets is of measure zero, S is of measure zero. O]
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10.4.3 Exercises

Exercise 10.4.1: Suppose f: (a,b) x (¢,d) — R is a bounded continuous function. Show that the integral of
f over R = |a,b] x [c,d| makes sense and is uniquely defined. That is, set f to be anything on the boundary
of R and compute the integral.

Exercise 10.4.2: Suppose R C R" is a closed rectangle. Show that #(R), the set of Riemann integrable
functions, is an algebra. That is, show that if f,g € Z(R) and a € R, then af € Z(R), f +g € Z(R) and

fe € Z(R).

Exercise 10.4.3: Suppose R C R" is a closed rectangle and f: R — R is a bounded function which is zero
except on a closed set E C R of measure zero. Show that [, f exists and compute it.

Exercise 10.4.4: Suppose R C R" is a closed rectangle and f: R — R and g: R — R are two Riemann
integrable functions. Suppose f = g except for a closed set E C R of measure zero. Show that [ f = [z 8.

Exercise 10.4.5: Suppose R C R" is a closed rectangle and f: R — R is a bounded function.
a) Suppose there exists a closed set E C R of measure zero such that f|g\g is continuous. Then f € Z(R).
b) Find am example where E C R is a set of measure zero (but not closed) such that f| R\E IS continuous and

fEZR).
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10.5 Jordan measurable sets

Note: ??? lectures

10.5.1 Volume and Jordan measurable sets

Given a bounded set S C R" its characteristic function or indicator function is

() 1 ifxes,
X) =
xS 0 ifxes.

A bounded set S is Jordan measurable if for some closed rectangle R such that S C R, the function
Xs is in Z(R). Take two closed rectangles R and R’ with S C R and S C R, then RN R is a closed
rectangle also containing S. By Proposition 10.1.13 and Exercise 10.1.7, xs € Z(RNR’) and so

Xs € Z(R’). Thus
/ Xs = / Xs = xS
R R ROR!

We define the n-dimensional volume of the bounded Jordan measurable set S as
V(S) = / s,
R

where R is any closed rectangle containing S.

Proposition 10.5.1. A bounded set S C R" is Jordan measurable if and only if the boundary 0S5 is
a measure zero set.

Proof. Suppose R is a closed rectangle such that S is contained in the interior of R. If x € dS, then
for every 6 > 0, the sets SN B(x,6) (where xs is 1) and the sets (R\ S) N B(x, §) (where xg is 0) are
both nonempty. So xs is not continuous at x. If x is either in the interior of S or in the complement
of the closure S, then )y is either identically 1 or identically O in a whole neighbourhood of x and
hence xs is continuous at x. Therefore, the set of discontinuities of s is precisely the boundary dS.
The proposition then follows. 0
Proposition 10.5.2. Suppose S and T are bounded Jordan measurable sets. Then
(i) The closure S is Jordan measurable.
(ii) The interior S° is Jordan measurable.
(iii) SUT is Jordan measurable.

(iv) SNT is Jordan measurable.

(v) S\T is Jordan measurable.



102 CHAPTER 10. MULTIVARIABLE INTEGRAL

The proof of the proposition is left as an exercise. Next, we find that the volume that we defined
above coincides with the outer measure we defined above.

Proposition 10.5.3. If S C R" is Jordan measurable then V (S) = m*(S).

Proof. Given € > 0, let R be a closed rectangle that contains S. Let P be a partition of R such that

U(p,xs)g/Rxﬁe:wsHe and L(P,xg)z/RxS—EZV(S)—e.

Let Ry, ..., Ry be all the subrectangles of P such that y is not identically zero on each R;. That
is, there is some point x € R; such that x € S. Let O; be an open rectangle such that R; C O; and
V(0;) <V(R;)+¢/k. Notice that S C |J; O;. Then

k k
U(P,ys) = Z (ZV(OQ) —e>m"(S)—¢.
j=1 j=1

AsU(P,xs) <V(S)+e¢, then m*(S) —e < V(S) + &, or in other words m*(S) < V(S).

Now let R},...,R; be all the subrectangles of P such that x5 is identically one on each R’. In
other words, these are the subrectangles contained in S. The interiors of the subrectangles R’jO are
disjoint and V(R7) = V(R'). It is easy to see from definition that

m* (O R’f) - Zé: V(RY).
j=1 j=1

Hence
l L / L
m*(8) = m* (R = (U RY) = L V(RY) :Z L(P.f) > V(S) -
j=1 Jj=1 j=1 J=1
Therefore m*(S) > V(S) as well. N

10.5.2 Integration over Jordan measurable sets

In one variable there is really only one type of reasonable set to integrate over: an interval. In
several variables we have many very simple sets we might want to integrate over and these cannot
be described so easily.

Definition 10.5.4. Let S C R” be a bounded Jordan measurable set. A bounded function f: § — R
is said to be Riemann integrable on S, or f € Z(S), if for a closed rectangle R such that S C R, the
function f: R — R defined by

T {f(x) ifxes,

0 otherwise,
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|r=]7

When f is defined on a larger set and we wish to integrate over S, then we apply the definition
to the restriction f|g. In particular note that if f: R — R for a closed rectangle R, and S C R is a
Jordan measurable subset then
|r=[ 1s
S R

Proposition 10.5.5. If S C R" is a Jordan measurable set and f: S — R is a bounded continuous
function, then f is integrable on S.

is in Z(R). In this case we write

Proof. Define the function fas above for some closed rectangle R with S C R. If x € R\ S, then f
is identically zero in a neighbourhood of x. Similarly if x is in the interior of §, then f: fona
neighbourhood of x and f is continuous at x. Therefore, fis only ever possibly discontinuous at 9§
and we are finished O

10.5.3 Images of Jordan measurable subsets

Finally, images of Jordan measurable sets are Jordan measurable under nice enough mappings. The
following version will be enough.

Proposition 10.5.6. Suppose S C R" is a closed bounded Jordan measurable set, and S C U for an
open set U C R". Suppose g: U — R" is a one-to-one continuously differentiable mapping such
that J, is never zero on S. Then g(S) is Jordan measurable.

Proof. Let T = g(S). We claim that the boundary dT is contained in the set g(dS). Suppose the
claim is proved. As S is Jordan measurable, then dS is measure zero. Then g(dS) is measure zero
by Proposition 10.3.9. As dT C g(dS), then T is Jordan measurable.

It is therefore left to prove the claim. First, S is closed and bounded and hence compact. By
Lemma ??, T = g(S) is also compact and therefore closed. In particular 7 C T. Suppose y € 97,
then there must exist an x € § such that g(x) = y. The Jacobian of g is nonzero at x.

We now use the inverse function theorem Theorem 8.5.1. We find a neighbourhood V C U of x
and an open set W such that the restriction f|y is a one-to-one and onto function from V to W with a
continuously differentiable inverse. In particular g(x) =y € W. Asy € dT, there exists a sequence
{y¢} in W with limy;, =y and y; ¢ T. As g|y is invertible and in particular has a continuous inverse,
there exists a sequence {x; } in V such that g(x;) = y; and limx; = x. Since y; ¢ T = g(S), clearly
x; ¢ S. Since x € S, we conclude that x € dS. The claim is proved, dT C g(dS). O

10.5.4 Exercises

Exercise 10.5.1: Prove Proposition 10.5.2.
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Exercise 10.5.2: Prove that a bounded convex set is Jordan measurable. Hint: induction on dimension.

Exercise 10.5.3: Let f: [a,b] — R and g: [a,b] — R be continuous functions and such that for all x € (a,b),

f(x) < g(x). Let
U:={(x,y)eR*:a<x<band f(x) <y <g(x)}.

a) Show that U is Jordan measurable.
b) If f: U — R is Riemann integrable on U, then

/Uf:/:/gi:)f(x,y)dydx.
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10.6 Green’s theorem

Note: 1 lecture

One of the most important theorems of analysis in several variables is the so-called generalized
Stokes’ theorem, which is a generalization of the fundamental theorem of calculus. Perhaps the
most often used version is the version in two dimensions which is called Green’s theorem, which
we will prove here.

Definition 10.6.1. Let U C R? be a bounded connected open set. Suppose the boundary AU is a
finite union of (the images of) simple piecewise smooth paths such that near each point p € JU
every neighbourhood V of p contains points of R*\ U. Then U is called a bounded domain with
piecewise smooth boundary in R?.

2

The condition about points outside the closure means that locally dU separates R? into “inside
and “outside”. The condition prevents dU from being just a “cut” inside U. Therefore as we travel
along the path in a certain orientation, there is a well defined left and a right, and either it is U on
the left and the complement of U on the right, or vice-versa. Thus by orientation on U we mean
the direction along which we travel along the paths. It is easy to switch orientation if needed by
reparametrizing the path.

Definition 10.6.2. If U C R? is a bounded domain with piecewise smooth boundary, then dU is
positively oriented if as we travel along the path U is on the left.

If for example U is a bounded region with “no holes”, that is U is connected, then the positive
orientation means we are travelling counterclockwise around dU. If we do have “holes”, then we
travel around them clockwise.

Proposition 10.6.3. Let U C R? be a bounded domain with piecewise smooth boundary, then U is
Jordan measurable.

Proof. We need that dU is of measure zero. As dU is a finite union of simple piecewise smooth
paths, which themselves are finite unions of smooth paths we need only show that a smooth path is
of measure zero in R?.

Let y: [a,b] — R? be a smooth path. As 7 is continuously differentiable, the derivative is
bounded as [a, b] is compact so there is some M € R such that ||y (¢)|| < M for all ¢ € [a,b]. Further
if we show that the image y((a, b)) is measure zero, then adding two points to a measure zero set
still gets a measure zero set.

We will use Proposition 10.3.9, although we then need a mapping from an open set in R?. Define

E (a,b)x(—l,l)—>R2, as flx,y) == 7y(x).

As (a,b) x {0} is measure zero in R? and ¥((a,b)) = f((a,b) x {0}). Hence by Proposition 10.3.9,
y((a,b)) is measure zero in R? and so ’y([a,b]) is also measure zero, and so finally JU is also
measure Zero. U
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Theorem 10.6.4 (Green). Suppose U C R? is a bounded domain with piecewise smooth boundary
with the boundary positively oriented. Suppose P and Q are continuously differentiable functions
defined on some open set that contains the closure U. Then

_ [ (90 oP
/aUde+Qdy_/U(ax ay)‘

We stated Green’s theorem in general, although we will only prove a special version of it. That
is, we will only prove it for a special kind of domain. The general version follows from the special
case by application of further geometry, and cutting up the general domain into smaller domains on
which to apply the special case. We will not prove the general case.

Let U C R be a domain with piecewise smooth boundary. We say U is of type I if there exist
numbers a < b, and continuous functions f: [a,b] — R and g: [a,b] — R, such that

U:={(x,y) ER*:a<x<band f(x) <y < g(x)}.

Similarly U is of type II if there exist numbers ¢ < d, and continuous functions %: [c,d] — R and
k: [c,d] — R, such that

U:={(x,y) eR*:c<y<dand h(y) <x<k(y)}.

Finally U C R is of type III if it is both of type I and type II.

If we have a type I domain, then the paths given by the graphs of f and g together with the
straight line segments between g(a) and f(a), and also between g(b) and f(b) give the boundary as
a piecewise smooth path. Similarly for type II, and hence for type II. Therefore such domains are
domains with piecewise smooth boundary.

Let us state the version which we will prove.

Theorem 10.6.5 (Green). Let U C R? be a domain of type IIl. Suppose P and Q are continuously
differentiable functions defined on some open set that contains the closure U and suppose that oU

is positively oriented. Then
JdQ oJpP
Pdx+Qdy = / °9° 7).
/80 Qdy U(ax 8y)

Proof. By Exercise 10.5.3, U is Jordan measurable and as U is of type I, then

L)L o
/ab (_P(X,f(x)) -I-P(x,g(x))> dx
/abP(x ( ))dX—/abP(x,f(x))dx.
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The one form Pdx when integrated integrates to nothing when integrating along the straight vertical
lines in the boundary. Therefore it only is integrated along the top and along the bottom. As a
parameter, x runs from left to right. If we use the parametrization that takes x to (x, f (x)) and
(x, g(x)) we recognize path integrals above. However the second path integral is in the wrong
direction, the top should be going right to left, and so we must switch orientation.

/U(_g_;)> :/abP(X’g(x))dx+/bap(x=f(x))dx=/aUde.

Simiarly U is also of type II. The form Qdy integrates to zero along horizontal lines. So

/Uaa_g:/Cd/k:ly()y)%_g(x,)’)dxdy:/;(Q(y,h(y))—Q(y,k(y)))dx:/&UQdy_

Putting the two together we obtain

90 aQ 8P
Pdx+Qd :/ Pd d :/ 9P / / _ .
/8U o+ Qdy U X aUQ Y U ox dx 8y

Let us illustrate the usefulness of Green’s theorem on a fundamental result about harmonic
functions.

Example 10.6.6: Suppose U C R? is an open set and f: U — R is harmonic, that is, f is twice

continuously differentiable and f >+ % J; = 0. We will prove one of the most fundamental properties

of Harmonic functions.
Let D, = C(p,r) be a closed disc such that C(p,r) C U. Write p = (x,y9). We orient dD,

positively Then
1 / 92 f+ 0% f
~ 2nrJp, \ 9x2  9y?

1 af df
_ %f/(9 —a—ydx+ a—dy
1 2 0
_ 2_7”/0 (_a_;c(x0+rcos(t),yo+r5in(t)) (—rsin(r))
+ %(xo +rcos(t),y0 + rsin(f))rcos(t)) di
d

1 2
= [g/o f(x0+rcos(t),y0+rsin(t)) dt} .

Therefore as a function of r, we let g(r) := 5= [5* £ (xo+rcos(t),yo+rsin(r)) dz, and then g'(r) = 0

forall r > 0. As

2m
§0) = o [ 7ls0+0cos(t), o +0sin(e)) dr = f(xo, o).
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The function is constant for r > 0 and continuous at r = 0 (exercise). Therefore g(0) = g(r) for all
r > 0. We have proved the mean value property of harmonic functions:

1

1 2n
f(x0,y0) = E/O f (%0 +reos(r),yo + rsin(t)) dr = S aDrfds.

That is, the value at p = (xg,y¢) is the average over a circle of any radius r centered at (xg, yo).

10.6.1 Exercises

Exercise 10.6.1: Prove that a disc B(p,r) C R? is a type Il domain.

Exercise 10.6.2: For a disc B(p,r) C R?, orient the boundary dB(p,r) positively:
a) Compute [yp, ) —ydx.

b) Compute faB(W)xdy.

c) Compute [5p, ;) 5 dy+73dy.

Exercise 10.6.3: Using Green's theorem show that the area of a triangle with vertices (x1,y1), (x2,¥2),
(x3,y3) is % |X1y2 + X293 +X3y1 — y1X2 — y2x3 — y3x1|. Hint: see previous exercise.

Exercise 10.6.4: Using the mean value property prove the maximum value for harmonic functions: Suppose
U C R? is an connected open set and f: U — R is harmonic. Suppose f attains a maximum at p € U, then
show that f is constant.



