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posedness with the precise large-time behavior, a strategy
that can be extended to higher dimensions.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Background and main result

This paper focuses on the two-dimensional (2D) viscous and non-resistive compressible
magnetohydrodynamic (MHD) system in a periodic domain T? = [—7, ]2,
pt+ V- (pu) =0, (t,x) € Rt x T2,
pui + pu - Vu — pAu—AVV -u+ VP(p) = B-VB — 1V|B|?,
Bi+u-VB+BV-u=B-Vu, (1.1)
V.B =0,
p0,2) = po(x),  w(0,2) =wuo(z),  B(0,z)= Bo(),

where p = p(t,x) € RT represents the density of the fluid, u = u(t,z) and B = B(t,x)
the velocity and the magnetic field, respectively. P = P(p) € R™ is the scalar pres-
sure which is a strictly increasing function of p. Here A and p are viscous coefficients
satisfying

w >0, A4+ p>0.

The goal here is to understand the well-posedness and stability problem on perturba-
tions near a background magnetic field. This study is partially motivated by a remarkable
stabilizing phenomenon observed in physical experiments performed on electrically con-
ducting fluids. These experiments have revealed that a background magnetic field can
actually stabilize MHD flows (see, e.g., [2,7,12-14,17,18]). We intend to fully understand
the mechanism and establish the observed stabilizing phenomenon as mathematically
rigorous results on the compressible MHD equations.

The MHD systems reflect the basic physics laws governing the motion of electrically
conducting fluids such as plasmas, liquid metals, and electrolytes. The velocity field obeys
the Navier-Stokes equations with Lorentz forcing generated by the magnetic field while
the magnetic field satisfies the Maxwell’s equations of electromagnetism. The MHD equa-
tions have played key roles in the study of many phenomena in geophysics, astrophysics,
cosmology and engineering (see, e.g., [5,14,34]).

Without loss of generality, we assume that 4 = 1,A = 0 and P’(1) = 1. It is clear
that a special solution of (1.1) is given by the zero velocity field, the constant 1 density
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and the background magnetic field By = e5, where es = (0, 1). The perturbation (p, u, b)
around this equilibrium with p = p — 1 and b = B — e then obeys

pr+V-u=-V-(pu), (t,z) € RT x T2,

L.b
Au(vo >+VPu Vu — L2-Au

p+1 p+1

AV (1.2)
+5510 - Vo — g VIR - P“( 0 )
by —V+tu, = —u-Vb+b-Vu—bV - u,

V-b=0,

where V+ = (0, —0;). In comparison with the original MHD system, (1.2) contains two
V+iob
1

extra terms — 0 > and —V=+u; on the left-hand sides of u and b, respectively.

1. b
The first term is further separated into the dominant linear term — (V 0 ) and the

vieb
small nonlinear term ,p% 0 on the right of the velocity equation. These two
terms, resulting from the expansion near the background magnetic field, help enhance

the dissipation and the stabilization in the system (1.2).

Due to the lack of diffusion or damping mechanism in the equation of the magnetic
field and density, the well-posedness and stability problem considered here appears to be
extremely challenging. Standard direct approaches would not solve this problem. This
paper presents several key observations and new ideas to exploit the enhanced dissipation
due to the background magnetic field and the special coupling structures within the MHD
system (1.2). Our main result can be stated as follows. We use the notation A < B, which
means A < CB for a universal constant C' > 0.

Theorem 1.1. Let s > 10 be an integer. Assume that the initial data (po,uo,bo) € H®(T?)
satisfies

V-bO:O, /bo(x)dﬂ,‘:o
T2
Then there exists a small constant € > 0 such that, if

lpoll s + [[wollms + [[bol|m: < e,

system (1.2) admits a unique global classical solution (p,u,b) in H*(T?). In addition,
the solution (p,u,b) admits the following upper bounds, for anyt > 0,
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sup_wo(7) ([[ullfs + lol7e + 1I6l17:) < €
0<7r<t

PO Zr -+ ()12 + 11D +/HVUII?{s—1 dr < €,

sup wi(r) (182ul3.i + 1020l %« + 102631

0<r<t
t
+/wk ||V82UHHs pdr < €2 k=1,2,3,
0
t t
/wk MOZol2esr dr < /wk IV b2 s dr < &, k=1,2,3,
0 0

t
sup wi (7|0 %o + / w7 Vo |5 dr S €2, k=1,2,3,
<

<t
0

where the time weight wy, is given by
wp(t) = (1+0)F7, k=-1,0,1,2,3,
with 0 <o < 5 bemg an arbitrarily fixed constant.

As aforementioned, the background magnetic field and the hidden interactive struc-
tures of (1.2) generate enhanced dissipation. The upper bounds stated in Theorem 1.1
reflect the regularity and decay properties due to the enhanced dissipation. We will give
a more detailed account on the mechanisms when we constructed the energy functional
below.

We briefly describe related results. Since the initial study of Alfven [3], the well-
posedness and stability problem on the MHD equations near a background magnetic field
has gained renewed interests and there has been substantial developments recently. Most
of the current results are for the incompressible MHD equations. [29] and [30] initiated the
stability study on the 2D and 3D incompressible viscous and non-resistive MHD systems
and have since inspired many important further investigations (see, e.g., [1,15,31,33,35,
36,42]). Significant stability results have also been obtained for the incompressible ideal
MHD or fully dissipative MHD equations [4,8,19,39]. Small data global well-posedness,
stability and large-time behavior problems on the incompressible MHD equations with
various partial dissipation have also attracted considerable interest and a rich array of
results have been developed (see, e.g., [6,9,10,16,23,26,28,40,43,44]).

There are relatively fewer results for the compressible MHD equations. Important
well-posedness results on the compressible MHD equations with both viscosity and re-
sistivity have been established [11,20,22,25]. When there is no magnetic diffusivity, the
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well-posedness problem (even for small initial data) as well as the stability problem near
a background magnetic field becomes extremely difficult. Hu and Lin [21] were able to
establish the well-posedness for the 2D compressible MHD equations with a special class
of data near a background magnetic field. Two interesting results on the 1D compressible
non-resistive MHD equations are also available [24,27]. Compressible and incompressible
non-resistive MHD equations in a bounded domain are studied in [37]. The work of Wu
and Wu [41] presented a systematic approach to the stability problem on the 2D com-
pressible equations without magnetic diffusion in the whole space R? case. [41] exploited
the extra stabilizing effects by converting the governing system into a system of wave
equations and employed extensive Fourier analysis. It appears difficult to extend the
approach of [41] to periodic domains. In addition, the method presented in this paper is
different and appears to be much simpler. Our strategy of combining the well-posedness
problem with the precise large-time behavior of the solution appears to be necessary
and efficient in solving this type of well-posedness problems. It is very hopeful that the
approach of this paper can be extended to the three-dimensional case, namely R? or T3
case. There are some differences between 2D case and 3D case. For 2D case considered
in this paper, when applying V on equations, there will appear at least one good part in
nonlinear terms. For example, 0ju- Vb = 97 u; 10+ d1u202b and d2u- Vb (coming from
Vu-Vb) always contain a strong dissipative part. However, this will not hold for 3D case.

1.2. Enhanced dissipation and construction of energy functional

We explain the key ideas and observations in the proof of Theorem 1.1. The proof is
not direct due to the lack of diffusion or damping in the equations of p and b. Enhanced
dissipation needs to be exploited in order to offset the potential growth of p and b. More
precisely, we implement the following key ideas and observations.

e The first is that the perturbation of magnetic field near the equilibrium ey gener-
ates extra dissipation in the x5 direction. This reflects the smoothing and stabilizing
phenomenon observed in the aforementioned experiments. Mathematically the lin-
earized system of (1.2) can be converted into a system of wave equations, which
exhibits dissipative and dispersive regularizations. In fact, the linearization of (1.2)

is given by
Op =—V - u,
Ou = Au—Vp+ (VLO b) )
b = V4tuy,

where Vp linearizes VP (p + 1),

VP(p+1)=P(p+1)Vp~Vp for p~0and P'(1)=1.
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Differentiating in ¢ and making substitutions, we find

Apuy — Adyuy — Auy = 0V - u,
Aty — Adyugy = 8,V - u,

Oup — ANOp — Ap = —0,V+ - b,
b — ADb — Ab = —9,V1p.

Furthermore, the equations of p and b can be converted into the fourth-order wave

equations

(On — Ay — A)zp = 3%Apa

(04 — Ay — A)?b = O} Ab.
The combined operator A% — 9?A = 03A reveals the regularization in the xo-
direction.

¢ A simple combination of the linearized equations of p and us,
Op = —0Oqug — O1uq,
tP 2U2 1U1 (1.3)
5‘tuQ = 782[) + AUQ

exhibits the wave structure, which yields the vertical dissipation for p.

e Even though the fluid of system (1.2) is compressible, the divergence of the velocity
field behaves better than V x u. As we shall see in later parts, 0ju; + O2us enjoys
rapid decay properties.

e The evolution of the combined quantity 2 defined by

1

QévL.bfalpfial|b|2+b.vz>1, (1.4)
when coupled with the equation of u;, generates enhanced dissipation. This extra
regularization allows us to establish uniform bounds for the time integrals of Q and

O1u1. The introduction of  helps us control the velocity nonlinear terms.
These ideas and observations are incorporated in the construction of the energy func-
tional. It consists of several layers of time-weighted energy functions with some associated

with the linearized system and some designed for the nonlinear terms.

Part 1: Energy functions associated with the linearized system

This part defines several energy functionals to capture the dissipation in the xo di-
rection. These functionals are time-weighted to reflect the decay properties of various



J. Wu, Y. Zhu / Journal of Functional Analysis 283 (2022) 109602 7

norms of the solutions to (1.2). For an arbitrarily fixed constant 0 < o < 1 we define
the time weight wg(t) by

wp(t) =1+t 7, k=-1,0,1,2,3.
We first define the basic energy & as

&o(t) = sup wo(r)(llullZe + ol + bl7-)

0<r<t
: t (1.5)
+ [wma )l + ol + 1005r) dr + [ wolr) [Vl ar.
0 0

The dissipative energy piece involves (Jau, Oap, O2b),

Ex(t) éoiulzt wi(7) (1020l Fe—x + 102 117r0—r + 102b]1 3~k

¢
s [wIVonl i k=123
0
It’s natural to include the corresponding time integral pieces of 93p and 93b,

Pk(t) £ wk(T)”a%pHZHS*l*k dT7 k= 1a2737

Bi(t) 2 [ wi(T)|05V" - b||%. 2y dT, k=1,2,3.

/
/

It is clear that & (t) can be interpolated via &£;(t) and E3(t). We will not include E5(t)
in our final energy functional. It is defined and later used to simplify our presentation.
Similarly Pa(t), Ba(t) as well as Fa(t), Az(t) defined below are intermediate energy
functionals.

Part 2: A combined quantity ) and energy functions for the nonlinear terms
Due to the aforementioned wave structures, we expect u; to behave well in the x

direction. We define a combined quantity € to include all terms p and b in the equation
of w1, namely

1
Qévi-b—alp—581|b|2+b.vz>1.

Then the equation of u; can be written as
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Oruq —I—u-Vul—Aul—Q:—#(Aul—i—Q). (1.6)
The evolution of 2 can be derived by considering the evolution of each term in €.
According to (1.2), we find
(VEb)+u-V(VE D) — Aug = — dou - Vby + O1u- Vby + V- (b Vu — bV - u),
1 1 1
(§al\b|2)t +5u- V(01|b%) = O V(b]*) +01(b- Viur +b- (b Vu—bV -u)),
(b-Vb)+u-V(b-Vb) =b-V(dour) + V+tuy - Vby — b - V(u- Vby)
+b-V(Ob:-Vu —bV-u)+ (b-Vu—>bV -u)-Vby,
(81P)t +u- V(@lP) +0hV-u=—0iu-VP — 01(13’([));77 1)V - U.

Without loss of generality, we have assumed that P’(1) = 1. Combining these equations,
we obtain

O 4+u-VQ — 281211,1 = 8§u1 + 0102us
1
+ 0w Vby = S0ru- V(|b]?) + 01w - VP 4+ V* - (b-Vu)

— Do - Vb — 01(b- VFug) +b-V(auy) + VEuy - Viy (1.7)
+b-V(b-Vur) =01 (b (b-Vu)) — V- (bV 1) + 0 (|b]°V - u)
+ 81{(P’(ﬁ)ﬁ— 1)V u} —Vu(b-Vby) —b- V(b V- w).

The equation of € is quite lengthy and we still adopt the strategy of focusing on the
linearized system,

8tu1 = Au1 + Q,
8tQ = 2612U1 + 8§u1 + 818211,2.

This system provides extra regularization for dyu; and Q via its wave structure. The
following functionals are designed to incorporate these regularity and decay properties.

t
A2 [ w0l dr
0

Fi(t) £ sup wy(7) (|0 |[Fre— + [|1Q0|7.-x)
0<r<t

t
+/wMWW&mﬁp«W, k1,23,
0
t

mmé/@wwm

0

2 wdr, k=123
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A(t) and Ayg(t) are defined to assist in exploiting the dissipation of dyu;. It is then clear
that & (t) and Fi(t) covers the regularization of V - u.

Even though the highest-order energy (1.5) may grow in time, we expect uniform
boundedness for some lower-order energy. Therefore, we define

¢(t) &

t
sup. (ullreos + [blBecs + ol%mr) + [ [Vuls dr
0<7r<t 5

Finally, to reflect the fact that any lower-order Sobolev’s norm of us decays in time, we
set

t

d(t) 2 sup wa(7)uz)|. +/1U2(T)HVU2H§S_2 dr.
0<r<t 5

The energy functionals Fy(t), Ax (), €(t) and $(¢) are sufficient in handling the nonlinear
terms in system (1.2).

Part 3: Summary of energy functionals and the total energy
We summarize the energy functionals defined in the previous two parts in two tables.

The first table classifies these functionals according to their purposes: some of them for
the linearized system and some for the nonlinear terms.

For linear terms For nonlinear terms
Eo Fi, Fs3

&1, &3 Az, As

P1, Ps A

Bi, Bs ¢, U

The intermediate energy functionals E;(t), Pa(t), B2(t), Fa(t) and Az (t) are omitted
from this table.

The second table categorizes the energy functionals according to their properties

Basic Strong dissipation on Dissipative structure Decay estimate
energy vertical derivative on divergence part of ug
&o &1, &3 Fi1, F3 b1
¢ P1, Ps Ar, As
Bi, Bs A

The two tables reveal the intrinsic connection of the energy functionals. The total
energy is then defined to be
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Ea® 2 Y &0+ 3P+ Y Bty + D F) + Y Ah)

i=0,1,3 i=1,3 i=1,3 i=1,3 i=1,3

+ A(t) + U(t) + €(t).
Our main efforts are devoted to proving the estimate

gtotal(t) S C* gtotal(o) + C thOtal( ) (18)

where C* is an absolute constant. An application of the bootstrapping argument to (1.8)
then yields the desired global a priori upper bounds of Theorem 1.1. The proof of (1.8)
is extremely lengthy and is accomplished in four sections.

The rest of this paper is divided into six sections. Section 2 presents two tool lemmas
to be used in the proof of (1.8). Section 3 establishes the upper bounds for the energy
functionals &y(t) and &(t) while Section 4 estimates E(t), Pi(t) and B (t). Section 5
focuses on the bounds for .Z, Ay and Fj, and Section 6 shows the decay estimates of us.
Section 7 completes the proof of Theorem 1.1.

2. Preliminaries

This section presents two lemmas to be used in the proof of the propositions in the
subsequent sections. The first lemma provides an upper bound on a commutator associ-
ated with transport equations while the second lemma bounds a triple product arising
naturally in the control of nonlinear terms in transport equations. Throughout the rest
of this paper, 9° with a positive integer s denotes the partial derivative 97952 with

a1 +ag = 8.

Lemma 2.1. Let so > 1 be an integer. Assume f € H%(T2) and g € H*~1(T2)nHIZ1+2,
Write

[0, flg = 0% (fg) — fo™y.

Then,

0=, A1all 2 SNVl gzpreallal oo s + V5 ol regrsa-

Proof. By Leibniz formula,
[8307.](-]9_890(%)(-9 8eog_ZCl€8k aso k

It then follows from Holder’s inequality that
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[s0/2]

[0 Agll e < D2 l0"Fo° gl o+ D 0" f0° "]l
k=1 k=[]+1
[s0/2] S0
< 2 M0% o all e+ D2 98] el gl
k=1 k=[F]+1

S IV e llglmo—r + IV fllzso-1llgll e yve-
This completes the proof of the lemma. 0O

A special consequence of Lemma 2.1 is the following anisotropic upper bound for the
integral of a triple product.

Lemma 2.2. Let sg > 1 be an integer. Let f = (f1, f2) and g = (g1,92) be two smooth
vector fields on T2. Then the following anisotropic inequality holds,

‘/8S°(f-Vg)850g dx
TQ

S (IV A1l s 10190 + 1V 2l g0 102l a0 ) gl o

(19 leo 119091 spyea + 19 Sl oo 19291 gy ) gl e

IV fllellglle,

3. Upper bounds for the basic energy functionals

This section establishes the desired a priori upper bounds for the basic energy £y(t)
and €(t). Since these two energy functionals share similar structures, we put their esti-
mates together. The upper bounds are stated in the following proposition. Without loss
of generality, we assume that

) <1, ol <= for te[o,7). (3.1)

N =

The proof of Theorem 1.1 is based on the bootstrapping argument, so (3.1) can be
regarded as part of the ansatz. In addition, since the initial data is small and the solution
is also small in H*~!, (3.1) does not impose any extra constraint on the solution we are
seeking.

Proposition 3.1. Let Eiprai(t) be the total energy functional defined in the introduction,
namely
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Eiorar(D) 2 D &)+ D Pit)+ D Bit)+ > F() + Y A1)

i=0,1,3 i=1,3 i=1,3 i=1,3 i=1,3 (3.2)

+ A(t) + U(t) + €(2).

Then the following inequalities hold for all positive time t,
3 3

Eo(t) S &o0(0) +E2,4(1), €(t) S E0(0) +E2,,(1).

Proof. We start with the L? estimate. Taking the L%-inner product (on T?2) of (p, pu, b)
with the corresponding equations in (1.2), we obtain

1d/, ~ >
57 (IWVBullzs +llpli3 + Ibll22 ) + I Vulif = 3" 1. (3.3)
=1
where
I = /(V updx—/Vp udm—i—/vj‘ b uy
T2 T2
/vlul bd:r+/b Vb - ud:c+/b Vu-bdz
T2 T2
f/bV'u'bdxf/é(WbF)'udmf/UoVb'bd:v,
T2 T2 T2
12:—/u~Vppdx—/pV~upd:r, Igz/(foVP)'udx.
T2 T2 T2

By integration by parts and V - b =0,
I, =0.
Integration by parts and Hélder’s inequality yield
(L] S IV - ul| o< [l pll 72

To bound I3, we integrate by parts and set

o) £ (Po+1) = P —p = [ (Pr+1)-1)
0
to rewrite I3 as

I3 = —/q(p)V~ud:c.

T2
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q(p) is a smooth function of p with ¢(0) = ¢’(0) = 0 (due to P'(1) = 1), thus q(p) ~ p?
for small p, say p < 1. Therefore,

1151 S Nla@ eIV - ullpe S NIV - ullp<llpllZ-

Since p perturbs around a non-trivial equilibrium, i.e., p ~ 1, we have ||\/pul|2> ~ [Ju|/2..
Integrating (3.3) in time on [0, t] yields

t
sup. (Jults + ol + 10132) + [ [Vulfs dr
0<r<t
0

1 (3.4)

t
_1 1
S sup wollpls [ wptuy V- ul dr
0<r<t A

S E0(0) + Eo(t) (E2 (1) + FE(1)).

Here we have used the integrability of wy2(r)ws '(7) = (1 +7)33 < (14 7)"2 for
o < %. This finishes the L? estimate for &(t).

The L? estimate of £ (t) follows from a similar process. Multiplying (3.3) by the time
weight wq leads to

1d = o =~
5 w0 (IV/Bul2a + llol3a + bl132 ) + Zw-1 (Iv/5ul?= + llol32 + 1113

3 (3.5)
+’LU0||V’LLH%2 = ZI“
i=1

where

I =wo I, I = wy Iy, I3y = wo Is.

Clearly I; = 0 since I; = 0. By the trivial fact that |wog| < 1 and the previous bounds
on IQ and 13,

|Bo| < Do SV - ullz= o7,
Bl < 1] S a1V - ullze S IV - ullz<lpllZe
Integrating (3.5) in time on [0, ¢] yields
¢
Oiligtu/O(llﬂH%erllplli2 +Ibllz2) + /wfl(llullia +lplZe + (1Dl L2) dr
- 0

t (3.6)

+ [l Vulis dr 5 &(0) + &) (EF 0 + 7 ).
0
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Here we have used the approximation ||v/pul%, ~ |lul|2.. (3.6) is just the L? estimate
of 80 (t)

Next we turn to the highest-order derivative parts in & (¢) and €(¢). Let & = 0, 1.
Applying 9*~* to the equations of p, u and b in (1.2), taking the L2-inner product of
the resulting equations with (9°~%p, 9° %, 9*~*b) and multiplying by the time weight

w(l)_k, we obtain

1d _ B
oy (ol + s+ 10113 ) + w0Vl

2dt
15 (3.7)
(1-ko _
2wy wo (ol + Ml + 100 ) = D T
=4

where
Iy = wé_k< - /aS*kv cud**p da — /askap L08Ry dx)
T2 T2

+wé_k(/85_kVL-b(’95—ku1 +/as—kvlu1 0" b dr),
T2 T2

Iy =—wy™" /85*k(u -Vp)o*~*p da,
T2

Ig=—wy ™" /657k(pv ~u)0°*p du,
T2

I = —wi™* /8S_k(u V) - 9° *u du,

T2
Ig=—wt™* /857k(LAu) -0y da,
s 0 p+1
T2

1
Io=—wl™* /as—k(ﬁb : Vb) LRy da,

’]I‘2
b [ k(P o
Io = — w} k/a k(ﬁvl.b)a kuy de,
T2

1
I, = wé_k/a‘g_k (V,o — mVP) : 8S_ku dl‘,
T2

Ly = —w§ ™" /aS*k(u - Vb) - 9° b da,
T2
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Ilg—w /Gg F(b-Vu) - 0° b du,
TQ

Ny=—w)~ /8g OV - u) - 9°7Fb da,
Lis =—wy~ /ag k )V|b\ ) 0" Fu du.

By integration by parts,
I, =0. (3.8)

To efficiently estimate the terms I5 through I14 and avoid repetitions, we divide these
terms into three types: transport terms, terms containing V - u and other terms.

Type I: Transport terms containing v -V or b - V

This part contains I, I7, Ig, I12 and I13. We shall first handle the terms containing
u -V operator. By Lemma 2.2, for g = u, b, p,

t

/|15|+|I7|+|112| dr
0

—k
S s b ol / .

1k 1-k
T sup wp? gl es / Vel oo enttg® NOagllaro s dr
0<7<¢t

t

+ sup ™ol / (It gores 4+ |V - ullg2) dr
0

dr.

+ sup ™l el / loagl
sup

Notice that the average integral of 0>g equals zero, the Poincare’s inequality directly
implies ||82g||H[%]Jr2 < ||03g||frs—s since s > 10. For the case k = 0, we have the
following estimate

t

/|I5| + | I7| + | [12| dT
0
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t
< sup wnlgly. [ 1owslls + v dr
0<r<t
0
t
1 1 1 1 2 %
+ s wd gl [ IVl lglhowf 103l dr
0<r<t 5

t

+ sup wnlglfy [ (19vr s + fOaules) dr
0<r<t ,

t
4+ sup wollulme gl / 102g]1o—s dr
0<r<t J

S E)(E2 () + T (D) + €H(OEE (1) (EF (DEL (1) + EF (B (1) + E5 (1P (1))
(3.9)

11 1 1
Where we have used the facts: wo = w2 w{ and ||02g| =1 < 039|329l - For the
case k = 1, similarly, the time integral is bounded by

t

/|I5\+|I7|+|112| dr
0

t
< 2
< Oiligtlg||Hslo/VU1|H[S;l1+1 dr

2

t
s lgllgos [ 1902l o500 1Oaglne-2 dr
0<r<t J

) (3.10)

+ s lglfyos [ (IFwllges + 19 ulz) dr
0<r<t
0

t
+ sup sl [ 1021l yiegose dr
0<r<t 2

S () (EF (1) + F£ (1) + 2 (OEE (1) (EF (DEL (1) + E5 (B (1) + 4 (£YPE (1))
+ () (E7 (B) + P2 () + B (1)).

The same strategy can be used for the terms containing b - V operator such as Ig. By
direct calculations we can derive,



J. Wu, Y. Zhu / Journal of Functional Analysis 283 (2022) 109602 17

< . .
o] < wp (Hp-‘rlHLOO VbHHS o +Hp+1”Hs k1 b VbHL“)Hvu”Hkk
S wg (1wl oo 18Dl sy 1 + (11| o2 1010 ] e ) [Vl g
TF (b2l L 102l g1+ 1Bzl o1 1102D]| oo ) [Vt o

+w0
(Lol o) (11l o< 101b]| Loe =+ [[b2]| Lo [|O2b]l oo ) || V]| o+

+ w(l)_k
Because [r» bo(z) dz = 0, we have

b(x,t) de =0
T2

and thus we can apply Poincére’s inequality on the periodic domain T2 to obtain

[1b1llerso S 102Dl o1, 50 € N7

When k = 0, we still invoke the interpolation inequalities

1
03|l 7o

1 1 1
wo(t) = w2 (wi (1),  [|02blm=—2 S [0l

to obtain
t t
1 1
/|Ig\ dr < sup w02||b||Hs/w02||vu||Hs b1l dt
0<r<t
0 0
+ sup (1 + [lpll =) bl o
osT=t (3.11)

t 1 11 o 1
x / wh 0] b wd 02011 _awd [Vl e dr

0

DN ol
e

S E0(t)BE (1) + €2 (H)BE(1)EL (8).

Here we have used (3.1). Similarly, for k£ = 1, the time integral of |Iy| is bounded by

Vul|gs-1 dr

t
1 1 1 1
J1mldr s swp (14 lolaes)oln-s [ wd 103005 ol
0<r<t A

< c»:(t)8§ (t)f?oi (t)- (3.12)

1
5 and

Here we have used the facts that w_q(7)ws(7) = (1 +7)729 > 1for 0 < 0 <

1 1
1026 o2 < 110301 77— 1B -
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The next term I3 also contains operator b- V. Following the estimates in Lemma 2.2,
we have

T3] S wo " (1900l oy 100l ot + VDol oy 1B2ullprsr=1) 1Bl -

—k
+wy (Vb llgre-r-a0vull osry o + Vb2l o 02l yosry o) 1Bl 7es

+ wé*k(HblHLoo [Ovull gra—r + (|2 Lo H52U||Hs—k)|‘b||Hf—’*"

Like before, for the case k = 0, we can bound its time integral as follows,

t t
/|113| dr f/ sup w0||u||Hs b”HS / ||Vb1||H[%]+1 dr
A <7<t 0

t
+ sup wollbl% / |Ogul grems dr
0<r<t 5

t

1 1
+ sup wh bl / wd bl ges [Orul 052 dr
0<7r<t 5

t
4 sup wolbfF [ 100l igren d
0<r<t ,

t
1 1
+ sup wd bl / wd |[Vl| g+ || =
0<r<t
0
t

1 1
4+ sup [bellz= / wh |0yull o w? ] . dr
0<r<t J

LN
—
~~
~—
AN
—
~
=

< Eo(t)B3 (1) + £o(1)E5 (1) + € (1)B

+E(1)BE (1) + €3 (1)EZ (H)EL (D). (3.13)

Similarly, for £ = 1, we have

t t
Jinal dr € sup fulges Bl [ V0] o0, dr
5 0<r<t 4

t
+ sup ||b\|§{s,1/|\azu||HH i
0<r<t J
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+ sup ||b||Hs_1/HVblHHS_z||81u|\H[551]+2 dr
0<r<t

+ s Bl l/uazun dr

al*zt

+ osup ||b||HH/Hvuan,IHblHLw dr
0<r<t

+ sup [ballpe 6] g / X
0<r<t

S €83 (1) + €(1)ES (1) + E(OBE (1) + € (DEF (DB (1) (3.14)
We have finished the estimates for all terms containing -V or b -V by now.
Type II: Terms containing the divergence of velocity V - u
This part contains three terms Ig, 11 and Iy4. I1; will contain the divergence of

velocity V - u after integration by parts. Since Ig and I;4 have similar structures, they
can be treated simultaneously. By Holder’s inequality,

115] 4 11l < ™ (101 o IV -l 4 [ O10)]| e IVl ) 01D s

Here we have used the notation (b]p) to stand for b and p. For k = 0, we have

2
/ o) + Tna] dr < sup wol|(]0)]7,. / IV -2 dr
0<r<t 9

‘ (3.15)
Hi&‘;”“'p)“wo/wl IV - ullzwh | @19)] . 07
S E (1) (&5 (1) + F () + € (1) (EF (1) + Fi (1) &5 (1),

For k=1,
2
/ To| + |Tual d7 < sup (| 6lp)|%. / IV - ull gz dr
0<r<t )

t
+ 5 [000)] e 61 / IV ullges dr (3.16)
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SEW)(E2 () + F2 (1),

111 can be written as
_ _ P’ o
I :—wé k/ﬁs k((p——i(—? — l)Vp) -0 Ry da
T2

= —wj" /857’“Vq1(p) 05 R dx
T2

=wg* / **q1(p)0*~FV - u dx,
T2

where

Ch(ﬂ)‘j(%—l) dr.

Clearly, because P'(1) =1, q1(0) = ¢} (0) = 0 and we shall derive q;(p) ~ p?. Therefore,
11l S wg (o)l e+ IV - ull o

and, for kK =0,

t

t
1 1
Jimtdr < s loles [ whillllaew 1V ullne dr
T

) (3.17)
< € 0E 1)(EF (1) + F (1),
For k=1,
t t
[imlars suw ol (19 ulw dr S €E O+ F @), (318)
0 - 0

This completes the estimates for |I11| and also for all terms of Type II.
Type III: Basic good terms

The remaining terms Ig, I1g, I15 are referred to as basic good terms and are handled
in this part. First, Is can be bounded as follows.
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[s] = w(l)_k’ /as—k—l(—p Au) LS TR Ly, dx‘
p+1
2

Swit Al gres + | A e ) |V o

Hp—|—1HL°o p—|—1HHSk1|

< ol aro-smswy IVl A Ipllare-st00™ 1Vl sresmrtg® [Vl groms

For k =0,
t
[15lar s @ o (3.19)
0
and for k =1,
t
/|18| dir < €5 (t). (3.20)
0
Similarly,

Iinl = 1—k‘/ sfk71< P oL, b) s—k+1,, g
| 10| W 0 p—I— 1V 0 U axr
T2
S wy ol o= Bl e Ve || s
Therefore, for k = 0, the time integral of |I1¢| is bounded by

t
1 1
[imoldrs swp ol [whi[blewf (9ol dar
0<rst ) (3.21)

1
2

S €HER () (E2 (1) + F2 (1))

~

For k=1,

1
2

1
[inaldrs s lplasblns [ IVl dr S €@ @+ 7). (322)
0 - 0

Finally we deal with I15. To distinguish the horizontal derivative from the vertical
one, we write

1
s—k—1 . 9s—k+1 _ s—k—1 . . 9s—k+1
) (72(p+1)V|b|) 9kl = 9 ((p+1)b 81b) 91y,

+ as—k—l(

. . s—k+1
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By Sobolev’s inequality,

Is| = wl™ ‘/as = )V|b| )0

S w1+ Dol prenes) (18] pre—n—z bl )
X (Hvalulﬂmqﬁl + || VOaur || re—r-1)
+1wp (L [lpll o) [ Vel ron
< (102l pre— s Bl pre—-2 + [l 1o -1 Dbl o2
For k = 0, we can bound the time integral by

t
[ sl dr < sup [Ble-a(1+ oll-)
0<r<t

0
t
< [ wkiblew? (10wl s+ [90as-2)
0 (3.23)
t
b sup (8oL oll) [0 10abl g Ve dr
0<r<t
0
setmel (el v+ Flw) +etwel B! o).
For k=1,

[ 1hsldr s sup (1 + )
0<r<t

t
></(||va1u1||Hs,2+||va2u1||Hsfz) ir
0 (3.24)

+ sup Hb||HS*2(1+||p||Ha‘*2)/”aZb”HS*?HVUHHS*l dr
0<r<t

1 1 1
S €(t) (&5 (1) + FZ (1) + €(t)BF (1)
This completes the estimates for all terms of Type III.

In the case when k = 0, we integrate (3.7) in time and take into account of the upper
bounds (3.8), (3.9), (3.11), (3.13), (3.15), (3.17), (3.19), (3.21) and (3.23) to obtain the
desired bound for the highest-order energy in &(t). Combining it with the L? estimate
(3.6), we conclude that
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3
&o (t) 5 50(0) + 5ti>tal (t)
Here we have bounded the intermediate energies in terms of & ,tq; through interpolation.

Similarly, when & = 1, we integrate (3.7) in time and invoke the upper bounds in
(3.8), (3.10), (3.12), (3.14), (3.16), (3.18), (3.20), (3.22) and (3.24) to achieve the bound
for the highest order energy part in &(¢). Combining it with the L? estimate (3.4) leads
to

é(t) 5 50( ) thOtal()

This completes the proof of Proposition 3.1. O
4. Strong dissipation in vertical derivative

This section presents the upper bounds for £ (t), Pr(t) and Bg(t), the functionals
involving the vertical derivatives. The estimates are stated in the following three propo-
sitions. The first one focuses on & (t) and E3(t).

Proposition 4.1. Let Eipiai(t) be the total energy defined in (3.2). Then, for any t > 0,

E1(t) S E1(0) + 2 (8) (€2 (t) + PE (£) + B2 (¢ )) + &2 (D),
E3(t) S E3(0) + (E£ (1) + PE () + BE (1) (62 (1) + P () + B3 (1)) + E2 i (0)-
Next we bound Py(t).

Proposition 4.2. Let Eipiqi(t) be the total energy defined in (3.2). Then, for any t >0,

Prlt) S E(0) + Ex() + Edpey(t),  k=1,3.

The last proposition bounds Bg(t), the energy functional involving the vertical deriva-
tive of the magnetic field.

Proposition 4.3. Let Eipiai(t) be the total energy defined in (3.2). Then, for any t > 0,
3
Bk(t) < gk(O) + EL(t) + Pr(t) + gﬁotal(t)’ k=1,3.
The rest of this section proves these propositions. We start with the first proposition.

Proof of Proposition 4.1. Due to Poincére’s inequality, we only focus on the terms with
the highest-order derivatives. According to (1.2), for k =1, 3,

1d

s wi (102011 F . + 102ullFy. i + 102011 ) + will VOul3. —ZNi, (4.1)
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where

k—o
Ny = = Zweer (102l + 102l + 102017 ).

Ny = wk< / _O RV - ud kDo da — / 85 k8, Vp - 9 dyu dx)
T2 T2
+wk( / 85 k8, VL . b3 *Byuy + / 85 k3w - 9K 5b dm),
T2 T2

N3 = —wy, /83_k82(u . vp)as—’%p dzx,
’]I‘Q

Ny =—wy, /as—%(pv . u)as—’“agp dx,
’]I‘Z

N5y = — wy, /63_k82(u -Vu) - 9**dyu dz,
T2

_ s—k L . 9s—k
Ng = wk/a 82(p+1Au) % dyu dz,
’]I‘Z

1
_ s—k . . as—k
N; = wk/a 82(p+1b Vb) 0° 7" Oqu dx,
TZ

— s—k L 1, s—k
Ng = wk/ﬁ 32(p+1v b)a Aoy da,
TZ

1
_ s—k - . As—k
Ng—wk/a 82<Vp pva) 9°Fyu dx,
’]1‘2

Nio = — w, / 08, (u - Vb) - 9°*dyb du,
'H‘2

Ny = wy, / 857]“82(17 -Vu) -0 Fdub du,
’]1‘2

Nig = — wy, /8S_k82(bv ‘u) - 9*7*db d,
TQ

Nis = — wy /as—’“@(#wbﬁ) - %oy da.
2 2(p+1)

To bound the first term N7, we use the basic equalities

wolt) = wi (Hwi(t),  wy(t) = wk(ws (t)
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to obtain, for k =1,

-

/ Ny dr < E2()(EF (1) + PE(L) + BE (1)), (4.2)

For k = 3,

By integration by parts,
Ny =0. (4.4)

To bound the rest of the terms more efficiently, we regroup them into three types:
Transport terms, the terms containing V -u and good terms. We start with the transport
terms.

Type I: Transport terms containing v -V or b - V

This part contains N3, N5, N7, Nig and Ni;. We first deal with the three terms in-
volving u - V, namely N3, N5 and Nyg. By integration by parts, for g = u, b, p,

|N3|+|N5|+|N10| < wg Z ‘/8S—k(82u_vg>as—ka2gdm‘

g=u,b,p 2
B (4.5)

twe Y ‘/as B(u - Vg)0® " dag da:‘
g=u,b,p o2

In the case when k = 1, the first part on the right hand side of (4.5) can be bounded as
follows,

wr Y \ZCQ 1/ (820™u - VO* 1" q)0° 1 8yg dx

gubpml

+ /(5‘2u VO 1g)0° 1 0yg da

T2

Swr Y (10aule

g=u,b,p

911029 o=z + |O2ul| 2| g 1 329\le—1>-

To obtain the bounds above, we have used the following estimates
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m=s—1, /(8285_1u -V 9)0* 0y dx = — /(826% -V 9)0*20yg dx

T2 T2

- /(8238_1u -V09)0° 20ag dx
T2
S [102ul|

9llge—111029 o2,

m=1, /(828u . V@S_Zg)as_l(‘)gg dx <||02ul| g3 gl ms
’]I‘Q

829||H3*1-

For k = 3, the first part on the right hand side of (4.5) can be bounded by

ws Y| 0200 V)0 0ug da] 5 wsldsull-alglnes Vagles

g=u,b,p 2

For the second part on the right-hand side of (4.5), we apply Lemma 2.2 to obtain, for
both £ =1 and k = 3,

W Z (HvuluH[S;k]ﬂ”81829”H5*k*1 +||vu2”H[5*"]+1||a§gHHS*’€*1

2
g=u,b,p

S Y P71 2 RS PR -7 SR 3 P

P 2
+w Y IV - ull 2|92l

g=u,b,p

Sl Valgesn S Ol

g=u,p,b

Therefore, for k=1,

t t
/ IN3| + N3] + [Niol dr S S sup wi|agl3es / -
0 0

g=u.b,p ISTSE (4.6)
1 1
S E)(EF (1) + F2 () + U2 (t)).
For k = 3,
t t
/ N3] + [Ns| + [Niol dr S S sup wsl|oaglZs / IVull e s dr
Sob,p0STS (4.7)
0 g=u,b,p 0

S Es() (€2 (8) + F2 (1) + 43 (1)),

Next we bound the terms containing b-V operator, namely N7 and N7;. By integration
by parts,



J. Wu, Y. Zhu / Journal of Functional Analysis 283 (2022) 109602 27

1
_ s—k—1 . . as—k+1
Ny, = wk/a 82(—p+1b Vb) 0 Ohu dx.
TZ

According to the product estimates and the fact ||ﬁ||L°° <1

~ )

IN7| S wn (190 (Bl + 9Bl g B

L L et /Py VoA Py

Applying Poincare’s inequality again, |N7| can be controlled by

W (193l g1 031 + 193 = 1Bl gy + 1050l 1o 02D = ) 9Tl g

Integrating |N7| in time on [0,¢], for both & = 1,3 we can derive the unified estimate
like follows.

t

¢
1 1
/\N7| dr < sup ||b]|3.-x /w,ﬁ”@%pHHkkflwg |02Vl gs—r dr
0<r<t
0 0

¢

1 1
4 sup ([Blme-s + 10ables) [ w1030 memss0f 10l o dr
T<t
- 0

S EOPE(OEE () + (€ () + £2 (1) BE (DEZ (1),

(4.8)
Ni; can be estimated similarly. We first write it as
Ny = wy, / 857k+1(b -Vu) - 857’“713221) dx.
’]1‘2
After a similar process, we obtain, for k =1,
t t
1 1 1,
[1Nuldr s sup whipales [ wdlovul ot 0202 ar
0<r<t
0 0
t
1 1 2
+ sup wf bl [ 0l [0%b] . dr
0<r<t
0
t
1 1
+ sup [balze /wf 19yl e w? 07| go—s dr (4.9)
0<r<t

0
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1 1 1
+ sup wg [[ballme [ w3 l|0ul| Lo wy |0°b] o2 dr

0<7<

o\ﬁ
[

1
2

+E2(D)EF (1)BF (1) + &5 (€5 (1) B (1)
Notice that we have used ||b1||gs < ||0b]|gs—1 again. When k = 3, we have

t

t
1 1
/ Nyl dr < sup w [bl]z~ / IVl gre2wd |02 gro—s dr
A 0<r<t 5

, f T (4.10)
+ sup w;Hb||Hs—2/||quLoc'lU32 1056 ;rs—4 dT
0<r<t 5

Type II: Terms containing the divergence V - u

This part contains three terms Ny, Ng and Ni5. Since Ny and N5 have similar struc-
tures, they are estimated at the same time.

INi| + [No| S wi|| (pI0)V - v 1y 02 (01B) | i
S w10 | 21V -l g+ [[(s b) [ ro—rs2 [V - 0l 2) 1103 (Ib) || o1

Therefore, for k =1,

t t

[N+ Nl dr S sup 1oz [ wF 19 - ulaewd 15300 oo d
0 == 0
t

1 1 1
4 sup wf [0 [+ DIV ullowd |03 610) s dr
o 0

S EHO)(EF () +FF (0) (PE (1) + BE (1)
5 (0(ES () + F5 () (PE (1) + B (1)),

(4.11)
For k = 3,
t t
[ 1Nl Nl dr S sup 10 [0} I9 e [0 o18) s
) 0<r<t ) (4.12)

=

< @ ()(E2 () + F2 (1) (PE () + B (1)),
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Next we deal with Ng. It can be written as

Ng = — wkT/2 85165‘2((% — 1)Vp) 05 Fyu dx

= wg /8S*k*18§q1(p)8s’k+lv cu dx,

T2
where ¢1(p) is defined as before, namely
f P’ +1)
p) = / (r 1) dr.
ol
0

As explained before, g(p) ~ p?. Therefore, for both k =1 and k = 3,

t
/ INol dr < / WrllO2g () sreva |V -l gre-nns dr
0 0

_T_

. . (4.13)
< sup ||p\|Hs,k,1/w,g||a§p||Hs,k,1w,g||v-u||Hs,k+1 dr
o<r<t 0

S €2 ()P ()(E7 (1) + Fi: (1)
This finishes the proof of Type II terms.

Type III: Basic good terms

The remaining terms Ng, Ng, N13 are called the basic good terms, which are bounded

in this part. To bound the first term Ng, we set f(p) = -£7 and use (3.1) to obtain

|Ng| = wk’ /857’“7182(/)—:11Au) LR gy dm‘

S wi ([102f ()l Lo | Aull pra—r—r + [102.f (p) | pro—r-1 [ A e ) O] e
+wi (I F (o) | Lo 10280 pre-sms + 1 ()| re-r-1 02 Au| Lov ) | O] pra-rs

1 1
S w1020l e | A remrms w100 e + |l pre—r 2w || Ol s

This implies, for both £k =1 and k = 3,

/ INg| dr < € (0)E (). (4.14)
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By integration by parts, Ng can be written as
|Ng| = wk‘ /as - 282< -V b)as ht2y, dx‘

S wk(||82p||HS*k*2”bHHS*’“ + HPHHHC*lHazQVL 'bHHS*’C*Z)

X (HalulHHsle + ||62u1HHsfk+1).

Therefore, for both £ =1, 3,

1

/ INeldr 5 €4 (0)(P} () + BL0) (5L (1) + 7L ). (1.15)
For the last term Ny3, we directly write
|N13| = wy, /ag k= 182( 2T )V|b| >~3S_k+182u dm‘
1
< s—k—1 2 s—k+1
_wk‘/f) 62(72(p+1)82|b| )a Byus dx‘

+ wk‘ /as—k—Qag(ﬁaﬂbﬁ)as—k”ul d:v‘

w1+ ol o) 1026 e 6l 7o | Ol oo
o g (102l - 003+ (1 1l 108Dl g D11 )

X (||81U1||H37k+1 + ||82U1||Hsfk+l)

Hence, for £ =1 and k = 3,

(t) + (P2 (D) + BE ()€ (1) (€2 (1) + F£ (1), (4.16)

T ol

/|N13| dr < B ()€} (1)E
0

where we have used (3.1). This completes the proof of Type III terms.

Finally we combine the bounds above to obtain the desired inequalities. For k& = 1,
we integrate (4.1) in time and use the bounds in (4.2), (4.4), (4.6), (4.8), (4.9), (4.11),
(4.13), (4.14), (4.15) and (4.16) to obtain

Ei(t) S EFD(EZ () +PEW) +BE() + E2,ult).

All intermediate energies have been controlled by ;o through interpolation.
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Similarly we obtain the bound for £3(t) after we invoke the estimates (4.3), (4.4),
(4.7), (4.8), (4.10), (4.12), (4.13), (4.14), (4.15) and (4.16),

1 1 1 1 1 1 3

E(t) S (&7 (1) + P (1) +Bf (1) (&5 (1) + P35 (1) + B3 (1) + Eban (-
This completes the proof of Proposition 4.1. O
Next we turn to the proof of Proposition 4.2.

Proof of Proposition 4.2. The proof makes use of the wave structure in (1.3). The equa-
tion of us in (1.2) can be rewritten as

1 1
0 :(1——P’ —1—1)8 — Opug + ——Aug —u - Vu
20 o1l (p ) ) O2p U2 1 2 2

1 1
———b- Vby — ——— 8, |b]%.
T T 2(p+1) 21

Applying 0, derivative to above equality and taking inner product with 95p in
He='=F (k= 1,3) yields

6
||8SPH§{<—1—1@ = Z Ji7
=1

where,

Jp=— /88717’6(‘%82”&2 85’1’k6§pdaz,

']I‘?
Jo = / o5 17Fp, ((1 - iP'(p + 1))82p> O 1k92 p dx
p+ 1 2 )
’]1‘2
1
_ s—1—k s—1—k 92
Js _/a 32(p+1Au2)8 82p dz,
TQ
Jy=— /83_1_k82(u - Vug) 0°7 k02 p du,
TQ

1
s—1—k A s—1—k 92
J5_/a Oa( b+ Vo) 071 OB pda,
T2

_ s—1—k 1 2\ qs—1—k 92
Jo = /a 32(—2(p+1)82|b\ )a 82p dz.
’]I‘2

The bounds for Jy — Jg can be derived directly,
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6

> 11 S (llel

=2

we=1-k |03 pll re—1-k + 102l T ) 103 pll pro 11

1190l e (1Al 1o + [z [ Vbl o) [ 02
(L ol ) (12Dl o + 92D
0o 10109l o1+ 1Bl pros 1038l o1 ) 193 pll 102

Hs—1-k

Hs—1—k Hvb”Hsflfk'

] o182l o |33 pll o2

Applying Poincére’s inequality and then integrating in time yields, for k = 1 and k = 3,

6 t
> [wnlnldr s € @Puo) + 8 P + EOPL + & (0P} 0

=27

1 1 1 1 1 1 (417)
+ B ()&= (1)Pg (1) + B (H)EZ (H)Pg (1)
+ €2 ()BE ()P () + €2 (H)E; ()P (t)
Now we come back to deal with the first term J;. It can be written into the following
form.
J = _at/as—l—kam O*17k92 p da + /as—l—’fazu2 O* k920, p da
T2 T?
— 8t/88_1_k82’LL2 as—l—kagpdx
’]I‘2
— /as—l—kam O (u- Vp+ (p+ 1)V - u) da.
’]I‘2
Therefore,
t
/wk(T)Jl dr
0

= 7wk/85_1_k82uQ(t) O*17Ra2p(t) dx+/as—1-kagu2(0) 9*17k92p(0) dx:
T2 T2

(4.18)

t
+ /(k; — 0)Wwk—1 /83_1_k82u2 35_1_k8§pdx dr
0 T2
t

—/wk/aﬂfkam O RO (u-Vp+ (p+1)V - u) d dr.
0 T2
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The first three parts on the right-hand side of (4.18) are bounded by

S wi || G2tz | pro—1-1 103 pll ro-1-1 + [[0202(0) | pre-1-11103 p(0) | -1

t

1 1
+/w,gfluawgum_l_kw,gflHagans_l_k, dr (4.19)
0

1 1
S (1) + Ex(0) + &2 ()P (1)
The last part in (4.18) admits the bound

t

/wk/asﬂf’“ang 85’1”“8§(pu) dx dr
0 T2
t

— /wk/as—l—kam 85_1_k822V~udx dr
0 T2

(4.20)

1 1
< €3 (DE(1) + €2 (P (DE; (1) + Ex(1).

Combining the estimates for |Ji| to |Js|, namely (4.17), (4.19) and (4.20), applying

Young’s inequality we then complete the proof of Proposition 4.2. O

Finally we prove Proposition 4.3, which shows the enhanced dissipation in the vertical
derivatives of b.

Proof of Proposition 4.3. We rewrite the equation of u; in (1.2) as follows

1
VL.b: p—LVL.b+atu1_mAU1+u.vul

. (4.21)

+
p+1

1
P——b-Vb b2.
01 | Vb + O1b]

1
2(p+1)

Applying 93 to (4.21) and then taking the inner product in H*~2=%(k = 1, 3) yields

Kia

-

035 bl =

i=1

where

K, = / O* "2 *020,u, 0°2 702V - b,
T2

_ s—2—kq2/_P 1. s—2—k 927 |
Ky f/(f) 5‘2(p+1V b) 0 03V~ -bdx,
T2
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s—2— 1 S—2—
Kg,:—/a‘ 2 kag(pHAul)a 2=k02vE - bde,

T2
K, :/88_2_’“6%@ Vup) 0°727*02vE - bda,
T2
§s—2— 1 S—2—K
K5:/8‘ ? ’fag(pﬂalp)a‘ 2ROV - bda,
T2

Ko =— /88‘2_’“83( b-Vbl)as—Z—kagvl -bdz,

o+
K7_/83 2=k92( )61|b\ Ho 2RIVt L bda.
K5 through K7 can be bounded by

o2k |02V b a2k

7
Y IK S (Iplme-2-# 105V - bl go—2-v + [[02p]

+ 103 pll o2 |V - 0]

HH%) |02V - bl

Hs—2—k
+ > (P -1 P
g=Auq,81 P,b-Vby,|b|2 p+1IHE
+H6z s 102g 1102

- HaémHHS,Q,k||guHs-z-k) |03 - bl o2
- ull e O3l e |ORE - Bl gremar.
Applying Poincare’s inequality, we obtain, for £k =1 and k = 3,
1 1
Z/wkuc dr £ €L (B0 + €2 ()PE (1B (1)

=2
0 (4.22)

T ol
—
~—
+
&)
wle
—
~
S—
N
B
—
~
=

e B + P 1B
+PE()(E(1) + € (1) BE () + €2 (1E7 (1)B

Tl

(t).

We now focus on the first term K;. We can rewrite it as

% / 0° 27k 2uy 92 ROIVL - by — / 0° 27k 2wy 92 RO2VL . O,bdw

= %/85*2*’“85111 ¥RV b
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- /85_2_k822u1 0572 k2 (Auy + V4t (~u-Vb+b-Vu—bV - u)) dz.

T2

It then implies that, for k =1 and k& = 3,

t
/w;C Ky dr
0

= wk/as—2—ka§u1(t) D5 727ROIVE L b(t) da
T2

- / 0*7 27k 921, (0) 95~ 27k 92VL - b(0) dx

2

’1[‘2
t
— /(k; — o) wk_1 /85727k8§u1 85727k8§VL ~bdx dr
0 T
t

- /wk /58-2—ka§u1 O RO (Aug + V- (—u- Vb +b- Vu— bV -u)) dz dr.

0 T2

The first three parts above can be controlled by

oz wil|03ull o -2-# |05V - bll o2k + [|030(0) | o2 03V - B(0) | o2

t
1 1
+ /w,gflHa;unHs_2_kw,gfl||a§vL A Pe— (4.23)
0

< Ex(t) + E(0) + EF (DBE (1),

To bound the last part, we use the inequality [|05b]gs—1-+ < [|03VL - b]| -2k to ob-

tain
t t

/ Wil|O2V Ul o dr + / wrllO2V | gre—aor (] gro— s 02 o1

0 0 (4.24)
+ [102ull gro—1-#[|02b]l -1 + 103 ul| gro—1-#][]| gro-1-x) dT

S Ex(t) + &2 (D) (S OBE (1) + £ ()€ (1)),

Finally, taking all the estimates above into consideration, namely (4.22), (4.23) and
(4.24), applying Young’s inequality we will complete the proof of Proposition 4.3. O
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5. Dissipative structure of divergence part

This section presents upper bounds on .Z, A and Fi. As aforementioned in the
introduction, the coupling of Q (defined in (1.4)) and u; generates enhanced dissipation.
The estimates presented in this section reflect this extra regularization. In particular,

the bound for Fj, verifies the regularity and decay properties of 0yu;. Together with the
bounds on Osus in &, the estimates presented here confirm the extra dissipation of V -u.

The main bounds are presented in the following two propositions.

Proposition 5.1. Let Eipiai(t) be the total energy defined in (3.2). Then, for any t > 0,

Al) S E0(t) + by (1),

Ap(t) S Ek(t) + Fr(t )+<€wml( ), k=1,3.

Proposition 5.2. Let Eioiqi(t) be the total energy defined in (3.2). Then, for any t > 0,

~ 1 1 3
Fi(t) S Eolt) +A(t) +E2 ()AL () + E2,u(t), k=1,3.
We now prove these bounds and start with Proposition 5.1.

Proof of Proposition 5.1. As we explained in the proofs of the previous propositions, it
suffices to deal with the highest-order norms. According to (1.6),

Q=0u +u-V ——A —|——Q 5.1
U7 U- Vug p—l—l (5] ,0+]- ( )

Let so > 3. Taking the inner product of (5.1) with  in H*o yields

. ZM“

where

M, :/asoatul 0°°Qdx, My = /asv(u-vm)asmm

1
—/850 (—Am) 0% Q0dx, My= /850 (LQ> 0% Q0 dx.
p+1 p+1
T2 T2

Ms through M, can be bounded directly by
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| Ma| + |Ms| + | My
lull oo [V [ s0 [ Q17220 + (1 + llpllzze0 ) IVeunllzrso2 1920 zr50 + llpll o0 27720
(lullzzso + 1+ llpll oo ) Ve [ mreo+r [R50 + 1ol 2220 1201750 -

S
S

Letting sg = s — 1 and multiplying by the time weight wg, we obtain

t

4 t

1 1
Z/w0|Mi|dT§ sup (||u|\H571+1+||p\|H571)/w02 |V || s wd || Q] o1 dr
=27 0<r<t 5

t
+ sup o]l e / wol| Q2 dr
0<r<t )

S & WAL + et ).
(5.2)
Similarly, if we use weight w1, it becomes
4t
S [wiMldrs (€h0)+F o)A 0+ €040, 53
=2
By taking sg = s — 3 and choosing the weight w3, we have
4t
S [uslisldr 5 (8 @)+ 7 0)AF () + € (0. 4s(0). (5.4)

=27

We now deal with the first term M. Notice the equality (1.7) My can be written as

6
d
M= /3%1 O da — ZL
T2 i=1
where,

L1 :/850U1 850(—2(9%71,1 — E)Sul — (918211,2) d(E,
T2

Ly = / 0%°uy 0% (u - VQ) du,
T2

L3 = / 3S°u1 0% (azu . Vbl + al(b . VLul) —b- V82u1
T2

V- Vb —b-V(b- Vul)) dz,
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Ly :/8S°u1 %0 ( — Oyu- by + %81u Vb2 - Byu - vp) dz,
TZ

Ls :/asml 0 (=74 (9 - w) = 01 (bPV - w) — 03 (P'(7)5 — 1)V - )
’]I‘Z

+Vu(b- Vb)) +b- V(B V- u)) dz,

L :/8S°u1 o (V5 (b Vu) + 0y (b- (b- V) ) da.
s

By integration by parts and basic inequalities,

11| S I1Vur || oo (I[Vur || zso + 102uz ]| 40),

Ly S [Vl greo l[ull oo+ 12 2o

For s) = s — 1 and the time weight wg, we have

?’.1571 dT

t t
/w0(|L1| + |L2|) dr §/w0|\Vu|
0 0

Lo . (5.5)
Hs—1 /w@ ||V’U,1| quwg ||Q||H5*1 dr
0

S Eolt) + € (EE (1)A% (2).

+ sup ||u|
<7<t

Similarly, if we use weight w1, we have

/wl(lLl\ +Lal) dr S Ea(t) + Fa(t) + €2 () (EF (1) + FE (D) AT (). (5.6)
0

For sg = s — 3 and the time weight w3, the bound is given by

t

0

After integration by parts, Lg is bounded by

|Ls| S [Vl mroo (IVuall oo + (|02l -0 ) [[0]

H¢so -

Setting sy = s — 1 with the weight wg and w, yields
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1

t t
/wO\L3| dr < € (1)), /w1|L3| ir< SWEW®LAD).  (53)
0 0
For sy = s — 3 and the weight w3, we have
t
/wg\L3| dr < € (1)(Es(t) + Fat). (5.9)
0

We move on to the estimate for L4, which is bounded by

| L S_,HV'LHHHSO{||81U1”H5071(Hb”H80 + o]

%{So + ||P‘ HSO)

+ 101wz reo=1 (1028l =0+ + [1bll rrea=1 102Dl 0 -2 + [|O2p]

Therefor, for so = s — 1 we obtain

t

/ wol L] dr < €3 (1)E (1),
0 (5.10)

/ wiLa| dr < € (1) (E:(t) + Fu(t)) + €3 (1) (€2 () + F
0

1 1

() (Pf (1) + B (1))

= ol

For sg = s — 3 and the weight w3, we have
t
/w3|L4| dr < €3(1)(E3(t) + F(t)) + €2 (8) (E2 (t) + F (1)) (P2 (t) + B (1)). (5.11)
0

Ls and Lg are bounded by

|Ls| + |Le|
S IVl gsotr (I16] grso—1 + 1Bl grso-1 1bll zrso—2 + llpll zreo—1 ) IV -l preo—1
+ [V [ grso+1 (1 + [[bll grs0-1 ) (1|1

oo [[01ull o1 + [[b2 rrso-11|O2ul| groo-1).
Therefore, if we take sg = s — 1 there will hold,

t

/ wol|Ls| + Lol) dr S €3 (D)E(0). (5.12)
0

/w1(|L5| +|Lel) dr < €3(8)(Ex(t) + Fr(t)) + €3 (1) (E7 (1) + F7 (1) B2 (). (5.13)
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If we take s = s — 3 there will be then
t
/wa(|L5| +|Lel) dr S €2 (1)(Es(t) + Fa(t)) + €2 () (€2 (1) + F2 (1)) B2 (1).  (5.14)
0

Combining the estimates above allows us to prove the desired bounds for A(t), A (t)
and Ajs(¢). In fact, (5.2), (5.5), (5.8), (5.10) and (5.12) together proves the inequality
A(t). (5.3), (5.6), (5.8), (5.10) and (5.13) yields the inequality for A;(¢) while (5.4),
(5.7), (5.9), (5.11), (5.14) imply the estimate for As3(¢). This completes the proof of
Proposition 5.1. 0O

We move on to prove Proposition 5.2.

Proof of Proposition 5.2. According to (1.6) and (1.7),

10
1d
5 7k (2l10vurl%.x + 1913, 1) + 2wk VO[3, = ; Q:. (5.15)
where,
k—o

Q=

wi—1 (2100w [[%. i + 19201%.-4)
Q2 =2wy, / 2° %019 0°*91uy dx + 2wy, / 0**0%uy 9°7FQ du,
Q3 = wk/asfk(é‘gul + 8182u2) 8S’kQ dx,

Q4 = — Wk / 057’“31 (U . Vul) 85’k81u1 dl‘,

Qs = — wk/as—kal (pi -(Auy + Q)) 8**dyuy da,
Qo = — wk/a*’@(u -VQ) 0°FQ de,
Qr=— wk/aS*k(aw Vb —01(b-V+ur) 4+ b- Voou,
+ VL Vb b V(b Vul)) 85k Q da,
Qs = wy /88_k<81u Vb — %(%u VB2 + Dy vp) 9k Q dx,
Qo = wk/as—’“( — V- (V- w) + 0 ([bPV - uw) + i (P'(p)p — DV - )

—Vub- Vb — b V(b V- u)) 8" Q) dz,
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Q1o = wk/as_k(vL “(b-Vu) —0n(b- (b Vu))) 9 da.

For k =1 and k = 3, the time integral of |@Q1] is bounded by

t
/|Q1\ dr < Eolt) + A1), k=1,
0

(5.16)
[1Quldar S )+ dale) £ FrOF O + AL OAF 0, k=3
0
Integration by parts yields Q2 = 0 while @3 through Qg are bounded by
Qs S wil|VOaul gs—r[|Q gro—r,
Qa S willull e[ Vur | ge—rl|Oru | grer-r,
Qs < willpllrs—r (ALl gro—r + QU ro—r ) 101w || ro+1-r,
Qo S willull gre—r || 3a—s-
Therefore, for k =1, 3,
t
/ Qil dr S EF (AR (1) + € (1) (62 (1) + FE (1) + AR (1) FE (1) .
i=2 ) :

€5 (1) A(t).

Using the similar method as in proving Lemma 2.2, Q)7 is bounded by

1Qel S well - { (1020
+ Halan[S;’“Hszul‘

me—r + [ Vurl

w1 ) (IOl g+ (1Bl o= | V22| g

Hs—k + HVul ||H[s;k]+2 ||81b|

Hs—k

bl (0o [0l ges 4 VB oy | P

)}

+ HvulHH[e;k]

Therefore, for £ =1, 3,

[1Qsdr s (g0 + €2 @) (el 0 + 7 0)AL® + & 0 0 + F )4k

(8) + F2 () AZ (1) + €} (£)E2 (£) (€2 (£) + F2 (1)) AZ (1),

ETN

+ €(t) (&

Qs and Qg can be dealt with similar method. For Qg it holds that,
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Qs §(||81u1||H3*k||alb2||H[%]+2+||alu1”H[%]+2H61b2||H5*’€+||alu2||H3*"‘||a2b2HHS*’V

+ ”alUJHHS*k HVbHH[S;’“Hz Hb”H[S;’“Hz + Halu”H[S;’“Hz HVb”HS*" ”b”H[S;’“Hz

0l - 90 g + 10 [Tt )92 e

Therefor, for k = 1,3 there is,

(€3 (1)BE (1) + &5 (€5 (1) AF (1) (5.19)

And for QY9 we can write,

Qo] S (lIVbIIH[%mleV “tullgen A VOl e [V - ull ok + 10 e [VV -t s
101V - ull o= 1l Feme + V0 pro—s Bl oo IV - ] sy

+ HVbHH[S;’“]nHb”H[%Hz HV ’ UHHS*’“ + ||61pHH[S*’“]+2”V : UHHS*’V

2

10l eIV -l ey ol 101V -l o

+ HaIbHH[S;’“Hz Hb”H[%Hz ”vu”HS*’c + ”alanS*’“ ”bHH[%]H HVUHH[%]M

1812 oy 9Vt )12 e

Indeed, for £ = 1, 3 there is,

T ol
—
~
N
tn
Sl
—~
~
N
—
™
N ol
—
~
N
Ny
—~
~
=
SN—
ESEN]
—~
~
N

/ Qol dr S €(1)(EF () + F (1) A
0

+ @) (EZ(t) + F2 (1) AZ(t) + &F (t)@% (t)(E3 (t) + F2 (1) Az (t)
+ E(OBE (1) A7 (1) + €2 (H)EF (H)B3 (1) A7 (1) + €2 ()EF (H)E3 (1) A7 (1).
Finally we focus on the most complicated term ()1g. By Lemma 2.2,
Qo] S wkHQHHs—k{(l + ”b”HS*’“)(HbQHH[S*’;*le”aQuHHS*k*l

ool e-sesB2ullomgin, o 2l ooy o |Brafgemsra

ol aze-sns [Brea] o)

A 100Dl gy (B2l oy o 102wl rems + B2l pre-s [ O2ul] =

2 T
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i)}

+oull -+ l1Orull ¢

For k = 1, we can bound fot |Q10] d7 as follows

t
1 1
sup (14 b= [l 5152 / wh|0ul g1} |9 res dr
0<r<t 5

t
1 1
+ sup (1 o) (1 7)ol [ ] 102l yogyesd 190 s dr
T<t
- 0

t

1 1
+ sup (L4 1Bl zra=2 ) w3 [[ball 5042 /(1+T)’1||<91UIIstfIIQIIHH dr
7<t
- 0

1 1
+ sup (1 [l Ioalae [ 10vull oo |90 dr
0<r<t J

t

1 1
/ w} 0ol geswd |9 sroms dr
0

_1
+ sup (1+T) 2||81b||Hs—1Hb2||H[sgl
0<r<¢t

t
1 1
+ sup (1+T)_1||5)1b||Hs_1||b2||Hs_1/w§||82u||H[%H2waQHHS_1 dr
0<r<t 0

1 1
+ sup (1+7-)71||61b||H5*1w32”blHH[S;le/Halu”HS*lwleQHHS*l dr
0<7r<t 5

+ sup (14 7)7% 00D -5 1|1z 1/||01UI| w} Q-1 dr.

0<r<t

L 1
Here, we have used the fact (1 +1)~! < wo and (1+1¢)"2 < wg. Therefore,

/ Qul dr 5 € (OEF (AT (1) + & (EF (AT (1) + E5 (D€ (D47 ()
1 1 1 1 1 1 . N | (5.21)
&L (O OAF (1) + £ (NEH O] (DA (1) + £ (OEE B (1A] (1

+ &5 (D8 (O DAL (1) + & W ek (DA 1),

Similarly, for k = 3, we can bound fot |Q10] d7 as follows.



44 J. Wu, Y. Zhu / Journal of Functional Analysis 283 (2022) 109602

t

1 1
sup (1+ IIbIIHs—s)IIszHs—2/we?Hf’)WIIHs—?wg?HQIIHs—:s dr
0<r<t ]

1 1
+ sup (L bl [l / |0l o203 Q] sre-s dr
<7<t

t

1 1
+ sup [000] s [balne—s [ wf 1oaulne-swd |20 - dr
0<r<t ]

1 1
+ sup [08]me-swf Poalre—s [ Norule-swf 2l
0<r<t

Which yields that,

/ (Quol dr < €3 ()2 (£).AF () + £ (H)€3 (H).AZ (1)

1 1
2

+@()ER (1)A2 (1) + €3 (H)EF ()€ (1)AZ (1).

(5.22)

Integrating (5.15) in time and incorporating the bounds in (5.16), (5.17), (5.18), (5.19),
(5.20), (5.21) and (5.22), applying Young’s inequality, we obtain the desired inequality

in Proposition 5.2. O

6. Decay estimate of uo

This section proves the a priori bound for the energy functional £((¢). As indicated by
its definition, $4(¢) measures the regularity and decay properties of the second velocity
component uy. The precise upper bound is stated in the following proposition.

Lemma 6.1. Let Eyppqi(t) be the total energy defined in (3.2). Then, for any t > 0,

Ut) < Eolt) + Pu(t) + Bi(t) + Ps(t) + Bs(t).

Proof. We recall the equation of us in (1.2),

1
Oru —Au—|— 3P——u Vu——Au+ be—ia b|2.
tu2 2 2 2 PE) 2 2 2p+1) 2|0
Taking the inner product in F*~2 yields
1d ’
5 gpw2lluellFrs + wal Vus . => W, (6.1)
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where,

1
Wy = §atw2||u2“§'{sfz7
Wo = —wo / 0*2(u - Vug) 0° 2uy dz — wo / 92 (LAW) 0° " 2uy dx,
p+1

W3 = W2 /8572(5( — GQP + b- VbQ — %82|b|2)) 887211,2 dx.

11
To bound Wi, we use the fact w; = wjws to obtain

t t
2—0 [ 1 L < el
Wil dr = =27 [ wd sl gro-swd sl s dr S &G O3 ). (62
0 0

It is clear that W5 is bounded by

t

¢
/|W2| dr < sup Hu||Hsfz/w2HVu2||%,S,2 dr
A 0<r<t 0

¢ (6.3)

+ sup s [ wolAuallges s dr
0<r<t

By integration by parts,

(Wal S wallpll o= (10201l ro-2 + [Vl rro=al|Bll o= ) [z g1
Therefore, notice the assumption (3.1) we shall derive
¢
/IWB\ dr 5 €3 (4P (1)403 (1) + €(1)B3 ()41 (1)
0 (6.4)
S (PE(8) + BE (1) + Ps () + B (£)) 4 (1)

Integrating (6.1) in time, applying Young’s inequality, and using (6.2), (6.3) and (6.4),
we then obtain the desired inequality stated. O

7. Proof of Theorem 1.1

This section makes use of the estimates in the propositions of the previous sections
to finish the proof of Theorem 1.1.
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Proof of Theorem 1.1. The local-in-time well-posedness of (1.2) in the Sobolev setting
H*(T?) with sufficiently large s can be shown following standard approaches (see, e.g.,
[32]). It remains to establish the global bound of (p,u,b) in H*. We employ the boot-
strapping argument (see, e.g., [38]). The first step here is to combine the inequalities
obtained in the propositions for &(t), €(t), &, Pi, B, A(t), Ax(t) and 8(t) to show
that, for some positive constant C*,

gtotal(t) < O*gtotal(o) + c* g;otal( ) (71)

where Etotqi(t) is as defined in (3.2), or

Erotat(t) 2 D &)+ D Pit)+ D Bit)+ Y Filt)+ Y Ai(t)

i=0,1,3 i=1,3 i=1,3 i=1,3 i=1,3

+ A(t) + U(t) + €(t).

According to Propositions 3.1, 4.1, 4.2, 4.3, 5.1, 5.2 and 6.1,

Eo(t) S &(0) + gtotal( )s (7.2)
&) S E0(0) + €20 (D), (73)
E1(t) S €1(0) + EF (D (EF () + PE (1) + BE (1) + &2 (8), (7.4)
Es(t) S E3(0) + (£ (£) + PE (1) + B (1)) (£3 (1) + P3 (1) + B3 (1) + E2, (). (7.5)
Pr(t) S Ex(0) + Ex(t) + Stotal( ), k=13, (7.6)
Br(t) < Ek(0) + Ek(t) + Pr(t )+5wml( ), E=1,3, (7.7)
A1) S Eolt) +E2m(t), (7.8)
Ak(t) < Ep(t) + Fi(t) + Stoml( ), k=1,3, (7.9)
Fult) S Eolt) + Alt) + EF (DAL (1) + Efyg (D), k=13, (7.10)
() S Eo(t) + Pr(t) + Bi(t) + Ps(t) + Bs(t). (7.11)

(7.2) and (7.3) imply that & () and €(t) satisfies (7.1). (7.8) then assesses that A(t)
satisfies (7.1). Inserting (7.2), and (7.6) and (7.7) with &k = 1 in (7.4) yields

E1(t) S E1(0) + (65 (0) + &t (1) (€3 (0) + E2 (1) + £ (1)) + Eyaa(?)
E1() + C Erorar(0) + CEL, (1),
That is,

& (t) < Cgtotal( ) + Cgtotal( ) (7-12)
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Inserting (7.12) in (7.6) and (7.7) with k = 1 leads to
Pr(t) < C Erora(0) + C €2y (1), (7.13)
Bi(t) < C&otar(0) + C’Etoml( ) (7.14)

Inserting (7.12), (7.13) and (7.14) as well as (7.6) and (7.7) with &k = 3 in (7.5), we find
that

E3(t) < C Etorai(0) + Cgtotal( ),
which, in turn, yields

P3(t) < Cgtotal( ) + Cgtotal( )
Bs(t) < C&orar(0) + Cgtomz( )

As a consequence, (7.11) implies $l(¢) satisfies (7.1). Inserting (7.9) in (7.10) then shows
that

fk(t) S Cgtotal( ) + Cgtotal( )
which subsequently implies
Ap(t) < C Eorar(0) + Cgtotal( ).

We have thus verifies (7.1).

We apply the bootstrapping argument to (7.1). Assume the initial data (pg,uo, bg) in
H*(T?) is sufficiently small,

||<p0?u0? bO)HHS <e

such that
C*Eiotal(0) < 1
total ~ 16(0*)2
If we make the ansatz that
Ermat () < —— (7.15)
total 4(0*)2 I .

then (7.1) implies

1
gtotal (t) <

1
>~ m + Egtotal@)
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or

Stotal (t) < ﬁ (716)

That is, (7.16) provides a sharper upper bound than the ansatz (7.15) does. The boot-
strapping argument then concludes that (7.16) holds for any ¢ > 0. The desired global
bound of (p, u,b) in H*(T?) then follows. This finishes the proof of Theorem 1.1. Notice

that the constant C* above can be chosen large enough so that ipai(t) < %, it then

shows the rationality of assumption (3.1). O
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