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We consider the quasi-geostrophic model and its two different
regularizations. Global regularity results are established for
the regularized models with critical or sub-critical indices.
The proof*!3! of Onsager’s conjecture!'” concerning weak
solutions of the 3D Euler equations and the notion of dissi-
pative solutions of Duchon and Robert!'"? are extended to
weak solutions of the quasi-geostrophic equation.

Key Words: Dissipative quasi-geostrophic equation; Onsa-
ger’s conjecture; Regularized quasi-geostrophic equation;

Weak solutions; Global regularity

AMS (MOS) Numbers: 86A05; 35K55; 35Q35; 76U05

*Partially supported by NSF grant DMS 9971926 and by a Ralph E. Powe Junior
Faculty Enhancement Award from the Oak Ridge Associated Universities. E-mail:
jiahong@mail.math.okstate.edu

1161

Copyright © 2002 by Marcel Dekker, Inc. www.dekker.com



21:14 25 May 2009

Downl oaded By: [Ckl ahoma State University] At:

1162 WU
1 INTRODUCTION

Consider the two dimensional (2D) quasi-geostrophic (QG) equation

0,+u-vVo=0 (1.1)
and its two different regularizations

0, +u-Vo+rk(—A)*0=0 (1.2)
and

0, +u-VO+ u(—A)*0, =0, (1.3)

where 6(x, t) is a real-valued functionof xand 1,0 <o <1,k >0and u > 0
are real numbers. The advective velocity u in these equations is determined
from 6 by a stream function v via the auxiliary relations

u=(uy, ) = (-8‘” 8‘”) and (—A)"2y = —o6. (1.4)

ax, " 0x;

Interest will mainly focus on the behavior of solutions of the initial value
problems (IVP) for these equations wherein

0(x,0) = 6y(x), 1is specified. (1.5)

To avoid questions regarding boundaries, we will assume periodic boundary
conditions with period box Q = [0, 27]>. Without loss of generality we will
restrict the discussion to initial data 6, with zero mean, namely
Q2n) 2 [, p(x)dx = 0.

Equations (1.1) and (1.2) are special cases of the general quasi-geos-
trophic approximations!?” for atmospheric and oceanic fluid flow with small
Rossby and Ekman numbers. The variable 6 represents potential tempera-
ture, u is the fluid velocity and 4 can be identified with the pressure.
Equation (1.1) is an important example of a 2D active scalar with a specific
structure most closely related to the 3D Euler equations. The equation in
(1.2) with & = 1/2 is derived from the 3D Navier-Stokes equations under the
special circumstance of constant potential vorticity and constant buoyancy
frequency and constitutes a dimensionally correct analogue of the 3D
Navier-Stokes equations. These equations have recently been intensively
investigated because of both their mathematical importance and their poten-
tial for applications in meteorology and oceanography.l>7-10-13:18.20.21]

In modeling long waves in nonlinear dispersive media, Benjamin,
Bona and Mahony!" introduced the BBM equation

u +u, +uuy —u, =0
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as an alternative to the KdV equation
u, +u, +uu, +u,, =0.

Equation (1.3) to (1.2) is like the BBM to the KdV equation and our
motivation for proposing such a model for study comes from the effects of
regularizations on the global regularity of weak solutions and the potential
applications of this new model in geophysics.

These QG models appear to be simpler than the 3D hydrodynamics
equations, but contain many of their difficult features. For instance, solu-
tions of Egs. (1.1) and (1.2) exhibit strong nonlinear behavior, strikingly
analogous to that of the potentially singular solutions of the 3D hydrody-
namics equations.”! Although progress has been made in the past several
years,> 7101821 the theory remains fundamentally incomplete. In particu-
lar, it is not known whether or not weak solutions of Eq. (1.2) are regular for
all time when « is equal to the critical index 1/2. The critical case regularity
issue turns out to be extremely difficult and was labeled by Klainerman!'® as
one of the most challenging PDE problems of the 21st Century. In Section 2
we explore how far one can go toward a regularity proof in the critical case
and what are the weakest assumptions needed to fill the gap.

In Section 3 we solve the global regularity problem for Eq. (1.3) with
a > 1/2. We first construct a local solution 0 in H® with s > 1 and then
derive explicit bounds on the norms of all derivatives of the solution.
From this we infer that for @ > 1/2 the local solution 6 remains bounded
in H® for all time and thus no finite-time singularity can occur in this
case. For the critical index o = 1/2, global smoothness results are estab-
lished under assumptions that are much weaker than those needed to
guarantee regularity for Eq. (1.2). This leads us to conclude that solutions
of Eq. (1.3) are better behaved and thus Eq. (1.3) constitutes a reasonable
alternative to Eq. (1.2).

As is well-known, weak solutions of the 3D hydrodynamics equations
in general only satisfy an energy inequality rather than equality. But
Onsager conjectured in Ref. [19] that weak solutions of the 3D Euler equa-
tions in a Holder space C” with exponent y > 1/3 should conserve energy.
In Ref. [13] Eyink proved energy conservation for weak solutions in a strong
form of Holder space C7 (y > 1/3), in which the norm is defined in terms of
absolute Fourier coefficients. Constantin et al.l¥! provided a proof for the
sharp version of Onsager’s conjecture. Section 4 is concerned with solutions
of the QG Eq. (1.1). First we verify Onsager’s conjecture for weak solutions
of the QG equation, extending the result of Constantin et al. Then the QG
equation is shown to possess the dissipative weak solutions, a notion pro-
posed by Duchon and Robert.'?! Finally the two models Egs. (1.1) and (1.3)



21:14 25 May 2009

Downl oaded By: [Ckl ahoma State University] At:

1164 WU

are proven to be close by considering the limit of Eq. (1.3) as u — 0. This
provides further evidence for the validity of Eq. (1.3).

We now review the notations used throughout the sequel. The Fourier
transform f of a tempered distribution f(x) on Q is defined as

; _ L —ik-x
7= s [ 70

172

We will denote the square root of the Laplacian (—A)/“ by A and obviously

A (k) = 1KIf ().

More generally, A?f for g € R can be identified with the Fourier series

> Ikl (ke

keZ?

The equality relating u to 6 in Eq. (1.4) can be rewritten in terms of periodic
Riesz transforms

u=(3,A7'6, —d, A7'0) = (=R,0, R,0),

where R;, j = 1,2 denotes the Riesz transforms defined by
D 7 . kj 7 2
ij(k)z—sz(k), ke Z7\ {0}.

LP(Q) denotes the space of the pth-power integrable functions normed by

1/p
S, = ( /Q If(x)lpdx) .

For any tempered distribution f'on Q and s € R, we define

172
11y = 1A%, = (Z |k|2*‘|f(k>|2)

keZ?

and H® denotes the Sobolev space of all f for which | f||, is finite. For
1 <p<oo and s € R, the space L2(Q) is a subspace of L’(Q), consisting
of all f which can be written in the form /' = A ’g, g € L(Q) and the L
norm of f'is defined to be the L” norm of g, i.e.,

1 1lp,s = 18lp-
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2 DISSIPATIVE QG EQUATION

In this section we focus on the nonlinear behavior of weak solutions of
the initial-value problem (IVP) for the dissipative QG equation

0, +u-Vo+i(—AN)0=f, (x,1) € Q x [0, 00),
u= (Ul, Mz) = (—Rze, RIQ), (x, [) e Q x [0, OO), (21)
0(x, 0) = 6y(x), x € Q,

where 0 <o <1 and « > 0 are real numbers. We establish nonlinear esti-
mates which characterize the regularity of weak solutions of the IVP (2.1)
with « greater than or equal to the critical index 1/2.

For 0 <« < 1, weak solutions of the IVP (2.1) are known to exist
globally in time [21], although the uniqueness of weak solutions is
currently open. More precisely, for any T > 0, 6, € L* and f € L'([0, T7;
L), there exists a weak solution 6 e L™([0, T]; L*) N L*([0, T]; H*)
satisfying

t 1 2
16C-, )13 +/0 16¢. D3 dr < |:|90|2+ C/O ACYII) df}

Furthermore, if 6, € L? and f € L'([0, T]; L?) for 1 < ¢ < oo, then any weak
solution @ satisfies the maximum principle

16C, 1), < 160l + /0 /Gl d

forany t < T.
Let s > 0. We now estimate ||0]|, = |A’0)|,. If we take the inner product
of A*6 with the first equation in Eq. (2.1), we obtain

1d, . ! ! .
52 1A 012+ KIAT0L = (A%, /) — (A%, u - V6) (2.2)
The first term on the right hand side is bounded above by
. . . 1
(AP0, = [A™BLIAf |, < TIA™0B +5- A"/ (2:3)

For the second term, we have

I(A%0,u- VO)| = [(A%0, V)| < |A* 0, |AT P uo)], (2.4)
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where 8 < o remains to be determined. To proceed, we need the calculus
inequality

IA(FG)I, < C[IAVFI,IGl, + IFI,IAYGl, . 2.5)

where y > 0,1 <r <p <ooand l/r=1/p+ 1/q. The use of Eq. (2.5) gives

(A%6,u- VO)| < CIATPOL[IA Pl 161, + AP0 ul, ], (2.6)
where 2 < ¢ < oo and 1/p+ 1/¢g = 1/2. Taking into account of the second
equation in (2.1) and the inclusion H***~*/"~F c 22 g» We have

|A‘Y+1_ﬁu| < |AS+l—ﬂ0} < |AS+2—2/p—/39|
P— P e
It then follows from Eq. (2.6) that
((A%0,u- V)| < C(1], + [ul )IA POl AT>~D Py,

In the above, B is essentially arbitrary and we may choose
1 1 2
B=1——-==-4+- sothats+B8=s+2———8.
2 q p

Hence
(A*6,u- VO)| < C(16], + |ul,)|A*H013. 2.7

Combining Eqgs. (2.2), (2.3) and (2.7), we have
d A S+ 1 S—o S
Em‘m% + K| A3 < A 15+ Co(161, + lul )| APo)3 (2.8)

foranys>0,2<g<ocoand 8=1/2+1/q < a.
We now prove that weak solutions of the IVP (2.1) with & > 1/2 are
actually regular. More precisely, we have the following theorem.

Theorem 2.1. Let o > 1/2 and assume for T > 0,5 > 0and2 < g < 2/2a — 1
6o H'NL! and f e L'([0,T]; L*) N L0, T]; L) N L*([0, T]; H™®).
Then any weak solution 0 of the IVP (2.1) are regular in the sense that

0 € L((0, T): H*) N LA([0, T); H*)



21:14 25 May 2009

Downl oaded By: [Ckl ahoma State University] At:

QUASI-GEOSTROPHIC EQUATIONS 1167

Proof. The idea of the proof is to obtain from Eq. (2.8) a closed differential
inequality for |A*0)%. Since u is essentially the Riesz transform of 6 from the
second equation in (2.1), we have for 1 < ¢ < o0

|u('at)|q = |0(a t)'q = |90|q +/(; |f.(',T)|q dr. (29)

To eliminate the occurrence of |As+ﬂ9|2, we use one of the inequalities of
Gagliardo and Nirenberg

8Pl = Aol [l

We use Holder’s inequality to find
AP < X artep 2 E avg)? 2.10
| |2§§| |2+;| 9‘2' (2.10)

Inserting Eqgs. (2.9) and (2.10) into Eq. (2.8) and canceling a factor
of [AST6)3,

d, o Ky oo 1 C .
A S | A< AT = A6, 2.11
dt| i2+2| |2_/<| f|2+K| 5 (2.11)

where C only depends on 6|, and fOT |/ (-, D)l d7. The proof of Theorem 2.1
is then concluded after we apply Gronwall’s lemma to Eq. (2.11).

Remark. The seemingly formal estimates in the proof of Theorem 2.1 can all
be made rigorous through a well-known procedure of first proving them for
a Galerkin-type approximating sequence {#"}%_, of 6 and then passing to
the limit. Since the bounds for the sequence depend only on the initial data
and forcing term (independent of N), the weak solution as the limit of the
sequence obeys the same estimates as each 8" does. This approach has been
widely used in proving local or global regularity for weak solutions of
the hydrodynamic equations (see e.g., Ref. [11] pp. 96-113], Ref. [23]
pp. 278-308]) and only the a priori-type estimates are given here for the
clarity of our presentation.

Now we turn our attention to the regularity issue of weak solutions of
the IVP (2.1) with « equal to the critical index 1/2. The purpose of the next
several theorems is to show how far one can go toward a regularity proof
and what assumptions are needed to fill the gap.

Theorem 2.2. Let a=1/2 and s> 0. Assume that 6y, € H N L™ and

e L'([0, TT; L®) N L*([0, T]; H*~Y%). Consider a weak solution 6 of the
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IVP (2.1) and assume that

10C, Dloo + U, Nl < (2.12)

x©
Co
hols for all t € [0, T, where Cy is a constant as in Eq. (2.8). Then 0 is regular
in the sense that

0 € L(0.7): H) N L([0. T} ) 2.13)
In particular, if 0y, f and u satisfy

!
ol [ 17D < 56 and a0l < 56 (.14

Cy’
then Eq. (2.13) holds.
Remark. Assumption Eq. (2.12) is a smallness condition.
Proof. The situation is different when o = 1/2. The differential inequality

Eq. (2.8) only holds for 8 = « = 1/2 and ¢ = co. We have after replacing j
with 1/2 and ¢ with oo

d K - 1 S— 5
SN0+ K AP0 < ATU2S3 4+ Collfle + fulo) AT 2013
Using the assumption Eq. (2.12), we have
d 1,
SN0 < AT,
which gives Eq. (2.13). In view of the maximum principle
t
0Dl = ol + [ D
0

it then follows that Eq. (2.14) implies Eq. (2.12) and thus Eq. (2.13).

For the critical index « = 1/2, the terms |0|,, and |u|,, have so far
stood in the way of finding a regularity proof. The problem of how to deal
with 16|, and |u|,, has to be solved. In order to estimate |0|,, and |u|,,, we
need the following lemma."”
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Lemma 2.3. Let Q = [0,27)* and F € H°(Q) (¢ > 1) be periodic. Then

IFlos < c[l +1IF \/log(l + ||F||3/<““)} (2.15)

Now we can prove the following theorem, which can be reviewed as a
ladder theorem for the QG equation.

Theorem 2.4. Let a=1/2, T >0 and s> 1. Assume that 6, € H' and

/e L0, T]; Hk(l/z)). Then any solution 6 of the IVP (2.1) satisfies for
any o > 1

d 1 .
IO+ AT < AT
K

+ C[l + 61l /log(l + ||9||i/“’”)} A3

If we further assume that ||6(-,t)||, is bounded and small, say, for some
constant C

L+ el \/log(l + o) = cw.

then 6 is regular in the sense that

3 REGULARIZED QG EQUATION

In this section we are concerned with the IVP for the regularized QG
equation

0, +u-VOo+ uw(—A)*6, =1, (x,1) € Q x[0,00),
u= (Hl, uz) = (—Rze, RIQ), (X, [) € Q x [0, OO), (31)
0(x,0) = 6y(x), x € Q,

where 0 <a <1 and p > 0 are real numbers. The central issue is still
whether or not weak solutions are regular for all time. Because of the
insignificant role of f and for the sake of clarity of our presentation, we
will set f=0 in the rest of this section.
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The exposition below is organized as follows. We first construct a local
solution in H* for s > 1 and then produce explicit bounds on the norms of
all derivatives. From this we infer that for & > 1/2 the solutions are smooth
and unique for all time. For « = 1/2, global regularity is established under a
weak assumption.

We reformulate the problem as an integral equation and then apply
the Banach contraction mapping principle to prove local existence. Now
rewrite the first equation in (3.1) in the form

(1+pA*)0, = —(f —u- V)

and invert the operator (1 + MAZ") subject to periodic boundary condition
to obtain

O(x, ) = 6y(x) + At G x (ub)(7) dr, (3.2)

where the convolution kernel G(x) is defined through its Fourier transform

616 = Gk b = 1 1] (33)

Now notice that for « > 1/2 and any s > 0

12
IG * Fl|, = (Z |k|2“|G?F(k)|2)
k

1

A A ’ A 1
< <Z|G(k)|2|k|2s|F(k)|2> < sup [GUOL IFl, < - I1Fs (3.4)
k K

We now state and prove a local existence result for smooth solutions
of the IVP (3.1).

Theorem 3.1. Let o > 1/2 and assume that 6, € H® for some s > 1.

(a) There exists a T = T(||6yll,) such that the IVP (3.1) has a unique
solution 6 with 8 € L*([0, T]; H”).

(b) If T, is the supremum of the set of all T > 0 such that (3.1) has a
solution in L*([0, T]; H®), then either T, = oo or

lim sup ||6(-, 1) ||, = oo.
t

*
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Proof. Write the Eq. (3.2) symbolically as 6 = A6. A4 is seen to be a mapping
of the space E = L*([0, T]; H®) into itself, where T > 0 is yet to be specified.

Let 5 = ||6y]l5, and set R = 2b. Define By to be the ball with radius R
centered at the origin in £. We now show that if T is sufficiently small, then
A is a contraction map on By. Let 6 and 6 be any two elements of Bg. Then
we have

!
|| 46 — A6| ; = H/ G * (u6 — if) dt
0

E
< TG * 6 — )l < T[IG * (u— O)z + G * @(© — )l ]

Using (3.4), we have

_ T , _
146 — A6z < — sup [|A°((u — D)B)|, + | A @6 — 6))|] (3.5
M 1[0, T)

Then applying the calculus inequality (2.5), we find that

A ((u — 0)B)], < CUA (U — W)]y10] 0 + |t — il | A’01,) (3.6)
and

|A* @0 = 0)]y < C(IA°O = O)alitlog + 10 — Ol A'al) (3.7)
Since s > 1, we have the Sobolev inequality

|F| < C||Fll;, for some constant C. (3.8)

Inserting Eqgs. (3.6) and (3.7) into Eq. (3.5) after applying Eq. (3.8), we
obtain

_ T _ B _
146 — A6l < — sup [1161lllu — all; + a6 — 6l] (3.9)
M tel0, T

Since u and 6, as well as iz and 6, are related by the second equation in (3.1),
one has

lulls < 16Nl N —ully < 1160 =0l

It then follows from (3.9) that

_ T _ - 2TR ~
46 — A6l p < ;(HQHE +elple —0llg < o 6 —0llg.
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Also, since 40 = 6,
2TR
1461z = 1460 — A0 + 6yl p < 1460 — A0l + 6ol 2 < o 101l + b

Now choose

" 2TR 1
T=— h —_— =
iR so that p 3

It is indeed that 7 depends only on ||6]|, (since R = 2|6, ||,). For this choice
of T, we have

_ 1 _
460 — AB| g < 3 60 —0llg, and [A40]z <R

The conclusion of part (a) then follows from contraction mapping principle.

To prove part (b), suppose on the contrary that 7, < oo and that there
exists a number M > 0 and a sequence ¢, approaching 7, from below
such that

”0(5 ln)”x =< M) forn: 1525 35

By part (a), there exists some 7" = T(M) such that the solution starting with
any 6(x,t,) is in L>([0, T]; H®). Since ¢, approaches T,, we can choose ¢,
such that 7, + T > T,. By extending 6 to the interval [0, 7, + T], we obtain a
solution of the IVP (3.1) in L*™([0,¢, + T]; H"). But this contradicts the
maximality of 7.

Now we return to the central issue: can the solution obtained in
Theorem 3.1 be extended for all time? This motivates us to explore the
regularity properties of solutions. For « > 1/2, it is indeed the case that
the solution we constructed in Theorem 3.1 can be extended for all time.

Theorem 3.2. Let a > 1/2 and assume that 6, € H® for some s > 1. Then there
exists a unique solution to the IVP (3.1) which lies in L>([0, c0); H®).

Proof. Let 6 € L*([0, T]; H®) be the solution of the IVP (3.1) we constructed
in Theorem 3.1. Take the inner product of A*72%¢ with the first equation
in (3.1)

1d

57 IATO0% + 1 |A01] = — (A0, u - V6).
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The estimates for the term on the right hand side are similarly to those in the
previous section, so we only give the most important lines here. Instead of
Eq. (2.8), we have

1d _ —
57 IO + i | ABI] < Co(16l, + lul )| A P6)3 (3.10)
for any 2 < g < oo and 8 =1/2+4 1/¢q < «. Inserting Eq. (2.9) and the fol-
lowing modified version of Eq. (2.10) in Theorem 2.1

e , C . i
IAS+%ESJMAW6+75M396

into Eq. (3.10), we obtain

ld
3 1A 01 + |0

C S—a A
5T [1A°61 + e 1A%615]

= Vi

Gronwall’s lemma then implies that for any # > 0

A0, O3 + 1 IO, DI < [IAT6l3 + |46 2] V"

This estimate indicates that the solution of the IVP (3.1) with a > 1/2
remains bounded at later time. Therefore, by part (b) of Theorem 3.1,
0 € L=([0, 00); H*).

Now we turn our attention to o« = 1/2. The following theorem asserts
that if the solution 6 loses its regularity at a later time, then the maximum of
0 or the maximum of u necessarily grows without a bound. The conclusion is
in the spirit of the well-known Beale—-Kato—Majda result for the 3D Euler
equations.!

Theorem 3.3. Let @ = 1/2 and 6 be the solution constructed in Theorem 3.1. If
T, is the supremum of the set of all T >0 such that 6 in the class
L0, T]; H*) and T, < oo, then one of the following

T, T,
/|wwum=w /|wwum=w
0 0

holds. In other words, 6 can be extended beyond T, to T, if for some constant
Mand all T < T,

T T
/ 16(:, D)oo dT < M, and / lu(-, 7)o dt < M.
0 0
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Proof. The differential inequality (3.10) is valid for all « > 0, therefore we
have by choosing o« = 1/2, g =00 and g =1/2

1d _
S [14 208 + w1803 ] < Collels + Il A0, G.11)

which implies
A DOC, 05 + e |A6C, 113

— ¢ c [
= (10D + 1A 3] exp [; /0 (16 Dloe + 1, Dlc] dr].
The conclusion of the theorem is then inferred from this inequality.

Because of the Sobolev inequality Eq. (3.8), the following result is an
easy consequence of Theorem 3.3.

Corollary 3.4. Let o =1/2 and 6 € L=([0, T]; H®) (s > 1) be the solution
constructed in Theorem 3.1. Assume that 0 satisfies for Ty > T

T
/ ”9(a T)”pdr < 00,
0

where p > 1. Then we can extend 0 to be a solution of the IVP (3.1) in the class
L0, T,]; HY).

The following theorem concludes that no singularities in ||0]|, (s > 1)
are possible before ||0]|; becomes unbounded.

Theorem 3.5. Let « = 1/2 and 6 € L*™([0, T]; H®) (s > 1) be the solution con-
structed in Theorem 3.1. For any T, > T, if € L=([0, T;]; Hl), then 6 can be
extended to L*([0, T,]; H").

Proof. After applying Lemma 2.3 to control 6|, and |u|.,, we have from
Eq. (3.11) that

1d

S [ IA26E 4+ aop | < C[l + 1161l \/log(l + ||e||;/<s—1>)]| INGE

If 6 € L2([0, T}]; H"), i.e., |6]l; < C, then the above inequality becomes

%5 Cz /T +log(z) (3.12)
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where we have set
2(1) = [AY20(, 015 + w A6C, D).

It follows from applying Gronwall’s lemma to Eq. (3.12) that z e
L>([0, T}]), which implies 6 € L*([0, T}]; H*).

4 WEAK SOLUTIONS OF THE QG EQUATION

Onsager conjectured” that weak solutions of the 3D Euler equations
in a Holder space C” with exponent y > 1/3 should conserve energy. In Ref.
[13] Eyink proved energy conservation for weak solutions in a strong form
of Holder space C¥ (y > 1/3), in which the norm is defined in terms of
absolute Fourier coefficients. Constantin et al.”* proved a sharp version of
Onsager’s conjecture in Besov space By ™ with s > % In Ref. [12] Duchon
and Robert explored possible sources for energy losses and proved the
existence of the so-called dissipative weak solutions for the 3D Euler equa-
tions. Their notion of dissipative weak solutions can be regarded as a special
type of dissipative solutions proposed by Lions.!'”! For the 2D Euler equa-
tions, DiPerna and Majda constructed weak solutions of the
vorticity—velocity formulation with data in L”(p > 4/3) and Eyink"* vali-
dated such weak solutions as dissipative weak solutions in the sense of
Duchon and Robert and argued for their relevance to the entropy cascade
of 2D turbulence.

The goal of this section is to prove Onsager’s conjecture and extend
the notion of dissipative weak solutions to the IVP for the QG equation

0, +u-vo=0, (x,1) € Q x[0,00),
u= (ula uz) = (_RZQ’ R]G), (x’ t) € Qx [Oa OO), (41)
0(x, 0) = 6y(x), x e Q.

Understanding the zero-dissipation limits of the Navier-Stokes equa-
tions!”* is crucial in hydrodynamics turbulence theory and we believe that
similar limits for the regularizations of the QG equation will be equally
important in the turbulence theory for quasi-geostrophic flows. At the end
of this section we show that the smooth solution of the regularized QG
equation converges to that of the QG equation as u — 0.

For 6, € L* and any T > 0, the IVP (4.1) has been shown to possess
global weak solutions (in the distributional sense) in L*°([0, T7; LZ).[21] In the
rest of this section we will use ¢ to denote the standard mollifier in R,
¢ (x) = 1/€2p(x/€) and F* = ¢° % F for any tempered distribution F.
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First we show that if the weak solution 6 is also in the Besov space
B3> with s > 1/3, then 6 conserves the L*-norm. More details on Besov

spaces can be found in Ref. [22], but here we only list some of the basic facts
we will use. If F € B, for p > 1, then

IF(-+») = FOl, < CIyPIFly:

|F = F|, < CE||Fll gy

IVF|, < C&||F|| g (4.2)
Theorem 4.1. Let 6 € L*([0, T]; L2) be a weak solution of the IVP (4.1)
corresponding to 6, € L* and arbitrary T > 0. If further 6 € L3([0, T,
By ™) with s > 1/3, then for any t < T

10(-, D12 = 16ol>- (4.3)

Proof. The idea of the proof is similar to the one in Ref. [4]. If 0 solves the
IVP (4.1), then 6° satisfies the following equation

0,0+ u - V6 =V .0°, 4.4)

where 0 = u‘0° — (u6)°. It is easy to check that o can be represented by the
formula

o = (u—u)BO— 0 —r(u,0),
with

r(u,0) = / PW(u(x — €p) — u(x))(O(x — €y) — 6(x))] dy.
It then follows (4.4) that

!
f|96(', t)lzdx—/ |9§|2dx:/ /UG-VGdedr 4.5)
Q Q 0 Jo

We now estimate the term on the right hand side.

t
/fa€~V96dxdt
0 Jo

!
< C/o VO, D) - [l — w310 — 65 + 1. O)] o]

1
<c /0 V(. D)3 - [05(- D)y 2 dT
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Since 6 and u are related by the second equation in (4.1), we have from
Eq. (4.2)

=1l < 10— 615 < CE0llgs~.  and  [r(u,6)l5, < CE 0]l g~

Therefore

t
//UE-VQdedr
0 Ja

and it approaches zero as € — 0. The proof is then completed after letting
€ — 0in (4.5).

The following theorem extends the notion of dissipative weak solu-
tions of the inviscid hydrodynamics equations!'*!*¥ to the QG equation

15
< Ce3‘y_1/ ||9||;;.x dr
A ;

Theorem 4.2. Let 6 € L¥([0, T); L?) be a weak solution of the IVP (4.1)
corresponding to 6, € L? and arbitrary T > 0. If a function G :R — R is
c’, strictly convex and has bounded derivative, then the equation

9,G(0) +u - VG() = —F(G,0), (4.6)
holds in the sense of distribution, where F(G,0) is the limit of
G//(es)vee : ((ue)e - ueee)

in the sense of distribution.
Proof. Let G € C*(R, R). Multiplying Eq. (4.4) by G'(6°), we have
3,G(6%) + uf - VG(6) — V - (G'(6)0°) = =G (6%0° - V&°. 4.7)

Now we start showing that Eq. (4.7) converges to Eq. (4.6) in the distribu-
tional sense. Since G has bounded derivative

IG'(x)| < C
uniformly for all x € R?, we have
IGE)C, 1) = GO, D2 < |G 6 l6°C, 1) = 6¢, D), — 0

as € — 0. Now we show that uG(6°) converges to uG(6) in L', which can be
deduced from the following estimate

[ G(E) — uGO), < 1(u° = wGE) + [u(GO°) — GO

< |u® = ub|GE)]y + [ul,|GE°) — GO)I
< Cl6° = 0L,1G(E) 2 + |ul| G| |6° — 615
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and the fact that ¢ — 6 in L*. It now remains to show that G'(6)o* — 0 in
the distributional sense.

G690, < |G |oo I(ub)" — 6],

< Cl(uO) — ubl; + |u — uly|6l, + |u],10° — 01,
which approaches zero as € — 0. Therefore the limit of the term on the right
hand side should also exist in the distributional sense. This completes the
proof of the theorem.

We now show that the two models Egs. (1.1) and (1.3) are close by
examining the limit of Eq. (1.3) as u — 0. First we recall that if 8, € H® for
s > 3, then the IVP (4.1) is known to have a unique smooth solution 6 on a
finite time interval satisfying 6 € L>([0, T]; H*).]’)

Theorem 4.3. Assume that {0},.o and 6, lie in H* with s> 3. Then the

difference 6" — 0 between 0" of the IVP (3.1) with initial data 6 and the
solution 6 of the IVP (4.1) with initial data 6, has the property

10" (-, 1) — O, )15 + w0, 1) — 0, Do

t
< (165 = 6ol3 + nll6f — 6,13 eXp[C/O(l + 116, f)lls)df}

t =
+CpL2/O exp[C/O 1+ ||9(',T)||x)df}||9('=§)||ga+1 dt.

uniformly for 0 <t < T, where C is a pure constant and T is any fixed time
less than the existence time for 6.
In particular, if there is a constant C such that
165 — 6013 + 1l6f — bolla < Cu’  as u—0,
then
16" (-, 1) = 6C. O + 10", 1) = 6C. 1)llg < C?
uniformly for 0 <t < T, where C is a constant depending only on T and |6, ||,-

Proof. The difference w(x, 1) = 6*(x, ) — 0(x, t) solves the equation

w4 1" - Vw4 v - VO 4+ u A w, + u A0, = 0, (4.8)
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where v = u" — u. Since 6" and 6 are both in H* with s > 3, 8! and 6, are at

least in L2. This validify the steps that follow. Multiplying Eq. (4.8) by w and
integrate over Q, we obtain

d
3% [w2 + ;L|A°‘w|2] = —/v -VO-w— u,fwAzo‘Q,,

where the two terms on the right-hand side may be estimated as follows.
~ [¥- 98w < 1V Dl

Since |VO(-, 1)|o < C|I0(, )|l and |v|, < C|w|,, it follows that for s > 2
_/anwsamnmw@

Noticing that 6, = —u - V6 and applying the calculus inequality Eq. (2.5), we
can bound the second term by

4
< 1w+ C[| A% a0l + fuloo | A6,

2
u’/wAz‘x“(u@)‘ < |wp3 —i—M—}AZ“H(uG)‘i

2 20 A 2041 )2 2

< w3+ Cu iA ot 9|2 ”0”20(4—1
2 2 0n4

< [wlz + Cul|0]156+1

Collecting the above estimates, there appears
d @
@ / [ + wlAW?] < C(1+ 16 0)1,) / Wt CllOlg,  (49)

where the pure constant C does not depend on w. The desired result then
follows from applying Gronwall’s lemma to Eq. (4.9).

REFERENCES

1. Benjamin, T.B.; Bona, J.L.; Mahony, J.J. Model Equations for Long
Waves in Nonlinear Dispersive Systems. Phil. Trans. R. Soc. Lond. A
1972, 272, 47-78.

2. Brezis, H.; Gallouet, T. Nonlinear Schrédinger Evolution Equations.
Nonlinear Anal. TMA 1980, 4, 677-681.



21:14 25 May 2009

Downl oaded By: [Ckl ahoma State University] At:

1180

10.

11.

12.

13.

14.
15.
16.
17.

18.

19.

20.

WU

Beale, J.T.; Kato, T.; Majda, A. Remarks on Breakdown of Smooth
Solutions for the 3D Euler Equations. Commun. Math. Phys. 1984, 94,
61-66.

Constantin, P.; E, W.; Titi, E. Onsager’s Conjecture on the Energy
Conservation for Solutions of Euler’s Equations. Commun. Math.
Phys. 1994, 165, 207-209.

Constantin, P.; Majda, A.; Tabak, E. Formation of Strong Fronts in
the 2-D Quasi-Geostrophic Thermal Active Scalar. Nonlinearity 1994,
7, 1495-1533.

Constantin, P.; Nie, Q.; Schorghofer, N. Nonsingular Surface Quasi-
Geostrophic Flow. Phys. Lett. 1998, 241, 168—-172.

Constantin, P.; Wu, J. Inviscid Limit for Vortex Patches. Nonlinearity
1995, 8, 735-742.

Constantin, P.; Wu, J. The inviscid limit for non-smooth vorticity,
Indiana Univ. Math. J. 1996, 45, 67-81.

Constantin, P.; Wu, J. Behavior of Solutions of 2D, Quasi-Geostrophic
Equations. SIAM J. Math. Anal. 1999, 30, 937-948.

Cordoba, D. Nonexistence of Simple Hyperbolic Blow-up, for the
Quasi-Geostrophic Equation, Ann. Math. 1998, /48, 1135-1152.
Doering, C.; Gibbon, J. Applied Analysis of the Navier-Stokes
Equations, Cambridge Texts in Applied Mathematics. Cambridge
University Press: Cambridge, 1995.

Duchon, J.; Robert, R. Inertial Energy Dissipation from Weak
Solutions of Incompressible Euler and Navier-Stokes equations.
Nonlinearity 2000, /3, 249-255.

Eyink, G.L. Energy Dissipation Without Viscosity in Ideal,
Hydrodynamics. 1. Fourier Analysis and Local Energy Transfer.
Phys. D 1994, 78, 222-240.

Eyink, G.L. Dissipation in Turbulent Solutions of 2D Euler, Preprint.
Held, I.; Pierrehumbert, R.; Garner, S.; Swanson, K. Surface Quasi-
Geostrophic Dynamics. J. Fluid Mech. 1995, 282, 1-20.

Klainerman, S. Great problems in Nonlinear Evolution Equations, the
AMS Millennium Conference in Los Angeles, August, 2000.

Lions, P.-L. Mathematical Topics in Fluid Mechanics, Vol. 1. The
Clarendon Press: Oxford, 1996.

Ohkitahi, K.; Yamada, M. Inviscid and Inviscid Limit Behavior
of a Surface Quasi-Geostrophic Flow. Phys. Fluids 1997, 9,
876-882.

Onsager, L. Statistical Hydrodynamics. Nuovo Cim. Suppl. 1949, 6,
279-289.

Pedlosky, J. Geophysical Fluid Dynamics. Springer-Verlag: New York,
1987.



21:14 25 May 2009

Downl oaded By: [Ckl ahoma State University] At:

QUASI-GEOSTROPHIC EQUATIONS 1181

21. Resnick, S. Dynamical Problems in Non-linear Advective Partial
Differential Equations, Ph.D. thesis, University of Chicago, 1995.

22. Stein, E. Singular Integrals and Differentiability Properties of Functions.
Princeton University Press: Princeton, NJ, 1970.

23. Temam, R. Navier-Stokes Equations, Studies in Mathematics and
Applications 2. North-Holland, revised edition, 1979.

24. Wu, J. Inviscid Limits and Regularity Estimates for the Solutions of
the 2D Dissipative Quasi-Geostrophic Equations. Indiana U. Math. J.
1997, 46, 1113-1124.

Received February 2001
Revised January 2002



6002 RGN Gz vT:T2 W [A1isianiun a1e1sS wuoye pO ] :Ag papeo jumog



