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The classical theorems we learned this semester! can be conveniently stated in a way
that gives a vast generalization in one simple statement, and also allows one to more
easily remember/derive the statements of the theorems and simplify computations. We
will only scratch the surface (no pun intended) here. What we are aiming at is the so-called

Generalized Stokes” Theorem:
/ dw = / @.
Q 2Q

If rowdy mathematicians wrote graffiti on bathroom walls, this is a good candidate for
what they would write. Itsays that the integral over an object of the derivative of something
is an integral of that something over the boundary. To make all the theorem:s fit within this
equation, we have to figure out what all the objects mean, what is a boundary, and what
is a derivative. An amazing thing is that the “d” operator, called the exterior derivative, is
the right derivative in the right context. It is the gradient when it needs to be the gradient,
it is the curl when it needs to be the curl, it is the divergence when it needs to be the
divergence, etc. The differential forms also include all the information needed to compute
the integrals, to deal with orientation, or to change coordinates.

We will mostly consider 3 dimensions and, to some extent, 2 dimensions. But the ideas
apply in any number of dimensions with almost no change. You will also notice that we
do not write ff and /ff and such for 2- or 3-dimensional integrals. In this setup, we simply

write / and note that the dimension is implied by the object that is under the integral.

In 3 dimensions, there are 4 different kinds of so-called differential forms. There are
0-forms, 1-forms, 2-forms, 3-forms. You have seen 0-forms and 1-forms without knowing
about it. Differential forms are things that are “integrated” on the geometric object of
the corresponding dimension (point, path, surface, region). In the context of differential
forms, these geometric objects are sometimes called chains and you will notice that we will
do a certain kind of arithmetic called chain arithmetic with them. In n dimensions, there
would be n + 1 different kinds of differential forms, but let us stick to 3 dimensions for
simplicity.

1We covered: H. M. Schey, Div, Grad, Cutl, and All That: An Informal Text on Vector Calculus (4th Edition)



0-forms

In the context of differential forms, functions are called O-forms. These O-forms are “in-
tegrated” on points because points are the 0-dimensional objects. That is, functions are
evaluated at points—if P is a point,

=

For example, if f(x,y,z) = x>~ 1+z and P = (1,2, 3), then

/f=f(P)=f(1,2,3):12—1+3=3.
P

Points are “oriented” positively or negatively. The P above was positively oriented. If Q

is negatively oriented,
[ r=-r@.
Q

For example, if Q = (2,1, 0) is negatively oriented,
/f =-f(2,1,0) = -(2> -1 +0) = -3.
Q

We can add and subtract points. For example, suppose that P = (1,2,3)and R = (0,0, 2) are
both positively oriented. We write —P as the negatively oriented P. Adding or subtracting
two points then corresponds to adding or subtracting the values of the function. This
arithmetic is what we meant when we said chain arithmetic. For example,

/R_Pf = f(R) - f(P) = £(0,0,2) - f(1,2,3) =1-3 = 2.

That looks a lot like the “integral” of the “boundary” of a segment of a curve that starts at
P and ends at R, and that is exactly where this notation will appear. You then have to be
careful not to do arithmetic on the components of R — P, despite what it looks like. These
are points, not vectors, and when points add or subtract, it is in the sense above.

We haven't really done anything except make up new notation so far, and it may seem
like we are making up nonsense, but the notation will be useful for stating the fundamental
theorem of calculus as the same theorem as Green’s, Stokes’, divergence, etc.

1-forms

A 1-form is an expression of the form

f(x,y,z)dx +g(x,y,z)dy + h(x,y,z)dz.

For example,
x?y dx +3xe* dy + (z + y) dz.
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So a 1-form is a combination of dx, dy, and dz. We cannot just multiply the dx, dy, dz,
although more on that later. These objects keep track of how we integrate. In some sense,
they are the “derivatives” of the coordinate functions x, y, and z.

These 1-forms are integrated on (oriented) paths, as paths are one-dimensional. If C
is a path, then we define

/Cf(x, y,z)dx +g(x,y,z)dy + h(x,y,z)dz = /C(f(x, v,2),8(x,y,2),h(x,y,2)) - tds.

You have seen this expression before. We use the following formula for the actual compu-
tation. Suppose the path C is parametrized by ¢ fora <t < b. Thatis, x, y, z are functions
of t. Then

/f(x, y,z)dx+g(x,y,z)dy + h(x,y,z)dz
c

dz

b d d
=/a (f(xr}//Z)d—f+8(x,y,2)d—‘1j+h(x,y,z)dt) dat. (1)

For example, suppose C is the straight line from (0, 0, 0) to (1, 2, 3) parametrized by x(t) = ¢,
y(t) =2t,z(t) =3t,for0 <t < 1. Then

/ x*ydx +3xe*dy + (z + y)dz = /1 ((t)2(2t))(1) + (3te?)(2) + (3t + 2t)(3)) dt
C 0

! 2
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We often give a name to the 1-form,asinw = f(x,y,z)dx+g(x,y,z)dy+h(x,y,z) dz.
Then

/w:/f(x/yzz)dx+g(X,y,Z)dy+h(x,y,z)dz.
C C

One way 1-forms arise is as derivatives of functions. Let f be a function. Then what
you called the total derivative in multivariable calculus, is really the “d operator” on 0-forms
giving 1-forms. The d operator is called the exterior derivative in the context of differential

forms. That is, 5 3 5
_df f f
df = e dx+aydy+ e dz.

For example, if f(x,y,z) = x2e¥z, then
df = 2xeVzdx + x*e¥z dy + x%eY dz.

Not every vector field is a gradient vector field, so similarly, not every 1-formis a derivative
of a function. For example, w = —y dx + x dy is not the total derivative of any function f.

If it were, then , ,
pa _
f :a( y):—ll but af :@:1,
dydx dy dxdy  Ix

and that is impossible.




Notice that the dx is the derivative of x. That is, if f(x,y,z) = x, then

d d d
dfz%dx+£dy+8jzrdz—1dx+0dy+0dz—dx

Similarly for dy and dz. So the notat1on keeps track of changes of variables and chain rule,
as we saw above. That is, dx becomes & o dt when we integrate with respect to t. Similarly,
if we parametrize a curve with respect to x, we do not need to change the dx. Consider a
curve C given by y = x2,z = x3 for 0 < x < 1. Let us compute a simple integral over C:

N W

1 d 1
/xdx+ydy+zdz:/ xdx+y—ydx+zd—zdx:/ (x +x2(2x) + x3(3x?)) dx =
c 0 dx dx 0

We remark that the standard calculus integral

/abf(x)dx

is simply the integral of the 1-form f(x)dx (in one variable there is only x, there is no y
nor z) over the “curve” [a, b] with the positive orientation.

Boundaries of paths and the fundamental theorem

If C is a path from point A to point B, then we say that the boundary of C, which we write
as dC, is B with positive orientation and A with negative orientation. In short, we write
the boundary of C as dC = B — A. The upshot of all this is that the easy statement of the

fundamental theorem of calculus will look like all the other statements of the fundamental
theorem in higher dimensions. We can simply write it as

[o-f

Let’s interpret this equation. The left-hand side is

d
/df /8xd +—dy+a—£dz

While the right-hand side, assuming C goes from A to B, is

/ f = £(B) - £(A).
dC

If f(x,y,z) = x?e¥z as above, and C is the path parametrized by y(t) = (t,3t,t + 1) for
0 <t <1, sostarting at (0,0, 1) and ending at (1, 3, 2), then

/df = / f=£(@1,3,2)-f(0,0,1) = 1732 — 0%e°1 = 2¢°.
C aC
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Another example of this use is to compute a path integral by computing the antideriva-
tive, provided it exists, of course. For example, suppose C is the straight line from (0, 0, 0)
to (1,2, 3), and we want to compute

/ydx+xdy+22dz.

C

If we can find an f whose total derivative is the form above, then we are almost done.
If f exists, then 3—1; =y,s0 f = xy + g(y, z) for some function g. Taking the derivative
with respect to y gets us 8—}’; =X+ g—i, so ¢ is independent of y. Taking the derivative

with respect to z we find 2z = g—é = g—g, so ¢ = z? (plus a constant, but we only need one

antiderivative). So f = xy + z>. In other words,

/ydx+xdy+22dz:/df:/ f:f(1,2,3)—f(0,0,0):1.2+32:11,
C C Ple

Notice how the fundamental theorem of calculus in one variable now works. If f(x)
is a function, that is, a 0-form, then df = f’(x)dx. Let C = [a, b] be the interval oriented
positively. Note that the 2 and b can now be viewed as points and JdC is really b in positive
orientation and a in negative orientation (perhaps confusingly we could write JC =b —a
where b — a would not be your usual arithmetic). Then

/ubf’(x)dx=/Cdf=/acf=f(b)—f(a)-

2-forms

So far we have only justified notation that you have seen before. Let us move to the surface
integral (the flux integral) and how to frame it in terms of differential forms. For 2-forms,
we need to be a bit more careful with orientation, and we need to keep track of it on the
form side of things. For this purpose, we introduce a new object, the so-called wedge or
wedge product. It is a way to put together forms. The wedge product takes two 1-forms w
and 1 and gets a so-called 2-form w A 1. We start by wedging together dx, dy, and dz. We
write
dx Ady, dy ANdz, dz A dx.

We define that
dx ANdy = —dy Adx, dy Ndz = —dz Ndy, dz ANdx = —dx ANdz.
Finally, a wedge of one of these 1-forms with itself is just zero:
dx Ndx =0, dy Ady =0, dz Adz = 0.

This is, in fact, true for any 1-form: w A w = 0.



A 2-form is an expression of the form
w=fdyANdz+gdzNdx+hdx Ady.

If any other wedges appear, we can (if we really want to) use the rules above to convert
them to this form. For example,

x>dy Adz +ydx Adz +z%dx Adx = x*dy Adz — ydz A dx.

We also impose some further algebra rules on this product. Anything we would call a
“product” had better be what we call bilinear: If w, 1, and y are 1-forms, then

(@+mAy=wry+nny,
woAM+y)=wAn+wAy.

If f is a function, then
(fw)An=floAn)=wA(fn)

Let’s see these rules on an example:

(x*y dx + 2% dz) A (e* dy + 8dz) = x>y dx A (e* dy + 8dz) + 2> dz A (e* dy + 8dz)
= x*ye* dx A dy +8x*y dx A dz + z%e* dz A dy +8z% dz A dz
= —z%e* dy A dz — 8x*y dz A dx + x*ye* dx A dy.

In general,

(fdx+gdy+hdz)A(adx+bdy+cdz) = fadx ANdx + fbdx Ady + fcdx Adz
+gady Ndx +gbdy Ady + gcdy ANdz
+hadz ANdx +hbdz ANdy + hcdz Adz
=(gc—hb)dy ANdz + (ha — fc)dz Adx + (fb — ga)dx A dy.

You should recognize the formula for the cross product. That is, the result is a 2-form
whose coefficients are (f, g, h) X (a, b, c). The wedge product is always the right product
in the right context.

2-forms as the exterior derivative of 1-forms

OK, now that we know what 2-forms are, what do we do with them? First, let’s see how
to differentiate 1-forms to get 2-forms, with the d operator, that is, the exterior derivative.
We want the derivative to be linear, so that in particular d(w + 1) = dw + dn. When we
have an expression such as f dx, we define

d(f dx) = df A dx.



Similarly for dy and dz, that is, d(gdy) = dg A dy and d(hdz) = dh A dz. Let’'s compute
the derivative of any 1-form:

d(fdx+gdy+hdz)=df ndx +dg Ady +dh Adz
d
(fdx+ fdy+—fdz)/\dx

dx dy Jz
(gidx+g—idy+g—§dz)Ady
(ghd g—zdy+§—hdz)/\dz
gﬁdx/\dx+g—]];dy/\dx+g—];dz/\dx
gidx/\dy+§—§dy/\dy+§—gdz/\dy
§de/\dz+§—$dy/\dz+g—ildz/\dz
:(g—z—g—‘(’;) dy/\dz+(g—£—g—f§) dz/\dx+(g—i—g—§) dx Ady.

You should recognize the formula for the curl. That is, if the functions f, g, h are
coefficients of a vector field, then the coefficients of the derivative of the 1-form are the
coefficients of the curl of the vector field. Again the wedge product and d gets us the right
thing in the right context. And to do computations with d and the wedge is much easier
to do because one only needs to follow a couple of simple rules.

For example,

d(xdx +y>dz) = 1dx Adx +0dy Adx +0dz Adz +0dx Adz +2ydy Adz+0dz Adz
=2y dy Ndz.

Of course, we do not need to do this in excruciating detail; we know which derivatives
will end up zero and which wedge products will end up zero. We need only to look at
those that end up nonzero. For instance,

d(xydx +z*dy + y*dz) = xdy Adx +2zdz Ady + 2y dy A dz
=y —-2z)dy ANdz —xdx Ndy.

The formula V X Vf = 0 appears in the fact that
d(df) =

This formula is a general feature of the d operator, and it is sometimes written as d? = 0.



Integrating 2-forms

Now that we have the derivative, we want to integrate 2-forms. As 2-forms are “two
dimensional,” they are integrated over surfaces. Suppose S is a surface oriented with the
unit normal fi. We define

/fdy/\dz+gdz/\dx+hdx/\dy=//(f,g,h)-ﬁt:ls.
S S

We use only one integral sign for integrals of forms by convention, even though it is a
surface integral.

Again, we have only defined a new notation for something we knew how to compute
already, the flux integral. But using this notation, a way to compute surface integrals is
suggested by the change of variables formula from multivariable calculus. It is really the
right way of defining the integral. Moreover, it gives an easy way to compute the integral
for any parametrized surface. Denote

2%,y _ e[ld &) dxdy dxoy
o, v) @ W\ dudv Jvou’

This expression is the determinant of the derivative from the change of variables formula
for 2-dimensional integrals. This formula is called the Jacobian determinant. Let S be
parametrized by (1, v) ranging over a domain D, where the ordering u and then v gives
the orientation of S via the right-hand rule. That is, consider the curves moving u or v
through a point keeping the other variable fixed. Think of these as sort of curvilinear axes
on your surface. As u is growing, that is, looking at the curve for a fixed vy that takes u
to x(u, vo), y(u,vo), z(1t, vg) and looking at its tangent direction given by the derivative in

u, that is, the vector <g—;‘, g—g, g_f:> that is what we consider the u direction. Doing the same

thing with v, we consider <%, a—y, @> the v direction. So if we curl the fingers on our right
v’ dv’ Jdv

hand, from the u direction to the v direction, then our thumb should be the unit normal
giving the orientation of S. See the following figure.

So x, y, and z are functions of (1, v). Then

~ INy,z)  dzx)  dxy)
/SfdyAdz+gdZAdx+thAdy__//[)(f8(u,v)+g8(u,v)+h8(u,v) du dv.




Compare this formula to how we computed 1-form integrals above in equation (1), and it
will feel very familiar.

For example, let w = xdy Adz + ydz A dx + zdx A dy be the 2-form, and let S be the
surface given by the graph z = x? + y? where x and y lie in the unit square 0 < x,y < 1.
We have x = u, y = v, z = u? + v%. The domain D is the unit square 0 < u,v < 1.

Surface S

Then
/a):/xdy/\dz+ydz/\dx+zdx/\dy
S S

1 pl
= / / (u(—Zu) +0(=20) + (u® + 02)) du dv
0o Jo

1 pl 5
=/ / (—u? —v?*) dudo = —.
0o Jo 3

For another example, suppose 17 = xz dy Adz, and let the surface S be the tube of radius
1 around the z-axis for 0 < z < 1 (the curved part of the surface of the cylinder). Orient S
with the normal outwards (away from the z-axis). Let us compute fs 1.

First, we parametrize S. Let (1, v) map to (cosu,sinu,v)for0 < u <2mand0<v < 1.
That is, x = cosu, y = sinu, and z = v. We check that the right-hand rule, curling our
fingers around the u direction (going in horizontal circles around the z axis) followed by
the v direction (same as the z direction) gets us the outward normal. If we got the wrong
normal, we could just swap u and v, but we got the outward one we wanted.

=




So

1 27
/xzdy/\dz=/ (cosu) v (cosu) dudov
S 0 0 S~ Y~ ——
X z M
(

M,
1 21

:/ / (cosu)*v du dv = I
0o Jo 2

This is a good way to remember how to integrate parametrized surfaces. Another
advantage is that you do not always have to put the differential forms into the standard
form. Perhaps in the last example, you swap dy and dz (and so introduce a negative sign)

and write the integral as fs —xz dz A dy. We can just compute the integral that way:

1 27
/—xzdz/\dy:// —(cosu) v (—cosu) dudv
S 0 0 S~ Y~ ——
X

z (z,)

1 21
= / / (cosu)*v du dv =
0 Jo
9(z,y) y.z

d(u,v)
We computed 2.0) because we had dz A dy. Before, we computed e U; because we had
dy Adz. That's what we meant when we said the wedge product keeps track of orientation.
It keeps track of how you are supposed to integrate a 2-form, no matter how you write it.

)

N[

Stokes’ Theorem

The classical Stokes” Theorem can now be stated. Let S be an oriented surface and 0S
be the boundary curve of S oriented according to the right-hand rule as we have for the
classical Stokes” Theorem. Let w be a 1-form. Then Stokes’ Theorem in terms of differential

forms is
/da):/ .
S aJs

If o =fdx+gdy+hdz, then dw, as we saw above, is really the 2-form whose coefficients
are the components of V X (f, g, ). So the left-hand side is

/Sda)://SVx(f,g,h)-ﬁdS.

The right-hand side is the integral

/asa):/as(f,g,h>-fds.

That is, we have the classical Stokes’. Notice how the expression

/da):/a)
S aJs
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is now the same for both the Stokes” Theorem and the Fundamental Theorem of Calculus.
The only difference is that S is now a surface and not a curve, and w is a 1-form and not a
0-form (function).

3-forms and the Divergence Theorem

If we take one more wedge, we find that the only forms that survive our rules, namely
that dx A dx = dy Ady = dz A dz = 0, are the ones that look like

fdx ANdy Adz.

So that is what 3-forms look like. Notice that

dx Ndy Ndz =dz ANdx ANdy = dy Adz A dx
=—dy Ndx Ndz =—-dx Ndz ANdy = —dz Ady Adx.

Let’s see what happens if we wedge a 1-form and a 2-form to get a 3-form. Note that if,
for example, I wedge dx A (dz A dx) we get two dx and the whole thing is zero. Similarly
for the others. That makes it rather simple to compute:

(fdx+gdy+hdz)A(ady ANdz+bdz ANdx +cdx Ndy) =
fadx Ndy ANdz + gbdy ANdz Adx + hcdz Adx ANdy = (fa+ gb+ he)dx Ady Adz.

You will notice the formula for the dot product. It is yet another instance of the wedge
product being the right product in the right context.
Integrating 3-forms is easy. Write the 3-form as f dx A dy A dz and then, given a region

R in 3-space, we define
/fdx/\dy/\dz:[/ Fav,
R R

where dV is the volume measure. We also put orientation on R, and the above definition
is for positive orientation. If orientation is not mentioned, we always mean the positive
orientation. If R were oriented negatively, then we would define the integral to be the
negative of the integral for positive orientation. Let us not worry about it, and just do
positively oriented regions in 3-space.

Example: Let R be the region defined by -1 < x <2,2<y <3,0<z <1. Then

2 3 pl 2 3
/xzyez dx Ndy Ndz = / / / x*ye* dz dy dx = / / x*y(e — 1) dy dx
R -1J2 Jo -1.J2

2 2 2 3 _1)3 2 2
L [T

Next, how do we differentiate 2-forms to get 3-forms? We apply essentially the same
formula as before:

Ad(fdy Ndz+gdzANdx +hdx Ndy) =df Ndy ANdz+dg Adz Adx +dh Adx Ady.

11



Let us carry this through. Start with the first term:

_(9f af Jf
df/\dy/\dz— gdx+@dy+£dz)/\dy/\dz
_df Jf daf _df
—ng/\dy/\dZ+@dy/\dy/\dz+gd2/\dy/\d2—ng/\dy/\dZ.

Indg Adz A dx, only the g—g term survives, and in dh A dx A dy, only the ‘;—h term survives.
Yy Z

All in all we find that for w = fdy Adz + gdz ANdx + hdx A dy,
df dg oh

da):d(fdy/\dz+gdz/\dx+hdx/\dy)=(£+@+£) dx ANdy Adz.

Notice the expression for the divergence pops up. We are then not surprised that the

Divergence Theorem
///V-(f,g,h)de// (f, g, h)-AdS,
R JR

where R is oriented positively and f is the outward unit normal on the boundary JR,

takes the form
/ dow = / w.
R IR

Remark: We could try to keep going in 3-space and define 4-forms, but we notice that
no matter how we wedge together dx, dy, and dz four times, at least one of them will
appear twice and we will get 0. One could thus say that there are no 4-forms in 3-space,
but we could also say that 4-forms in 3-space exist but are all zero. Further, we could just
say that all k-forms are just zero for all k > 4 in 3-space. Similarly, you could follow the
rules to take d of 3-forms and you'd just always get O (try it).

Generalized Stokes’ Theorem

/da):/a)
Q 2Q

is called the Generalized Stokes” Theorem. Here w is a (k — 1)-form and Q is a k-dimensional

geometric object (chain) over which to integrate. In 3-space, w is a 0-, 1-, or 2-form, and Q2

is a path (1-dimensional), a surface (2-dimensional), or a region (3-dimensional).
Another thing to notice is the following diagram:

The formula

d d d
0-forms — 1-forms — 2-forms — 3-forms

corresponds to the diagram
. \Y% . VX . V- .
functions — vector fields — vector fields — functions.
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We mentioned above that V X Vf = 0 is the formula d(df) = 0 for a function (0-form) f.
Similarly, V- V X F = 0 is the formula d(dw) = 0 for a 1-form w. In fact, it is true in all
dimensions that using the exterior derivative d on an output of the exterior derivative d,
that is, a d-derivative of a d-derivative, is 0. In other words,

d(dw) =0

for all differential forms w. It is sometimes shortened to d* = 0
Not every vector field F so that V X F = 0 is conservative. One example is the vortex
vector field F = (-1 0). We have that V x F = 0, but there is no g so that Vg = F.

2+’ x2+y2 ’
This is because the set where F is defined, R® minus the z-axis, is not simply connected—a
loop around the z-axis cannot be disentangled from the z-axis without breaking it or going
through the z-axis.

This example means that just because dn = 0 doesn’t mean that there is some w so that
dw = 1, which is a natural question you might ask when you see that d(dw) = 0, that is,
you may have asked if the dw type forms are the only ones that d takes to 0. And we see
that the answer is no. The form 7 = x2_+yy2 dx + xZiyZ dy satisfies dn = 0, but there is no

0-form (function) w so that dw = 1. It is really that fact that R®> minus the z-axis has a
1-dimensional hole (the z-axis), and differential forms can “see” these holes. This is the
very basic version of what we call cohomology, but let’s not get into that. Let’s just say that
one can use differential forms to study the topology (the “shape”) of sets.

Wedge products and the product rule

You might ask, what happened to the product rule, and if there is a product rule for the
wedge product. Yes, it is still there, but with a twist. Firstly, while for two functions, f
and g, we usually write the product as f g, we could really write it as f A g. The result
is still a function, that is, a O-form. The product rule for functions, when written in the
notation of forms, becomes

of

if )= 79 = (S + 15| axe (Fog e 158 ) ay e (v 75 e

of . . of . . 9f 9g .98, 98
(8 dx+@dy+a—dz)/\g+f/\( dx+&ydy+a—dz =df)Ng+fA(dg).

OK, that sounds good. How about we try the same thing with a 1-form and a 0-form. For
simplicity, let’s just suppose it is a product of f dx and g. We'll write a wedge there even
though we’re multiplying by a function, as we mentioned above.

of

J P
d((f dx) A g) = d(fgdx) = (’;g+f )dy/\dx+(£g+f£)dz/\dx

9 9 9 9
((&Zd +a£dy+a—fdz)/\dx)/\g (fdx)/\( gdx+£dy+a—‘jdz)
=d(fdx)Ang—(fdx)Adg.

13



Aha! There is a minus sign and not a plus sign now. The reason is that the dx has to
“propagate” to the front, so we need to swap some wedges.
Same thing happens more generally. Suppose w is a p-form and 1) is a g-form, then the
wedge product
w AT

is a (p + g)-form. The most general version of the product rule is
dlwAn) =doAn+(=1)Pw Adn.

Notice the (—1)? before the second term. So we get a product rule, but depending on how
things needed to “propagate” to write it in the form of a product rule, we put a plus or a
minus sign.

Let’s check that this agrees with our definition of d. A coordinate such as x is a
function, so dx is really the derivative of x. So, for example, we apply the product rule to
the simple one form f dx:

d(f dx) = df Adx + f A d(dx) = df A dx,

since d? = 0 as we said before. And this was precisely how we defined d.

Applying in the plane

In the plane, think of everything as if it were in 3-space but with no z dependence, so
no dz. All 3-forms are zero because every which way we take a basic wedge of dx and
dy to get a 3-form, we always get zero: dx Adx Adx =dx ANdy ANdx = dy Adx Adx =
dx Ndy Ndy =dy ANdx ANdy =dy ANdy ANdx = dy Ady Ady = 0. We could then say that
there are no 3-forms in the plane as there are no nontrivial ones. There are only 0-forms,
1-forms, and 2-forms. The only 2-form that appears is f dx A dy, since the other possible
wedge product gets you dy A dx = —dx A dy. The derivative of a 1-form is

d(fdx + gdy) =df ANdx +dg A dy

_(9f of Ig g
—(ad?('i‘@d]/)/\d?(ﬁ‘(ad?(ﬁ‘@dy /\dy
_df I8

—@dy/\dX'i‘ng/\dy

_ (98 9f

—(5—@) dX/\dy.

If R is a region in the plane and dR is its boundary, the Generalized Stokes” Theorem says:

_ _ [ (98 If
/aRfdx+gdy—/Rd(fdx+gdy)—/R(£ @) dx Ady.

You will recognize Green’s Theorem.
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Changing coordinates

Differential forms take care of changing coordinates easily. The trick is to know that dx,
dy, and dz are the derivatives of the x, y, and z coordinate functions. Suppose we wish
to write down everything in terms of , 0, z, and dr, d9, dz of cylindrical coordinates. We
have

x=rcos0, y=rsin0, z=z.

Apply the exterior derivative d:
dx =d(rcos0) =cosOdr —rsin6do,

dy =d(rsin0) =sinOdr +rcos0do,
dz =d(z) = dz.

Consider the 1-form
w=(x*+y?)dx +zdy +dz.

Let us change this 1-form into cylindrical coordinates:

w=r*dx +zdy +dz = r*(cos 0 dr — rsin 0 dO) + z(sin @ dr + r cos 6 dO) + dz
= (r>cos O + zsin 0) dr + (=r°sin 6 + zr cos 0) dO + dz.

C

where C is the spiral given in cylindrical coordinatesby r =1,0 =t,z =t for 0 < t < 2m.

Now suppose we wish to find

z

7

So

dr de dz
dr—Edt—O, dG—Edt—dt, dz—Edt—dt.

Plugging it all in, we compute
/a) = /(r2c059 +2zsin0)dr + (-r2sin 6 + zr cos 6) dO + dz
C C

2n
:/ (—sint +tcost +1)dt = 2m.
0
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Changing variables for 2-forms and 3-forms is exactly the same idea, since they are
constructed out of dx, dy, dz. For example, let us compute the area measure on the xy-
plane in cylindrical (so in polar coordinates if we just restrict ourselves to the plane). In
the plane, the area measure dA is dx A dy, so

dx Ady = (cosOdr —rsin0dO) A (sinOdr +rcos6do)
= (cos O)(rcosO)dr AdO + (—rsin 0)(sin 0) dO A dr
= (cos 0)(rcos 0)dr A dO + (rsin 0)(sin 0) dr A dO

= r(cos® 0 +sin® 0) dr A d6 = rdr A d6.

We obtain the familiar r dr dO for the integral with respect to area in polar coordinates
from multivariable calculus.
Similarly in 3-space, we find the volume form dV in cylindrical coordinates is

dx Ndy Ndz =rdr ANdO Adz.

You can also figure out how to compute the surface area element dS for a surface
in different coordinates such as cylindrical. If S is the graph z = f(x,y), then dS =

2 2
\/1 + (‘;—J;) + (%) dx A dy. So for example, if z = x> — y? is your surface, then

ds = \/1 + (2x)% + (<2y)* dx A dy.

We know what dx A dy is, so we just need to replace the remaining xs and ys:

s = \/1 + (2r cos 0)% + (=2rsin 0)? rdr AdO = V1 + 4r2r dr A dO.

Hodge star and the Laplacian

You may ask, what happened to the Laplacian? To get it, we need the so-called Hodge
star operator. The Hodge star operator in 3 dimensions takes 1-forms to 2-forms and vice
versa, and 0-forms to 3-forms and vice versa. Basically, it is defined as

xf = fdx ANdy Adz,
*(fdx+gdy+hdz)=fdyndz+gdz Adx + hdx Ady,
*(fdyANdz+gdzANdx+hdx ANdy) = fdx+gdy + hdz,
*(fdx ANdy Adz) = f.
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It now follows that the Laplacian V2f can be written as xd x df :

afdx+a—fdy+a—fdz)

*d x df = *d*(ax 2y 3

_ (9 of of
—*d(axdy/\dz+@dz/\dy+a—dx/\dy)

P f  I*f 82f
:*((8x2+8y aZz)dx/\ﬂly/\dz)
_0*f (92f 82f
Tt dy? Tz

= V*f.

Essentially, we have already seen that we can connect O-forms and 3-forms as they are
both represented by functions, and 1-forms and 2-forms as they are both represented as
vector fields.

In the plane, that is, in R?, the Hodge star works as follows. There are only 0-forms,
1-forms, and 2-forms. It is clear how it takes 0-forms to 1-forms and vice versa. What is
new here is that it should take 1-forms to 1-forms, and we define it as

*f = fdx Ady,
*(fdx+gdy)=—-gdx+ fdy,
*(fdx Ady) = f.

Again we get the Laplacian as *d * df:

*d*df:*d*(afdx+a—fdy)

dx Ay
_ of . . of
= %d (—E dx + 8_dy)
Pf  Pf
-+ {[5 + ) 40
2 2
ot 8y

In R"

In n coordinates, the whole setup is the same except that there are more differential forms.
If x1, x2, ..., x,, are the coordinates, then we have

dx1, dxp, ..., dx,
as our basic 1-forms. Then the 2-forms are expressions such as

f1dX1/\dX2+f2dX2/\dx3+---
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Note now that there are actually a lot more coefficients in 2-forms (as long as 7 is bigger

than 3). In fact, there are (g) = @ coefficients as that’s how many basic 2-forms dx; Adx i
there are. The derivative is still computed the same way. That is
P Y:

aA(fdxy ANdxiy Ao+ ANdxg ) =df Ndxiy Adxi, A Adxg, .

Here i1,1p, ..., ik are just some integers between 1 and n so that we get a basic wedge
product of the dxs.

Integration is done much like before. Suppose that we have a k-dimensional object
() that is parametrized in terms of u1,uy, ..., ux. That is, x; (for every j) is a function of
ui,uz, ..., ug. Let D be the domain of the uy,uy, ..., uy, that is, some region in R*. The
orientation of Q) is given by this parametrization. Let’s see how a simple k-form

fdxil /\d.‘JCi2 VANRE /\dxik

is integrated. Then using the determinant in the same way as before we write

A(Xiy, Xiy, oo, Xi
/fdxi1 A dxiz Ao A dxik = / c. / f(x(u)) (le Xip xlk) durduy - - - dug,
Q D

3(111,1/[2,. . .,uk)

where by f(x(u)) we mean f(x1(u1,uz, ..., ux), x2(u1, uz, ..., uk), ..., xy(u1, Uz, ..., ux)),
but that would be a lot to write. The determinant is what it was before, just more
complicated:

'ax,1 ax,'l &xil h
P T Juy
axiz axiz axiz
a(xilrxizr---/xik) _ a_ul 8_142 a_uk
= det
&(ul,uz,...,uk) . . .
axl‘k 8xik &xik
Ly Ouy T Oy

Allin all, everything is the same and the k-form and the parametrization tells you how to
write the integral. You will notice that the way we defined the integral in the special cases
of 1,2, and 3 dimensional objects is just a special case of the above formula. If we make the
appropriate definitions for boundaries, we again obtain the generalized Stokes theorem,
however, let us not get into the details of all of this. At this juncture, it is sufficient to say
that the setup generalizes nicely to n dimensions for any #.
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