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Abstract

This paper studies the eventual periodicity of solutions to the initial and boundary value problem for the KdV equation on a half-line and with
periodic boundary data. We derive a representation formula for solutions to the linearized KdV equation and rigorously establish the eventual
periodicity of these solutions. Numerical experiments performed on the full KdV equation indicate that its solutions are also eventually periodic.
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1. Introduction

This paper is concerned with the eventual periodicity of
solutions to the initial- and boundary-value problem (IBVP) for
the KdV equation on the half-line:

U +uy +utly + Uy =0, x>0,1>0,
u(x,0) = up(x), x>0, (1.1)
u(0,1) = g(), t>0.

Assuming the boundary data g is a periodic function of period
T > 0, we investigate whether the corresponding solution u of
(1.1) is eventually periodic, in the sense that

tl_i)r(r)lo(u(x, t+T)—u(x,1) =0

for any x > 0.

This study was partially motivated by an observation of
experiments involving surface water waves generated by a
wavemaker mounted at one end of a water channel [1]. When
the wavemaker oscillates periodically with a period T, it

* Corresponding author. Tel.: +1 405 744 5788; fax: +1 405 744 8275.
E-mail addresses: shen@math.purdue.edu (J. Shen),
jiahong @math.okstate.edu (J. Wu), jmyuan@pu.edu.tw (J.-M. Yuan).

0167-2789/$ - see front matter (©) 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physd.2007.02.003

appears that the wave amplitude at each point down the channel
becomes periodic after a certain amount of time. Our goal is
to establish this experimental phenomenon as a mathematically
rigorous fact for the IBVP (1.1).

We first point out that the eventual periodicity concerned
here is not a trivial property. In contrast to the pure initial-
value problem for the KdV equation on the whole line, solutions
to the IBVP (1.1) do not decay in time. In fact, when g is
periodic of period T', the L?-norm of the corresponding solution
to (1.1) grows at the order of A/t (see [3]). It remains an open
problem whether the L°°-norm of the solution is bounded for all
time. To deal with this difficulty, Bona, Sun and Zhang studied
in [2] the eventual periodicity of an equation obtained by
appending the damping term « to the KdV equation. Assuming
the boundary data is not too large, they were able to establish
the eventual periodicity for this equation. In the work of Bona
and Wu [3], the large-time behaviour of the KdV equation,
the BBM equation and their counterparts with Burgers-type
dissipation were comprehensively investigated. In particular,
the eventual periodicity for solutions to the linearized version
of these equations were established.

Our investigation on the eventual periodicity problem of
(1.1) is carried out in two stages. In the first stage, we focus
on the IBVP for the linearized KdV equation, namely
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ur+ux +uxx =f, x>0,t>0,
u(x,0) = uo(x), x >0, (1.2)
u(0,1) = g(1), t>0.

For each x > 0 and ¢t € [0, T], we consider the sequence
{u(x, t +nT)}{° and study its limit

lim u(x,t+nT). (1.3)
n—o00

This limit, if it exists, would specify the time-dependent
equilibrium that is reached in the channel. The eventual
periodicity then follows as a special consequence. To compute
this limit, we first derive the following representation formula
for solutions of (1.2):

u(x, 1) = fo e, y, Duo(»)dy
t o0
+ / / LGy, t = 1) f (v, T)dyde
0 JO

t
+ / S(x,1 — 1)g(v)dr,
0

where I and @ are two explicit kernel functions. The approach
to deriving this formula is different from that in [3]. Instead
of taking the Laplace transform with respect to ¢, we follow
the idea of Hayashi, Kaikina and Guardado Zavala [5] by
performing the Laplace transform with respect to x. We
note that the authors of [5] focused on the KdV equation
without the convection term u, and that the process is more
complex when u, is present. We then analyse the large-time
behaviour of the kernel functions I" and @ and establish suitable
asymptotic estimates through the theory of stationary phase.
These estimates allow us to prove the existence of the limiting
function in (1.3), which is periodic of period T and assumes
the boundary data g at x = 0. As a special consequence,
we conclude the eventual periodicity of the linearized KdV
equation.

We remark that the study of the linearized KdV equation
is our first step towards a complete theory on the eventual
periodicity of water waves. The results presented in this paper
will be useful in the investigation of the eventual periodicity
of the full KdV equation. In fact, our idea to deal with the full
KdV equation is to use the representation formula here to recast
the equation in an integral form and to apply the contraction
mapping principle on a suitable functional setting such as a
Banach space of functions satisfying the eventual periodicity.

At the second stage, we investigate the eventual periodicity
of (1.1) through numerical experiments. We numerically
compute the solutions of (1.1) corresponding to suitably chosen
data and then plot these solutions and analyse their large-
time behaviour. When we do the actual computations, we
approximate this half-line problem by a two-point boundary
value problem on the interval [0, L] for sufficiently large
L. We then scale the problem from [0, L] to [—1, 1] and
compute the solutions of the resulting problem using the Dual
Petrov—Galerkin method proposed by Shen [8]. The numerical
experiments indicate that the solutions of (1.1) corresponding
to the selected boundary data are eventually periodic. We also

computed solutions of the linearized KdV equation for the
purpose of verifying our theory in the first stage. In addition,
we included two dissipative versions of the KdV equation in our
numerical study: the KdV-Burger equation (the KdV equation
with the damping term u,,) and the equation with the damping
term u. The numerical results of these equations imply that
these terms significantly damp the amplitudes of the solutions
but maintain the pattern of eventual periodicity.

The rest of this paper is organized as follows. Section 2 is
devoted to the theoretical study on the eventual periodicity of
the linearized KdV equation. Section 3 contains the results of
the numerical experiments on the eventual periodicity of the
full KdV equation. Some background materials on the Laplace
transform and some detailed asymptotic analysis on oscillatory
integrals are provided in the Appendices.

2. The linearized KdV equation

This section is concerned with the eventual periodicity of the
IBVP for the linearized KdV equation:

ur+uy +uyey =f, x>0,1>0,
u(x, 0) = up(x), x>0, 2.1
u0,1) = g(t), t>0.

We start our investigation by deriving a solution formula for
this problem. It involves convolutions of two kernel functions
I'(x,y,t)and &(x, t) with the data ug and g. We then establish
the large-time asymptotics of I" and &. As a consequence,
we prove the convergence of any solution of (2.1) to a time-
dependent periodic equilibrium, which implies, in particular,
the eventual periodicity. We end this section by mentioning the
solution representation formula for the IBVP of the linearized
KdV-Burgers equation.

We start by fixing several notations. Let n be a complex
number with the real part Re(n) > 0. The cubic equation

E+6+0=0

always has two roots & and & with Re(§1) > Oand Re(&,) > O,
and a third root &3 with Re(&3) < 0.

We use extensively the Laplace transform and the inverse
Laplace transform. For a piecewise continuous function F =
F(y) ony > 0, the Laplace transform of F is defined by

(LF)E) = FE) = /0 8 F(y)dy. 22)

If the transform F| (&) is known, then F (y) is called the inverse
Laplace transform of F'(§) and we write
F=r""F.

The general inverse formula is given by

R 1 a+ioco .
Fo) = B0 = 5 [ e R, 23)
271 Ja—ico
The integral here is a complex contour integral taken over the
infinite straight line (called a Bromwich path) in the complex
plane from a — ico to a + ico. The number a is any real
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number for which the resulting Bromwich path lies to the
right of any singularities of F(£). More details on the inverse
Laplace transform can be found in the book [7]. For notational
convenience, we will omit a but still adopt this convention. We
now state the major results of this section.

Theorem 2.1. Assume that
uo € L0, 00), g € L®(0,00) and

f € L*®(0, 00; L'(0, 00)). (2.4)

Then the solution u of the IBVP (2.1) can be written as:
o0
u(x,t) = /0 I'(x,y, uo(y)dy
t o0
+ / / I'(x,y,t—1)f(y, 7)dydr
0 JO

t
+ / P(x,t —1)g(r)dr,
0

where the kernel functions I' and ® are given by

1 ico 5
F(x, y, t) = — e_(%‘"f‘s)l‘e%'(x—y)dé
2711 J o
1 100
— 57 | e e edn, 25)
21 J _iso

1 oo 3
o) = o | e ETOEx (£2 4 1)dg
—100
ico

2.6
2mi —ioco ( )

e 53 (2£2€5)dn.

Corollary 2.2. The kernel functions I' and @ can be written in
the following more compact form:

1 ico
I,y 1) = —— el ef¥ (e 51Vg]
271 J i
+e g + e Vg dn, 2.7)
1 oo 3
B(x, 1) = — e~ EHEEX (362 4 1)de. (2.8)

271 J ioo

Theorem 2.3. Let I' and ® be defined as in (2.5) and (2.6):

(1) There exists a constant C such that

C
[I'(x,y, )] < e (2.9)

uniformly for x, y € [0, 0o) and for sufficiently large t;
(2) For any compact set [A1, A2l with 0 < A1 < Ay < oo,
there exists a constant C = C(A1, Ap) such that

C
|D(x,1)] Sm (2.10)

uniformly for x € [A1, A3] and for sufficiently large t.

The results of the above theorems allow us to show that any
solution of the IBVP (2.1) with a periodic boundary datum g
converges to a time-dependent equilibrium periodic function
when f is identically zero.

Theorem 2.4. Let f = 0, ug € L'(0, 00) and g € C'(0, 00).
Assume g is periodic of period T > 0. Let u be the
corresponding solution of the IBVP (2.1). Then, for any x > 0
and t > 0, the limit

Iim u(x,nT +t) = uxo(x,t)

n—oo

exists for some function uso that is periodic of period T and
satisfies

Uoo(0, 1) = g(1).

As a special consequence, u is eventually periodic in the sense
that

tir(r)lo(u(x, T+1t)—ulkx,t)=0

for any x > 0 and uniformly for x € [A1, A2l with0 < Ay <
Ay < 0.

Remark. As we shall see in the proof of this theorem, the
initial datum ug does not contribute to the time-dependent
equilibrium u .

For the clarity of presentation, we divide the rest of this
section into three subsections.

2.1. Solution representation

This subsection derives the solution representation formula
given in Theorem 2.1.

Proof of Theorem 2.1. We denote the Laplace transform of
u(x, t) with respect to x by u(£, t), namely

WE, 1) = /oo e u(x, 1)dx.
0

Taking the Laplace transform of the linear KdV equation with
respect to x and applying Proposition A.2 of Appendix A, we
obtain:

ou R ~
8—?@, N+ E +ouE n = fE D+ E + Dgh)
+ £, (0, 1) + ey (0, 1),

where f(s , 1) denotes the Laplace transform of f with respect
to x. Integrating with respect to ¢ yields:

t
(e, 1) = e Oy (E) 4 e E O / €O g, 1)dr
0

t
+e—(§3+f)ff e(E3+E)T(($2+ Dg(7)
0

+&uy (0, T) + uxx (0, 7))dr. (2.11)

To find u(x, t), we take the inverse Laplace transform of (£, ).
If the inverse Laplace transform exists, then the growth rate
of #(£,t) in terms of |£| for Re(¢) > 0 should be at most
algebraic, according to Proposition A.3 of Appendix A. To
make this requirement precise, we rewrite u (&, ) as:

UE, 1) = e EFOr [ﬂo@) + / & HOT(Fe 1)
0
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+ (E2+ D) + £ (0, T) + 1 (0, T))df}

N / T @000 (Pl 1) + (62 4+ (o)
t

+E&uy (0, 7) + uxy (0, 7))dr.
Therefore, for Re(£) > 0 and Re(&3 + £) < 0,

() + /0 T (F(e ) + (62 + Dg(r)

+ Euy (0, T) + uyx (0, 7))dr = 0. (2.12)
Setting &3 + & = —p implies that:
o (§) +/0 e (f(E.T) + (E* + Dg(1)

F+&uy,(0,7) + Uy (0,7))dt =0 (2.13)

for any Re(n) > 0 and Re(§) > O satisfying
£ +6=-n.

Note that the cubic equation &3 + & = —p with Re() > 0
always has two roots &1 and & with Re(&1) > Oand Re(&,) > 0,
and a third root & with Re(&3) < 0. Therefore, (2.13) is then
reduced to the following two equations:

[e¢)

nE)) + fo (T (&) T) + (€2 + Dg(D)
+&uy(0,7) +ux(0,7))dr =0, j=1,2.
Setting

7\(-‘3, n) =/0 e_"rf(é, 7)dr  and

g = /0 e " g(1)dr,

the equations can then be written as:

o0 o0
Ej/ e Tu, (0, t)dt +/ e "uyx (0, T)dT = R(§)),
0 0

j=12, 2.14)
where
R(&j) = —uo(&)) — ?(Sj, n — (1 +§]2)§(77)- (2.15)

It then follows from (2.14) that:

o

/ e, (0. 7)dr = R(&1) — R(§2)7

0 §1—&
/"Oe_,,fuxx(o’ 0ydr = §1R(5) — §2R(§1)’

0 §1—&
which are the Laplace transform of u, (0, ¢) and u,, (0, t) with
respect to t. We take the inverse Laplace transforms of these
equations to find u, (0, ¢) and u,, (0, ¢) and then insert them
back in (2.11). Since we need the combination &u, (0, 1) +
uyx (0, t), we consider:

/ e By (0, ) + 1 (0, ))de
0

R — R(&)  &1R(E) —&R(&)
& —& &L —& '

—¢ (2.16)

Using (2.15), we can sort the terms in (2.16) into three groups:

(0,¢]
/efnf(Eux(O,T)+uxx(0,f))df=11+12+I3, (2.17)
0

where
_ G2 —Huo) + ¢ —Enuo(sr)
R §1—& R '
_©@-9fE.n+E—EfG.n
& —& '
I3 = (§16& — £ — §& — Dg(n).

Taking the inverse Laplace transform of (2.17), we find:

I

b (2.18)

1 ico
£y (0, 1) + 14y (0, 1) = —— / (1) + I + [y)dr.

271 J ioo
Inserting this equation in (2.11) yields:
uE,ty=J+h+J,
where

J o= e E )

t 3 1 ico
+/ e EHD-T) _/ e Iydp | dr,
0 271 J o
100

t R 1
J =/ e E+O0-D) [f(é, T) + —/ e”flzdn} dr,
0 271 J o

t
= /0 e €400 [($2+1>g<r>

(2.19)

1 ico i|
+— e"" Izdn | dr.
271 J _jco

When ug, g and f satisfy (2.4), the growth rate of u(&, t) is
at most algebraic and its inverse Laplace transform yields . In
order to find a formula for u, we simplify the terms above and
then take the inverse Laplace transform. For /1, we exchange
the order of integrals to obtain:

Iy = @0 6y 4o E+or L
2ri
00 o(E3+E)+nt _
X / 3—11d7’]
ficw &7t E&E+7
We now apply Cauchy’s theorem to show that

ico I
S—dn =
i E°+E+

The idea is to approximate the integral by

iR Il
3 dn
~ir &7 +E+0

and then close the contour with a semicircle in the right half-
plane. Since there are no poles of the integrand inside this
contour that the integral vanishes due to Cauchy’s theorem. It
then remains to show that the integrand decays sufficiently fast
in 1 as |n| — oo. For this purpose, we insert:

(2.20)

uo(&) = /e_g"xuo(x)dx, i=1,2
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in (2.18) to obtain

I = / O (& 0. o (x)dx

where

_(Ba(p) —&)e EIIT 4 (£ — £ (y))e20x
ey = E10) — E201) '
For |n| sufficiently large, &1(n) and &;(n) obeys the
asymptotics:

1 o4 1
&) =1Inl3e 3 +o(nl3),

1 .0+57 1
&) =Inl3e" 3 +o(nl3)

in the case when 1 = |n|e!? with 6 € [0, 7/2), and

0+5m

1 0+ 1
E1(m) = Inl3e" 3 +o(nl3),
1 0437 1
&) = nl3e" 3 +o(nl3)

in the case when 1 = |n|e'? with 6 € (37/2, 27]. In both cases,

1
|Q(&, n, x)| < CE)e CM3x

holds for any Re(§) > 0, Re() > 0 and x > 0. When ug €
L! (0, 00), we conclude that the integral in (2.20) vanishes.
J is then reduced to

1 ico entll
Iy = e~ E+O, +—./ _ = an 221
| O Rl =Sl 221)
Similarly, J> and J3 can be simplified to
t
5 = f e~ E+O0D) Fg ydr
0
L[ _e"h 222
+— — = dpy, .
2m/_m€3+€+n” 222
t
I = / e EHOTD (2 4 g (r)dr
0
1 ico er;tl3
4 ——— 2 an. (2.23)
2m/_ioo€3+€+n 7

Inserting (2.21)—(2.23) in (2.19) and then taking the inverse
Laplace transform of (2.19), we obtain

ulx,t) =K1+ K> + Ks,

where K,, denotes the inverse Laplace transform of J,,
namely:

1 ico
K, =—

=— e Iy dE,
211 J s

m=1,2,3.
Since 1y is the Laplace transform of u(, namely:

To() = /O e ug(y)dy

we obtain after exchanging the order of integrals

o0
K, =/0 I'(x,y, ug(y)dy,

where the kernel function I' is given by

1 oo 3
[(x.y.1) = _/ CEG—)—E+D)1 g

27'[1 —ioco
_|_L 100 £x L'/-loo ent
2mi )i | 2mi i B 4 E 4
(E2(n) — E)e 51T 4 (& — & (n))e= 2
x dn | de.
§1(n) — &)

(2.24)

Similarly, K> can be represented as follows:

t o0
K, = / / I'(x,y,t—1)f(y, r)dydr.
0 JO

We now find a compact expression for K3. Inserting /3 in J3
yields

t
Jy = / e EHO0-D (&2 4 1)(r)dr
0

1 100 enl R
b /_ s B8 - )~ DR,

Noting that
1 ico
301 [ €T 8mdn =g (o),
—100

we use the basic property of the Laplace transform £~ (I? @) =
F % G to find

t
J3 =/ e~ EFD-D (2 | 1)o(7)dr
0

] q o an(t—7) d
+f0 E/_mm@lsz—aéw&)— )dn
x g(T)dr.

Therefore, K3, the inverse Laplace transform of J3, can be
represented as

t
K3 = f d(x,t —1)g(r)dr,
0

where
ico

1
Bx,1) = — | efre @ HOE2 4 q)gs

271 J _ico

+L 100 £x Lfloo ent
i )i |27 e B E 40
x (5152 —&G1+ &) — 1)dn] dg.

We further simplify I" and ©¢. We need to compute the
integrals

1 ico efx 1 ico efxg
— B | — -5
i) E e 2mi J oo §7 + &+
Fix n with Re(n) > 0 and let R > 0 be large. Consider the
contour {2 consisting of the Bromwich path from —iR to iR

dé.
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and the connecting left half circle. According to the Residue
theorem, we have:

1 ico obx 1 iR efx
2ri J i §°+E+ 7 R—oo2mi J_ g §°+&+1

1 ef*

lim —/ ——d¢
R0 2mi Jo E34+E 47

e&3(mx
382 + 1
Using the relation (3532(77) + 1)&;(n) = —1, we have

1 ioo eéx
— 4 = —eBMxg (.
2mi /—ioo E3+&+ : s
Similarly,

1 ico eéxg
211 oo 34 E 41
Inserting these relations in the second integral of (2.24), we
obtain

dg = —eBD g (g3 ().

1 ico ,
F(_X, Y, t) = 5 eg(xiy)ef(é +r§:)ld%.
271 J s
L o B g (&3 — &)e 51V + (&) — &3)e 52y N
21 /oo ’ §&1—&

(2.25)

The kernel function @ can be similarly simplified. In fact,

i

L R
P(x,1) = ] € ‘e (67 + 1)d§
—100
1 ico
to= | e EES T & - hi&+ D).
—100

The roots &1, & and & of £3 + & 4+ n = 0 satisfy

§1+& +8 =0, §15 + &163 + 583 =1,
§1563 = —, £1(51 —&)(51 — &) = —1,
E(E —EN(&E —&)=—1,
§(6 —EN(E — &) = —1.

The first three equations reflect the relationship between the
roots and the coefficients and the second three are easy
consequences of the first three. Differentiating the equation
£3 + & 4+ 1 = 0 with respect to 1 and setting & = &, we get

E/GEE+1) = —1.

Combining the first two equations yields 3512 +1 = (& —
&) (&1 — &3) and thus

E1(51 — &) — &) =—1.

Using these equations, we find

(2.26)

1 ico , ;
F(x, y, [) = 2_7” . eg(x_))e_(ég‘i‘%_)ldg
oo

= el eb3x (e—él}’gi + e_&y%‘é)dn,
71 Jico

i

1 o0 ;
@(x’t) — 2_7[i ' eéxe—(§3+§)t($2+ l)d%.
_l?go
-— e eS g Eddn.
71 J_ico

This completes the proof of Theorem 2.1. [

Finally we derive the compact form of I" and & given in
Corollary 2.2. By Cauchy’s formula,

t
L. /100 . 677 dn _ e_(€3+€)t.
2ni )i §°+E+m
Therefore,

1 oo 3
— eé(x—)’)e—(’;"-FS)fd%-
27‘[1 —ioco

1 ico 1 ico nt
= ef=y) _/ e—d,7 de.

271 oo 2mi i 3+ €+ 1
Changing the order of the integrals and applying the Residue
Theorem, we have

1 ico 3 1 ico
L7 ey @rorge - L / MBI gLy,
271 J i 271 Jico

Inserting this equation in (2.5) then yields (2.7) of Corol-
lary 2.2. Similarly, we have

1 oo 3
: e5¥e— (¢ +$)f(%—2 + 1)dé
271 J i
1 ico . 5
= —— N g53% 1)&4dn.
i 7iooe e’ (&5 + Dézdn

Combining this equation with (2.6) then leads to (2.8).
2.2. Time-decay estimates for the kernel functions

We prove the large-time asymptotics of I" and @ stated in
Theorem 2.3 by the method of stationary phase.

Proof of Theorem 2.3. We start with the first integral in . For
notational convenience, we label this integral as [. Letting
& =io, we have

1 * io(x—y) Ji(c3—o)t
e Ve do=I11+112

I=—
27 J_ o

where

. 3
I =/ elo X =el(0 =) 4 and
0

0
F12=/ elo (=Y~ g
—0o0

Although the integrands in these integrals do not die away as
o — oo, the integrals converge because the increasingly
rapid oscillations. Since I'|, is the complex conjugate of Iy,
it then suffices to consider I'j;. We further split /1] into two
integrals:

1
— 00
Iy = /‘/geia(x—y)ei(GS—a)tdo +/1 eia(x—y)ei(cr}—a)tda‘
0

&
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To apply the method of stationary phase, we further change the
variable o to —o in the first integral:

1
- 0
/«/5 ei(¢73—(y)tei<7)cda, — / eit(a—g3)e—ioxdo_.
0 _L

V3

Direct applications of the method of stationary phase allows the
inferences:

0 i %(x—y—gf)
/ ei(rr—a3)te—io‘()€—}')do- ~ ﬁe e 2.27)
4 ’ :
- PNENG
i L (x—y-2p)
foo L@ =0 gir =y g, . YT eV 3 (2.28)
. .
1 233/t

V3

as t — oo. For readers’ convenience, the method of stationary
phase are recalled in Appendix B and the details leading to these
asymptotic estimates are also provided in Appendix B.
We now estimate the second partin [':
1 ico
D= enle%x(e*&yél’ + e*&ygﬁ)dn.
27i _ico

We first represent &1 and &; in terms of &3. It follows from (2.26)

that:
55— 4382 &5+ /-4-38
E] - 2 b 2 - 2 .
Making the substitution 7 = io, we obtain:
1 o0
= — elote$3x
21

o | 3+ 436Dy _% L 3%
2,/—4 -3¢}

L@y (L 383 do.
2 o /-4-3g2

To analyse this integral, we break it into four parts I, I%2, 123
and I%4 representing the integrals over the intervals:

(i) ()
o) ()

respectively. We will consider I, and I%4 since I and I3
can be similarly treated. Since &3 (io) is the root of £3+£ +io =
0 with a negative or zero real part, its real part s and imaginary
part p satisfies:

_ /3;02— 1,

80° —2p+0 =0

2 1
foro e | —00, ——|,p = —;
( 3¢§} V3
s =0, ,03—,0—0=O

2 2
foroe | ——,——|,p¢€
[ 33 3\/§} P

)

80 —2p+0=0

— /3,02 -1,
1

2
foroe| ——,0),p < ———.
[3J§ ) P V3

To consider I,, we make the change of variables

o=r—r r€|:—1 O:|
9 ﬁ? .

Noticing that o is a monotonic function of r, we have:

1 1
—_— / frd =
,O(r)— r’ IO(U) 3,02—1 3]‘2—1’
do = (1 —3r3)dr
and [»> becomes
_ 1(r—r2)t ,—irx
I = _/_L e e
V3
x |:e;(—r+\/4—3r2)y <_1 o >
2 2432
+62( r—a/4-—3r )y( . 3r >]
244 —3r2

It then follows from the theory of stationary phase that

fl( +f f 3«50

23/t

Iy ~

ast — oo.
‘We now consider I54:

o0
el ab3x (e—El )é;l’ + e_&yéﬁ)da.
33

Doy = (2.29)

Recall that for o € [%, 00),

&3 =s+ip withs =—,/3p2—1 and
8,03 —2p4+0=0

and

&l =—s+ip and & = —2ip.

‘We make the change of variables in (2.29),

1
a=8z3—2z, ze[—,oo).
V3

Since o is a monotonic function of z, we have

() = —z, & =—V3z2—-1—iz,

£ =322 —1—iz, & = 2iz.

Thus,

Iy = / % (82201 o (—v/32— 1—ig)r o (—v/372— 1+i2)y
1

7
X

N 2 i) dz
b4

n /OO i(82°=20)1 o (=322 = 1=i2)x o =282y (_nj) ;.
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As in Appendix B, the theory of stationary phase yields:
%4 X y V%4 X 2y
G i
+
231 3t
as t — oo. Putting together all these estimates yields (2.9).

We now derive (2.10). Making the substitution £ = io in @
(defined in (2.8)), we obtain

Iy ~

1 [ . .
S, 1) = — | €o%e@ (1 _352)dg
21 J_ o
= ; > eiaxiei(rﬁ—a)zda'
21t J_ oo do

The last expression is interpreted in the sense of distributions.
According to a property of the Fourier transform on the
derivatives of a function,

X < i(o3—o)t
P(x,t) = — e'7re % o,
21t J_oo

To further analyse the large-time behaviour of @, we
decompose the integral above into three parts:

[ ewxel(o —o)tda

o0
_L T 00

([ L e
-0 5 U7

where p(o) = 03 — o and g(o) = €. We then apply the
theory of stationary phase to each part. For example:

(T4 -2 p
o nel 473 33
/ e? @ g (o)do ~
e

4
i 2\/3\/;
as t — oo. Therefore, as t — 00,

: 2 : 2 2
P(x, 1) ~ <el(ﬁ+~xf3_3ﬂt) + el<§_j§+3ﬂ[)) :

X
273132
This completes the derivation of (2.10). O

2.3. Eventual periodicity

Let f = 0and ug € L'(0,00). Let g € C'(0, c0) be a
periodic function of period T'. Let u the corresponding solution
of (2.1). Consider the sequence {u(x, nT 4¢)} and we show that

Iim u(x,nT +1) = uso(x,t)
n— o0

for some function u, that is periodic of period 7" and satisfies
Uso(0, 1) = g(t). By Theorem 2.1, u can be represented as

o0
u(x,nT +1) = / I'(x,y,nT + t)uo(y)dy
0

nT+t
+ / O(x,nT +t—1)g(r)dr. (2.30)
0

Using the estimates in Theorem 2.3, we have

0
C
I'(x,y,t +nT)up(y)d ‘S— uoll 1
/0 y y)dy nTHII 21 (10,00))

and thus
o0

lim I'(x,y,nT + tup(y)dy = 0.

n—o0 0

Denote the second integral in (2.30) by ug(x,nT + t) and
consider the series

ug(x. 1)+ Y [ug(x, (k+ DT +1) — ug(x, kT +1]. (2.31)
k=1

Since g is periodic of period T,

ug(x,(k+ DT +1) —ug(x, kT +1)
(k+1)T+t
= / gt —1)P(x, T)dr.
kT +t

Therefore, by the estimate of ¢ in Theorem 2.3,

lug (x, (k+ DT +1) — ug(x, kT + 1)

T
< C— o,
< Cogomlele
Thus the series in (2.31) converges and consequently the limit
lim ug(x,nT +1)
n—o0

exists and we denote this limit by us.. To show that uy, is
periodic of period T, we write:

Uoo(X, T +1) — Uoo(x, 1)
=[ueox, T +1t) —ulx,(n+ DT +1)]
+ux,(n+ DT +1t) —ulx,nT +1)]
+[ux,nT +1) — uoo(x, t)]
and then let n — oo. Finally, the fact that u(0, nT + ) = g(¢)

leads to the condition ux(0,7) = g(¢). This completes the
proof of Theorem 2.4.

3. Numerical results

In this section we present the results of our numerical
experiments investigating the eventual periodicity of the full
KdV equation and of the equations obtained by appending the
KdV equation with two different types of dissipation.

More precisely, we compute the numerical solutions of the
IBVP for the KdV equation:

U+ Uy Futy Uy, =0, x>0,r>0,
u(x,0) = up(x), x>0, 3.1
u(0,1) = g(1), >0,

for suitable boundary data g. Since the initial data ug is not
essential in determining the eventual periodicity, we simply set
it to zero. We then plot the numerical solutions to examine their
eventual periodicity. To understand how dissipation influences
the eventual periodicity, we also compute the solutions of the
IBVP for the KdV-Burgers equation:

Ur+ux Fusty +tyxy —Uyx =0, x>0,¢>0,
u(x,0) = up(x), x>0, (3.2)
u(0,1) = g(1), r>0
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Fig. 1. u(x,t) at x = —0.95067 (left graph) and at x = —0.80846 (right graph).
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Fig. 2. u(x,t) at x = —0.58728 (left graph) and at x = —0.30872 (right graph).

and the solutions to the following IBVP:

Ur+u+uy +uy +tyxy =0, x>0,1>0,
u(x,0) = ug(x), x>0, (3.3)
u(0,1) = g(), t>0.

Since any solution u(x,t) of these IBVPs converges to 0
as x — oo, we first approximate these IBVPs by the
corresponding two-point boundary value problems for x €
[0, L] and then rescale the resulting problems to the interval
[—1, 1]. More precisely, we compute solutions of the following
scaled problems:

xe[-1,1],t €[0, T],
(3.4)

ur + iy + PButy + yuyxx =0,
u(0,1) = g(),

u(l,t) =u,(1,t) =0,

u(x, 0) = uo(x),

1€[0,T],
xe[—-1,1],

U; + auy + Buuy

+yUyxy —Ouxxy =0, xe[-1,1],t €[0,T],

u(0,1) = g(t), (3.5)
u(l,t) =u,(1,t) =0, te][0,T],
u(x,0) = ugx), x e[—1,1],
and
Uy +nNu + auy
+Buuy + yuxxy =0, xe€[—1,1],t€[0,T],
u(0,1) = g(t), (3.6)
u(l,t) =u,(1,1) =0, t €0, T],
u(x,0) = ugp(x), xe[—1,1],

where «, 8, v, § and n are parameters. For ug = 0, (3.4)-(3.6)
are valid approximations of (3.1)—(3.3), respectively, until the
moment when the wave-front generated by the boundary data g
reaches the right boundary point x = 1.
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Fig. 3. u(x,t) at x = 0 (left graph) and at x = 0.99965 (right graph).
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Fig. 4. u(x,t) at x = —0.95067 (left graph) and at x = —0.80846 (right graph).

The solutions of (3.4)—(3.6) are computed using the Dual
Petrov—Galerkin Method proposed by Shen in [8]. This method,
suitable for third and higher odd-order equations, is very
accurate and efficient. Detailed convergence estimates and
numerical results exhibiting the accuracy and efficiency can be
found in [8].

In our first set of experiments, we computed the solutions of
the linearized KdV equation, namely (3.4) with 8 = 0. Plotted
here are the solutions of (3.4) with

a =10, y =107 and g(r) = sin(2077) tanh(51).

3.7)

The six graphs in Figs. 1 through 3 record the amplitudes
u(x,t) for x = —0.95067, —0.80846, —0.58728, —0.30872,
0 and x = 0.99965, and for 0 < ¢ < 1.8. In these graphs, the x-
axis represents time ¢ and the y-axis represents the amplitude u.

The boundary data g in (3.7) are not exactly periodic
but become periodic. These graphs clearly show the eventual
periodicity of the amplitudes at x = —0.95067, —0.80846,
—0.58728, —0.30872 and 0. The last plot in Fig. 3 shows that
the amplitude at x = 0.99965 remains zero. The purpose of
this plot is to show that the wave front has not reached the right
boundary for + = 1.8 and thus the validity of the amplitudes at
x = —0.95067, —0.80846, —0.58728, —0.30872 and 0.

In the second set of experiments, we computed solutions of
(3.4) with

a = 1.0, B =0.05, y =107 and

g(t) = sin(20xrt) tanh(5¢).
We plot in Figs. 4 through 6 the amplitudes u(x,1)

corresponding to x = —0.95067, —0.80846, —0.58728,
—0.30872, 0 and x = 0.99965, and for 0 < ¢t < 1.8. The
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graphs in these figures clearly indicate the eventual periodicity
of the amplitudes at these positions. By comparing these plots
with the ones for the linearized KdV equation, we also noticed
the effects of the nonlinear term, which significantly “lifted” the
amplitudes.

The third set of numerical experiments are performed on
the IBVP for the KdV-Burgers equation (3.5). We recorded the
results corresponding to

B =0.05, y =1077,
and g(z) = sin(20mr¢) tanh(5¢).

a = 1.0,
§=10"*

in Figs. 7 through 9. Again we observe the pattern of eventual
periodicity in u(x, t) at all selected positions. The effects of the
Burgers type dissipation are reflected in the damped amplitude.

We have also computed the solutions of the IBVP (3.6) in
order to understand the effects of the dissipative term nu on

the eventual periodicity for a general boundary data. We plot in
Figs. 10 through 12 the solutions of (3.6) corresponding to

n=>5, a=1, B =0.05, y =10"* and
g(t) = sin(20mrt) tanh(5¢)
and at the positions x = —0.95067, —0.80846, —0.58728,

—0.30872, 0 and x = 0.58728. We notice that the amplitudes
are significantly damped by the dissipation but the pattern of
eventual periodicity is still maintained.
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02 | .
( ‘ ‘ ‘ I ‘ Appendix A
| ‘ ‘ ‘ This appendix provides several elementary properties of the
02 ’ 1 ‘ | ‘ | Laplace and inverse Laplace transforms.
| || H | For a real- or complex-valued function F of x > 0, its
0.4 : V J I \| ] Laplace transform F is defined by (2.2), namely
n .
-0.6 i : L L : . . = F = _Ex
0 02 04 06 08 1 12 14 16 18 (LF)E) = F(&) /0 e Fx)dx.

Time

Fig. 9. u(x,t)atx =0.

The first property concerns the convergence of this integral. We
recall that a function F is said to be of exponential order o if
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there exist constants M > 0 and « such that for some x¢ > 0,

|[F()] < Me™, x> xo.

Proposition A.1. Assume that F is piecewise continuous on
[0, 00) and of exponential order o. Then:

(1) LF defined in (2.2) exists and converges absolutely for
Re(¢) > «. In addition, the convergence is uniform for
Re(§) = xo > a;

2) F(§) > OasRe(§) — oo.

Proposition A.2. Let n > 0 be an integer. Suppose that F,
F,...,F =1 gre continuous on [0, 00) and of exponential
order, while F™ is piecewise continuous on [0, 00). Then:
(LF™)(E) = £"(LF)() — "' F(0)

_ sn—ZF/(O-i-) .. F(n—l)(0+).

The inverse Laplace transform defined in (2.3) maps the
Laplace transform of a function back to the original function.
The following proposition states necessary and sufficient
conditions for a given function to have a convergent inverse
Laplace transform. This result can be found in [4].

Proposition A.3. The necessary and sufficient conditions for a
given function H () to have an inverse Laplace transform h(x)
that is continuous and of exponential order a are:

(a) H(&) is analytic for Re(§) > «o;
) 1H® + i)l 11 (—00,00) < O for any b > a;

(c) Forany € > 0 and by > «, there exist M > 0 and m > 0
such that

|H(E)| < MeP(1+ |E/™), b > by.
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When these conditions are satisfied, h(x) can be computed by:

1 b+ioco
h(x)zﬁ/b - STH()dE

forany b > a.
Appendix B

This appendix offers an expanded commentary on the
asymptotic analysis of the various oscillatory integrals arising
in Section 2.2. The asymptotic analysis relies upon standard
results in the theory of stationary phase, e.q. Theorem 13.1
in Olver’s book [6]. For readers’ convenience, we recall this
theory here.

Suppose that in the integral

b .
1) = / eP0g (y)dy

the limits a and b are independent of ¢, a being finite and b(> a)
finite or infinite. The functions p(y) and ¢g(y) are independent
of t, p(y) being real and g (y) either real or complex. We also
assume that the only point at which p’(y) vanishes is a. Without
loss of generality, both ¢ and p’(y) are taken to be positive;
cases in which one of them is negative can be handled by
changing the sign of i throughout. We require:

(1) In (a, b), the functions p’(y) and g(y) are continuous,
p'(y) > 0, and p”(y) and ¢'(y) have at most a finite
number of discontinuities and infinities:

(i) Asy — a+,

q(y) ~ Q(y —a)* !,
(B.1)

p(y) — p(a) ~ P(y —a)*,

the first of these relations being differentiable. Here P,
and A are positive constants, and Q is a real or complex
constant;

(iii) Foreache € (0,b — a),

y b{q(y)}sz <q(y)>’
e T B A AT

(iv) Ast — b—, the limit of g (y)/p’(y) is finite, and this limit
is zero if p(b) = oc.

dy < oo;

With these conditions, the nature of asymptotic approximation
to I(¢) for large ¢t depends on the sign of A — . In the case
A < u, we have the following theorem:

Theorem B.1. In addition to the above conditions, assume that
A < W, the first of (B.1) is twice differentiable, and the second
of (B.1) is differentiable, then

1)~ emifen 2 p (&)
wo \u

eltp(a)
(Pt)M 1

ast — oQ.

We now provide the details leading to (2.27). It suffices to
check the conditions of Theorem B.1. Setting

1 3

p(c) =0 —0" and

q(o,) — e—iax,

we have

() p, p', p”, q and ¢’ are all continuous in (—1/+/3, 0), and
p'(o) > 0.

.. _L

(i) Aso — ﬁ+’

1 1\?

— )~ 3 —,

P) P< ﬂ) \/_<0+\/§)
q(a)Nei%x-

L
Thatis, P =3, . =2,0=¢ 3 and A = 1.
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(iii) For any fixed € > 0, V_%JFE,O(q/p’) < 00. In fact,

0 ’
q\ q(o)
Ve (;) - /, <p/<o)> ‘d"

%Jre
0 ix(362 —1) + 60
= 1 1302 do < 0.
*f+€

(iv) Aso — 0—,q/p' =e 9% /(1 —30?%) — 1.

Theorem B.1 then implies:

0 o it(—325)
/ e oY) gy ~ o3 LA (l) e
- 2 2) (V30)1/2

: i 2
JmeTe s T
B VAN
The estimate (2.28) also follows from Theorem B.1. The

conditions can be similarly checked for this integral. In fact,
for

p(o) = o’ —o and

2 .
plo) —p (—) ~/3 (o — %) and g(o)~e V3"

as o — \%4—. Other conditions can also be verified.
Theorem B.1 then says

00 N ir(—=%2)
/ ei(ato)zeia(xfy)da ~ e%leIT;F <l) e
e 2

L 2) (Va2
ﬁe%e%(x_y_%t)
B P VAN
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