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This paper focuses on the 2D compressible magnetohydrody-
namic (MHD) equations without magnetic diffusion in a 
periodic domain. We present a systematic approach to 
establishing the global existence of smooth solutions when 
the initial data is close to a background magnetic field. 
In addition, stability and large-time decay rates are also 
obtained. When there is no magnetic diffusion, the magnetic 
field and the density are governed by forced transport 
equations and the problem considered here is difficult. This 
paper implements several key observations and ideas to 
maximize the enhanced dissipation due to hidden structures 
and interactions. In particular, the weak smoothing and 
stabilization generated by the background magnetic field and 
the extra regularization in the divergence part of the velocity 
field are fully exploited. Compared with the previous works, 
this paper appears to be the first to investigate such system 
on bounded domains and the first to solve this problem by 
pure energy estimates, which help reduce the complexity in 
other approaches. In addition, this paper combines the well-
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posedness with the precise large-time behavior, a strategy 
that can be extended to higher dimensions.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

1.1. Background and main result

This paper focuses on the two-dimensional (2D) viscous and non-resistive compressible 
magnetohydrodynamic (MHD) system in a periodic domain T 2 = [−π, π]2,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ̃t + ∇ · (ρ̃u) = 0, (t, x) ∈ R+ × T 2,

ρ̃ut + ρ̃u · ∇u− μΔu− λ∇∇ · u + ∇P (ρ̃) = B · ∇B − 1
2∇|B|2,

Bt + u · ∇B + B∇ · u = B · ∇u,

∇ ·B = 0,

ρ̃(0, x) = ρ̃0(x), u(0, x) = u0(x), B(0, x) = B0(x),

(1.1)

where ρ̃ = ρ̃(t, x) ∈ R+ represents the density of the fluid, u = u(t, x) and B = B(t, x)
the velocity and the magnetic field, respectively. P = P (ρ̃) ∈ R+ is the scalar pres-
sure which is a strictly increasing function of ρ̃. Here λ and μ are viscous coefficients 
satisfying

μ > 0, λ + μ > 0.

The goal here is to understand the well-posedness and stability problem on perturba-
tions near a background magnetic field. This study is partially motivated by a remarkable 
stabilizing phenomenon observed in physical experiments performed on electrically con-
ducting fluids. These experiments have revealed that a background magnetic field can 
actually stabilize MHD flows (see, e.g., [2,7,12–14,17,18]). We intend to fully understand 
the mechanism and establish the observed stabilizing phenomenon as mathematically 
rigorous results on the compressible MHD equations.

The MHD systems reflect the basic physics laws governing the motion of electrically 
conducting fluids such as plasmas, liquid metals, and electrolytes. The velocity field obeys 
the Navier-Stokes equations with Lorentz forcing generated by the magnetic field while 
the magnetic field satisfies the Maxwell’s equations of electromagnetism. The MHD equa-
tions have played key roles in the study of many phenomena in geophysics, astrophysics, 
cosmology and engineering (see, e.g., [5,14,34]).

Without loss of generality, we assume that μ = 1, λ = 0 and P ′(1) = 1. It is clear 
that a special solution of (1.1) is given by the zero velocity field, the constant 1 density 
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and the background magnetic field B0 = e2, where e2 = (0, 1). The perturbation (ρ, u, b)
around this equilibrium with ρ = ρ̃− 1 and b = B − e2 then obeys

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + ∇ · u = −∇ · (ρu), (t, x) ∈ R+ × T 2,

ut − Δu−
(
∇⊥ · b

0

)
+ 1

ρ+1∇P = −u · ∇u− ρ
ρ+1Δu

+ 1
ρ+1b · ∇b− 1

2(ρ+1)∇|b|2 − ρ
ρ+1

(
∇⊥ · b

0

)
,

bt −∇⊥u1 = −u · ∇b + b · ∇u− b∇ · u,
∇ · b = 0,

(1.2)

where ∇⊥ = (∂2, −∂1). In comparison with the original MHD system, (1.2) contains two 

extra terms − 1
ρ+1

(
∇⊥ · b

0

)
and −∇⊥u1 on the left-hand sides of u and b, respectively. 

The first term is further separated into the dominant linear term − 

(
∇⊥ · b

0

)
and the 

small nonlinear term − ρ
ρ+1

(
∇⊥ · b

0

)
on the right of the velocity equation. These two 

terms, resulting from the expansion near the background magnetic field, help enhance 
the dissipation and the stabilization in the system (1.2).

Due to the lack of diffusion or damping mechanism in the equation of the magnetic 
field and density, the well-posedness and stability problem considered here appears to be 
extremely challenging. Standard direct approaches would not solve this problem. This 
paper presents several key observations and new ideas to exploit the enhanced dissipation 
due to the background magnetic field and the special coupling structures within the MHD 
system (1.2). Our main result can be stated as follows. We use the notation A � B, which 
means A ≤ CB for a universal constant C > 0.

Theorem 1.1. Let s ≥ 10 be an integer. Assume that the initial data (ρ0, u0, b0) ∈ Hs(T 2)
satisfies

∇ · b0 = 0,
∫
T2

b0(x) dx = 0.

Then there exists a small constant ε > 0 such that, if

‖ρ0‖Hs + ‖u0‖Hs + ‖b0‖Hs ≤ ε,

system (1.2) admits a unique global classical solution (ρ, u, b) in Hs(T 2). In addition, 
the solution (ρ, u, b) admits the following upper bounds, for any t > 0,
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sup
0≤τ≤t

w0(τ)
(
‖u‖2

Hs + ‖ρ‖2
Hs + ‖b‖2

Hs

)
� ε2,

‖ρ(t)‖2
Hs−1 + ‖u(t)‖2

Hs−1 + ‖b(t)‖2
Hs−1 +

t∫
0

‖∇u‖2
Hs−1 dτ � ε2,

sup
0≤τ≤t

wk(τ)
(
‖∂2u‖2

Hs−k + ‖∂2ρ‖2
Hs−k + ‖∂2b‖2

Hs−k

)
+

t∫
0

wk(τ)‖∇∂2u‖2
Hs−k dτ � ε2, k = 1, 2, 3,

t∫
0

wk(τ)‖∂2
2ρ‖2

Hs−1−k dτ � ε,

t∫
0

wk(τ)‖∂2
2∇⊥ · b‖2

Hs−2−k dτ � ε2, k = 1, 2, 3,

sup
0≤τ≤t

wk(τ)‖∂1u1‖2
Hs−k +

t∫
0

wk(τ)‖∇∂1u1‖2
Hs−kdτ � ε2, k = 1, 2, 3,

where the time weight wk is given by

wk(t) = (1 + t)k−σ, k = −1, 0, 1, 2, 3,

with 0 < σ < 1
2 being an arbitrarily fixed constant.

As aforementioned, the background magnetic field and the hidden interactive struc-
tures of (1.2) generate enhanced dissipation. The upper bounds stated in Theorem 1.1
reflect the regularity and decay properties due to the enhanced dissipation. We will give 
a more detailed account on the mechanisms when we constructed the energy functional 
below.

We briefly describe related results. Since the initial study of Alfven [3], the well-
posedness and stability problem on the MHD equations near a background magnetic field 
has gained renewed interests and there has been substantial developments recently. Most 
of the current results are for the incompressible MHD equations. [29] and [30] initiated the 
stability study on the 2D and 3D incompressible viscous and non-resistive MHD systems 
and have since inspired many important further investigations (see, e.g., [1,15,31,33,35,
36,42]). Significant stability results have also been obtained for the incompressible ideal 
MHD or fully dissipative MHD equations [4,8,19,39]. Small data global well-posedness, 
stability and large-time behavior problems on the incompressible MHD equations with 
various partial dissipation have also attracted considerable interest and a rich array of 
results have been developed (see, e.g., [6,9,10,16,23,26,28,40,43,44]).

There are relatively fewer results for the compressible MHD equations. Important 
well-posedness results on the compressible MHD equations with both viscosity and re-
sistivity have been established [11,20,22,25]. When there is no magnetic diffusivity, the 
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well-posedness problem (even for small initial data) as well as the stability problem near 
a background magnetic field becomes extremely difficult. Hu and Lin [21] were able to 
establish the well-posedness for the 2D compressible MHD equations with a special class 
of data near a background magnetic field. Two interesting results on the 1D compressible 
non-resistive MHD equations are also available [24,27]. Compressible and incompressible 
non-resistive MHD equations in a bounded domain are studied in [37]. The work of Wu 
and Wu [41] presented a systematic approach to the stability problem on the 2D com-
pressible equations without magnetic diffusion in the whole space R2 case. [41] exploited 
the extra stabilizing effects by converting the governing system into a system of wave 
equations and employed extensive Fourier analysis. It appears difficult to extend the 
approach of [41] to periodic domains. In addition, the method presented in this paper is 
different and appears to be much simpler. Our strategy of combining the well-posedness 
problem with the precise large-time behavior of the solution appears to be necessary 
and efficient in solving this type of well-posedness problems. It is very hopeful that the 
approach of this paper can be extended to the three-dimensional case, namely R3 or T 3

case. There are some differences between 2D case and 3D case. For 2D case considered 
in this paper, when applying ∇ on equations, there will appear at least one good part in 
nonlinear terms. For example, ∂1u ·∇b = ∂1u1∂1b + ∂1u2∂2 b and ∂2u ·∇b (coming from 
∇u ·∇b) always contain a strong dissipative part. However, this will not hold for 3D case.

1.2. Enhanced dissipation and construction of energy functional

We explain the key ideas and observations in the proof of Theorem 1.1. The proof is 
not direct due to the lack of diffusion or damping in the equations of ρ and b. Enhanced 
dissipation needs to be exploited in order to offset the potential growth of ρ and b. More 
precisely, we implement the following key ideas and observations.

• The first is that the perturbation of magnetic field near the equilibrium e2 gener-
ates extra dissipation in the x2 direction. This reflects the smoothing and stabilizing 
phenomenon observed in the aforementioned experiments. Mathematically the lin-
earized system of (1.2) can be converted into a system of wave equations, which 
exhibits dissipative and dispersive regularizations. In fact, the linearization of (1.2)
is given by ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂tρ = −∇ · u,

∂tu = Δu−∇ρ +
(
∇⊥ · b

0

)
,

∂tb = ∇⊥u1,

where ∇ρ linearizes ∇P (ρ + 1),

∇P (ρ + 1) = P ′(ρ + 1)∇ρ ≈ ∇ρ for ρ ≈ 0 and P ′(1) = 1.
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Differentiating in t and making substitutions, we find

∂ttu1 − Δ∂tu1 − Δu1 = ∂1∇ · u,

∂ttu2 − Δ∂tu2 = ∂2∇ · u,

∂ttρ− Δ∂tρ− Δρ = −∂1∇⊥ · b,

∂ttb− Δ∂tb− Δb = −∂1∇⊥ρ.

Furthermore, the equations of ρ and b can be converted into the fourth-order wave 
equations

(∂tt − Δ∂t − Δ)2ρ = ∂2
1Δρ,

(∂tt − Δ∂t − Δ)2b = ∂2
1Δb.

The combined operator Δ2 − ∂2
1Δ = ∂2

2Δ reveals the regularization in the x2-
direction.

• A simple combination of the linearized equations of ρ and u2,{
∂tρ = −∂2u2 − ∂1u1,

∂tu2 = −∂2ρ + Δu2
(1.3)

exhibits the wave structure, which yields the vertical dissipation for ρ.
• Even though the fluid of system (1.2) is compressible, the divergence of the velocity 

field behaves better than ∇ × u. As we shall see in later parts, ∂1u1 + ∂2u2 enjoys 
rapid decay properties.

• The evolution of the combined quantity Ω defined by

Ω � ∇⊥ · b− ∂1P − 1
2∂1|b|2 + b · ∇b1, (1.4)

when coupled with the equation of u1, generates enhanced dissipation. This extra 
regularization allows us to establish uniform bounds for the time integrals of Ω and 
∂1u1. The introduction of Ω helps us control the velocity nonlinear terms.

These ideas and observations are incorporated in the construction of the energy func-
tional. It consists of several layers of time-weighted energy functions with some associated 
with the linearized system and some designed for the nonlinear terms.

Part 1: Energy functions associated with the linearized system

This part defines several energy functionals to capture the dissipation in the x2 di-
rection. These functionals are time-weighted to reflect the decay properties of various 
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norms of the solutions to (1.2). For an arbitrarily fixed constant 0 < σ < 1
2 we define 

the time weight wk(t) by

wk(t) = (1 + t)k−σ, k = −1, 0, 1, 2, 3.

We first define the basic energy E0 as

E0(t) � sup
0≤τ≤t

w0(τ)
(
‖u‖2

Hs + ‖ρ‖2
Hs + ‖b‖2

Hs

)
+

t∫
0

w−1(τ)(‖u‖2
Hs + ‖ρ‖2

Hs + ‖b‖2
Hs

)
dτ +

t∫
0

w0(τ)‖∇u‖2
Hs dτ.

(1.5)

The dissipative energy piece involves (∂2u, ∂2ρ, ∂2b),

Ek(t) � sup
0≤τ≤t

wk(τ)
(
‖∂2u‖2

Hs−k + ‖∂2ρ‖2
Hs−k + ‖∂2b‖2

Hs−k

)
+

t∫
0

wk(τ)‖∇∂2u‖2
Hs−k dτ, k = 1, 2, 3.

It’s natural to include the corresponding time integral pieces of ∂2
2ρ and ∂2

2b,

Pk(t) �
t∫

0

wk(τ)‖∂2
2ρ‖2

Hs−1−k dτ, k = 1, 2, 3,

Bk(t) �
t∫

0

wk(τ)‖∂2
2∇⊥ · b‖2

Hs−2−k dτ, k = 1, 2, 3.

It is clear that E2(t) can be interpolated via E1(t) and E3(t). We will not include E2(t)
in our final energy functional. It is defined and later used to simplify our presentation. 
Similarly P2(t), B2(t) as well as F2(t), A2(t) defined below are intermediate energy 
functionals.

Part 2: A combined quantity Ω and energy functions for the nonlinear terms

Due to the aforementioned wave structures, we expect u1 to behave well in the x1
direction. We define a combined quantity Ω to include all terms ρ and b in the equation 
of u1, namely

Ω � ∇⊥ · b− ∂1P − 1
2∂1|b|2 + b · ∇b1.

Then the equation of u1 can be written as
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∂tu1 + u · ∇u1 − Δu1 − Ω = − ρ

ρ + 1
(
Δu1 + Ω

)
. (1.6)

The evolution of Ω can be derived by considering the evolution of each term in Ω. 
According to (1.2), we find

(∇⊥ · b)t + u · ∇(∇⊥ · b) − Δu1 = − ∂2u · ∇b1 + ∂1u · ∇b2 + ∇⊥ ·
(
b · ∇u− b∇ · u

)
,(1

2∂1|b|2
)
t
+ 1

2u · ∇(∂1|b|2) = 1
2∂1u · ∇(|b|2) + ∂1

(
b · ∇⊥u1 + b ·

(
b · ∇u− b∇ · u

))
,

(b · ∇b1)t + u · ∇(b · ∇b1) = b · ∇(∂2u1) + ∇⊥u1 · ∇b1 − b · ∇(u · ∇b1)

+ b · ∇(b · ∇u1 − b1∇ · u) + (b · ∇u− b∇ · u) · ∇b1,

(∂1P )t + u · ∇(∂1P ) + ∂1∇ · u = − ∂1u · ∇P − ∂1
(
P ′(ρ̃)ρ̃− 1

)
∇ · u.

Without loss of generality, we have assumed that P ′(1) = 1. Combining these equations, 
we obtain

Ωt + u · ∇Ω − 2∂2
1u1 = ∂2

2u1 + ∂1∂2u2

+ ∂1u · ∇b2 −
1
2∂1u · ∇(|b|2) + ∂1u · ∇P + ∇⊥ · (b · ∇u)

− ∂2u · ∇b1 − ∂1(b · ∇⊥u1) + b · ∇(∂2u1) + ∇⊥u1 · ∇b1

+ b · ∇(b · ∇u1) − ∂1
(
b · (b · ∇u)

)
−∇⊥ · (b∇ · u) + ∂1(|b|2∇ · u)

+ ∂1

{(
P ′(ρ̃)ρ̃− 1

)
∇ · u

}
−∇ · u(b · ∇b1) − b · ∇(b1∇ · u).

(1.7)

The equation of Ω is quite lengthy and we still adopt the strategy of focusing on the 
linearized system, {

∂tu1 = Δu1 + Ω,

∂tΩ = 2∂2
1u1 + ∂2

2u1 + ∂1∂2u2.

This system provides extra regularization for ∂1u1 and Ω via its wave structure. The 
following functionals are designed to incorporate these regularity and decay properties.

Ã(t) �
t∫

0

w0(τ)‖Ω‖2
Hs−1 dτ,

Fk(t) � sup
0≤τ≤t

wk(τ)
(
‖∂1u1‖2

Hs−k + ‖Ω‖2
Hs−k

)
+

t∫
0

wk(τ)‖∇∂1u1‖2
Hs−k dτ, k = 1, 2, 3,

Ak(t) �
t∫
wk(τ)‖Ω‖2

Hs−k dτ, k = 1, 2, 3.

0
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Ã(t) and Ak(t) are defined to assist in exploiting the dissipation of ∂1u1. It is then clear 
that Ek(t) and Fk(t) covers the regularization of ∇ · u.

Even though the highest-order energy (1.5) may grow in time, we expect uniform 
boundedness for some lower-order energy. Therefore, we define

E(t) � sup
0≤τ≤t

(
‖u‖2

Hs−1 + ‖b‖2
Hs−1 + ‖ρ‖2

Hs−1

)
+

t∫
0

‖∇u‖2
Hs−1 dτ.

Finally, to reflect the fact that any lower-order Sobolev’s norm of u2 decays in time, we 
set

U(t) � sup
0≤τ≤t

w2(τ)‖u2‖2
Ḣs−2 +

t∫
0

w2(τ)‖∇u2‖2
Ḣs−2 dτ.

The energy functionals Fk(t), Ak(t), E(t) and U(t) are sufficient in handling the nonlinear 
terms in system (1.2).

Part 3: Summary of energy functionals and the total energy

We summarize the energy functionals defined in the previous two parts in two tables. 
The first table classifies these functionals according to their purposes: some of them for 
the linearized system and some for the nonlinear terms.

For linear terms For nonlinear terms
E0 F1, F3
E1, E3 A1, A3
P1, P3 Ã
B1, B3 E, U

The intermediate energy functionals E2(t), P2(t), B2(t), F2(t) and A2(t) are omitted 
from this table.

The second table categorizes the energy functionals according to their properties

Basic 
energy

Strong dissipation on 
vertical derivative

Dissipative structure 
on divergence part

Decay estimate 
of u2

E0 E1, E3 F1, F3 U

E P1, P3 A1, A3
B1, B3 Ã

The two tables reveal the intrinsic connection of the energy functionals. The total 
energy is then defined to be
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Etotal(t) �
∑

i=0,1,3
Ei(t) +

∑
i=1,3

Pi(t) +
∑
i=1,3

Bi(t) +
∑
i=1,3

Fi(t) +
∑
i=1,3

Ai(t)

+ Ã(t) + U(t) + E(t).

Our main efforts are devoted to proving the estimate

Etotal(t) ≤ C∗ Etotal(0) + C∗ E
3
2
total(t), (1.8)

where C∗ is an absolute constant. An application of the bootstrapping argument to (1.8)
then yields the desired global a priori upper bounds of Theorem 1.1. The proof of (1.8)
is extremely lengthy and is accomplished in four sections.

The rest of this paper is divided into six sections. Section 2 presents two tool lemmas 
to be used in the proof of (1.8). Section 3 establishes the upper bounds for the energy 
functionals E0(t) and E(t) while Section 4 estimates Ek(t), Pk(t) and Bk(t). Section 5
focuses on the bounds for Ã, Ak and Fk, and Section 6 shows the decay estimates of u2. 
Section 7 completes the proof of Theorem 1.1.

2. Preliminaries

This section presents two lemmas to be used in the proof of the propositions in the 
subsequent sections. The first lemma provides an upper bound on a commutator associ-
ated with transport equations while the second lemma bounds a triple product arising 
naturally in the control of nonlinear terms in transport equations. Throughout the rest 
of this paper, ∂s with a positive integer s denotes the partial derivative ∂α1

1 ∂α2
2 with 

α1 + α2 = s.

Lemma 2.1. Let s0 ≥ 1 be an integer. Assume f ∈ Hs0(T 2) and g ∈ Hs0−1(T 2) ∩H [ s02 ]+2. 
Write

[∂s0 , f ]g � ∂s0(fg) − f∂s0g.

Then,

∥∥[∂s0 , f ]g
∥∥
L2 �

∥∥∇f
∥∥
H[ s02 ]+1

∥∥g∥∥
Hs0−1 +

∥∥∇f
∥∥
Hs0−1

∥∥g∥∥
H[ s02 ]+2 .

Proof. By Leibniz formula,

[∂s0 , f ]g = ∂s0(fg) − f∂s0g =
s0∑
k=1

Ck
s0∂

kf∂s0−kg.

It then follows from Hölder’s inequality that
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∥∥[∂s0 , f ]g
∥∥
L2 �

[s0/2]∑
k=1

∥∥∂kf∂s−kg
∥∥
L2 +

s0∑
k=[ s02 ]+1

∥∥∂kf∂s−kg
∥∥
L2

�
[s0/2]∑
k=1

∥∥∂kf
∥∥
L∞

∥∥∂s−kg
∥∥
L2 +

s0∑
k=[ s02 ]+1

∥∥∂kf
∥∥
L2

∥∥∂s−kg
∥∥
L∞

� ‖∇f‖
H[ s02 ]+1‖g‖Hs0−1 + ‖∇f‖Hs0−1‖g‖

H[ s02 ]+2 .

This completes the proof of the lemma. �
A special consequence of Lemma 2.1 is the following anisotropic upper bound for the 

integral of a triple product.

Lemma 2.2. Let s0 ≥ 1 be an integer. Let f = (f1, f2) and g = (g1, g2) be two smooth 
vector fields on T 2. Then the following anisotropic inequality holds,

∣∣∣ ∫
T2

∂s0(f · ∇g)∂s0g dx
∣∣∣

�
(
‖∇f1‖

H[ s02 ]+1‖∂1g‖Hs0−1 + ‖∇f2‖
H[ s02 ]+1‖∂2g‖Hs0−1

)
‖g‖Ḣs0

+
(
‖∇f1‖Hs0−1‖∂1g‖

H[ s02 ]+2 + ‖∇f2‖Hs0−1‖∂2g‖
H[ s02 ]+2

)
‖g‖Ḣs0

+ ‖∇ · f‖H2‖g‖2
Ḣs0 .

3. Upper bounds for the basic energy functionals

This section establishes the desired a priori upper bounds for the basic energy E0(t)
and E(t). Since these two energy functionals share similar structures, we put their esti-
mates together. The upper bounds are stated in the following proposition. Without loss 
of generality, we assume that

E(t) ≤ 1, ‖ρ‖L∞ ≤ 1
2 for t ∈ [0, T ]. (3.1)

The proof of Theorem 1.1 is based on the bootstrapping argument, so (3.1) can be 
regarded as part of the ansatz. In addition, since the initial data is small and the solution 
is also small in Hs−1, (3.1) does not impose any extra constraint on the solution we are 
seeking.

Proposition 3.1. Let Etotal(t) be the total energy functional defined in the introduction, 
namely
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Etotal(t) �
∑

i=0,1,3
Ei(t) +

∑
i=1,3

Pi(t) +
∑
i=1,3

Bi(t) +
∑
i=1,3

Fi(t) +
∑
i=1,3

Ai(t)

+ Ã(t) + U(t) + E(t).
(3.2)

Then the following inequalities hold for all positive time t,

E0(t) � E0(0) + E
3
2
total(t), E(t) � E0(0) + E

3
2
total(t).

Proof. We start with the L2 estimate. Taking the L2-inner product (on T 2) of (ρ, ̃ρu, b)
with the corresponding equations in (1.2), we obtain

1
2
d

dt

(
‖
√

ρ̃u‖2
L2 + ‖ρ‖2

L2 + ‖b‖L2

)
+ ‖∇u‖2

L2 =
3∑

i=1
Ii, (3.3)

where

I1 = −
∫
T2

(∇ · u)ρ dx−
∫
T2

∇ρ · u dx +
∫
T2

∇⊥ · b u1

+
∫
T2

∇⊥u1 · b dx +
∫
T2

b · ∇b · u dx +
∫
T2

b · ∇u · b dx

−
∫
T2

b ∇ · u · b dx−
∫
T2

1
2(∇|b|2) · u dx−

∫
T2

u · ∇b · b dx,

I2 = −
∫
T2

u · ∇ρ ρ dx−
∫
T2

ρ ∇ · u ρ dx, I3 =
∫
T2

(∇ρ−∇P ) · u dx.

By integration by parts and ∇ · b = 0,

I1 = 0.

Integration by parts and Hölder’s inequality yield

|I2| � ‖∇ · u‖L∞‖ρ‖2
L2 .

To bound I3, we integrate by parts and set

q(ρ) � (P (ρ + 1) − P (1)) − ρ =
ρ∫

0

(
P ′(r + 1) − 1

)
dr,

to rewrite I3 as

I3 = −
∫

q(ρ)∇ · u dx.

T2
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q(ρ) is a smooth function of ρ with q(0) = q′(0) = 0 (due to P ′(1) = 1), thus q(ρ) ∼ ρ2

for small ρ, say ρ < 1. Therefore,

|I3| � ‖q(ρ)‖L1‖∇ · u‖L∞ � ‖∇ · u‖L∞‖ρ‖2
L2 .

Since ρ̃ perturbs around a non-trivial equilibrium, i.e., ρ̃ ∼ 1, we have ‖
√

ρ̃u‖2
L2 ∼ ‖u‖2

L2 . 
Integrating (3.3) in time on [0, t] yields

sup
0≤τ≤t

(
‖u‖2

L2 + ‖ρ‖2
L2 + ‖b‖2

L2

)
+

t∫
0

‖∇u‖2
L2 dτ

� sup
0≤τ≤t

w0‖ρ‖2
L2

t∫
0

w−1
0 w

− 1
2

3 w
1
2
3 ‖∇ · u‖L∞ dτ

� E0(0) + E0(t)
(
E

1
2
3 (t) + F

1
2
3 (t)

)
.

(3.4)

Here we have used the integrability of w−2
0 (τ)w−1

3 (τ) = (1 + τ)3σ−3 ≤ (1 + τ)− 3
2 for 

σ < 1
2 . This finishes the L2 estimate for E(t).

The L2 estimate of E0(t) follows from a similar process. Multiplying (3.3) by the time 
weight w0 leads to

1
2
d

dt
w0

(
‖
√

ρ̃u‖2
L2 + ‖ρ‖2

L2 + ‖b‖2
L2

)
+ σ

2w−1

(
‖
√

ρ̃u‖2
L2 + ‖ρ‖2

L2 + ‖b‖2
L2

)
+ w0‖∇u‖2

L2 =
3∑

i=1
Ĩi,

(3.5)

where

Ĩ1 = w0 I1, Ĩ2 = w0 I2, Ĩ3 = w0 I3.

Clearly Ĩ1 = 0 since I1 = 0. By the trivial fact that |w0| ≤ 1 and the previous bounds 
on I2 and I3,

|Ĩ2| ≤ |I2| � ‖∇ · u‖L∞‖ρ‖2
L2 ,

|Ĩ3| ≤ |I3| � ‖q(ρ)‖L1‖∇ · u‖L∞ � ‖∇ · u‖L∞‖ρ‖2
L2 .

Integrating (3.5) in time on [0, t] yields

sup
0≤τ≤t

w0
(
‖u‖2

L2+‖ρ‖2
L2 + ‖b‖L2

)
+

t∫
0

w−1
(
‖u‖2

L2 + ‖ρ‖2
L2 + ‖b‖L2

)
dτ

+
t∫
w0‖∇u‖2

L2 dτ � E0(0) + E0(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
.

(3.6)
0
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Here we have used the approximation ‖
√
ρ̃u‖2

L2 ∼ ‖u‖2
L2 . (3.6) is just the L2 estimate 

of E0(t).

Next we turn to the highest-order derivative parts in E0(t) and E(t). Let k = 0, 1. 
Applying ∂s−k to the equations of ρ, u and b in (1.2), taking the L2-inner product of 
the resulting equations with (∂s−kρ, ∂s−ku, ∂s−kb) and multiplying by the time weight 
w1−k

0 , we obtain

1
2
d

dt
w1−k

0

(
‖ρ‖2

Ḣs−k + ‖u‖2
Ḣs−k + ‖b‖2

Ḣs−k

)
+ w1−k

0 (t)‖∇u‖2
Ḣs−k

+ (1 − k)σ
2 w−k

0 w−1

(
‖ρ‖2

Ḣs−k + ‖u‖2
Ḣs−k + ‖b‖2

Ḣs−k

)
=

15∑
i=4

Ii,

(3.7)

where

I4 = w1−k
0

(
−

∫
T2

∂s−k∇ · u∂s−kρ dx−
∫
T2

∂s−k∇ρ · ∂s−ku dx
)

+ w1−k
0

( ∫
T2

∂s−k∇⊥ · b∂s−ku1 +
∫
T2

∂s−k∇⊥u1 · ∂s−kb dx
)
,

I5 = − w1−k
0

∫
T2

∂s−k(u · ∇ρ)∂s−kρ dx,

I6 = − w1−k
0

∫
T2

∂s−k(ρ∇ · u)∂s−kρ dx,

I7 = − w1−k
0

∫
T2

∂s−k(u · ∇u) · ∂s−ku dx,

I8 = − w1−k
0

∫
T2

∂s−k
( ρ

ρ + 1Δu
)
· ∂s−ku dx,

I9 = − w1−k
0

∫
T2

∂s−k
( 1
ρ + 1b · ∇b

)
· ∂s−ku dx,

I10 = − w1−k
0

∫
T2

∂s−k
( ρ

ρ + 1∇
⊥ · b

)
∂s−ku1 dx,

I11 = w1−k
0

∫
T2

∂s−k
(
∇ρ− 1

ρ + 1∇P
)
· ∂s−ku dx,

I12 = − w1−k
0

∫
∂s−k(u · ∇b) · ∂s−kb dx,
T2
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I13 = w1−k
0

∫
T2

∂s−k(b · ∇u) · ∂s−kb dx,

I14 = − w1−k
0

∫
T2

∂s−k(b∇ · u) · ∂s−kb dx,

I15 = − w1−k
0

∫
T2

∂s−k
( 1

2(ρ + 1)∇|b|2
)
· ∂s−ku dx.

By integration by parts,

I4 = 0. (3.8)

To efficiently estimate the terms I5 through I14 and avoid repetitions, we divide these 
terms into three types: transport terms, terms containing ∇ · u and other terms.

Type I: Transport terms containing u · ∇ or b · ∇

This part contains I5, I7, I9, I12 and I13. We shall first handle the terms containing 
u · ∇ operator. By Lemma 2.2, for g = u, b, ρ,

t∫
0

|I5| + |I7| + |I12| dτ

� sup
0≤τ≤t

w1−k
0 ‖g‖2

Ḣs−k

t∫
0

‖∇u1‖
H[ s−k

2 ]+1 dτ

+ sup
0≤τ≤t

w
1−k
2

0 ‖g‖Ḣs−k

t∫
0

‖∇u2‖
H[ s−k

2 ]+1w
1−k
2

0 ‖∂2g‖Hs−k−1 dτ

+ sup
0≤τ≤t

w1−k
0 ‖g‖2

Hs−k

t∫
0

(
‖∇u1‖Hs−k−1 + ‖∇ · u‖H2

)
dτ

+ sup
0≤τ≤t

w1−k
0 ‖u‖Hs−k‖g‖Hs−k

t∫
0

‖∂2g‖
H[ s−k

2 ]+2 dτ.

Notice that the average integral of ∂2g equals zero, the Poincáre’s inequality directly 
implies ‖∂2g‖

H[ s−k
2 ]+2 ≤ ‖∂2

2g‖Hs−3 since s ≥ 10. For the case k = 0, we have the 
following estimate

t∫
|I5| + |I7| + |I12| dτ
0
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� sup
0≤τ≤t

w0‖g‖2
Ḣs

t∫
0

‖∂2u1‖Hs−1 + ‖∂1u1‖Hs−1 dτ

+ sup
0≤τ≤t

w
1
2
0 ‖g‖Ḣs

t∫
0

‖∇u2‖Hs−1w
1
4
−1‖g‖

1
2
Hsw

1
4
1 ‖∂2

2g‖
1
2
Hs−2 dτ

+ sup
0≤τ≤t

w0‖g‖2
Hs

t∫
0

(
‖∂1u1‖Hs−1 + ‖∂2u‖Hs−1

)
dτ

+ sup
0≤τ≤t

w0‖u‖Hs‖g‖Hs

t∫
0

‖∂2
2g‖Hs−3 dτ

� E0(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
+ E

1
2 (t)E

1
2
0 (t)

(
E

1
4
0 (t)E

1
4
1 (t) + E

1
4
0 (t)B

1
4
1 (t) + E

1
4
0 (t)P

1
4
1 (t)

)
+ E0(t)

(
E

1
2
2 (t) + P

1
2
2 (t) + B

1
2
2 (t)

)
. (3.9)

Where we have used the facts: w0 = w
1
2
−1w

1
2
1 and ‖∂2g‖Hs−1 � ‖∂2

2g‖
1
2
Hs−2‖g‖

1
2
Hs . For the 

case k = 1, similarly, the time integral is bounded by

t∫
0

|I5| + |I7| + |I12| dτ

� sup
0≤τ≤t

‖g‖2
Ḣs−1

t∫
0

‖∇u1‖
H[ s−1

2 ]+1 dτ

+ sup
0≤τ≤t

‖g‖Ḣs−1

t∫
0

‖∇u2‖
H[ s−1

2 ]+1‖∂2g‖Hs−2 dτ

+ sup
0≤τ≤t

‖g‖2
Hs−1

t∫
0

(
‖∇u1‖Hs−2 + ‖∇ · u‖H2

)
dτ

+ sup
0≤τ≤t

‖u‖Hs−1‖g‖Hs−1

t∫
0

‖∂2g‖
H[ s−1

2 ]+2 dτ

� E(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
+ E

1
2 (t)E

1
2
0 (t)

(
E

1
4
0 (t)E

1
4
1 (t) + E

1
4
0 (t)B

1
4
1 (t) + E

1
4
0 (t)P

1
4
1 (t)

)
+ E(t)

(
E

1
2
2 (t) + P

1
2
2 (t) + B

1
2
2 (t)

)
.

(3.10)

The same strategy can be used for the terms containing b · ∇ operator such as I9. By 
direct calculations we can derive,
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|I9| � w1−k
0

(∥∥∥ 1
ρ + 1

∥∥∥
L∞

∥∥b · ∇b
∥∥
Hs−k−1 +

∥∥∥ 1
ρ + 1

∥∥∥
Hs−k−1

∥∥b · ∇b
∥∥
L∞

)
‖∇u‖Hs−k

� w1−k
0

(
‖b1‖L∞‖∂1b‖Hs−k−1 + ‖b1‖Hs−k−1‖∂1b‖L∞

)
‖∇u‖Hs−k

+ w1−k
0

(
‖b2‖L∞‖∂2b‖Hs−k−1 + ‖b2‖Hs−k−1‖∂2b‖L∞

)
‖∇u‖Hs−k

+ w1−k
0

(
1 + ‖ρ‖Hs−k−1

)(
‖b1‖L∞‖∂1b‖L∞ + ‖b2‖L∞‖∂2b‖L∞

)
‖∇u‖Hs−k .

Because 
∫
T2 b0(x) dx = 0, we have

∫
T2

b(x, t) dx = 0

and thus we can apply Poincáre’s inequality on the periodic domain T 2 to obtain

‖b1‖Hs0 � ‖∂2b‖Hs0−1 , s0 ∈ N+.

When k = 0, we still invoke the interpolation inequalities

w0(t) = w
1
2
−1(t)w

1
2
1 (t), ‖∂2b‖Hs−1 � ‖b‖

1
2
Hs‖∂2

2b‖
1
2
Hs−2

to obtain

t∫
0

|I9| dτ � sup
0≤τ≤t

w
1
2
0 ‖b‖Hs

t∫
0

w
1
2
0 ‖∇u‖Hs‖b1‖L∞ dt

+ sup
0≤τ≤t

(
1 + ‖ρ‖Hs−1

)
‖b‖Hs−1

×
t∫

0

w
1
4
−1‖b‖

1
2
Hsw

1
4
1 ‖∂2

2b‖
1
2
Hs−2w

1
2
0 ‖∇u‖Hs dτ

� E0(t)B
1
2
2 (t) + E

1
2 (t)B

1
4
1 (t)E

3
4
0 (t).

(3.11)

Here we have used (3.1). Similarly, for k = 1, the time integral of |I9| is bounded by

t∫
0

|I9| dτ � sup
0≤τ≤t

(
1 + ‖ρ‖Hs−2

)
‖b‖Hs−1

t∫
0

w
1
4
2 ‖∂2

2b‖
1
2
Hs−4w

1
4
−1‖b‖

1
2
Hs‖∇u‖Hs−1 dτ

� E(t)B
1
4
2 (t)E

1
4
0 (t).

(3.12)

Here we have used the facts that w−1(τ)w2(τ) = (1 + τ)1−2σ > 1 for 0 < σ < 1
2 and 

‖∂2b‖Hs−2 � ‖∂2
2b‖

1
2

s−4‖b‖
1
2
Hs .
H
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The next term I13 also contains operator b ·∇. Following the estimates in Lemma 2.2, 
we have

|I13| � w1−k
0

(
‖∇b1‖

H[ s−k
2 ]+1‖∂1u‖Hs−k−1 + ‖∇b2‖

H[ s−k
2 ]+1‖∂2u‖Hs−k−1

)
‖b‖Ḣs−k

+ w1−k
0

(
‖∇b1‖Hs−k−1‖∂1u‖

H[ s−k
2 ]+2 + ‖∇b2‖Hs−k−1‖∂2u‖

H[ s−k
2 ]+2

)
‖b‖Ḣs−k

+ w1−k
0

(
‖b1‖L∞‖∂1u‖Ḣs−k + ‖b2‖L∞‖∂2u‖Ḣs−k

)
‖b‖Ḣs−k .

Like before, for the case k = 0, we can bound its time integral as follows,

t∫
0

|I13| dτ � sup
0≤τ≤t

w0‖u‖Hs‖b‖Hs

t∫
0

‖∇b1‖H[ s2 ]+1 dτ

+ sup
0≤τ≤t

w0‖b‖2
Hs

t∫
0

‖∂2u‖Hs−1 dτ

+ sup
0≤τ≤t

w
1
2
0 ‖b‖Hs

t∫
0

w
1
2
0 ‖∇b1‖Hs−1‖∂1u‖H[ s2 ]+2 dτ

+ sup
0≤τ≤t

w0‖b‖2
Hs

t∫
0

‖∂2u‖H[ s2 ]+2 dτ

+ sup
0≤τ≤t

w
1
2
0 ‖b‖Hs

t∫
0

w
1
2
0 ‖∇u‖Hs‖b1‖L∞ dτ

+ sup
0≤τ≤t

‖b2‖L∞

t∫
0

w
1
2
1 ‖∂2u‖Ḣsw

1
2
−1‖b‖Ḣs dτ

� E0(t)B
1
2
2 (t) + E0(t)E

1
2
2 (t) + E

1
2 (t)B

1
4
1 (t)E

3
4
0 (t)

+ E0(t)B
1
2
1 (t) + E

1
2 (t)E

1
2
1 (t)E

1
2
0 (t). (3.13)

Similarly, for k = 1, we have

t∫
0

|I13| dτ � sup
0≤τ≤t

‖u‖Hs−1‖b‖Hs−1

t∫
0

‖∇b1‖
H[ s−1

2 ]+1 dτ

+ sup
0≤τ≤t

‖b‖2
Hs−1

t∫
‖∂2u‖Hs−2 dτ
0
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+ sup
0≤τ≤t

‖b‖Hs−1

t∫
0

‖∇b1‖Hs−2‖∂1u‖
H[ s−1

2 ]+2 dτ

+ sup
0≤τ≤t

‖b‖2
Hs−1

t∫
0

‖∂2u‖
H[ s−1

2 ]+2 dτ

+ sup
0≤τ≤t

‖b‖Hs−1

t∫
0

‖∇u‖Hs−1‖b1‖L∞ dτ

+ sup
0≤τ≤t

‖b2‖L∞‖b‖Ḣs−1

t∫
0

‖∂2u‖Ḣs−1 dτ

� E(t)B
1
2
2 (t) + E(t)E

1
2
2 (t) + E(t)B

1
2
1 (t) + E

1
2 (t)E

1
2
1 (t)B

1
2
1 (t). (3.14)

We have finished the estimates for all terms containing u · ∇ or b · ∇ by now.

Type II: Terms containing the divergence of velocity ∇ · u

This part contains three terms I6, I11 and I14. I11 will contain the divergence of 
velocity ∇ · u after integration by parts. Since I6 and I14 have similar structures, they 
can be treated simultaneously. By Hölder’s inequality,

|I6| + |I14| � w1−k
0

(∥∥(b|ρ)
∥∥
L∞‖∇ · u‖Hs−k +

∥∥(b|ρ)
∥∥
Hs−k‖∇ · u‖L∞

)∥∥(b|ρ)
∥∥
Hs−k .

Here we have used the notation (b|ρ) to stand for b and ρ. For k = 0, we have

t∫
0

|I6| + |I14| dτ � sup
0≤τ≤t

w0
∥∥(b|ρ)

∥∥2
Hs

t∫
0

‖∇ · u‖H2 dτ

+ sup
0≤τ≤t

∥∥(b|ρ)
∥∥
H2

t∫
0

w
1
2
1 ‖∇ · u‖Hsw

1
2
−1

∥∥(b|ρ)
∥∥
Hs dτ

� E0(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
+ E

1
2 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
E

1
2
0 (t).

(3.15)

For k = 1,

t∫
0

|I6| + |I14| dτ � sup
0≤τ≤t

∥∥(b|ρ)
∥∥2
Hs−1

t∫
0

‖∇ · u‖H2 dτ

+ sup
0≤τ≤t

∥∥(b|ρ)
∥∥
H2

∥∥(b|ρ)
∥∥
Hs−1

t∫
‖∇ · u‖Hs−1 dτ (3.16)
0
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� E(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
.

I11 can be written as

I11 = − w1−k
0

∫
T2

∂s−k
((P ′(ρ̃)

ρ + 1 − 1
)
∇ρ

)
· ∂s−ku dx

= − w1−k
0

∫
T2

∂s−k∇q1(ρ) · ∂s−ku dx

= w1−k
0

∫
T2

∂s−kq1(ρ)∂s−k∇ · u dx,

where

q1(ρ) =
ρ∫

0

(
P ′(r + 1)
r + 1 − 1

)
dr.

Clearly, because P ′(1) = 1, q1(0) = q′1(0) = 0 and we shall derive q1(ρ) ∼ ρ2. Therefore,

|I11| � w1−k
0 ‖q(ρ)‖Hs−k‖∇ · u‖Hs−k

and, for k = 0,

t∫
0

|I11| dτ � sup
0≤τ≤t

‖ρ‖Hs−1

t∫
0

w
1
2
−1‖ρ‖Hsw

1
2
1 ‖∇ · u‖Hs dτ

� E
1
2 (t)E

1
2
0 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
.

(3.17)

For k = 1,

t∫
0

|I11| dτ � sup
0≤τ≤t

‖ρ‖2
Hs−1

t∫
0

‖∇ · u‖Hs−1 dτ � E(t)(E
1
2
2 (t) + F

1
2
2 (t)). (3.18)

This completes the estimates for |I11| and also for all terms of Type II.

Type III: Basic good terms

The remaining terms I8, I10, I15 are referred to as basic good terms and are handled 
in this part. First, I8 can be bounded as follows.
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|I8| = w1−k
0

∣∣∣ ∫
T2

∂s−k−1
( ρ

ρ + 1Δu
)
· ∂s−k+1u dx

∣∣∣
� w1−k

0
(∥∥∥ ρ

ρ + 1

∥∥∥
L∞

‖Δu‖Hs−k−1 +
∥∥∥ ρ

ρ + 1

∥∥∥
Hs−k−1

‖Δu‖L∞
)
‖∇u‖Hs−k

� ‖ρ‖Hs−k−1w1−k
0 ‖∇u‖2

Hs−k + ‖ρ‖Hs−kw
1−k
2

0 ‖∇u‖Hs−k−1w
1−k
2

0 ‖∇u‖Hs−k .

For k = 0,

t∫
0

|I8| dτ � E0(t)E
1
2 (t) (3.19)

and for k = 1,

t∫
0

|I8| dτ � E
3
2 (t). (3.20)

Similarly,

|I10| = w1−k
0

∣∣∣ ∫
T2

∂s−k−1
( ρ

ρ + 1∇
⊥ · b

)
∂s−k+1u1 dx

∣∣∣
� w1−k

0 ‖ρ‖Hs−1‖b‖Hs−k‖∇u1‖Hs−k .

Therefore, for k = 0, the time integral of |I10| is bounded by

t∫
0

|I10| dτ � sup
0≤τ≤t

‖ρ‖Hs−1

t∫
0

w
1
2
−1‖b‖Hsw

1
2
1 ‖∇u1‖Hs dτ

� E
1
2 (t)E

1
2
0 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
.

(3.21)

For k = 1,

t∫
0

|I10| dτ � sup
0≤τ≤t

‖ρ‖Hs−1‖b‖Hs−1

t∫
0

‖∇u1‖Hs−1 dτ � E(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
. (3.22)

Finally we deal with I15. To distinguish the horizontal derivative from the vertical 
one, we write

∂s−k−1
( 1

2(ρ + 1)∇|b|2
)
· ∂s−k+1u = ∂s−k−1

( 1
(ρ + 1)b · ∂1b

)
· ∂s−k+1u1

+ ∂s−k−1
( 1

(ρ + 1)b · ∂2b
)
· ∂s−k+1u2.
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By Sobolev’s inequality,

|I15| = w1−k
0

∣∣∣ ∫
T2

∂s−k−1
( 1

2(ρ + 1)∇|b|2
)
· ∂s−k+1u dx

∣∣∣
� w1−k

0 (1 + ‖ρ‖Hs−k−1)
(
‖b‖Hs−k−2‖b‖Hs−k)

×
(
‖∇∂1u1‖Hs−k−1 + ‖∇∂2u1‖Hs−k−1

)
+ w1−k

0 (1 + ‖ρ‖Hs−k−1) ‖∇u‖Hs−k

×
(
‖∂2b‖Hs−k−1‖b‖Hs−k−2 + ‖b‖Hs−k−1‖∂2b‖Hs−k−2

)
.

For k = 0, we can bound the time integral by

t∫
0

|I15| dτ � sup
0≤τ≤t

‖b‖Hs−2(1 + ‖ρ‖Hs−1)

×
t∫

0

w
1
2
−1‖b‖Hsw

1
2
1
(
‖∇∂1u1‖Hs−1 + ‖∇∂2u1‖Hs−1

)
dτ

+ sup
0≤τ≤t

‖b‖Hs−1(1 + ‖ρ‖Hs−1)
t∫

0

w
1
2
0 ‖∂2b‖Hs−1w

1
2
0 ‖∇u‖Hs dτ

� E
1
2 (t)E

1
2
0 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
+ E

1
2 (t)E

3
4
0 (t)B

1
4
1 (t).

(3.23)

For k = 1,

t∫
0

|I15| dτ � sup
0≤τ≤t

‖b‖2
Hs−1(1 + ‖ρ‖Hs−2)

×
t∫

0

(
‖∇∂1u1‖Hs−2 + ‖∇∂2u1‖Hs−2

)
dτ

+ sup
0≤τ≤t

‖b‖Hs−2(1 + ‖ρ‖Hs−2)
t∫

0

‖∂2b‖Hs−2‖∇u‖Hs−1 dτ

� E(t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
+ E(t)B

1
2
1 (t).

(3.24)

This completes the estimates for all terms of Type III.

In the case when k = 0, we integrate (3.7) in time and take into account of the upper 
bounds (3.8), (3.9), (3.11), (3.13), (3.15), (3.17), (3.19), (3.21) and (3.23) to obtain the 
desired bound for the highest-order energy in E0(t). Combining it with the L2 estimate 
(3.6), we conclude that
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E0(t) � E0(0) + E
3
2
total(t).

Here we have bounded the intermediate energies in terms of Etotal through interpolation.

Similarly, when k = 1, we integrate (3.7) in time and invoke the upper bounds in 
(3.8), (3.10), (3.12), (3.14), (3.16), (3.18), (3.20), (3.22) and (3.24) to achieve the bound 
for the highest order energy part in E(t). Combining it with the L2 estimate (3.4) leads 
to

E(t) � E0(0) + E
3
2
total(t).

This completes the proof of Proposition 3.1. �
4. Strong dissipation in vertical derivative

This section presents the upper bounds for Ek(t), Pk(t) and Bk(t), the functionals 
involving the vertical derivatives. The estimates are stated in the following three propo-
sitions. The first one focuses on E1(t) and E3(t).

Proposition 4.1. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

E1(t) � E1(0) + E
1
2
0 (t)

(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)
+ E

3
2
total(t),

E3(t) � E3(0) +
(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)(
E

1
2
3 (t) + P

1
2
3 (t) + B

1
2
3 (t)

)
+ E

3
2
total(t).

Next we bound Pk(t).

Proposition 4.2. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

Pk(t) � Ek(0) + Ek(t) + E
3
2
total(t), k = 1, 3.

The last proposition bounds Bk(t), the energy functional involving the vertical deriva-
tive of the magnetic field.

Proposition 4.3. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

Bk(t) � Ek(0) + Ek(t) + Pk(t) + E
3
2
total(t), k = 1, 3.

The rest of this section proves these propositions. We start with the first proposition.

Proof of Proposition 4.1. Due to Poincáre’s inequality, we only focus on the terms with 
the highest-order derivatives. According to (1.2), for k = 1, 3,

1
2
d

dt
wk

(
‖∂2ρ‖2

Ḣs−k + ‖∂2u‖2
Ḣs−k + ‖∂2b‖2

Ḣs−k

)
+ wk‖∇∂2u‖2

Ḣs−k =
13∑

Ni, (4.1)

i=1
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where

N1 = k − σ

2 wk−1
(
‖∂2ρ‖2

Ḣs−k + ‖∂2u‖2
Ḣs−k + ‖∂2b‖2

Ḣs−k

)
,

N2 = wk

( ∫
T2

−∂s−k∂2∇ · u∂s−k∂2ρ dx−
∫
T2

∂s−k∂2∇ρ · ∂s−k∂2u dx
)

+ wk

( ∫
T2

∂s−k∂2∇⊥ · b∂s−k∂2u1 +
∫
T2

∂s−k∂2∇⊥u1 · ∂s−k∂2b dx
)
,

N3 = − wk

∫
T2

∂s−k∂2(u · ∇ρ)∂s−k∂2ρ dx,

N4 = − wk

∫
T2

∂s−k∂2(ρ∇ · u)∂s−k∂2ρ dx,

N5 = − wk

∫
T2

∂s−k∂2(u · ∇u) · ∂s−k∂2u dx,

N6 = − wk

∫
T2

∂s−k∂2

( ρ

ρ + 1Δu
)
· ∂s−k∂2u dx,

N7 = − wk

∫
T2

∂s−k∂2

( 1
ρ + 1b · ∇b

)
· ∂s−k∂2u dx,

N8 = − wk

∫
T2

∂s−k∂2

( ρ

ρ + 1∇
⊥ · b

)
∂s−k∂2u1 dx,

N9 = wk

∫
T2

∂s−k∂2

(
∇ρ− 1

ρ + 1∇P
)
· ∂s−k∂2u dx,

N10 = − wk

∫
T2

∂s−k∂2(u · ∇b) · ∂s−k∂2b dx,

N11 = wk

∫
T2

∂s−k∂2(b · ∇u) · ∂s−k∂2b dx,

N12 = − wk

∫
T2

∂s−k∂2(b∇ · u) · ∂s−k∂2b dx,

N13 = − wk

∫
T2

∂s−k∂2

( 1
2(ρ + 1)∇|b|2

)
· ∂s−k∂2u dx.

To bound the first term N1, we use the basic equalities

w0(t) = w
1
2
−1(t)w

1
2
1 (t), w2(t) = w

1
2
1 (t)w

1
2
3 (t)
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to obtain, for k = 1,

t∫
0

|N1| dτ � E
1
2
0 (t)

(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)
. (4.2)

For k = 3,

t∫
0

|N1| dτ �
(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)(
E

1
2
3 (t) + P

1
2
3 (t) + B

1
2
3 (t)

)
. (4.3)

By integration by parts,

N2 = 0. (4.4)

To bound the rest of the terms more efficiently, we regroup them into three types: 
Transport terms, the terms containing ∇ ·u and good terms. We start with the transport 
terms.

Type I: Transport terms containing u · ∇ or b · ∇

This part contains N3, N5, N7, N10 and N11. We first deal with the three terms in-
volving u · ∇, namely N3, N5 and N10. By integration by parts, for g = u, b, ρ,

|N3| + |N5| + |N10| ≤ wk

∑
g=u,b,ρ

∣∣∣ ∫
T2

∂s−k(∂2u · ∇g)∂s−k∂2g dx
∣∣∣

+ wk

∑
g=u,b,ρ

∣∣∣ ∫
T2

∂s−k(u · ∇∂2g)∂s−k∂2g dx
∣∣∣. (4.5)

In the case when k = 1, the first part on the right hand side of (4.5) can be bounded as 
follows,

w1
∑

g=u,b,ρ

∣∣∣ s−1∑
m=1

Cm
s−1

∫
T2

(∂2∂
mu · ∇∂s−1−mg)∂s−1∂2g dx

+
∫
T2

(∂2u · ∇∂s−1g)∂s−1∂2g dx
∣∣∣

� w1
∑

g=u,b,ρ

(
‖∂2u‖Hs‖g‖Hs−1‖∂2g‖Hs−2 + ‖∂2u‖H2‖g‖Hs‖∂2g‖Hs−1

)
.

To obtain the bounds above, we have used the following estimates
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m = s− 1,
∫
T2

(∂2∂
s−1u · ∇g)∂s−1∂2g dx = −

∫
T2

(∂2∂
su · ∇g)∂s−2∂2g dx

−
∫
T2

(∂2∂
s−1u · ∇∂g)∂s−2∂2g dx

� ‖∂2u‖Hs‖g‖Hs−1‖∂2g‖Hs−2 ,

m = 1,
∫
T2

(∂2∂u · ∇∂s−2g)∂s−1∂2g dx �‖∂2u‖H3‖g‖Hs‖∂2g‖Hs−1 .

For k = 3, the first part on the right hand side of (4.5) can be bounded by

w3
∑

g=u,b,ρ

∣∣∣ ∫
T2

∂s−2(∂2u · ∇g)∂s−4∂2g dx
∣∣∣ � w3‖∂2u‖Hs−2‖g‖Hs−1‖∂2g‖Hs−4 .

For the second part on the right-hand side of (4.5), we apply Lemma 2.2 to obtain, for 
both k = 1 and k = 3,

wk

∑
g=u,b,ρ

(
‖∇u1‖

H[ s−k
2 ]+1‖∂1∂2g‖Hs−k−1 + ‖∇u2‖

H[ s−k
2 ]+1‖∂2

2g‖Hs−k−1

+ ‖∇u1‖Hs−k−1‖∂1∂2g‖
H[ s−k

2 ]+2 + ‖∇u2‖Hs−k−1‖∂2
2g‖H[ s−k

2 ]+2

)
‖∂2g‖Ḣs−k

+ wk

∑
g=u,b,ρ

‖∇ · u‖H2‖∂2g‖2
Ḣs−k

� wk‖∇u‖Hs−k−1

∑
g=u,ρ,b

‖∂2g‖2
Hs−k .

Therefore, for k = 1,

t∫
0

|N3| + |N5| + |N10| dτ �
∑

g=u,b,ρ

sup
0≤τ≤t

w1‖∂2g‖2
Hs−1

t∫
0

‖∇u‖Hs−2 dτ

� E1(t)
(
E

1
2
2 (t) + F

1
2
2 (t) + U

1
2 (t)

)
.

(4.6)

For k = 3,

t∫
0

|N3| + |N5| + |N10| dτ �
∑

g=u,b,ρ

sup
0≤τ≤t

w3‖∂2g‖2
Hs−3

t∫
0

‖∇u‖Hs−4 dτ

� E3(t)
(
E

1
2
2 (t) + F

1
2
2 (t) + U

1
2 (t)

)
.

(4.7)

Next we bound the terms containing b ·∇ operator, namely N7 and N11. By integration 
by parts,
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N7 = wk

∫
T2

∂s−k−1∂2

( 1
ρ + 1b · ∇b

)
· ∂s−k+1∂2u dx.

According to the product estimates and the fact ‖ 1
ρ+1‖L∞ � 1,

|N7| � wk

(
‖∂2ρ‖Hs−k−1‖b‖2

Hs−k + ‖∂2b‖Hs−k−1‖b‖Hs−k

+ ‖b1‖Hs−k−1‖∂1∂2b‖Hs−k−1 + ‖b2‖Hs−k−1‖∂2
2b‖Hs−k−1

)
‖∂2∇u‖Hs−k .

Applying Poincáre’s inequality again, |N7| can be controlled by

wk

(
‖∂2

2ρ‖Hs−k−1‖b‖2
Hs−k + ‖∂2

2b‖Hs−k−1‖b‖Hs−k + ‖∂2
2b‖Hs−k−1‖∂2b‖Hs−k

)
‖∂2∇u‖Hs−k .

Integrating |N7| in time on [0, t], for both k = 1, 3 we can derive the unified estimate 
like follows.

t∫
0

|N7| dτ � sup
0≤τ≤t

‖b‖2
Hs−k

t∫
0

w
1
2
k ‖∂2

2ρ‖Hs−k−1w
1
2
k ‖∂2∇u‖Hs−k dτ

+ sup
0≤τ≤t

(‖b‖Hs−k + ‖∂2b‖Hs−k)
t∫

0

w
1
2
k ‖∂2

2b‖Hs−k−1w
1
2
k ‖∂2∇u‖Hs−k dτ

� E(t)P
1
2
k (t)E

1
2
k (t) +

(
E

1
2 (t) + E

1
2
1 (t)

)
B

1
2
k (t)E

1
2
k (t).

(4.8)

N11 can be estimated similarly. We first write it as

N11 = wk

∫
T2

∂s−k+1(b · ∇u) · ∂s−k−1∂2
2b dx.

After a similar process, we obtain, for k = 1,

t∫
0

|N11| dτ � sup
0≤τ≤t

w
1
2
2 ‖b1‖L∞

t∫
0

w
1
2
0 ‖∂1u‖Hsw

1
2
1 ‖∂2b‖Hs−2 dτ

+ sup
0≤τ≤t

w
1
2
1 ‖b1‖Hs

t∫
0

‖∂1u‖L∞w
1
2
1 ‖∂2b‖Hs−2 dτ

+ sup
0≤τ≤t

‖b2‖L∞

t∫
w

1
2
1 ‖∂2u‖Hsw

1
2
1 ‖∂2b‖Hs−2 dτ (4.9)
0
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+ sup
0≤τ≤t

w
1
2
0 ‖b2‖Hs

t∫
0

w
1
2
2 ‖∂2u‖L∞w

1
2
1 ‖∂2b‖Hs−2 dτ

� E
1
2
2 (t)E

1
2
0 (t)B

1
2
1 (t) + E

1
2
1 (t)E 1

2 (t)B
1
2
1 (t)

+ E
1
2 (t)E

1
2
1 (t)B

1
2
1 (t) + E

1
2
0 (t)E

1
2
2 (t)B

1
2
1 (t).

Notice that we have used ‖b1‖Hs � ‖∂b‖Hs−1 again. When k = 3, we have

t∫
0

|N11| dτ � sup
0≤τ≤t

w
1
2
3 ‖b‖L∞

t∫
0

‖∇u‖Hs−2w
1
2
3 ‖∂2

2b‖Hs−4 dτ

+ sup
0≤τ≤t

w
1
2
3 ‖b‖Hs−2

t∫
0

‖∇u‖L∞w
1
2
3 ‖∂2

2b‖Hs−4 dτ

� E
1
2
3 (t)E 1

2 (t)B
1
2
3 (t).

(4.10)

Type II: Terms containing the divergence ∇ · u

This part contains three terms N4, N9 and N12. Since N4 and N12 have similar struc-
tures, they are estimated at the same time.

|N4| + |N12| � wk

∥∥(ρ|b)∇ · u
∥∥
Hs−k+1

∥∥∂2
2(ρ|b)

∥∥
Hs−k−1

� wk

(
‖(ρ|b)‖H2‖∇ · u‖Hs−k+1 + ‖(ρ, b)‖Hs−k+1‖∇ · u‖H2

)
‖∂2

2(ρ|b)‖Hs−k−1 .

Therefore, for k = 1,

t∫
0

|N4| + |N12| dτ � sup
0≤τ≤t

‖(ρ|b)‖H2

t∫
0

w
1
2
1 ‖∇ · u‖Hsw

1
2
1 ‖∂2

2(ρ|b)‖Hs−2 dτ

+ sup
0≤τ≤t

w
1
2
0 ‖(ρ|b)‖Hs

t∫
0

(1 + τ) 1
2 ‖∇ · u‖H2w

1
2
1 ‖∂2

2(ρ|b)‖Hs−2 dτ

� E
1
2 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)(
P

1
2
1 (t) + B

1
2
1 (t)

)
+ E

1
2
0 (t)

(
E

1
2
2 (t) + F

1
2
2 (t)

)(
P

1
2
1 (t) + B

1
2
1 (t)

)
.

(4.11)

For k = 3,

t∫
0

|N4| + |N12| dτ � sup
0≤τ≤t

‖(ρ|b)‖Hs−2

t∫
0

w
1
2
3 ‖∇ · u‖Hs−2w

1
2
3 ‖∂2

2(ρ|b)‖Hs−4 dτ

1
2

( 1
2

1
2

)( 1
2

1
2

) (4.12)
� E (t) E3 (t) + F3 (t) P3 (t) + B3 (t) .
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Next we deal with N9. It can be written as

N9 = − wk

∫
T2

∂s−k∂2

((P ′(ρ̃)
ρ + 1 − 1

)
∇ρ

)
· ∂s−k∂2u dx

= wk

∫
T2

∂s−k−1∂2
2q1(ρ)∂s−k+1∇ · u dx,

where q1(ρ) is defined as before, namely

q1(ρ) �
ρ∫

0

(P ′(r + 1)
r + 1 − 1

)
dr.

As explained before, q(ρ) ∼ ρ2. Therefore, for both k = 1 and k = 3,

t∫
0

|N9| dτ �
t∫

0

wk‖∂2
2q1(ρ)‖Hs−k−1‖∇ · u‖Hs−k+1 dτ

� sup
0≤τ≤t

‖ρ‖Hs−k−1

t∫
0

w
1
2
k ‖∂2

2ρ‖Hs−k−1w
1
2
k ‖∇ · u‖Hs−k+1 dτ

� E
1
2 (t)P

1
2
k (t)

(
E

1
2
k (t) + F

1
2
k (t)

)
.

(4.13)

This finishes the proof of Type II terms.

Type III: Basic good terms

The remaining terms N6, N8, N13 are called the basic good terms, which are bounded 
in this part. To bound the first term N6, we set f(ρ) = ρ

ρ+1 and use (3.1) to obtain

|N6| = wk

∣∣∣ ∫
T2

∂s−k−1∂2

( ρ

ρ + 1Δu
)
· ∂s−k+1∂2u dx

∣∣∣
� wk

(
‖∂2f(ρ)‖L∞‖Δu‖Hs−k−1 + ‖∂2f(ρ)‖Hs−k−1‖Δu‖L∞

)
‖∂2u‖Hs−k+1

+ wk

(
‖f(ρ)‖L∞‖∂2Δu‖Hs−k−1 + ‖f(ρ)‖Hs−k−1‖∂2Δu‖L∞

)
‖∂2u‖Hs−k+1

� w
1
2
k ‖∂2ρ‖Hs−k−1‖Δu‖Hs−k−1w

1
2
k ‖∂2u‖Hs−k+1 + ‖ρ‖Hs−k−1wk‖∂2u‖2

Hs−k+1 .

This implies, for both k = 1 and k = 3,

t∫
|N6| dτ � E

1
2 (t)Ek(t). (4.14)
0
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By integration by parts, N8 can be written as

|N8| = wk

∣∣∣ ∫
T2

∂s−k−2∂2
2

( ρ

ρ + 1∇
⊥ · b

)
∂s−k+2u1 dx

∣∣∣
� wk

(
‖∂2

2ρ‖Hs−k−2‖b‖Hs−k + ‖ρ‖Hs−k−1‖∂2
2∇⊥ · b‖Hs−k−2

)
×
(
‖∂1u1‖Hs−k+1 + ‖∂2u1‖Hs−k+1

)
.

Therefore, for both k = 1, 3,

t∫
0

|N8| dτ � E
1
2 (t)

(
P

1
2
k (t) + B

1
2
k (t)

)(
E

1
2
k (t) + F

1
2
k (t)

)
. (4.15)

For the last term N13, we directly write

|N13| = wk

∣∣∣ ∫
T2

∂s−k−1∂2

( 1
2(ρ + 1)∇|b|2

)
· ∂s−k+1∂2u dx

∣∣∣
≤ wk

∣∣∣ ∫
T2

∂s−k−1∂2

( 1
2(ρ + 1)∂2|b|2

)
∂s−k+1∂2u2 dx

∣∣∣
+ wk

∣∣∣ ∫
T2

∂s−k−2∂2
2

( 1
2(ρ + 1)∂1|b|2

)
∂s−k+2u1 dx

∣∣∣
�wk(1 + ‖ρ‖Hs−k)‖∂2

2b‖Hs−k−1‖b‖Hs−k‖∂2u‖Hs−k+1

+ wk

(
‖∂2ρ‖Hs−k−1‖b‖2

Hs−k + (1 + ‖ρ‖Hs−k−2)‖∂2
2b‖Hs−k−1‖b‖Hs−k

)
×
(
‖∂1u1‖Hs−k+1 + ‖∂2u1‖Hs−k+1

)
Hence, for k = 1 and k = 3,

t∫
0

|N13| dτ � B
1
2
k (t)E 1

2 (t)E
1
2
k (t) +

(
P

1
2
k (t)E(t) + B

1
2
k (t)E 1

2 (t)
)(
E

1
2
k (t) + F

1
2
k (t)

)
, (4.16)

where we have used (3.1). This completes the proof of Type III terms.

Finally we combine the bounds above to obtain the desired inequalities. For k = 1, 
we integrate (4.1) in time and use the bounds in (4.2), (4.4), (4.6), (4.8), (4.9), (4.11), 
(4.13), (4.14), (4.15) and (4.16) to obtain

E1(t) � E
1
2
0 (t)

(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)
+ E

3
2
total(t).

All intermediate energies have been controlled by Etotal through interpolation.
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Similarly we obtain the bound for E3(t) after we invoke the estimates (4.3), (4.4), 
(4.7), (4.8), (4.10), (4.12), (4.13), (4.14), (4.15) and (4.16),

E3(t) �
(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)(
E

1
2
3 (t) + P

1
2
3 (t) + B

1
2
3 (t)

)
+ E

3
2
total(t).

This completes the proof of Proposition 4.1. �
Next we turn to the proof of Proposition 4.2.

Proof of Proposition 4.2. The proof makes use of the wave structure in (1.3). The equa-
tion of u2 in (1.2) can be rewritten as

∂2ρ =
(
1 − 1

ρ + 1P
′(ρ + 1)

)
∂2ρ− ∂tu2 + 1

ρ + 1Δu2 − u · ∇u2

+ 1
ρ + 1b · ∇b2 −

1
2(ρ + 1)∂2|b|2.

Applying ∂2 derivative to above equality and taking inner product with ∂2
2ρ in 

Ḣs−1−k (k = 1, 3) yields

∥∥∂2
2ρ

∥∥2
Ḣs−1−k =

6∑
i=1

Ji,

where,

J1 = −
∫
T2

∂s−1−k∂t∂2u2 ∂
s−1−k∂2

2ρ dx,

J2 =
∫
T2

∂s−1−k∂2

((
1 − 1

ρ + 1P
′(ρ + 1)

)
∂2ρ

)
∂s−1−k∂2

2ρ dx,

J3 =
∫
T2

∂s−1−k∂2

( 1
ρ + 1Δu2

)
∂s−1−k∂2

2ρ dx,

J4 = −
∫
T2

∂s−1−k∂2(u · ∇u2) ∂s−1−k∂2
2ρ dx,

J5 =
∫
T2

∂s−1−k∂2(
1

ρ + 1b · ∇b2) ∂s−1−k∂2
2ρ dx,

J6 = −
∫
T2

∂s−1−k∂2

( 1
2(ρ + 1)∂2|b|2

)
∂s−1−k∂2

2ρ dx.

The bounds for J2 − J6 can be derived directly,
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6∑
i=2

|Ji| �
(
‖ρ‖Hs−1−k‖∂2

2ρ‖Hs−1−k + ‖∂2ρ‖2
Hs−1−k

)
‖∂2

2ρ‖Hs−1−k

+ ‖∂2ρ‖Hs−1−k

(
‖Δu‖Hs−1−k + ‖b‖Hs−1−k‖∇b‖Hs−1−k

)
‖∂2

2ρ‖Hs−1−k

+
(
1 + ‖ρ‖Hs−1−k

)(
‖Δ∂2u‖Hs−1−k + ‖∂2b‖Hs−1−k‖∇b‖Hs−1−k

+ ‖b1‖Hs−1−k‖∂1∂2b‖Hs−1−k + ‖b‖Hs−1−k‖∂2
2b‖Hs−1−k

)
‖∂2

2ρ‖Hs−1−k

+ ‖u‖Hs−k‖∂2∇u‖Hs−1−k‖∂2
2ρ‖Hs−1−k .

Applying Poincáre’s inequality and then integrating in time yields, for k = 1 and k = 3,

6∑
i=2

t∫
0

wk|Ji| dτ � E
1
2 (t)Pk(t) + E

1
2
k (t)Pk(t) + E(t)Pk(t) + E

1
2
k (t)P

1
2
k (t)

+ B
1
2
k (t)E 1

2 (t)P
1
2
k (t) + B

1
2
k (t)E

1
2
k (t)P

1
2
k (t)

+ E
1
2 (t)B

1
2
k (t)P

1
2
k (t) + E

1
2 (t)E

1
2
k (t)P

1
2
k (t).

(4.17)

Now we come back to deal with the first term J1. It can be written into the following 
form.

J1 = − ∂t

∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2ρ dx +
∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2∂tρ dx

= − ∂t

∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2ρ dx

−
∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2
(
u · ∇ρ + (ρ + 1)∇ · u

)
dx.

Therefore,

t∫
0

wk(τ)J1 dτ

= − wk

∫
T2

∂s−1−k∂2u2(t) ∂s−1−k∂2
2ρ(t) dx +

∫
T2

∂s−1−k∂2u2(0) ∂s−1−k∂2
2ρ(0) dx

+
t∫

0

(k − σ)wk−1

∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2ρ dx dτ

−
t∫
wk

∫
∂s−1−k∂2u2 ∂

s−1−k∂2
2
(
u · ∇ρ + (ρ + 1)∇ · u

)
dx dτ.

(4.18)
0 T2
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The first three parts on the right-hand side of (4.18) are bounded by

sup
0≤τ≤t

wk‖∂2u2‖Hs−1−k‖∂2
2ρ‖Hs−1−k + ‖∂2u2(0)‖Hs−1−k‖∂2

2ρ(0)‖Hs−1−k

+
t∫

0

w
1
2
k−1‖∂2u2‖Hs−1−kw

1
2
k−1‖∂2

2ρ‖Hs−1−k dτ

� Ek(t) + Ek(0) + E
1
2
k (t)P

1
2
k (t).

(4.19)

The last part in (4.18) admits the bound

t∫
0

wk

∫
T2

∂s−1−k∂2∇u2 ∂
s−1−k∂2

2(ρu) dx dτ

−
t∫

0

wk

∫
T2

∂s−1−k∂2u2 ∂
s−1−k∂2

2∇ · u dx dτ

� E
1
2 (t)Ek(t) + E

1
2 (t)P

1
2
k (t)E

1
2
k (t) + Ek(t).

(4.20)

Combining the estimates for |J1| to |J6|, namely (4.17), (4.19) and (4.20), applying 
Young’s inequality we then complete the proof of Proposition 4.2. �

Finally we prove Proposition 4.3, which shows the enhanced dissipation in the vertical 
derivatives of b.

Proof of Proposition 4.3. We rewrite the equation of u1 in (1.2) as follows

∇⊥ · b = ρ

ρ + 1∇
⊥ · b + ∂tu1 −

1
ρ + 1Δu1 + u · ∇u1

+ 1
ρ + 1∂1P − 1

ρ + 1b · ∇b1 + 1
2(ρ + 1)∂1|b|2.

(4.21)

Applying ∂2
2 to (4.21) and then taking the inner product in Ḣs−2−k(k = 1, 3) yields

∥∥∂2
2∇⊥ · b

∥∥2
Ḣs−2−k =

7∑
i=1

Ki,

where

K1 =
∫
T2

∂s−2−k∂2
2∂tu1 ∂

s−2−k∂2
2∇⊥ · b dx,

K2 =
∫

∂s−2−k∂2
2( ρ

ρ + 1∇
⊥ · b) ∂s−2−k∂2

2∇⊥ · b dx,

T2
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K3 = −
∫
T2

∂s−2−k∂2
2( 1

ρ + 1Δu1) ∂s−2−k∂2
2∇⊥ · b dx,

K4 =
∫
T2

∂s−2−k∂2
2(u · ∇u1) ∂s−2−k∂2

2∇⊥ · b dx,

K5 =
∫
T2

∂s−2−k∂2
2( 1

ρ + 1∂1P ) ∂s−2−k∂2
2∇⊥ · b dx,

K6 = −
∫
T2

∂s−2−k∂2
2( 1

ρ + 1b · ∇b1) ∂s−2−k∂2
2∇⊥ · b dx,

K7 =
∫
T2

∂s−2−k∂2
2( 1

2(ρ + 1)∂1|b|2) ∂s−2−k∂2
2∇⊥ · b dx.

K2 through K7 can be bounded by

7∑
i=2

|Ki| �
(
‖ρ‖Hs−2−k‖∂2

2∇⊥ · b‖Hs−2−k + ‖∂2ρ‖Hs−2−k‖∂2∇⊥ · b‖Hs−2−k

+ ‖∂2
2ρ‖Hs−2−k‖∇⊥ · b‖Hs−2−k

)
‖∂2

2∇⊥ · b‖Hs−2−k

+
∑

g=Δu1,∂1P,b·∇b1,∂1|b|2

(∥∥ 1
ρ + 1

∥∥
Hs−2−k‖∂2

2g‖Hs−2−k

+
∥∥∂2

1
ρ + 1

∥∥
Hs−2−k‖∂2g‖Hs−2−k

+
∥∥∂2

2
1

ρ + 1
∥∥
Hs−2−k‖g‖Hs−2−k

)
‖∂2

2∇⊥ · b‖Hs−2−k

+ ‖u‖Hs−1−k‖∂2
2u‖Hs−1−k‖∂2

2∇⊥ · b‖Hs−2−k .

Applying Poincáre’s inequality, we obtain, for k = 1 and k = 3,

7∑
i=2

t∫
0

wk|Ki| dτ � E
1
2 (t)Bk(t) + E

1
2 (t)P

1
2
k (t)B

1
2
k (t)

+ E
1
2
k (t)B

1
2
k (t) + P

1
2
k (t)B

1
2
k (t) + E

1
2 (t)Bk(t)

+ P
1
2
k (t)

(
E(t) + E

1
2 (t)

)
B

1
2
k (t) + E

1
2 (t)E

1
2
k (t)B

1
2
k (t).

(4.22)

We now focus on the first term K1. We can rewrite it as

d

dt

∫
T2

∂s−2−k∂2
2u1 ∂

s−2−k∂2
2∇⊥ · b dx−

∫
T2

∂s−2−k∂2
2u1 ∂

s−2−k∂2
2∇⊥ · ∂tb dx

= d

dt

∫
∂s−2−k∂2

2u1 ∂
s−2−k∂2

2∇⊥ · b dx

T2
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−
∫
T2

∂s−2−k∂2
2u1 ∂

s−2−k∂2
2
(
Δu1 + ∇⊥ · (−u · ∇b + b · ∇u− b∇ · u)

)
dx.

It then implies that, for k = 1 and k = 3,

t∫
0

wk K1 dτ

= wk

∫
T2

∂s−2−k∂2
2u1(t) ∂s−2−k∂2

2∇⊥ · b(t) dx

−
∫
T2

∂s−2−k∂2
2u1(0) ∂s−2−k∂2

2∇⊥ · b(0) dx

−
t∫

0

(k − σ)wk−1

∫
T2

∂s−2−k∂2
2u1 ∂

s−2−k∂2
2∇⊥ · b dx dτ

−
t∫

0

wk

∫
T2

∂s−2−k∂2
2u1 ∂

s−2−k∂2
2
(
Δu1 + ∇⊥ · (−u · ∇b + b · ∇u− b∇ · u)

)
dx dτ.

The first three parts above can be controlled by

sup
0≤τ≤t

wk‖∂2
2u‖Hs−2−k‖∂2

2∇⊥ · b‖Hs−2−k + ‖∂2
2u(0)‖Hs−2−k‖∂2

2∇⊥ · b(0)‖Hs−2−k

+
t∫

0

w
1
2
k−1‖∂2

2u‖Hs−2−kw
1
2
k−1‖∂2

2∇⊥ · b‖Hs−2−k dτ

� Ek(t) + Ek(0) + E
1
2
k (t)B

1
2
k (t).

(4.23)

To bound the last part, we use the inequality ‖∂2
2b‖Hs−1−k � ‖∂2

2∇⊥ · b‖Hs−2−k to ob-
tain

t∫
0

wk‖∂2
2∇u‖2

Hs−2−k dτ +
t∫

0

wk‖∂2
2∇u‖Hs−2−k

(
‖u‖Hs−1−k‖∂2

2b‖Hs−1−k

+ ‖∂2u‖Hs−1−k‖∂2b‖Hs−1−k + ‖∂2
2u‖Hs−1−k‖b‖Hs−1−k

)
dτ

� Ek(t) + E
1
2
k (t)

(
E

1
2 (t)B

1
2
k (t) + E

1
2
k (t)E 1

2 (t)
)
.

(4.24)

Finally, taking all the estimates above into consideration, namely (4.22), (4.23) and 
(4.24), applying Young’s inequality we will complete the proof of Proposition 4.3. �
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5. Dissipative structure of divergence part

This section presents upper bounds on Ã, Ak and Fk. As aforementioned in the 
introduction, the coupling of Ω (defined in (1.4)) and u1 generates enhanced dissipation. 
The estimates presented in this section reflect this extra regularization. In particular, 
the bound for Fk verifies the regularity and decay properties of ∂1u1. Together with the 
bounds on ∂2u2 in Ek, the estimates presented here confirm the extra dissipation of ∇ ·u.

The main bounds are presented in the following two propositions.

Proposition 5.1. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

Ã(t) � E0(t) + E
3
2
total(t),

Ak(t) � Ek(t) + Fk(t) + E
3
2
total(t), k = 1, 3.

Proposition 5.2. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

Fk(t) � E0(t) + Ã(t) + E
1
2
k (t)A

1
2
k (t) + E

3
2
total(t), k = 1, 3.

We now prove these bounds and start with Proposition 5.1.

Proof of Proposition 5.1. As we explained in the proofs of the previous propositions, it 
suffices to deal with the highest-order norms. According to (1.6),

Ω = ∂tu1 + u · ∇u1 −
1

ρ + 1Δu1 + ρ

ρ + 1Ω. (5.1)

Let s0 ≥ 3. Taking the inner product of (5.1) with Ω in Ḣs0 yields

‖Ω‖2
Ḣs0 =

4∑
i=1

Mi,

where

M1 =
∫
T2

∂s0∂tu1 ∂
s0Ω dx, M2 =

∫
T2

∂s0(u · ∇u1) ∂s0Ω dx,

M3 = −
∫
T2

∂s0

(
1

ρ + 1Δu1

)
∂s0Ω dx, M4 =

∫
T2

∂s0

(
ρ

ρ + 1Ω
)

∂s0Ω dx.

M2 through M4 can be bounded directly by
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|M2| + |M3| + |M4|
� ‖u‖Hs0‖∇u1‖Hs0‖Ω‖Hs0 +

(
1 + ‖ρ‖Hs0

)
‖∇u1‖Hs0+1‖Ω‖Hs0 + ‖ρ‖Hs0‖Ω‖2

Hs0

�
(
‖u‖Hs0 + 1 + ‖ρ‖Hs0

)
‖∇u1‖Hs0+1‖Ω‖Hs0 + ‖ρ‖Hs0‖Ω‖2

Hs0 .

Letting s0 = s − 1 and multiplying by the time weight w0, we obtain

4∑
i=2

t∫
0

w0|Mi| dτ � sup
0≤τ≤t

(
‖u‖Hs−1 + 1 + ‖ρ‖Hs−1

) t∫
0

w
1
2
0 ‖∇u1‖Hsw

1
2
0 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

‖ρ‖Hs−1

t∫
0

w0‖Ω‖2
Hs−1 dτ

� E
1
2
0 (t)Ã 1

2 (t) + E
1
2 (t)Ã(t).

(5.2)

Similarly, if we use weight w1, it becomes

4∑
i=2

t∫
0

w1|Mi| dτ �
(
E

1
2
1 (t) + F

1
2
1 (t)

)
A

1
2
1 (t) + E

1
2 (t)A1(t). (5.3)

By taking s0 = s − 3 and choosing the weight w3, we have

4∑
i=2

t∫
0

w3|Mi| dτ �
(
E

1
2
3 (t) + F

1
2
3 (t)

)
A

1
2
3 (t) + E

1
2 (t)A3(t). (5.4)

We now deal with the first term M1. Notice the equality (1.7) M1 can be written as

M1 = d

dt

∫
T2

∂s0u1 ∂
s0Ω dx−

6∑
i=1

Li,

where,

L1 =
∫
T2

∂s0u1 ∂
s0(−2∂2

1u1 − ∂2
2u1 − ∂1∂2u2) dx,

L2 =
∫
T2

∂s0u1 ∂
s0(u · ∇Ω) dx,

L3 =
∫
T2

∂s0u1 ∂
s0
(
∂2u · ∇b1 + ∂1(b · ∇⊥u1) − b · ∇∂2u1

−∇⊥u1 · ∇b1 − b · ∇(b · ∇u1)
)
dx,
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L4 =
∫
T2

∂s0u1 ∂
s0
(
− ∂1u · ∇b2 + 1

2∂1u · ∇|b|2 − ∂1u · ∇P
)
dx,

L5 =
∫
T2

∂s0u1 ∂
s0
(
−∇⊥ · (b∇ · u) − ∂1

(
|b|2∇ · u

)
− ∂1

(
(P ′(ρ̃)ρ̃− 1)∇ · u

)
+ ∇ · u(b · ∇b1) + b · ∇(b1∇ · u)

)
dx,

L6 =
∫
T2

∂s0u1 ∂
s0
(
∇⊥ · (b · ∇u) + ∂1

(
b · (b · ∇u)

))
dx.

By integration by parts and basic inequalities,

|L1| � ‖∇u1‖Hs0

(
‖∇u1‖Hs0 + ‖∂2u2‖Hs0

)
,

L2 � ‖∇u1‖Ḣs0‖u‖Hs0−1‖Ω‖Hs0 .

For s0 = s − 1 and the time weight w0, we have

t∫
0

w0
(
|L1| + |L2|

)
dτ �

t∫
0

w0‖∇u‖2
Hs−1 dτ

+ sup
0≤τ≤t

‖u‖Hs−1

t∫
0

w
1
2
0 ‖∇u1‖Hs−1w

1
2
0 ‖Ω‖Hs−1 dτ

� E0(t) + E
1
2 (t)E

1
2
0 (t)Ã 1

2 (t).

(5.5)

Similarly, if we use weight w1, we have

t∫
0

w1(|L1| + |L2|) dτ � E1(t) + F1(t) + E
1
2 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
A

1
2
1 (t). (5.6)

For s0 = s − 3 and the time weight w3, the bound is given by

t∫
0

w3(|L1| + |L2|) dτ � E3(t) + F3(t) + E
1
2 (t)

(
E

1
2
3 (t) + F

1
2
3 (t)

)
A

1
2
3 (t). (5.7)

After integration by parts, L3 is bounded by

|L3| � ‖∇u1‖Hs0

(
‖∇u1‖Hs0 + ‖∂2u‖Hs0

)
‖b‖Hs0 .

Setting s0 = s − 1 with the weight w0 and w1 yields
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t∫
0

w0|L3| dτ � E
1
2 (t)E0(t),

t∫
0

w1|L3| dτ � E
1
2 (t)

(
E1(t) + F1(t)

)
. (5.8)

For s0 = s − 3 and the weight w3, we have

t∫
0

w3|L3| dτ � E
1
2 (t)(E3(t) + F3(t)). (5.9)

We move on to the estimate for L4, which is bounded by

|L4| �‖∇u1‖Hs0

{
‖∂1u1‖Hs0−1

(
‖b‖Hs0 + ‖b‖2

Hs0 + ‖ρ‖Hs0

)
+ ‖∂1u2‖Hs0−1

(
‖∂2b‖Hs0−1 + ‖b‖Hs0−1‖∂2b‖Hs0−1 + ‖∂2ρ‖Hs0−1

)}
.

Therefor, for s0 = s − 1 we obtain

t∫
0

w0|L4| dτ � E
1
2 (t)E0(t),

t∫
0

w1|L4| dτ � E
1
2 (t)

(
E1(t) + F1(t)

)
+ E

1
2 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)(
P

1
2
1 (t) + B

1
2
1 (t)

)
.

(5.10)

For s0 = s − 3 and the weight w3, we have

t∫
0

w3|L4| dτ � E
1
2 (t)

(
E3(t) + F3(t)

)
+ E

1
2 (t)

(
E

1
2
3 (t) + F

1
2
3 (t)

)(
P

1
2
3 (t) + B

1
2
3 (t)

)
. (5.11)

L5 and L6 are bounded by

|L5| + |L6|
� ‖∇u1‖Hs0+1

(
‖b‖Hs0−1 + ‖b‖Hs0−1‖b‖Hs0−2 + ‖ρ‖Hs0−1

)
‖∇ · u‖Hs0−1

+ ‖∇u1‖Hs0+1
(
1 + ‖b‖Hs0−1

)(
‖b1‖Hs0−1‖∂1u‖Hs0−1 + ‖b2‖Hs0−1‖∂2u‖Hs0−1

)
.

Therefore, if we take s0 = s − 1 there will hold,

t∫
0

w0(|L5| + |L6|) dτ � E
1
2 (t)E0(t). (5.12)

t∫
w1(|L5| + |L6|) dτ � E

1
2 (t)

(
E1(t) + F1(t)

)
+ E

1
2 (t)

(
E

1
2
1 (t) + F

1
2
1 (t)

)
B

1
2
1 (t). (5.13)
0
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If we take s0 = s − 3 there will be then

t∫
0

w3(|L5| + |L6|) dτ � E
1
2 (t)

(
E3(t) + F3(t)

)
+ E

1
2 (t)

(
E

1
2
3 (t) + F

1
2
3 (t)

)
B

1
2
3 (t). (5.14)

Combining the estimates above allows us to prove the desired bounds for Ã(t), A1(t)
and A3(t). In fact, (5.2), (5.5), (5.8), (5.10) and (5.12) together proves the inequality 
Ã(t). (5.3), (5.6), (5.8), (5.10) and (5.13) yields the inequality for A1(t) while (5.4), 
(5.7), (5.9), (5.11), (5.14) imply the estimate for A3(t). This completes the proof of 
Proposition 5.1. �

We move on to prove Proposition 5.2.

Proof of Proposition 5.2. According to (1.6) and (1.7),

1
2
d

dt
wk

(
2‖∂1u1‖2

Ḣs−k + ‖Ω‖2
Ḣs−k

)
+ 2wk‖∇∂1u1‖2

Ḣs−k =
10∑
i=1

Qi, (5.15)

where,

Q1 = k − σ

2 wk−1
(
2‖∂1u1‖2

Ḣs−k + ‖Ω‖2
Ḣs−k

)
,

Q2 =2wk

∫
∂s−k∂1Ω ∂s−k∂1u1 dx + 2wk

∫
∂s−k∂2

1u1 ∂
s−kΩ dx,

Q3 = wk

∫
∂s−k(∂2

2u1 + ∂1∂2u2) ∂s−kΩ dx,

Q4 = − wk

∫
∂s−k∂1(u · ∇u1) ∂s−k∂1u1 dx,

Q5 = − wk

∫
∂s−k∂1

( ρ

ρ + 1(Δu1 + Ω)
)
∂s−k∂1u1 dx,

Q6 = − wk

∫
∂s−k(u · ∇Ω) ∂s−kΩ dx,

Q7 = − wk

∫
∂s−k

(
∂2u · ∇b1 − ∂1(b · ∇⊥u1) + b · ∇∂2u1

+ ∇⊥u1 · ∇b1 + b · ∇(b · ∇u1)
)
∂s−kΩ dx,

Q8 = wk

∫
∂s−k

(
∂1u · ∇b2 −

1
2∂1u · ∇|b|2 + ∂1u · ∇P

)
∂s−kΩ dx,

Q9 = wk

∫
∂s−k

(
−∇⊥ · (b∇ · u) + ∂1(|b|2∇ · u) + ∂1((P ′(ρ̃)ρ̃− 1)∇ · u)

−∇ · ub · ∇b1 − b · ∇(b1∇ · u)
)
∂s−kΩ dx,
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Q10 = wk

∫
∂s−k

(
∇⊥ · (b · ∇u) − ∂1(b · (b · ∇u))

)
∂s−kΩ dx.

For k = 1 and k = 3, the time integral of |Q1| is bounded by

t∫
0

|Q1| dτ � E0(t) + Ã(t), k = 1,

t∫
0

|Q1| dτ � F2(t) + A2(t) � F
1
2
1 (t)F

1
2
3 (t) + A

1
2
1 (t)A

1
2
3 (t), k = 3.

(5.16)

Integration by parts yields Q2 = 0 while Q3 through Q6 are bounded by

Q3 � wk‖∇∂2u‖Hs−k‖Ω‖Hs−k ,

Q4 � wk‖u‖Hs−k‖∇u1‖Hs−k‖∂1u1‖Hs+1−k ,

Q5 � wk‖ρ‖Hs−k

(
‖Δu1‖Hs−k + ‖Ω‖Hs−k

)
‖∂1u1‖Hs+1−k ,

Q6 � wk‖u‖Hs−k‖Ω‖2
Hs−k .

Therefore, for k = 1, 3,

6∑
i=2

t∫
0

|Qi| dτ � E
1
2
k (t)A

1
2
k (t) + E

1
2 (t)

(
E

1
2
k (t) + F

1
2
k (t) + A

1
2
k (t)

)
F

1
2
k (t)

+ E
1
2 (t)Ak(t).

(5.17)

Using the similar method as in proving Lemma 2.2, Q7 is bounded by

|Q7| � wk‖Ω‖Hs−k

{(
‖∂2u‖Hs−k + ‖∇u1‖Hs−k

)
‖∇b1‖Hs−k + ‖b‖Hs−k‖∇2u1‖Hs−k

+ ‖∂1b‖
H[ s−k

2 ]+2‖∇u1‖Hs−k + ‖∇u1‖
H[ s−k

2 ]+2‖∂1b‖Hs−k

+ ‖b‖Hs−k

(
‖b‖Hs−k‖∇2u1‖Hs−k + ‖∇b‖

H[ s−k
2 ]+2‖∇u1‖Hs−k

+ ‖∇u1‖
H[ s−k

2 ]+2‖∇b‖Hs−k

)}
.

Therefore, for k = 1, 3,

t∫
0

|Q7| dτ �
(
E

1
2
k (t) + E

1
2 (t)

)(
E

1
2
k (t) + F

1
2
k (t)

)
A

1
2
k (t) + E

1
2
0 (t)

(
E

1
2
2 (t) + F

1
2
2 (t)

)
A

1
2
k (t)

+ E(t)
(
E

1
2
k (t) + F

1
2
k (t)

)
A

1
2
k (t) + E

1
2 (t)E

1
2
0 (t)

(
E

1
2
2 (t) + F

1
2
2 (t)

)
A

1
2
k (t).

(5.18)

Q8 and Q9 can be dealt with similar method. For Q8 it holds that,
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|Q8| �
(
‖∂1u1‖Hs−k‖∂1b2‖

H[ s−k
2 ]+2 +‖∂1u1‖

H[ s−k
2 ]+2‖∂1b2‖Hs−k +‖∂1u2‖Hs−k‖∂2b2‖Hs−k

+ ‖∂1u‖Hs−k‖∇b‖
H[ s−k

2 ]+2‖b‖H[ s−k
2 ]+2 + ‖∂1u‖

H[ s−k
2 ]+2‖∇b‖Hs−k‖b‖

H[ s−k
2 ]+2

+ ‖∂1u‖Hs−k‖∇ρ‖
H[ s−k

2 ]+2 + ‖∂1u‖
H[ s−k

2 ]+2‖∇ρ‖Hs−k

)
‖Ω‖Hs−k .

Therefor, for k = 1, 3 there is,

t∫
0

|Q8| dτ �
(
E

1
2 (t)F

1
2
k (t) + F

1
2
2 (t)E

1
2
0 (t)

)
A

1
2
k (t)

+
(
E

1
2 (t)B

1
2
k (t) + E

1
2
0 (t)E

1
2
2 (t)

)
A

1
2
k (t)

+
(
E

1
2
0 (t)E 1

2 (t)B
1
2
2 (t) + E(t)B

1
2
k (t)

)
A

1
2
k (t)

+
((

E
1
2
k (t) + F

1
2
k (t)

)
E

1
2 (t) +

(
E

1
2
2 (t) + F

1
2
2 (t)

)
E

1
2
0 (t)

)
A

1
2
k (t).

(5.19)

And for Q9 we can write,

|Q9| �
(
‖∇b‖

H[ s−k
2 ]+2‖∇ · u‖Hs−k + ‖∇b‖Hs−k‖∇ · u‖

H[ s−k
2 ]+2 + ‖b‖Hs−k‖∇∇ · u‖Hs−k

+ ‖∂1∇ · u‖Hs−k‖b‖2
Hs−k + ‖∇b‖Hs−k‖b‖

H[ s−k
2 ]+2‖∇ · u‖

H[ s−k
2 ]+2

+ ‖∇b‖
H[ s−k

2 ]+2‖b‖H[ s−k
2 ]+2‖∇ · u‖Hs−k + ‖∂1ρ‖

H[ s−k
2 ]+2‖∇ · u‖Hs−k

+ ‖∂1ρ‖Hs−k‖∇ · u‖
H[ s−k

2 ]+2 + ‖ρ‖Hs−k‖∂1∇ · u‖Hs−k

+ ‖∂1b‖
H[ s−k

2 ]+2‖b‖H[ s−k
2 ]+2‖∇u‖Hs−k + ‖∂1b‖Hs−k‖b‖

H[ s−k
2 ]+2‖∇u‖

H[ s−k
2 ]+2

+ ‖b‖2
H[ s−k

2 ]+2‖∂1∇u‖Hs−k

)
‖Ω‖Hs−k .

Indeed, for k = 1, 3 there is,

t∫
0

|Q9| dτ � E
1
2 (t)

(
E

1
2
k (t) + F

1
2
k (t)

)
A

1
2
k (t) + E

1
2
0 (t)

(
E

1
2
2 (t) + F

1
2
2 (t)

)
A

1
2
k (t)

+ E(t)
(
E

1
2
k (t) + F

1
2
k (t)

)
A

1
2
k (t) + E

1
2
0 (t)E 1

2 (t)
(
E

1
2
2 (t) + F

1
2
2 (t)

)
A

1
2
k (t)

+ E(t)B
1
2
k (t)A

1
2
k (t) + E

1
2 (t)E

1
2
0 (t)B

1
2
2 (t)A

1
2
k (t) + E

1
2 (t)E

1
2
0 (t)E

1
2
2 (t)A

1
2
k (t).

(5.20)

Finally we focus on the most complicated term Q10. By Lemma 2.2,

|Q10| � wk‖Ω‖Hs−k

{(
1 + ‖b‖Hs−k

)(
‖b2‖

H[ s−k+1
2 ]+2‖∂2u‖Hs−k+1

+ ‖b2‖Hs−k+1‖∂2u‖
H[ s−k+1

2 ]+2 + ‖b1‖
H[ s−k+1

2 ]+2‖∂1u‖Hs−k+1

+ ‖b1‖Hs−k+1‖∂1u‖
H[ s−k+1

2 ]+2

)
+ ‖∂1b‖Hs−k

(
‖b2‖ [ s−k ]+2‖∂2u‖Hs−k + ‖b2‖Hs−k‖∂2u‖ [ s−k ]+2
H 2 H 2
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+ ‖b1‖
H[ s−k

2 ]+2‖∂1u‖Hs−k + ‖b1‖Hs−k‖∂1u‖
H[ s−k

2 ]+2

)}
.

For k = 1, we can bound 
∫ t

0 |Q10| dτ as follows

sup
0≤τ≤t

(
1 + ‖b‖Hs−1

)
‖b2‖H[ s2 ]+2

t∫
0

w
1
2
1 ‖∂2u‖Hsw

1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(
1 + ‖b‖Hs−1

)
(1 + τ)−1‖b2‖Hs

t∫
0

w
1
2
3 ‖∂2u‖H[ s2 ]+2w

1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(
1 + ‖b‖Hs−1

)
w

1
2
3 ‖b1‖H[ s2 ]+2

t∫
0

(1 + τ)−1‖∂1u‖Hsw
1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(
1 + ‖b‖Hs−1

)
w

1
2
1 ‖b1‖Hs

t∫
0

‖∂1u‖H[ s2 ]+2w
1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(1 + τ)− 1
2 ‖∂1b‖Hs−1‖b2‖

H[ s−1
2 ]+2

t∫
0

w
1
2
2 ‖∂2u‖Hs−1w

1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(1 + τ)−1‖∂1b‖Hs−1‖b2‖Hs−1

t∫
0

w
1
2
3 ‖∂2u‖

H[ s−1
2 ]+2w

1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(1 + τ)−1‖∂1b‖Hs−1w
1
2
3 ‖b1‖H[ s−1

2 ]+2

t∫
0

‖∂1u‖Hs−1w
1
2
1 ‖Ω‖Hs−1 dτ

+ sup
0≤τ≤t

(1 + τ)− 1
2 ‖∂1b‖Hs−1w

1
2
2 ‖b1‖Hs−1

t∫
0

‖∂1u‖
H[ s−1

2 ]+2w
1
2
1 ‖Ω‖Hs−1 dτ.

Here, we have used the fact (1 + t)−1 ≤ w
1
2
0 and (1 + t)− 1

2 ≤ w
1
2
0 . Therefore,

t∫
0

|Q10| dτ � E
1
2 (t)E

1
2
1 (t)A

1
2
1 (t) + E

1
2
0 (t)E

1
2
3 (t)A

1
2
1 (t) + E

1
2
3 (t)E

1
2
0 (t)A

1
2
1 (t)

+ E
1
2
1 (t)E 1

2 (t)A
1
2
1 (t) + E

1
2
0 (t)E 1

2 (t)E
1
2
2 (t)A

1
2
1 (t) + E

1
2
0 (t)E 1

2 (t)E
1
2
3 (t)A

1
2
1 (t)

+ E
1
2
0 (t)E

1
2
3 (t)E 1

2 (t)A
1
2
1 (t) + E

1
2
0 (t)E

1
2
2 (t)E 1

2 (t)A
1
2
1 (t).

(5.21)

Similarly, for k = 3, we can bound 
∫ t |Q10| dτ as follows.
0
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sup
0≤τ≤t

(
1 + ‖b‖Hs−3

)
‖b2‖Hs−2

t∫
0

w
1
2
3 ‖∂2u‖Hs−2w

1
2
3 ‖Ω‖Hs−3 dτ

+ sup
0≤τ≤t

(
1 + ‖b‖Hs−3

)
w

1
2
3 ‖b1‖Hs−2

t∫
0

‖∂1u‖Hs−2w
1
2
3 ‖Ω‖Hs−3 dτ

+ sup
0≤τ≤t

‖∂1b‖Hs−3‖b2‖Hs−3

t∫
0

w
1
2
3 ‖∂2u‖Hs−3w

1
2
3 ‖Ω‖Hs−3 dτ

+ sup
0≤τ≤t

‖∂1b‖Hs−3w
1
2
3 ‖b1‖Hs−3

t∫
0

‖∂1u‖Hs−3w
1
2
3 ‖Ω‖Hs−3 dτ.

Which yields that,

t∫
0

|Q10| dτ � E
1
2 (t)E

1
2
3 (t)A

1
2
3 (t) + E

1
2
3 (t)E 1

2 (t)A
1
2
3 (t)

+ E(t)E
1
2
3 (t)A

1
2
3 (t) + E

1
2 (t)E

1
2
3 (t)E 1

2 (t)A
1
2
3 (t).

(5.22)

Integrating (5.15) in time and incorporating the bounds in (5.16), (5.17), (5.18), (5.19), 
(5.20), (5.21) and (5.22), applying Young’s inequality, we obtain the desired inequality 
in Proposition 5.2. �
6. Decay estimate of u2

This section proves the a priori bound for the energy functional U(t). As indicated by 
its definition, U(t) measures the regularity and decay properties of the second velocity 
component u2. The precise upper bound is stated in the following proposition.

Lemma 6.1. Let Etotal(t) be the total energy defined in (3.2). Then, for any t > 0,

U(t) � E0(t) + P1(t) + B1(t) + P3(t) + B3(t).

Proof. We recall the equation of u2 in (1.2),

∂tu2 − Δu2 + 1
ρ + 1∂2P = −u · ∇u2 −

ρ

ρ + 1Δu2 + 1
ρ + 1b · ∇b2 −

1
2(ρ + 1)∂2|b|2.

Taking the inner product in Ḣs−2 yields

1
2
d

dt
w2‖u2‖2

Ḣs−2 + w2‖∇u2‖2
Ḣs−2 =

3∑
Wi, (6.1)
i=1
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where,

W1 = 1
2∂tw2‖u2‖2

Ḣs−2 ,

W2 = −w2

∫
∂s−2(u · ∇u2) ∂s−2u2 dx− w2

∫
∂s−2

( ρ

ρ + 1Δu2

)
∂s−2u2 dx,

W3 = w2

∫
∂s−2

( 1
ρ + 1

(
− ∂2P + b · ∇b2 −

1
2∂2|b|2

))
∂s−2u2 dx.

To bound W1, we use the fact w1 = w
1
2
0 w

1
2
2 to obtain

t∫
0

|W1| dτ = 2 − σ

2

t∫
0

w
1
2
0 ‖u2‖Ḣs−2w

1
2
2 ‖u2‖Ḣs−2 dτ � E

1
2
0 (t)U 1

2 (t). (6.2)

It is clear that W2 is bounded by

t∫
0

|W2| dτ � sup
0≤τ≤t

‖u‖Hs−2

t∫
0

w2‖∇u2‖2
Ḣs−2 dτ

+ sup
0≤τ≤t

‖ρ‖Hs−3

t∫
0

w2‖Δu2‖Hs−3‖u2‖Ḣs−1 dτ

� E
1
2 (t)U(t).

(6.3)

By integration by parts,

|W3| � w2‖ρ‖Hs−3
(
‖∂2ρ‖Hs−3 + ‖∇b‖Hs−3‖b‖Hs−3

)
‖u2‖Ḣs−1 .

Therefore, notice the assumption (3.1) we shall derive

t∫
0

|W3| dτ � E
1
2 (t)P

1
2
2 (t)U 1

2 (t) + E(t)B
1
2
2 (t)U 1

2 (t)

�
(
P

1
2
1 (t) + B

1
2
1 (t) + P

1
2
3 (t) + B

1
2
3 (t)

)
U

1
2 (t).

(6.4)

Integrating (6.1) in time, applying Young’s inequality, and using (6.2), (6.3) and (6.4), 
we then obtain the desired inequality stated. �
7. Proof of Theorem 1.1

This section makes use of the estimates in the propositions of the previous sections 
to finish the proof of Theorem 1.1.
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Proof of Theorem 1.1. The local-in-time well-posedness of (1.2) in the Sobolev setting 
Hs(T 2) with sufficiently large s can be shown following standard approaches (see, e.g., 
[32]). It remains to establish the global bound of (ρ, u, b) in Hs. We employ the boot-
strapping argument (see, e.g., [38]). The first step here is to combine the inequalities 
obtained in the propositions for E0(t), E(t), Ek, Pk, Bk, Ã(t), Ak(t) and U(t) to show 
that, for some positive constant C∗,

Etotal(t) ≤ C∗Etotal(0) + C∗E
3
2
total(t), (7.1)

where Etotal(t) is as defined in (3.2), or

Etotal(t) �
∑

i=0,1,3
Ei(t) +

∑
i=1,3

Pi(t) +
∑
i=1,3

Bi(t) +
∑
i=1,3

Fi(t) +
∑
i=1,3

Ai(t)

+ Ã(t) + U(t) + E(t).

According to Propositions 3.1, 4.1, 4.2, 4.3, 5.1, 5.2 and 6.1,

E0(t) � E0(0) + E
3
2
total(t), (7.2)

E(t) � E0(0) + E
3
2
total(t), (7.3)

E1(t) � E1(0) + E
1
2
0 (t)

(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)
+ E

3
2
total(t), (7.4)

E3(t) � E3(0) +
(
E

1
2
1 (t) + P

1
2
1 (t) + B

1
2
1 (t)

)(
E

1
2
3 (t) + P

1
2
3 (t) + B

1
2
3 (t)

)
+ E

3
2
total(t), (7.5)

Pk(t) � Ek(0) + Ek(t) + E
3
2
total(t), k = 1, 3, (7.6)

Bk(t) � Ek(0) + Ek(t) + Pk(t) + E
3
2
total(t), k = 1, 3, (7.7)

Ã(t) � E0(t) + E
3
2
total(t), (7.8)

Ak(t) � Ek(t) + Fk(t) + E
3
2
total(t), k = 1, 3, (7.9)

Fk(t) � E0(t) + Ã(t) + E
1
2
k (t)A

1
2
k (t) + E

3
2
total(t), k = 1, 3, (7.10)

U(t) � E0(t) + P1(t) + B1(t) + P3(t) + B3(t). (7.11)

(7.2) and (7.3) imply that E0(t) and E(t) satisfies (7.1). (7.8) then assesses that Ã(t)
satisfies (7.1). Inserting (7.2), and (7.6) and (7.7) with k = 1 in (7.4) yields

E1(t) � E1(0) +
(
E

1
2
0 (0) + E

3
4
total(t)

)(
E

1
2
0 (0) + E

1
2
1 (t) + E

3
4
total(t)

)
+ E

3
2
total(t)

≤ 1
2E1(t) + C Etotal(0) + C E

3
2
total(t).

That is,

E1(t) ≤ C Etotal(0) + C E
3
2
total(t). (7.12)
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Inserting (7.12) in (7.6) and (7.7) with k = 1 leads to

P1(t) ≤ C Etotal(0) + C E
3
2
total(t), (7.13)

B1(t) ≤ C Etotal(0) + C E
3
2
total(t). (7.14)

Inserting (7.12), (7.13) and (7.14) as well as (7.6) and (7.7) with k = 3 in (7.5), we find 
that

E3(t) ≤ C Etotal(0) + C E
3
2
total(t),

which, in turn, yields

P3(t) ≤ C Etotal(0) + C E
3
2
total(t),

B3(t) ≤ C Etotal(0) + C E
3
2
total(t).

As a consequence, (7.11) implies U(t) satisfies (7.1). Inserting (7.9) in (7.10) then shows 
that

Fk(t) ≤ C Etotal(0) + C E
3
2
total(t),

which subsequently implies

Ak(t) ≤ C Etotal(0) + C E
3
2
total(t).

We have thus verifies (7.1).

We apply the bootstrapping argument to (7.1). Assume the initial data (ρ0, u0, b0) in 
Hs(T 2) is sufficiently small,

‖(ρ0, u0, b0)‖Hs ≤ ε

such that

C∗Etotal(0) ≤ 1
16(C∗)2 .

If we make the ansatz that

Etotal(t) ≤
1

4(C∗)2 , (7.15)

then (7.1) implies

Etotal(t) ≤
1
∗ 2 + 1Etotal(t)
16(C ) 2
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or

Etotal(t) ≤
1

8(C∗)2 . (7.16)

That is, (7.16) provides a sharper upper bound than the ansatz (7.15) does. The boot-
strapping argument then concludes that (7.16) holds for any t > 0. The desired global 
bound of (ρ, u, b) in Hs(T 2) then follows. This finishes the proof of Theorem 1.1. Notice 
that the constant C∗ above can be chosen large enough so that Etotal(t) < 1

2 , it then 
shows the rationality of assumption (3.1). �
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