A Practical Guide to the Hessian
Jiti Lebl
November 7, 2025

Two dimensions

We start with two dimensions. Let f(x, y) be a function of two variables, and let us find
the Taylor expansion around (xo, o). Write the vector h = (x — xo, y — yo). We consider h
as a column vector when matrices are involved. We write h! for the transpose, that is, the
corresponding row vector. The Taylor expansion of a function of two variables around
(%0, Yo) can then be written as

1
f(x,y) = f(xo,y0) + Vf|(xO’y0) ‘h + Em{f|(xoly0)h n

J Jd

- ooy D e D g
* (xo0,¥0) (x0,%0)
vf (xo,yo).
1 &Zf 82]: 2
+t555 (x — x0)* + (x —x0)(y — yo) + (v — yo)* +
29x? (0, ¥0) axay (0, ¥0) 2 ay (x0,%0)
%htHf (x0.y0)

The H f is the so-called Hessian matrix

2f  Pf

_ | 922 9xdy
Hp=l2r 2y
dydx  9y?

The quadratic form in the computation is the part

h'Hy

(XO,yo)h = [(x -x0) (y-— yo)] (xo Yo) ‘;czfy (x0,Y0) |(y

2/ 0)
8x9y |(x0 vo)  dy? |(x0,y0) y

Example: To see why this is so, it is useful to look at a polynomial example. The second
order approximation ought to be the best quadratic polynomial that approximates the
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function. Thus, if we look at a quadratic polynomial, its Taylor expansion up second order
should be the same polynomial since it itself should be its best quadratic approximation.
So consider f(x,y) = 1+ 2x + 3y + 4x? + 5xy + 6y>. Compute

&'f_2+42 +5 8f_3+5 +6-2
ox oY dy X Y
I’ f I f 02 f
—=4. 2, = 5, =6-2.
Ix? Ixdy y?
If we wish to expand this function at (0, 0), we compute
af af
0,00=1, =| =2, =| =
f(0,0) dx1(0,0) Ay 1(0,0)
P |- 82f ‘ 1
ox2lo0 dxdyloo 2o, 0) '

S
0 Lo o L5 2
f(x,y):1+2x+3y+§8x +5xy+§12y ,

and, lo and behold, we got the same polynomial. Since we have the derivatives computed,
we can expand around other points. For example, expand around the point (2, 1). First,

_ i aif  _
fe0 = Ixler — 23, dyley 25,
02 02 02
I s f f ‘ 12.

ox2len 8xc9y’(2,1) - 2{01)

So
f(x,y) =40 +23(x —2) +25(y — 1) + %S(x —22+5(x -2)(y—1)+ %12(3/ -1)%

The Hessian in this case is constant and is always [8 5 ]. In the matrix notation, the

expression above becomes:
x=2|'[8 5][x-2
y—=11 |5 12| |y —-1}|°

The first-order approximation gave us the gradient and thus the steepness of the graph
of f. The second-order approximation tells us how the graph curves. One particular
application is in optimization, that is, to find minima and maxima of functions, or to
simply understand how a function behaves near a critical point.

First, what is a critical point? It is a point where the gradient is zero. These are the
candidates for maxima and minima, since at the top of the hill or a bottom of a valley, we

f(x,y) =40+(23,25) - (x =2,y — 1)+




find that the tangent plane is horizontal, that is, the gradient Vf is zero, or in other words,
g—]; =0and g—Jy( =0.

For simplicity, suppose that xo = yo = 0, and f(0, 0) = 0. Further, suppose that (0, 0) is
a critical point, thatis, Vf|¢) = 0. Then,

1
f(x/]/) = EhtHf|(0,0)h+ Tty

where the dots are higher-order terms in the Taylor expansion. So near the origin, f
behaves like a quadratic form. We will suppose that Hy is nondegenerate, that is, it has
no zero eigenvalues; in other words, it is invertible.

What is an eigenvalue of a matrix A? It is a value A for which there exists a nonzero
vector v, called an eigenvector, such that

Av = Av.

In other words, A is an eigenvalue if and only if Av — AIv = (A — AI)v = 0 for a nonzero
v, thatis, A — Al is not invertible. Thus, to compute the eigenvalues, you find the roots of
det(A — AI) = 0, which is a polynomial of degree n if A is n X n. Finding the eigenvalues
is quite difficult if n is large (it is quite easy if n = 2 by using the quadratic formula).
Finding an eigenvector is easy once you know the eigenvalue—you simply find a nonzero
solution to (A — AI)v = 0. That is just Gaussian elimination. Having the eigenvalues and
eigenvectors tells us everything about the matrix, but as we said, it is in general a hard
problem. Some questions (but not all) about A (and hence Hy) we can answer without
knowing the eigenvalues.

The Hessian is a symmetric matrix, as aiz_ay = aa;—gx, SO H} = Hy. A symmetric matrix
always has real eigenvalues (no complex numbers), and as many eigenvalues as the matrix
has rows (or columns). Correspondingly, the eigenvectors of a symmetric matrix are
also real vectors, so we can think of them as directions in our space. Furthermore,
the eigenvectors of a symmetric matrix are orthogonal (at right angles); if v and w are
eigenvectors of two different eigenvalues, then w - v = v!w = 0. Moreover, you can always
find enough eigenvectors; for an n Xn symmetric matrix, one can find n orthogonal linearly
independent eigenvectors (so a basis), even if some eigenvalues are repeated.

Suppose that A is an eigenvalue of Hy and v is a corresponding eigenvector. As any

(0,0)
multiple of v is also an eigenvector, let us take v to be a unit vector, so thatv-v = viv = 1.
Parametrize the line through the origin in the direction of v. That is,

r(t) = tv.

As v is the unit vector, this parametrization is an arclength parametrization, that is, we’re
also keeping track of how far we go. Let us consider the values of f along the line given



by r(t). That is we look at

2
Fe(t)) = f(tv) = %(tv)tHf|(O,O)(tv) - %fof|(OIO)v foe
t2

—EV/\V+ —%tzvtv+-~-

/\2
=124
2

So along the line given by v, the function f behaves like the quadratic 5+
critical point.

If A > 0 (that is % > 0), then f(r(t)) has a local minimum, and if A < 0, then f(x(¢)) has
a local maximum. Aha! So at least along a direction of an eigenvector, we can classify the
behavior.

Suppose that A, v is an eigenvalue/eigenvector pair and y, w is another eigen-
value/eigenvector pair. Again, we will take our eigenvectors to be unit vectors. Writing
any point r in terms of the two eigenvectors r = tv + sw, we find

at least near the

1
flo) =5(tv+ Sw)tHf|(0,0)(tV +swW) 4

ot s? ts ts
>V Hf|(0,o)V tow Hf|(0,o)w tov Hf|(o,o)w tow Hf|(0,0)v T
ﬁ fA +82w w+t—s w+t wilv + -
= 2v v > )4 2vy > v
=)2\tvv+)2/szww+)\2vw+)/tswv+
As Vo
—Et +ES +

In more fancy terminology, we have diagonalized the Hessian. That is, if s and t were the
variables, then the Hessian would be a diagonal matrix; in terms of ¢ and s, the function
is 4t2 + Ls2 + -+ It is really enough to understand the Hessian matrix, and therefore the
function, in the direction of the eigenvectors.

As long as we are still assuming that the Hessian is nondegenerate, that is, invertible,
there are three possible cases in the plane as the Hessian is 2 X 2: Two positive eigenvalues,
two negative eigenvalues, or a positive and a negative. Let us examine the representative
examples.

Two positive eigenvalues: The model case is when the matrix looks like:

1 10
EHf‘[o 1]'

We write half the matrix for simplicity. The function is x? + y2, and its graph looks like:
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Two negative eigenvalues: The model case is when the matrix looks like:

1 -1 0
=10 4

The function is —x? — y2, and its graph looks like:
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One positive and one negative eigenvalue: The model case is when the matrix looks

like:
1 1 0
Hr=1o 4

The function is x? — y2, and its graph looks like:
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If we wish to figure out if a critical point is a minimum or a maximum (or a saddle),
we look at the Hessian. If it is nondegenerate, we determine the signs of the eigenvalues.
Computing eigenvalues is difficult, but there is a simpler way to tell the signs. Notice

ol or el 8wl 4o

The determinant of a matrix is a product of the eigenvalues. Therefore, if eigenvalues are
of opposite signs, the determinant of a 2 X 2 matrix is negative. Be careful, the reasoning
is different for 3 X 3, or larger, matrices.

It turns out that if you have two eigenvalues of the same sign, you can decide on the
sign of the eigenvalues of a 2 X2 symmetric matrix by just checking the upper left (or lower
right) number in the matrix. If it is positive, then the matrix had two positive eigenvalues.
To see this, notice that if you set y = 0, then f(x, 0) is a function of x alone, and its second
derivative is the upper left number of the matrix. If it is positive, then the graph of the
function must “curve up”, that is, it must be a minimum. Therefore, there must be at least
one positive eigenvalue.

Notice that we didn’t have to actually solve a quadratic equation if we only wanted the
sign of the eigenvalues and not their exact values. For n = 2, this is not a big issue, as we
do have the quadratic formula, but for larger matrices, this sort of reasoning saves a lot
of trouble. Computing determinants is always rather simple; either plug into a formula
or do row reduction. Computing the actual eigenvalues is tricky, and there is no formula
that gives you exact answers in general; you must solve a polynomial of degree 1.

Example: Consider
f(x,y) =3x* + 7xy + 5y°.

The origin is a critical point. We just need to decide, is it a min/max or a saddle. The
Hessian is

6 7 6 7
Hf|(0,0) = [7 10] , and so det(Hf|(0,0)) = det ([7 10]) =6x10-7%x7=11.
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The product of the eigenvalues is positive, so they are of the same sign. The critical point
at the origin is either a local minimum or a maximum. As the upper left component is 6,
it must be that the surface curves upwards, both eigenvalues are positive and the origin is
a minimum for f. The eigenvalues are approximately 0.72 and 15.28, but notice that we
didn’t have to compute them, we know they were both positive without knowing them
exactly. That it is a minimum is perhaps hard to tell from the graph, see below. We can
mostly see the sharp sloping upwards due to the eigenvalue 15.28, that is, it is curving up
quickly in the direction of the eigenvector corresponding to this eigenvalue. The upwards
slope from the center along the “valley floor,” that is, along the eigenvector corresponding
to 0.72, is harder to discern. That is because 0.72 is much smaller relative to 15.28.
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Example: Let us modify our example just a tiny bit. Consider
g(x,y) = 3x% + 8xy + 5°.
Again the origin is a critical point. The Hessian is

6 8 6 8
00) = ls 10] , SO det(Hg|(0/0)) = det (lS 10]) =6x10-8x8=—4.

So the eigenvalues must be of opposite signs, and the surface must be a saddle point.
In fact, they are approximately —0.25 and 16.25. The surface turns mostly upwards, but
in a certain direction, the one corresponding to the eigenvalue —0.25, it turns slightly
downwards. From drawing a graph, it might not be totally easy to immediately see that it
is a saddle. Look at how similar it is to the previous graph.

Hg
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Degenerate Hessian

For a degenerate Hessian, we can sometimes read off some information, but just not
everything. Sometimes we do not get any information at all. Consider

fx,y) = x? + y4.

It is not difficult to convince yourself that this function is always positive, except at the

origin, when it is zero. So the origin is a minimum.
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However if you compute the Hessian you find

2 0
Hf|(0,0) = lo Ol , SO det(Hf|(O,O)) =0.



The eigenvalues are 2 and 0. The matrix is degenerate (it has a zero eigenvalue, since the
determinant is zero). So we can't quite tell that the origin is a minimum from the second
derivative alone.

To see why we can't tell, try

glx,y) =~ y*.
The graph of this is a saddle (just notice that g(x,0) = x> and g(0, y) = —y*).
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Let’s compute the Hessian:

20

Hglo,0 = lo 0

l , SO det(Hg|(O/O)) =0.

The Hessian is the same as for f above, so clearly we cannot decide if it is a saddle or a
minimum from Hy and Hy. One thing that we can read off is that the critical point of
either g or f is definitely not a maximum. Along the direction of the positive eigenvalue
2, that is, in the x direction, we know that the function has a minimum. So there is no way
the function has a maximum.

If a function has a minimum, then all eigenvalues are positive or zero. If the function
has a maximum, then all the eigenvalues are negative or zero. But just because a function
has only positive or zero eigenvalues does not mean the function has a minimum.

Peano’s example

When the Hessian is degenerate, one has to be careful with trying to just check for extrema
(min or max) on lines. Consider

flx,y) =y —x?)2x* - y).

This function is zero on the sets where y = x% and y = 2x?, the two parabolas in the
following picture. It is negative outside the space between these two lines and positive
between the two lines.



Suppose we restrict the function to any line. For example, we pick an angle 0 and
consider the line through the origin at the angle 0 to the positive x-axis. This line is given
by r(t) = ( t cos(0),t sin(@)). Then the restriction of f to this line is

f(x(t)) = f(t cos(6), t sin(0)).

For any O, f (r(t)) has a strict maximum at = 0. By a strict maximum, we mean that the
function is actually strictly less than zero for ¢ near zero. In fact, except for when 6 = 0 or

6 = 7, we find
2

d

5| f () | <o

so it is a maximum (a strict one). When 0 = 0, this corresponds to y = 0, and so
f(x(t) = —2t*,

which clearly has a strict maximum.
But f is a saddle! It is just a “bent saddle.”
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Clearly the function cannot have a min or a max since f(0,0) = 0, but you also have points
where f is positive or where f is negative arbitrarily near the origin.
A computation shows that

0 0
Hf|(0,0) = [0 _zl , SO det(Hy) = 0.

So we wouldn’t be any smarter from looking at the Hessian.

The moral of the story is that if the Hessian has zero eigenvalues, you might have to
get creative to figure out what kind of critical point you have. There is no simple nth
derivative test, as there is for one variable functions.

On the other hand, if the Hessian is nondegenerate, that is, it has no zero eigenval-
ues, then we did answer the question by looking at lines, since that is what looking at
eigenvalues does.

More variables

Let’s consider 3 variables, with n variables being exactly the same idea. If f(x,y,z) is a
function of three variables, then the Hessian is the matrix

*f I*f P f

Ix2  Jdxdy Ixoz

H = I*f I*f P f
f= dyox ?2/2 dyodz
Pf o Pf P
dzdx 9zdy 922

Again, a critical point is a minimum if Hy has 3 positive eigenvalues, it is a maximum if
it has 3 negative eigenvalues, and it is a saddle point if it has at least one positive and one
negative eigenvalue. And if it has a zero eigenvalue, then we cannot tell how the function
looks near the origin just from looking at the Hessian.

Example: Let

f(x,y,z) = 3x% + xz +2zy — z°.

The origin is the unique critical point. The Hessain matrix at the origin is

1
2 SO det(Hf|(0,0,0)) =-24 < 0.

Hy

0,0,0)

_ o N
N O© O

The determinant (the product of eigenvalues) is negative, so at least one eigenvalue is
negative. This cannot possibly be a minimum. But we cannot yet decide if it is a max or a
saddle. However, we know we will be able to tell since it is nondegenerate. We just have
to try harder. If we restrict to the x variable, setting y = z = 0, then we just get the function
3x2, whose second derivative is 6. That is the 6 in the top left corner. Just as for the 2
variable case, we can decide that one of the eigenvalues must be positive since one of the
diagonal entries is positive, and so the function has a minimum in some direction. Since
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we already know that we have at least one negative eigenvalue, the critical point must be
a saddle.

Alternatively, we didn’t even have to compute the determinant. Looking at the diagonal
entries, these are always those we obtain by setting two of the variables to zero, we have
at least one positive, because of the 6, and at least one negative, due to the —2. So we
can immediately tell that the matrix has at least one positive and at least one negative
eigenvalue.

Either running through the linear algebra or plugging into a computer or a calculator,
you find that the eigenvalues are approximately —3.31, 6.13, 1.18. So one negative and two
positive.

Another example: Let

f(x,y,z) = =9x* + 6xy — 2y* — 2yz — 22°.

The origin is a critical point. The Hessian matrix is

-18 6 0
Hf|(o,0,0) = 8 —421 —Z SO det(Hfl(o,o,o)) =_72 <0.

Again, negative determinant, so at least one (or possibly all three) eigenvalues are negative.
In this case, the eigenvalues are approximately —20.25,-0.70,-5.05. So all three are
negative and the critical point is a maximum.

There is again a quick way of figuring out all three eigenvalues are negative without
computing them. If we simply move in the xy space, setting z = 0, then the function
should still be a minimum of two variables. In other words, the the first 2 X 2 principal
submatrix, [‘58 _64], should have only negative eigenvalues. Its determinant should be
positive.

OK, so we have the following test. If the top left entry is negative, the first 2x2 principal
submatrix has positive determinant, and the full matrix has negative determinant, then
the eigenvalues are all negative. In this case

18 6 -18 6 0
-18 <0, det =36>0, det[| 6 -4 -2||=-72<0.
6 4 0 -2 —4

Basically, you have to compute a couple of determinants to figure out the signs of the
eigenvalues, but you don’t need to actually find the eigenvalues exactly, which would be
a lot more work.

Important: It is not enough to just check the diagonal entries. The fact that all three
are negative just says that there is at least one negative eigenvalue. For example,

-1 1 1
1 -1 1
1 1 -1



has eigenvalues 1, -2, -2 (the -2 is repeated), so there are two negative eigenvalues, but
also a positive one, despite all three diagonal entries being negative.

A general to figure out the signs of the eigenvalues for a 3 X 3 (and this generalizes to
n X n) symmetric matrix is the technique we just used above. A symmetric matrix (the
principal submatrices we will look at are marked)

has three positive eigenvalues if

4 b a b c
a>0, det >0, and det d el||>0.
b d
e f
It has three negative eigenvalues if
- a b c
a<o0, det > 0, and det||b d e|]|<O.
b d
c e f

Computing determinants is a lot easier and a lot faster than computing the actual eigenval-
ues. If you do not get any zeros, but the signs do not correspond to one of the above, then
you have some combination of positive and negative eigenvalues and the critical point is
a saddle.

If you get a zero for the determinant of the entire matrix, at least one eigenvalue is zero
(the matrix is degenerate). If one of the submatrix determinants is zero, the entire matrix
may not have zero eigenvalues, but not all the eigenvalues are positive, nor are they all
negative. We have already seen an example:

6 0 1
00 2{,
1 2 =2

where we have that the determinant of the top left 2 X 2 submatrix is zero.

Diagonalization and change of variables

Let us return to two variables. Let us find the change of variables that makes any function
into one of the three examples. We have almost done it before, but let’s actually find the
change of variables. So if we are allowed an (affine) linear change of coordinates, then at a
critical point, up to a constant, any function of two variables with a nondegenerate Hessian
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really starts with f(x,y) = x2+y2+---, f(x,y) =x2—y?>+---,0r f(x,y) = x> —y>+---.
That should surely make some computations simpler.
We have

1
f(x,y) = f(xo0,y0) + Vf|(xO’y0) ‘h + Ethf|(xoly0)h .

The first thing to do is to make some new coordinates where (xo, yo) is (0,0). So let
u=x-xpand v =y —yp. Asx =u +xpand y = v + yo, write

g(u,v) = f(u+x0,v+ yo).

The chain rule says that any derivative of g is the same as the derivative of f, just evaluated
at the other point. So

agl  _9f ag|  _9df
dulo,0  dx oy 0100 Iy lxo,m)
Pg f Pg _Pf

etc.

ouloo ~ 9x2

(xo,y0)” dudvl0,0)  xdylxo,y0)

The function g near the origin is expanded as
1
g(u,v) =¢(0,0) + Vg|(0,0)-h + EhtHg|(0’0)h +--

1 t
e f(-xO/ yO) + Vf|(X(),y0) . h =+ Eh Hf|(x0,y0)h + ... ,

where h = (u,v) = (x — x0, ¥y — yo). That is the expansion of f(x, y) around (xo, yo)-
OK, we got any point to be the origin. Let’s see how we can diagonalize H,. Given
any symmetric matrix A, it is possible to find a matrix P, such that

A =PDP,

where D is a diagonal matrix with just 1s, —1s, and 0Os on the diagonal. To find the matrix
P, we take a diagonal matrix whose entries are the square roots of the absolute values of

Viul o

0 Vil
corresponding unit eigenvectors [0172]. Let’s not worry too much about why this P works,
but it is exactly what we did before. We're writing every point in terms of the eigenvectors,
and we are also rescaling to get rid of the sizes of the eigenvalues.

A result called the Sylvester’s Law of Inertia says that the number of 1s is the number of
positive eigenvalues of A, the number of —1s is the number of negative eigenvalues of A,
and the number of Os is the number of zero eigenvalues of A. Assuming there are no zero
eigenvalues, then for a 2 X 2 matrix, the matrix D is [(1) g’], [‘01 9 ], or [(1) 9.

So find an P such that

the eigenvalues, | l, and we multiply it by the matrix whose columns are the

_ pt
Hgl g0 = P'DP-
The change of coordinates is Ph = w for some w. Then

h'Hgl /b = h'P'DPh = (Ph)'DPh = w'Dw.
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Aha! Let the variables be s and ¢, and let w = (s, t) be given by

vemerf]

-]

where P71 is the inverse of the matrix P. In other words, if P = [‘CI Z], then s = au + bo,
t = cu + dv. For a 2 X 2 matrix, the inverse is easy to compute:

| =

(s,t) = p(w) = g(P~'w).
Really ¢, g, and f are all the same function just written in different coordinates.! The
expansion of ¢ around the origin is

Let

1
@(s,t) = p(0,0) + V(p|(0,0) W+ 5th(P|(0f0)w 4.

_ 1
= f(xo,x0) + Vf|(xO/xO) (P7lw) + EWtDW + -

IfVf | = 0, or in other words if V(pl = 0, then, as D is one of the three forms,
(XOIyO) (0,0)

(s, t) = f(xo0,y0) + %(s2 + tz) +--, (s, t) = f(xo0,y0) + %(s2 - tz) +---,

or  ¢(s,t) = f(xo,yo) + %(—52 — )+

We made the Hessian be the matrix with 1s and —1s on the diagonal. If we wanted to get
rid of the 1, we’d have to make it the matrix with 2s and —2s on the diagonal. If we can
also change coordinates on the value side, we could also consider 2¢(s, t) instead. We
could also easily get rid of the constant f(xo, o) by just subtracting it from ¢ and consider
2(¢(s, t) = f(x0,y0)). Thenwe have s? + 2 + -+, s> =2 + -+ or —s? — 2 + - -

Example: Consider
fx,y) =3x +x* + xy + y*.
The critical point of f is where the derivative vanishes. We leave it as an exercise to show

that there is one critical point and that is at (-2, 1). We write g(1,v) = f(u —2,v +1). The
Hessian is the matrix

21
WMW‘%%W¢14'

1If we wanted to use just f, we could use a notation such as f|s=1,=2 for ¢(1,2). Making up new letter,
so that we can just use the functional notation ¢(1,2), seems clearer. Note that ¢(1, 2) is definitely not equal
to f(1,2), since f(1,2) would mean that x =1 and y = 2.
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The eigenvalues are 3 and 1, and the unit eigenvectors are

whl &l

The matrix P according to the prescription above is

1 1
p= [V O V|- N2 A3
0 1||Lt = 1 ol
V2 V2 V2

The matrix D is

10
p=|o
The inverse of P is L
Vo V2
3 \F \F \F L S
S = q[/zu+4[=0 =] =(x=x0)++/=(V—10), t = —(x— 0)+—( 0),
Vs 27 e T e
-1
X — xo—x+2—u——s+ y—yO:x—lzv——s+—t

e 6 e

Solve for x and y, and plug into f and check that this change of variables really does give
you

(s, t)=-3+ %(52+t2) (=3x+x*+xy+y*=f(x,y)).

The -3 is the value f(xo, y0) = f(—2,1). There are no higher-order terms, as f had no
higher-order terms.

Final comments

We have just scratched the surface of what the Hessian tells us about a function near
a point. We were only focused on optimization. So, for example, we did not really
consider the impact of the size of the eigenvalues—we only cared about their signs. I
would not want you to go away with the impression that the second derivative test is
the only application of considering the Hessian, it is simply the one that is the simplest
and most obvious example. The takeaway is how linear algebra comes into the picture
and can answer questions about the local behavior of multivariable functions. You can
hopefully now relate other results from linear algebra to answer further questions about
these functions.
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