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Abstract

This paper presents a new small data global well-posedness result on the incompressible Oldroyd-B
model with only dissipation in the equation of stress tensor (without stress tensor damping or velocity
dissipation). The dissipation is not necessarily given by the standard Laplacian operator and any fractional
dissipation with fractional power equal to or greater than 1/2 suffices. The functional setting is the hybrid
homogeneous Besov spaces, which allow us to maximize the functional spaces of the initial data.
© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

The Oldroyd-B model, derived by J.G. Oldroyd, reflects one of the most popular constitutive
laws obeyed by viscoelastic fluids such as solvent with particles suspended in it (see, e.g., [3,12,
15,34]). A general form of the d-dimensional incompressible Oldroyd-B model is given by
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uy+u-Vu+vA®u +Vp=u V-1, (t,x)eR* x R4,
T +u-Vt+ar + A2t + Oz, Vu) = uoD(u),
V-u=0,

u(0, x) =up(x), 7(0,x)=r10(x),

(1.1

where u(t, x) stands for the velocity, p(z, x) the pressure and t(z, x) the non-Newtonian part of
the stress tensor (a d-by-d symmetric matrix), and 0 <o, 8 <1 and v, u1, a, (2 are nonnegative
constants. Here D(u) is the symmetric part of the velocity gradient, namely

1
D(u) = E(vu +(Vu)T")
and the bilinear term Q assumes the following form
Oz, Vu) =tWu) — W)t — b(D(u)t + tD(u)) (1.2)

with b € [—1, 1] being a constant and W (1) being the skew-symmetric part of the Vu,
1 T
W) = E(Vu — (Vu) )

In addition, A = (—A)% is the Zygmund operator and the general fractional Laplacian operator
(—A)Y is defined through the Fourier transform, namely

N FE) = E] F(E).

When o =1 and 8 =1, (1.1) reduces to the standard Oldroyd-B model. For general fractional
powers @ > 0 and 8 > 0, (1.1) allows us to examine a family of equations simultaneously and
helps us understand how the properties of the solutions vary with respect to the sizes of o and 8.

Due to its special structure and features, the Oldroyd-B model has recently attracted con-
siderable interests from the community of mathematical fluids. A rich array of results have been
established on the well-posedness and closely related problems. To place our results into the con-
text of existing research, we briefly describe some of related work. We start with the case o = 1
and n = 0. When v > 0 and a > 0, the existence and uniqueness of local strong solutions have
been established in Hilbert spaces H® by Guillopé and Saut [24]. If the coupling parameters and
the initial data are sufficiently small, these solutions are shown to be global [25]. Similar results
in L — L" space were obtained by Fernandez-Cara, Guillén and Ortega [22]. The study of the
existence and uniqueness in the critical Besov setting was initiated by Chemin and Masmoudi
[7]. Their results were improved in the critical L? framework for the case of the non-small cou-
pling parameters by Zi, Fang and Zhang [41]. In the corotational case, namely b = 0 in (1.2), the
global existence of weak solutions was established by Lions and Masmoudi [32].

Several more recent results dealt with the case when there is only kinematic dissipation
(no damping or dissipation in 7), namely (1.1) with v > 0 and a = n = 0. Zhu [40] obtained
small global smooth solutions of the 3D Oldroyd-B model with o = 1 in time-weighted Sobolev
spaces. Chen and Hao [8] extended this small data global well-posedness to the critical Besov
setting, again for « = 1. The work of Wu and Zhao [36] were able to establish the small data
global well-posedness in critical Besov spaces for any « in the range 1/2 <o < 1.
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We now turn to the case when there is no kinematic dissipation, namely (1.1) with v = 0.
The well-posedness problem becomes extremely difficult. When both the damping mechanism
and the Laplacian dissipation are present for 7, Elgindi and Rousset [18] were able to establish
a small data global well-posedness result in the Sobolev space for the 2D Oldroyd-B. The 3D
case was resolved by Elgindi and Liu [19]. We remark that the damping mechanism in 7 plays
a crucial role in [18,19]. A recent work of Constantin, Wu, Zhao and Zhu [15] were able to
establish the small data global well-posedness for (1.1) with v =0, a = 0 and % < B <1, thecase
of no damping and general fractional dissipation in 7. This result is for general d-dimensional
space in the Sobolev space H* (Rd )withs > 1+ %. [15] offered a key observation that the non-
Newtonian stress tensor can actually regularize the viscoelastic fluids. We remark that there is a
very large literature on the Oldroyd-B model and interested readers may consult the references
[2,9,11-15,20,21,26,27,29-31,33,35-39]. This list is by no means exhaustive.

This paper focuses on the following generalized Oldroyd-B model without dissipation or
damping mechanism

ur+u-Vu+Vp=mV-1, (t,x)eRT xR,
T +u-Vr+nA2Pt 4+ Q(tr, Vu) = o D(u),
V-u=0,

u(0,x) =up(x), t(0,x)=r19(x).

(1.3)

The goal of this paper is to extend the work of Constantin, Wu, Zhao and Zhu [15] to critical
Besov setting. The small data global well-posedness of [15] is in the Sobolev setting H*(R%)
with s > 1 + % The advantage of the critical Besov spaces is that they weaken the regularity
requirements on the initial data and maximize the functional setting of the solutions.

Due to the lack of the kinematic dissipation, the global well-posedness and the stability prob-
lem on (1.3) is not trivial. The first equation in (1.3) is a forced incompressible Euler equation.
As revealed in the work of Kiselev and Sverak [28], the gradient of the vorticity (the curl of the
velocity) to the 2D Euler equation in a unit disk can grow double exponentially in time. These
growth results on the Euler and forced Euler equations appear to suggest that we should not ex-
pect the stability of (1.3) near the trivial solution in any Sobolev or Besov settings. The results of
this paper are possible due to a new observation. Let P = I — VA~!V. denote the standard Leray
projection onto divergence-free vector fields. It is easy to check from (1.3) that u and A~!'PV - 7
satisfy

wu—VIPV.t1=—Pu-Vu), xeR?¢ >0,
HATIPV -1+ nAPATIPV 1+ L Au (1.4)
=—A"'"PV.-u V1) = APV Q(1, Vu).

For the sake of clarity, we focus on the linearization of (1.4), which is given by

_vil]P)V. =
{8[“ T 0, (15)

HAT'PV -1+ nAPATIPYV 1+ B2 Au=0.

By differentiating (1.5) in 7 and making suitable substitutions, we find that u and V™'PV . ¢
satisfy exactly the same damped wave equation,
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{E),,u—i—r)AzﬁB,u—%Au:O, (1L6)

3 VIPV- -1+ APy VTIPYV .1 — 2AVTIPV. 7 =0.

(1.6) reveals the hidden dissipation and dispersion regularization properties for  and V™!PV ..
We exploit the regularization of (1.6) by constructing suitable energy functionals based on (1.6).
This explains the prime reason why the small data global wellposedness and stability are possible
even when the velocity equation involves no dissipation and the equation of T has no damping.

We choose the critical Besov space as the functional setup for our global solutions. We ex-
plain how we select the precise regularity indices of the Besov spaces. For the d-dimensional
incompressible Navier-Stokes equations with general fractional dissipation

Qu+u-Vu+Vp+vA®u=0, xeR% >0, (1.7)
one of the standard critical space is the homogeneous Besov space

1+2 (Rd)

B
Critical spaces on the Navier-Stokes or generalized Navier-Stokes equations can be found in
many papers and books (see, e.g., [1,4-6,23]). Any solution (u, p) of (1.7) and its naturally
scaled counterpart (u, py)) with

w (8, x) = 2227w ax),  pat, x) =247 p(02%%, ax)

share the equivalent norm

—2u
lu(t, ) 1 d_y R lup A ) Ld .
lej 277 (R B;[ 277 (Rd)

As can be seen from (1.6), both u and A~'PV - t are fractionally dissipated via the operator
(—A)# in addition to the dispersion effect. As a consequence, the natural setup for u and t
should involve the homogeneous critical Besov space

1+2 2,3(Rd)

B
The situation here is more complex due to the nonlinear coupling and the partial dissipation
in (1.3). Strictly speaking, there is no scaling invariance for (1.3). As we explain later in this
introduction, the low frequencies and the high frequencies have different regularity setting and
we employ the hybrid Besov spaces introduced by Danchin in [16,17] and used by Chen, Miao
and Zhang [10] in their studies of the compressible Navier-Stokes equations.
After explaining some of the basic ingredients of our main result, we are ready to provide a
precise statement.

Theorem 1.1. Let d > 2 and 1, 2, n > 0. Assume
. 1 [ 2
either 3 <B=<1 or B= 3 with n°= > Cupa,
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d
. . . -di2
where C > 0 is a pure constant. Then there exists a small constant € such that if 1o € By | P N
d d d
. 4128 -4d428-1
B22,1’ uoeBi1 ﬂBﬁl satisfy V - ug =0 and
luoll , dy10p .4 + 7ol 4 ¢ <€ (1.8)
L dy1op L digp-i L dypop 4 =6
By, NB;, B NB;,
then (1.3) has a unique global solution (u, T) satisfying
LopS1-28 294261 L. 3+l
ueCR™; By, N By, YNL ' (R™; By, )
d d d d
+. paTI=28 | p3 I+, patl ~ 7128
TteCR™; By, NByy), teL R";By) NByy ).
In fact, we have
Sup(”u” . 1+1,25 . d+2/5,1 + ”T” . 1+1,2ﬁ d )
t 322,| r1322,1 322,1 r“322,1
[e¢) o
+/||u||v%+,dt/+v/||r||h.d+2ﬁdt/§£ (1.9
0 BZ.] 0 Bz%|
and
t
[||r(t’)||l 0,4 Se+er (1.10)
0 322,1
. . . c441-28 -4y
Furthermore, if (u, t0) is more regular and sufficiently small, say to € By | NBy, ,up€
d d

L4412 cdiogts—1 . .
B;, P NB;, P with s > 0 and their norms are smaller than ¢ depending on s, then we
have

N ) ) -1 .4 .4y
wueCRY: BT AP Y n @y B2 n BT,
' ' ' ' (1.11)
L4119 L dg L dyg .dyo
reC®* B T NBI), el ®Y B nB: ).

Our result establishes the small data global existence and regularity of (1.3) in critical Besov
spaces. It is not clear if the upper bound (1.10) for the time integral of the lower frequency piece
of 7 can be improved to a time independent bound. In order to describe our proof, we explain
how the low frequencies and the high frequencies are set in different regularity Besov spaces in

order to suit the linearized system in (1.5) or equivalently in (1.6). (1.5) can be written as

u u
8’(V—1Pv-r>:A(v—1PV.r)’ (1.12)

where
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0 n1A

Let 7 = A~!PV . r, then the solution can be expressed as

(), T(1) " =AM w(0), 7(0) 7.

In the frequency space, A becomes a multiplier and the eigenvalues of A(£) are given by

nlEPP VP IEI — 2l

Ay =
- 2
o MEP =PI — 2 palé P
- > .
The change of functions
A M2 A 2
0§ = - [l + AT,

07 (8) = Ayli + 6T

diagonalize the system (1.12).
For%gﬁglandas§—>0,

1 2 1 2
Ay ~ —=nlE|? and A_ ~ —=p|&?P,
+ 2nIEI an 2nlél

vt and v~ both behave like the heat kernel operator o2 Therefore, for low frequencies, u
and 7 have the parabolic behavior

. 1, A2
u, T ~ e A%

. . . -4y .
and this explains why we choose the critical Besov space Bzzir P for the low frequencies.
Similarly, for % <B<landasé& — oo,

Hipn2 _
Ay o~ —nlEPFand Ao~ =g
n
n _ ) Y D p22p )
and v™ and v~ behave like the heat kernel operator e~" and e 2 , respectively,
for the high frequencies. In the case when g =1, A, ~ —n|€|? and A_ ~ —“yﬂ‘z as & — oo,

—ﬂ[Azﬂ

vT has the parabolic smoothing effect that behaves like heat kernel operator e ,and v~

has the damping effect for the high frequencies. 7 and u have similar behaviors as v™ and v~

d d
. . . .. 5 5+28—1 55
respectively. This explains why we choose the critical Besov space Bj P for u and By | for

T.
To accommodate the different behaviors of the solution (i, t) at low and high frequencies,
we adopt the hybrid Besov spaces (with different regularity indices for low and high frequencies)
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as our functional setting. This explains the selection of the Besov spaces for the initial data in
Theorem 1.1. The proof of Theorem 1.1 focuses on establishing the global bound on the solution.
The framework of the proof is the bootstrapping argument. This process starts with the definition
of a suitable energy functional. As explained before, we need to make use of the stabilizing and
smoothing effect of the wave structure in (1.6). In addition, we also incorporate the hybrid Besov

setting in the energy functional. As detailed in the following section, we use ||u ||l and |ju ||h
By Bq

to represent the low and high frequency pieces of the Besov norm B;’ 4- Therefore, our energy
functional E consists of four parts

E@t) = E\@) + EL @) + E'(t) + EM 1), (1.13)

where E(l)(t) and Eé’ (t) denote the low and high frequencies associated with the wave structure,
more precisely,

Eo<t)—sup||u|| g1z TSUPIAT 'PV . r||’ 4o
21 21

/||u||l 4,4t +/||A 'pv. r||’ g L4,
21 21

E0<r>fsup ||u||hd+2ﬁ 1

,1

+sup [PV - r||h . f lue])” mdr
2
and E!(t) and E"(r) are the low and high frequency pieces for the original system,

FOLsplul! g, sl /Ilull L +/||A PVl

21 21 21 B21
1

E"n & sup ||u||”

+2ﬁ 1
1

h h h ¢

+sup |z el dt’ +/IIT|I m :
t B
2

1

&
Nuoa

Lo
It is clear from the definitions of Eé(t), Eg (¢), E'(¢) and E"(¢) that
E(t) ~ E'(t)+ E"@).
In addition, we also estimate the time integral of the lower frequency piece of t, namely
EL@) £ sup ||r||l dor2p f ||r||’ L7
l 2 l

To prove the global bound and the existence part of Theorem 1.1, our main efforts are devoted
to establishing the inequality
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E(1) < C1Eo + C2 EX(1), (1.14)

where C; and C; are positive constants independent of 7, and

Ey= IIMOIIB%H_M%W_l + IIIOIIB%H_M%-

The bootstrapping argument applied to (1.14) implies the desired result. That is, there exists a
small constant ¢ > 0 such that, if (1.8) holds or Ey < 82, then, for a pure constant C > 0,

E(1)<Ceg>  foralls>0.

This uniform upper bound, in particular, yields the global bound on the Besov norms of (u, 7).
Together with the local well-posedness which follows from a standard procedure (see, e.g., [1,8,
16]), we obtain the global existence part of Theorem 1.1. The proof of (1.14) is very technical
and takes advantage of the special wave structure. More details can be found in Sections 3 and 4.

The proof of the uniqueness part of Theorem 1.1 is not trivial. Due to the lack of the velocity
dissipation in the original system (1.3), we also need to make use of the parabolic smoothing or
damping effect of the wave structure as well. We establish a priori bounds on the difference of
two solutions combining the wave equations and the original system. More technical details can
be found in Subsection 4.2.

To establish the high regularity part of Theorem 1.1, we replace the energy pieces associated
with the high frequencies in (1.13) by the following more regular pieces:

hy, o h h
Eq' (1) = sup [|ul| 45 TSUPIPV -7
t B2 t B

2,1

SN

1
+/ el e, (1.15)
1 0 322.1

IS

t t
rh A h h h / h /
E (t)zsupnun.4+25+sup||r||_4+1+f||u||,4+2dr +/||r||.4+2ﬂ+ldt. (1.16)
! 322| ! 322| 3221 3221
N » O 5 0 s

The key component of the proof is the following energy inequality

EJl (1) + E™ (1) < C1E) + C2((E'g (1) + E"" (1)) E(1) + E2(1)). (1.17)

The proof of this energy inequality shares some similarities as the proof of (1.14), and is a
consequence of a tedious process of controlling many terms. The high regularity part in (1.11)
follows directly from (1.17). More details can be found in Section 5.

The rest of this paper is divided into four sections. Section 2 serves as a preparation. It provides
the definitions of the homogeneous hybrid Besov spaces and supplies various inequalities such
as bounds for products and triple products in Besov norms. Section 3 presents the proof of the
key energy inequality, namely (1.14). The proof is long and involves many tedious estimates.
Section 4 proves the existence part of Theorem 1.1 by applying the bootstrapping argument to
(1.14). The proof of the uniqueness part is also detailed in this section. The last section, Section 5,
establishes the higher regularity part of Theorem 1.1.
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2. Littlewood-Paley theory and Besov spaces

We review several facts about the homogeneous Littlewood-Paley theory, Besov spaces, hy-
brid Besov spaces, and products and triple product estimates in these spaces.

2.1. Littlewood-Paley decomposition
The definition of the homogeneous Littlewood-Paley decomposition relies on the dyadic par-

tition of unity (see, e.g., [1]). Let ¢ € C*®(R?) be a radial functions supported in C = {£ €
R, % <& < %} satisfying

Do eI =1if §#£0

JEZ

We use for F(f) to denotes the Fourier transform of f, and F~!(f) to denote the inverse
Fourier transform of f. We set

h(x) =F (&)
and define the dyadic blocks as follows

Aju=¢Q2 7/ Dyu=2/1 / h(Q27y)u(x — y)dy,
Rd

S'ju: Z Aj/u.

J'<j-1

Definition 2.1. We denote by S, the space of tempered distributions u such that

lim S;u=0in S

j——00

Then the homogeneous Littlewood-Paley decomposition is defined as

u:ZAJ-u, for ues,.
JEZ

With our choice of ¢, we have
AjAu=0if |j—k|>2, and Aj(Sp_1ulu)=0 if |j — k| >4.
The following lemma provides Bernstein-type inequalities for fractional derivatives.
Lemma 2.1. Let B > 0. Let 1 < p <g <+4o00.
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(1) Let j € Z and m > Q. If f satisfies
suppf < (§ €RY, 5| =m 2/},
then, for some constant C independent of f and j,
1A? Fllaqay < C2PHHG=0) £y g,
(2) Let j € Z and my,mp > 0. If f satisfies
suppf C (& € RY, m2/ < €] <my2/},
then, for two constants C1 and C; independent of f and j,
P flacgay < IAP Fll oy < C227 9070 £l gy
Especially, Lemma 2.1 holds for the dyadic blocks, namely for f = A ju.
2.2. Homogeneous Besov spaces
Definition 2.2. For s € R and 1 < p, r < 0o, the homogeneous Besov space B;’r is defined as
B, 2ues, lul sy, < 00},
where the homogeneous Besov norm is given by
lull gy = 12714 jullodj -
Clearly, the definition of the space B;yr does not depend on the choice of ¢.

2.3. Hybrid Besov spaces

The following hybrid Besov spaces allow different regularity indices for low and high fre-
quencies (see [17]).

Definition 2.3. For s, 7 € R, the hybrid Besov space B is defined by
BY 2 {ueS), ullg. < oo}

with the norm given by

el o = > 27 N1 Ajull 2+ 27 A jul| 2.

J=0 i>0
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We will use the notation

) A IS A h is A
“u”BEl = E 277 |Ajull2  and ”“”351 £ E 271 A jull.
' j<0 ' j>0

For s,t € R and r € [1, oc], L’T(B”) =L"0,T; B“") denotes the standard space-time space
with the norm

el g sy = et s .-

In contrast, the norm of the space-time Besov space Z’T(BS ') is defined by
Nl g ey = D 27N A jull s g2+ ) 27 A jull 2
j<0 j>0
By the Minkowski inequality, we easily find that Z}.(B*") = L}.(B**) and L’ (B*') C L} (B*")
forr > 1 (see, e.g., [1]).

The following lemma is a direct consequence of the definition of the hybrid Besov space.
Please refer to [17] for more details.

Lemma 2.2.

(i) We have B* = B2‘ 1
(ii) If s <t then B*' = B§ | N ?5,1- Otherwise, B =Bj  + B} ,.
(iii) If s1 < s and t; > 1y, then BS1"'l < B2:12,

2.4. Paraproducts and product estimates in hybrid Besov spaces
We continue to review more information on the Besov spaces and hybrid Besov spaces. Espe-

cially product and triple product estimates in these spaces are provided. We start by recalling the
paraproduct decomposition

uv = Tuv + Tvu + R(u, v),

where the homogeneous paraproduct of v by u is given by

Tiv 2 38, udg,
q
and the homogeneous remainder of u and v by
R(u, v) & ZAqquu, and Zq = Aq,l + Aq + A,ﬁl.
q

One useful property of the homogeneous Besov spaces is the Besov embedding.
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Proposition 2.3. Assume s, 51,52 € R and 1 < p, p1, pa,r,r1,r2 < 400. Then we have the fol-
lowing properties:

d d

. <S— +)
(i) If p1 < p2, r1 <1y, then B;) ~'—>B bz

1,71 2”2

(ii) If s1 # s2 and 6 € (0, 1), then

el gosyv1-ors, < a1, B, IIMII

(iii) H® ~ B3, and

. . Is|+1 .
< <
e g, <l < PP

. . d
(iv) Ifs > 0, then B5 | N L™ (especially By ) is an algebra.
Proposition 2.4. Assume s > 0,u € LN B; yandve L*N B% 1 Then uv € L N Bg | and
RS < 00 RS 00 RS .
vl gy, S Nl 0l + ol

31+sz 2

Let 51,50 < % such that sy +s2 >0, u € B;ll andv € B;zl Then uv € B and

vl v-g S Ml 0l o

2,1

The two Propositions above can be found in [1]. The following estimates in hybrid Besov
spaces are very useful and their proofs can be found in [17]. For reader’s convenience, we provide
the proof.

Proposition 2.5. Let 51, 52,11, € Rand 51 < % and sy < << Then following estimate holds

[ TR 17 PR P

If min(sy +t1, 52 + 1) > O, then
||R('4 vl Y14.,1__ Y24.,2__ ~ ”””Bfl 52 ||U||Bf1 -
Ifuel®™,
||Tuv||1'gf1 n S ||u||L°°||U||Bf1 7

and, if min(t1, tp) > 0, then

IR, )l g S Nullzoe 1ol o, -
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Remark 2.6. When d > 2, we have ||uv]| 54

1
+172,3,% < ”u”Bz% ”v”B%Jrl—Zﬁ,% (§ < ﬂ =< 1)

Proof. Clearly,

APTMU = Z A,,(S‘q_lquv).
lg—pl=3

When p <0,g = p and 51 < %,then

. rd .
I1Sg—rulleoe S D 25 Ayl
q'<q-2

red ’ .
< Z 24" (5=s1)94's1 1A ull;2
q'<q-2

d
S29G 70 ] gy,
~ d
When p > 0,9 = p and 51, 55 < 2,then

. rd .
ISg—1ulzee S Y 2951 Agul 2
q'<q-2

red ’ . red ’ .
S 2ETIN Al + Y 27TV Al 2

q'<0 0<q'=q—-2
red red _
SO 227G e+ Y 297G e | sy
q'<0 0<¢’'=q—-2
d_
2107 ) o
where the sequence ¢; satisfies } ;.7 ¢; < 1. Thus,
. d . . d . .
G —d tty—d
||Tuv||BS1+[1_%’S2+[2_%52217(&1+1 DIA, Tl 2+ Y 206 2D A T 0
p<0 p>0
d . .
-4
S 2PeHTE N 1Sy tulle 1 Agull 2
p=<0 lg—pl=<3
d . .
s h—75
+) 2P0 N IS, ulle | Ag vl
p>0 lg—p|=<3
d d H
si+—5 5= l
5221701-&-1 7) Z 24(5 v1)||u||BJN2IIAqv||L2
p=0 lg—pl=3

d d .
) 2petmD) N 2G|y gy, | Al 2
p>0 lg—pl=3

Sl gsrsa 0l ooy -
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In addition,

1Tuvll g S Y 2P 1A, Tvll2 + ) 27201 A Tyl 2
r=0 p>0

SY27 D0 ISg—uliel Al

p=0 lg—pl=3

+> 0202 3 I8 ul e | Agull e

p>0 lg—p|<3

S D2 ullolApvlla + D 272 ulll|Apvll 2
p=0 p>0

Slullizelivlige .

Recall that

ApRu,v)= " Ap(AguRgv).
q=p-2

If min(sy + #1, s + 2) > 0, we have

. d . .

ot

IR g oy S D272 NA R 0) 2
p=<0

dy s
+ > 2P AL R, v) | 2
p>0

d d . ~
522P(S1+t1—7)21’§ Z I Agull 21 Agv]l 2
p=0 q=p—2

_dypd ; A
+ZZ”(‘Y2+I2 3)9P3 Z IAqull2lAgvllz2
p>0 q=p-2

S (S L) Al R vl

p=0 p—2<q=<0 ¢>0

n Z 2 P(s2+12) Z IAqgull 2| Agvll 2
p>0 qzp—2

< Zzﬁ(ﬂ-ﬁ-tl)( Z 2—CI(S1+I1)cq +Zz_q(sﬁ_tz)cq)||14||1';s1~sz ||U||1§f1~f2
p=0 p—2<q=0 q>0

T — +t
+ ) 2Pt N 276D | oy sy 0] oy
p>0 q>p—2

Sl gsrsa vl ey
If 71, 1 > 0, we could get directly that
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IR, )l g S 2P AR )2 + Y 272 | Ay R(u, ) 2
p=0 p>0

<302 Nl Aguliz + 207 Y fulle | Aqull 2

p=0 q=p—2 p>0 q=p-2

<23 IRl e + Y27 Y (R gvll 2l

p=0 p—2<g<0 ¢>0 p>0 q=p-2

SY (Y 2 e+ 3 2 e ) full s vl o

p=0 p—2=<¢=0 q>0

t, —qr
+ Y2 Y 27y ful| oo vl g S luell oo 0]l o
p>0 q=p-2

This completes the proof of Proposition 2.5. O
2.5. Triple product estimates in hybrid Besov spaces
The following triple product estimates will be used frequently.

Proposition 2.7. Let u be a vector with V - u =0 and F be a homogeneous smooth function
of degree m. Suppose that —1 — % <Ss1,H,8,h <1+ % and ry,rp > —1— % The following
estimates hold

|(F(D)A,(u - Vv), F(D)Apv)|

< 2(m—s1)1’cp||u||l;%+1 ”U”B;ll A, F(D)v|l 2,
2,1 ’

|(F(D)A,(u - Vv), F(D)Apv)|

_ S1,52 .
S22Vl g 10l o I (D)A vl 2.
2,1

|(F(D)A,(u - Vv), F(D)A,v)|

Sep2"" Tl g Mol + 101 g el )
Bz,l Bz,l

X ||F(D)Apv||Lz for p >0,
[(F(D)A,(u-Vv), Apw) + (A, - Vw), F(D)Apv)|

_ 51,52 .
Sepllull g0y @27Vl o 1A pwll 2
2,1

+27PV RO | g [ F (D) A po]l12),

where the function y*P(p) defines as v*P(p) =a if p <0, y*P(p) =4, if p> 0, and
ZpeZ Cp = L.
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Proof. We start with the following Bony decomposition

F(D)A,(u-Vv)=F(D)A, > Sy 1u-VAgu

lg—pl<3
+F(D)A, Y Agu-VS, v
lg—pl<3
+F(D)A, Y Agu-VAgv
g=p-2
=h+DL+15

First, we give estimates for I for s1, so < % +1:

1all2 S 277 Y IAqul p2l18g-1 Vol

lg—pl=3
—a(d41 di1_
Szpm Z cq2 q(5+ )||M|| .%qu(fr Sl)”v”B;ll
lg—pl<3 B ’

S2PM 0 lull g ol g -
B2, 2,1

When p <0, we have

12ll2 S20™ Y Agull2llSq-1 Vvl L

lg—p|=<3
—a(2d11 41—
S22 )l g, 2T o sy
lg—p|=<3 Ba

270Nl g 0l syss -
B}

When p > 0, then

1allz2 S 2P Y I Agul 21181 Vol

lg—pI<3
—a(d11 41—
<2 N e 2D g 29 ),
lg—p|=<3 P

S0 eyl gy 10l g
B2,l

Next, we bound I3 for s, s > —% —1:

144 . .
173112 S 270" N [ Agull 2 Agull 2
q=p-2
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+14-4 —q(4+1 -
Szp(m +5) Z 2 q(5 )||u||.%+12 qs1 ”v”[};‘l
qzp-2 Bi "

S2PM0epllull a ol g
Bzzl 2,1

When p <0, then
d . .
13012 S 2P0 N | Agull 2l Agull 2
q=p-2

d A A
< gpmtl+9)( Z +Z)||Aqu||Lz||AqU||L2
p—2<g<0 ¢g>0

d d 4
< ppomHI+g) Z RCICR T S Zz—q(7+1)cq2_qs2)||ull

B%H ||U||1'3S1.52
p—2=¢=0 >0 21
20yl gy 10l s
BZ.I
When p > 0, then
144 . .
13012 S 2P0 N | Agull 2l Agull 2
qzp—2
1+-4 —a(d41 _
SQP(er +5) Z g2 q(5+ )||u|| .%+12 qssz”sz
q=p-2 Bi

S2Vepllull giallvl s
2,1

Notice that
L= Z [F(D)Apa Sq—lu] . VAqv
lg—pl=<3
+(Sq—l —Sp_1u - VAquF(D)v
+8,_1u-VA,F(D)v.

Thanksto V- u =0,

(11, ApF(D)v|
_ . d . . .
S QU Vull | VAl 2 + 272 A pull 2| A VE (D) )1 A, F (D)l 2
(m—1) —p(si—1) L
S (2’” p||u||32%1+lc,,2 Pl ||v||B;11

+2"’cp||u||1-ﬁ+12p(m+1_“)IIvIIl;gll)||ApF(D)U||L2
2.1 '
< 2<m*51>l’c,,||u||[9%+1 101l g 1A, F (D)) 2.

2,1
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When p <0, we get

(11, ApF(D)v|
_ . d . . .
S QUTIPIVU| o | VAvll 2 + 272 1A pull 2| A p V(D)0 )| A , F (D) 12

—1 — o1 —1
<2l g ep2 POl
2,1

+2_pcp||u||B%+] 2pmtl=s) ||v||Bs1,,Y2) IA,F(D)vl|,2

2,1

ST eplul gVl o 1A F DIV 2.
2,1

When p > 0, we have

(1, ApFD)| S22 eplull g 10l s 1A p F (DO 2.

2,1

Combining the estimates, we obtain the first two inequalities of the proposition. Similarly, we
can show the other two. This completes the proof. O

3. A priori estimates

This section presents the proof of the key energy estimate, namely (1.14). To achieve this,
we need to overcome two main difficulties. The firs one is the lack of dissipation in the velocity
equation. This is dealt with by taking advantage of the wave structure described in the introduc-
tion and involving suitable Lyapunov functional with inner product terms in the energy estimates
(see Lemmas 3.2 and 3.3). The second main complication is that the proof of (1.14) estimates
numerous terms and the dissipation is given by a general fractional operator. To handle this issue,
we make suitable combinations and make full use of the fractional Laplacian.

More precisely, this section proves the proposition.

Proposition 3.1. Assume that (t, u) is a solution to the system (1.3) on [0, T). Then, there exist
two positive constants C1, Cy independent of T such that

E(t) < C1Eo+ C2E*(t) and EL(t) S Eo+ (t + E())E(1), (3.1)

where Eo = |lug|| pdrios o T lI7oll pda1-2d-

In order to prove Proposition 3.1, we need the following two important lemmas. The first
lemma sets up the estimates for E(l)(t) + Eg (1), the low-frequency and the high-frequency energy
pieces associated with (u, PV - ). As we have explained in the introduction, (1, PV - 1) satisfies
a system of wave equations, who exhibits extra smoothing and stabilizing properties. This lemma
exploits this extra regularization to gain time integrability of u.

Lemma 3.2. Let (u, ) be the solution of system (1.3) on [0, T'). Then there exist two positive
constants C1, Cy independent of T such that
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t

cod _ . . _
E(l)(t)+E6‘(t)§C1E0+C2/22](2+1 2D1G i1/ NAjull 2 + 1A ATPY -1 2)de’
0 J=0

t

-d 1. N _
+C2/22Jz(|H,~|/(||A2ﬁ "Ajull2 +1A;A 1Pv-r||L2))dt’,

o />0
where
w2 .
Gj= _T(Ajp(u -Vu), Aju)

— 1 (A;ATIPY - (- VT4 Q(7, Vi), Aj(AT'PV - 1))

— Kl(Azﬂ”éjP(u-W), A;ATIPV -T) .

— Ki(APTTAGATIPY - (u- VT + Q(t, Vu)), Aju)
and

Hi=—n(AP7YA P - Vu), AP71A ju)

4/‘%' -1 |
—T(AjA PV - (u-Vt+Q(t,Vu), AjA"'PV - 1)
—ul(z}zﬁ‘lAj]P’(u-Vu),AjA—lJPv.r) '

— 11 (AjATIPY - (u- VT + Q(z, Vi), AP71A ju).

The second lemma completes the first-stage estimates on E L(t) + E"(t). We bound it in terms
of the initial data and the nonlinear terms.

Lemma 3.3. Let (u, T) be the solution of system (1.3) on [0, T). There exist two constants C1, C»
independent of T such that

t

.od . .
E'() + E" (1) sclEo+c2/Z2“7*‘*2*“(|Gj|/<||Aju||Lz+ 1A ATIPY - ll2)
o J=0

IV UA a2 + 1A T 2))dr
1

d 1: Co
o [ 2 (A% Az + 14,07 BY o)
o />0

+1Y1/1A T2 )dr
where G, Hj are defined as in Lemma 3.2 and

Vi=—pa(Aj- Vi), Aju) — pi(Aj@u- Vo), Ajr) — ui(A;Q(x, Vu), Ajr),
Yi=—(A;jw-Vt),Ajr) — (A;Q(t, Vu), Aj1).
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The rest of this section proves Lemmas 3.2 and 3.3, and then Proposition 3.1. For the sake of
the clarity, we divide the rest of this section into three subsections.

3.1. Proof of Lemma 3.2

Proof of Lemma 3.2. Naturally we divide the proof into two major steps. The first step focuses
on the estimate of Eé(t) while the second step provides the estimate for Eg(t).

Step 1: Estimate of Eé ).
Let Cy = 270, where Jo € Z is a fixed constant which will be chgsen Nin Step 2. By Lemma 2.1,
we can deduce that, for any function f, there exist two constants C1, C» such that

C129A; fllr < IAA; fllze < C22 A fllre, (3.2)

where « € [0, m] (m is a large positive integer). Applying the operator A ;P and A jA*IIP’V to
the first equation and the second equation of the system (1.3) respectively, we obtain

(Ajuw) — M AAJATIPY -1 = —A;P(u- Vu),
(AjATIPY - 1), +nA2é(AjA*‘Pv-z)+ LAAju (3.3)
=—A;AT'PV - (u- VT + Q(, Vu)).

Taking the L2-inner product of the first equation of (3.3) with A ju and of the second with
A jA_IIP’V - T, we obtain the following two identities:

d . — . , .
E”Ajbl”iz—u,](AAj(A "PV 1), Aju) = —(A;P - Vu), Aju), (3.4)

N =

and

1d . _ ; - M2 s P oa—
EPTLLNG PV O3, +0lAPAATIPY D)7, + o (MAju, AjA 'PV.1)
= —(AjAT"PV - (u- VT + Q(z, Vu)), Aj(AT'PV - 7). (3.5)
Applying A%~ to the first equation of (3.3) and taking the inner product with A’lAjIP’V - T,

taking the L?-inner product of the second equation of (3.3) with A2f~1A ju, and then summing
them up, we have

d . , .
E(AJ-A*Pv.r, AP A ) — i |IAPAATIPY -T2,
_ . . _ 2 .

(AP A ju, AP A A 1Pv-r)+%||AﬁAju||iz

=—(AP7TA; P - Vu), A;A7'PY 1) (3.6)
—(AjAT'PY (- VT + Q(7, Vu)), AYPTA ).

A linear combination of (3.4), (3.5) and (3.6) with K to be determined later leads to
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1d . .
<—||A w2+ 1A AT PY - 1)2, + 2K (AjATIPY -1, Azﬂ_lAju))

2K1 B A p—1
IAPAjull?, + (win — i KDIAPTTAPY - 117, (3.7

+
+17K1 APVA ju, APAATIPY 1) =G

With % < B <1 and (3.2), we have, for j < jo and for any €, €1 > 0,

2K1[(AjATIPV -7, APPTTA ju)|
2B—1
<—||A )3 +eCaC, VKA ATIPY 1),

nK1|(A2ﬁ_1A/~u, AP A ATIPY 7))

2(2/3 DE2 K
2L APTAPY )2,

6177K1 B 2
AP Aju +
LI )A8 A jul?, 5

Thanks to (3.2), choosing €y = %, €1 = 52, K| small enough and inserting the two inequalities

above in (3.7), we obtain

/,LZ . . _ . _ 1.
AUl + ui A AT PV 1|12, + 2K (A ATIPY 7, AP TIA ju)

~ | Ajull?, + 1A APV - 7))3,

and
1d 1 2 A a—1 28—1 A
EE(—||A wlZs + il AjATTPY 1), + 2K (A APV -7, A Aju)>
~22p-1) =2 2
[2Y ST T C Con“Ki ~y ogi
+ = CI2PNA Ul + (i = Ky = 2= G2 A ATPY - Tl
<|Gjl. (3.8)

We choose K > 0 sufficiently small such that

~22p-1) =2 2 ~22B—1) =2 -2
C Csn Ky 4C, C5K
(min—mky — —2—2—) >0, (m—M >0
o w2
Dividing by ||Aju||Lz + ||AJ~A_1]P’V -T2, (3.8) can be written as
d [pa, . 2 A —1 2 A -1 28—1 A
—. = Aulls, + il A;ATIPV ]9, +2K1(AjATIPV - T, A Aju)

+ 22ﬂf(||Aju||Lz +AAPY. r||L2) <CGiI/U1Ajull 2 + 1A APV - 7 2).

Multiplying both sides of (3.9) by 2/ (%“_M), summing over j < jo (we can choose jy =0, see

Step 2), and performing a time integration, we obtain
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Ey) <Ci(luoll’ 4, , + %ol 4, )
21 21
' (3.10)
ida_ : -
> GG /1A jull 2 + AGATPY T 2)de

0 J<Jo

Step 2: Estimate of Eg 0.
Applying A%~ to the first equation of (3.3) and taking the L2 inner product with A2 =1 A ju,
we have

S ||A2ﬂ YAjull3, — (AP A ju, APAATIPY )

—(APTIA P (- Vi), AP7A ju). (3.11)

A linear combination of (3.11), (3.6) and (3.5) (for some positive constant K5 to be determined
later) gives

1d . . _ . _ .
S (AT Al + Kol A AT BV Tl 4+ 200 (AT BV - A A )

muz
+ ——IAPAjull?, + K2 — uDIAP APV 1|17, (3.12)

+ 7Kz(AA,-u, A;AT'PYV-T1)=H

It is easy to check that for any €, €] > 0, we have

. . 2u
2,u1|(AjA_1PV-r,Azﬂ_lAju)|< ||A2ﬂ "Aju ||2jL ||A APV 7|2,

(3.13)
wa . : €1iu2K>
5 Kol (AAju, AjATIPY - 1) < === |AP Ajull g
Usingjzjo—l—land%fﬂfl,wehave
K K
“: B2 APAPY 12, < “2 2c2c2(1 PAPTAPY 1), (3.14)

Combining (3.12), (3.13) and (3.14), and choosing
Ky=eg=——, e1=—,

we obtain

NIlAP A jul?, + Kol AjAT PV 1|12, + 21 (A APV -7, AP TTA ju)
~ AP A3, + 1A APV 12,

and
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1d
2dt( AP A julls + Kol Aj AT PV -1l + 201 (A AT PV -, AYTIA, u))
3
M1M2 dpop 1-2
+ IAPAju))?, + G — =513 P IAP A APV - 1), < Hj.

~ 3
We then choose jg or Cp to ensure that (3;4% — 4“7722’” C%CO(1 28 )) >0 for < B < 1. However,

in the case when 8 = %, we need

n* > Cuipa (3.15)

for a suitable constant C > 0 in order to have

4 3
G} — ey s o,

This explains why we need (3.15) in the case when = % in Theorem 1.1. Without loss of
generality, we set jo = 0. Thanks to 1 < g < 1, dividing by [|AZ~'Ajull,» + |A;A'PV
7||;2, we have

d ) )
= (n||A2ﬂ A jull?, + K2llAjA-1PV 7|2, +2,u1(AjA—1PV~r,A2ﬂ—1Aju)>

‘ ' ' 3.16
+22PIUAYP T A jul 2 + A ATIPY 2l 2) o

< ColHj /(NP7 A jull 2 + 1A ATIPY -7 12).

Multiplying both sides of (3.16) by 2/ %, summing over j > 0, and integrating in time, we have

t

+supIPV-elty o+ [l dr

2
B2,I

h
Eo(t)_sup ||M|| 44291
By, B},

t
<||M0I|h gip Tlo0l"y + S 275 H /(AP A jul 2+ 1A ATTPY o) 2)dr
2 21 0 j>0
(3.17)
Combining (3.10) and (3.17), we establish the proof of Lemma 3.2. O
3.2. Proof of Lemma 3.3

Proof of Lemma 3.3. We again divide the proof into two steps.

Step 1: Estimate of E (7).
Thanks to

(AjVp, Aju)=0,

663



J. Wu and J. Zhao Journal of Differential Equations 316 (2022) 641-686

we obtain from (1.3) that

Q.|Q‘

1d . . . . .
S IAjull2, = ui(A;V -7, Aju) — (Aj(u - Vu), Aju) (3.18)

and
Ly Aol + nlIAPA )2
2SIt T S
= w2 (A;DW), Ajt) — (Aj(u- V1), A7) — (A;Q(r, Vu), Aj1). (3.19)

Adding (3.18) and (3.19) and making use of
(A;jV-1,Aju)+ (A; D), A7) =0,

we obtain

1d . .
S (1B jullz +14571,2) < CaVy /1B jull 2 + 1471 2).

Multiplying by 23+1-28)j and summing over j < 0 lead to the following estimates for the low
frequencies,

) 1 1 I
supllall g Fsupliell g < Cullluol g ol )
BZ,I BZ,I 2,1 2,1
t

. d _ . .
22](2“ DIV NA jull 2 + AT 2)dr
o /=0

which, together with (3.10), yields

t

s [ gt
o /=0

E'(t) <cl<||uo|| a1 o||’ di1oas

x (|Gj|/<||Aju||Lz + 1A AP Tllg2) + Vi A jul 2+ 14Tl 2) )dr
(3.20)

Step 2: Estimate of E”(¢).
By (3.19),

d . .. .. .
E||A,-r||z+zzﬂf|mjrnz5ch||Aju||z+C|Y,-|/||A,~r||Lz. (3.21)

This leads to the following estimate for the high frequencies
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h h ¢
SuPIITII 4 +/|If|l Hf,

2 1

t

/||u||’1,, dr’ +c/ZzzJ|Y /1A ) 2de. (3.22)

1 2,1 o />0

h
=< ||T0||

"’w\&

To eliminate the term C fot Mk det’ on the right side of the inequality above, we calculate
¥

2,1
(3.17) + n2(3.21) with n, small enough such that 7,C < % to get

t

E"(t) <Ci(fluo]" g A+ lioll” d)+cz/2212(|H /AN Al 2
B}, 321 o J>0 (3.23)

FIAATIPY 1) 2) + |Yj|/||A,-r||Lz)dz’.
Combining (3.23) with (3.20) finishes the proof of Lemma 3.3. O
3.3. Proof of Proposition 3.1

With the two lemmas at our disposal, this subsection proves Proposition 3.1. We need an
identity stated in the following lemma. A proof of this lemma can be found in [40].

Lemma 3.4. For any smooth tensor [7i+] laxa and d dimensional vector u, it always holds that
PV-(u-Vo)=Pw -VPV-1)+ P(Vu-V1) —P(Vu - vATlv.v. 7),
where the ith component of Vu - V1 is

[Vu Vel =Y dju- Vi,

and
[Vu-VAT'V. V.t =u-VATIV.V ..
We are now ready to prove Proposition 3.1.
Proof of Proposition 3.1. The proof makes use of Lemmas 3.2 and 3.3. The main efforts are

devoted to bounding G, H;, V; and Y;. To bound G; and H; suitably, we divide G; and H;
each into three parts,

Gj=G;+G>+G}, Hj=H+H;+H
with
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1 n2
— K{(A*P72A PV 0(t, Vu), Aiu)
J ) ’ J k)

(AP -Vu), Aju) — p1(A;AT'PV - Q(z, Vu), A; APV - 1)

Gl == (AjAT'PV - (u- V1), AjAT'PV - 1),

G? = K (APVA P - Vu), AjATIPV 1) — K{ (AP 2A PV - (u- V), Aju),
1 4/‘% AooA—l A oAl

H| :—T(AjA PV .- Q(z,Vu), AjA"'PV - 1)

— 1 (A;ATIPY - Q(x, Vi), APTIA ju)

— (AP TVAP - V), APPTAju),

2
4
n
H} =~y (AP A P - V), AjATPY 1) — i (A APV - (- Vo), A% A ),

H?=_

; (AjAT'PY - (u- VD), AjATPV - 1),

For the sake of clarity, we divide the rest of the proof into several steps.
Step 1: Estimate for G}., H;, Vi, Yj.
We first deal with the terms in G}, H}, V;, Y that do notinvolve Q(t, Vu). Dueto V-u =0,
(AjPu-Vu), Aju) = (A - Vu), Aju).

By Propositions 2.5 and 2.7, for j <0,

. . ..d .
—j(d+1-2
(A5G- Vi Ajul S €2 EHON gl g1 g1 1Al
2,1

and, for j > 0,

281, A 2—1 4 —j4 281 4
APTHA - Vi) AP S 27wl gl g1oap g oo 1877 Bl 2
2,1
In addition,
d d
. . a5 tI=28.5 .
(Ajw-vo), Ao Sej2 Pl gl gz g 185712

2,1
We now turn to the terms that contain Q(t, Vu). By Lemma 2.1 and Hélder’s inequality, for
Jj <0,
| = w1(A; APV - Q(r, Vi), AjAT'PV - 1) — K1 (AP 2A PV - O(x, Vi), Aju)|
SA4+29P"DD A0, Vil 2 (1A jull 2 + |A;ATPY - ) 12)
SHA; Q@ Vil 2 (1A jull 2 + 1A APV 7)) 2),
| — 1A Q. Vi), Aj)| SITA; Q. Vi)l 2 | ATl 2

666



J. Wu and J. Zhao Journal of Differential Equations 316 (2022) 641-686

For j > 0, we have

2
y—%(A»A—IPv 0z, Vu), A: APV - 1) — 1 (A; A~ PV Vi), A2PTA
n J . , Vi), J 'T) /“Ll( ] : Q(Tv u)! _]u)’

SHA; Q@ Vi)l 2 (IAP T A jull 2 + 1A ATIPY - 7]l ,2),

| — (A0, Vi), AjD) | SIA; Q. Vi)l 2 1A | 2.
Combining estimates above, we conclude that

t

cod 1 . . _ . .
> 2T (1Gh/Aulla + 1A AT PY -l 2) 4+ |V /Al + 1Ay 2 )de
o J=0

t

-d 1. . _ .
+ 2212(|H,-1|/(||A2'3 PAjull + 1A A 1PV-r||Lz)+|Yj|/||Ajr||Lz)dt/
o />0

t
/
S(Sltlp 1Tl a0, +sttlp||u||B%t+]_2ﬁ,%+zﬁ_])/IIMIIB%de
0 2,1
t
/
+/|IQ(L Vil ai10p.4df
0

t
< /
S (0PI gorap g+ 500 g ) [ Il 40 (324)
S

where we have used Remark 2.6 in the second inequality.

Step 2: Estimate for G2, G;.

To bound the difficult term G?, we divide it into three terms according to Lemma 3.4,

2 ~2,1 2,2 2,3
Gj=Gy +6;7+G657,

where

Gyl == (AjAT' P VPV 1), AjATIPY 1),

GY? = - (AjAT'P(Vu - V1), AjAT'PY - 1),

G = (AjJAT'P(Vu - VATV V1), AjATIPY ).
By Proposition 2.7,
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t

cod _ . . _
S EH2BG2Y (A jull 2+ | AFATRY - T 2)dr

o J=0
'
.d . .
22./(§+1—2ﬁ)cj2—12—1( _2’3)||u|| +1”V'T” '%—2’3,%,1dt/
o J=0 21 B
<SUP||T|| d+1 zﬁd/”u” d+1dt (3.25)
By,

Next we estimate the terms G?’z and G3’3. Thanksto V- u =0,
[Vu-Vr]' & Za ki = Zak(a ke,

[Vu-VAT'V.V.7] & Zaiu"akA*V Ver=) h@uVATIV.V 1),

k k
(3.26)
Then we have
t
cod . .
Y 2IGHPIGE2 £ G| (1A jul 2 + 1A ATIPY 7)) 2)de’
0 J=0
§/||Vu~Vr||l i, FIVu-VAT'V. V.| g ¢
-4-28 2ﬂ
B,y B}
5/”V”®T”B%+172ﬁ,% —I—||Vu®A_1V~V-1'||B%+172,3,%dl‘/
0
<3Up||f|| d+1 2/32/”M|| d+1dl (3.27)
21
by Remark 2.6. (3.25) and (3.27) imply
t
cod 1 . . _
D 2IGHDIGR (A jull 2 + 1A APV T 2)de’ S EA (). (3.28)

0 J=0
To deal with G;, we decompose it into three terms according to Lemma 3.4
3 _ 3.1 3,2 3,3
Gi=G +Gy77+Gy,
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where

Gi’.*l =—Ki((A*P7VA;Pu-Vu), A;ATPY 1) + (APT2A P (- VPV - 1), Aju)),
G2 =—Ki(AP2A P (Vu - V1), Aju),
G =Ki(A¥T2A;P(Vu - VATV V1), Aju).

Observing that j < 0 and using Proposition 2.7, we have

3,1 —j(d+1-2 26-2 4
Gy S eillal g SNl g apgp IAP APV T 2
28-2)jr—(%-2B)j A
+2( B=2jr—(3 ﬂ)]HPV'T||B%7z,sg71||Aj“||L2)

—j(d42-4
Sejllul ¢ 27520 (ju) g
3221 B2

A —1
+1-28.4 1251 IA;AT PV -2

HIPY Tl g g 142l 2).

Thanksto } < <1,

t

cod . . _
Y 2IGHDIGH (A jull 2 + 1A ATIPY T 2)de
0 J=0

t

: @2p-1)j .
S/Zc,nung%ﬂz (Hl g1 gps + 1PV T g g )
0 js() 2,1

'
< (sup ||l . a d +sup 7]l .4 d) lull o, dt’. (3.29)
~ 3 pa+1-28.942p-1 " pa+1-28.4 B;lﬂ

o .

As in the estimates of G?’z and G§’3, we have

t
cod _ . . _
Y 2IGHPIGE £ G A jul g2 + 1A ATIPY -7l 2)de’
0 J=0

t
/
Ssup el i g [ Nl g
o 50

Combining this with (3.29), we obtain

t
.od . .
D GG (1A jull 2 + 1A ATIPY T 2)de S EX ). (3.30)
o J=0
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Step 3: Estimate for H]?, Hj3.
In order to estimate HJ.z, we apply Lemma 3.4 to write

H}=H}'+ H? + H},
where

4 . .
B> = -V ATA P VPV 1), A APV ),

2,2 T AA]
H;"=———(A"AjP(Vu-Vt),AjA7 PV 1),
” .

4p? . .
12 = L ATA P (Vu- VATV -V 1), A ;AT PY 1),
; | |

By Proposition 2.7,

2,1 —jr—j(d—1 A A—]
HF 1S e 2727 G0l g IPY -7l g g |14 ATPY -2l 2,

2,1

which implies

t
-d 2.1 g . _
Y 25 HP /AN T A ju 2+ 1A GATIPY x| 2)de!
o />0

t
< /
S L el 0"
S

Then we deal with ng,z and ng’S. Using Remark 2.6 and (3.26), we obtain
t
id| 42,2 23 ~1; A oA
2212|Hj’ +H; |/UAPP A jull 2 + 1A ATIPY 1) 2)de!

0 j>0

+IVuea™'V-v.|", dt’

2
B2,I

<[ IVuer|"

~ d
32
2

t
-1
§/||Vu®t||3%+l_2ﬁr% + [[Vu® A V'V't”E%H—Zﬂ,%dt/
0

t
/
ssgpuruggﬁ_w,%/nuuggﬂdr.
0 2.1
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Combining this with (3.31), we obtain

t

.d . .
/Zzlz \HF /AP A jul 2 + 1A AT PY - 7]l 2)di” S E* (). (3.32)
o J>0

By Lemma 3.4, H;’ can be rewritten as

3_ 7431 3,2 3,3
Hj _Hj +Hj +Hj ,
where

H'

; =~ (AN A ;- Vu), A;ATPY 1)

+(AT'A - VPV 1), AP A ju)),

H}2 = —ui(ATYAP(Vu - Vo), APTA ju),
H>

22 = (AT AP (V- VATV -V 1), AP A ),

By Proposition 2.7,
3,1 —j(4 - : —
‘Hj ’,SCjIIuH .%H(z 1GHp U”””g%ﬂfzﬁ,%ﬂﬂ—l”AjAzﬂ 2IEI)V'T”LZ
B2,I
(28— m— (L] .
+2/ DTGPV ] gy g 1A 2)

_id
Sei27 2 ull ay (||M||B
BZ,l

2B—1 A
HIPY Tl g sy g A7 A jull2),

IA; APV 1|2

%+1—2,‘3,%+2ﬂ—1|

which implies

t

-d 1 g . _
Y 2T H /AN T A jull 2 + 1A ATIPY 1 p2)de!
o />0

t
< (suplull . q d +suplit]l.d a) [ lull a,,dr'. (3.33)
~ ; 37+1—2ﬁ.7+2ﬁ—1 p 37+I—2ﬂ,7 B;[—H
5 )

As in the estimates of H]?’z and H]?’3, we derive

t

id1 43,2 3,3 —1 4 A -
Y 25| H + H AN Ajull g + 1A ATIPY 1 2)de!
o />0
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/
Ssup el i g [l g
0 2,1

Combining this with (3.33), we conclude

t

-d . .
/szf \H1/QAPP T A jul 2 + A ATIPY - o]l 2)de S E2(0). (3.34)
o />0

Gathering (3.24), (3.28), (3.30), (3.32) and (3.34), we obtain (3.1). From (3.22), we have the
following estimates for low frequencies of 7,

El(t)—supnrn Loz /nrn’ dr’ <|IT0||l » 2ﬂ+C/||u||l I

21 21 l 21
1

d q_ : .
+C [ Y 2G| A T adr
o J=0

Thanks to Proposition 2.5 and Proposition 2.7, we have

1

B0 Shal L, +rsuplall .,

2| 2|

t

f(Zc]nun g FIQE TN, g0

o /=0

Sl 4, 2ﬂ+rsup||u|| zﬂ+sgp||r||3%+lfzﬁg/nuné%ﬂdr’
21 21 0 2,1

SEo+(t+ E@)E().
We complete the proof of Proposition 3.1. O
4. The global existence and the uniqueness

This section proves the existence and uniqueness part of Theorem 1.1. The high regularity
part will be established in Section 5. The existence part applied the bootstrapping argument to
the a priori energy inequality obtained in Proposition 3.1. Due to the lack of velocity dissipation
and the general fractional dissipation, the proof of the uniqueness part is not trivial. We need to
make use of the parabolic smoothing or damping effect of the wave structure in order to establish
the uniqueness. The rest of this section is naturally divided into two sections.
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4.1. The global existence
The local existence can be established via a standard procedure. In fact, we could modify the
methods in [16] or [8] to achieve the local existence. It then suffices to establish the global bound

on the Besov norm of (u, 7).

Proof of the existence part of Theorem 1.1. By Proposition 3.1, the energy functional defined
in (1.13) satisfies

E(t) <C1Ey+ CLE*(t), t>0 4.1)

for some positive constants C; and C,. An application of the bootstrapping argument to (4.1)
implies that, if the initial norm

lwoll  dyiop . dingy T 70Nl dp1 0y ¢ <&
1-'322,1+1 ﬂﬂBzz,lJrﬁ] Bzz,l+1 ﬂﬂBzz,

for sufficiently small & > 0 or Eg < &2, then, for any 7 > 0,
E(1) <2C€?,

which, especially, yields the desired global upper bound on the norms of (u, 7). In fact, if we
take

e
V/8C1Ca

and make the ansatz that

1
E(t) < 2_(,’2’ “4.2)

then (4.1) implies that
Et)<CiEy+C ! E()
=CiLo 22C2
or

1
E(t) <2C1 E) <2Ce%> < — 4.3)
4Cy

The bound in (4.3) is only half of the one in the ansatz (4.2). The bootstrapping argument then
implies (4.3) indeed holds for any ¢ > 0. Especially, (1.9) holds. The upper bound in (1.10) is a
consequence of the following inequality from Proposition 3.1,

EL(t) S Eo+ (t + o)e. (4.4)
This completes the proof of the existence part of Theorem 1.1. O
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4.2. The uniqueness

Due to the lack of velocity dissipation and the inclusion of a range of fractional dissipation in
7, the proof of the uniqueness is not direct. We need the extra smoothing and damping effect of
the wave structure. We use some of the ideas implemented in Section 3.

Proof of the uniqueness part of Theorem 1.1. Assume (11, 1) and (u2, 72) are two solutions
of (1.3) with the same initial data. Denote du = u; — u»,8t = 11 — 72,8p = p1 — p>2. Then
(8u, 87) satisfies

Bu)y +Vép=u1V-8t —uy - Véu —8u - Vuy,

(87); +ut - V8T +nA*8t = o D(Su) — 8u - Vo — Q(t1, Véu) — Q(81, Vua),
V.éu=0,

Su(0,x) =0, 87(0,x)=0.

Similar to Lemma 3.2 and Lemma 3.3, we have

t

/

SUP 13114112 422+ SUP ST g gy + / 82l g g
0

t
—1 1 h /
+/<||A PVt il )
0 B241 BZ.]

t

o : O

e [ 2P (16)1/x18 bz + 14,A71BY b
0 J=0

HIVI/WA8ul 2 + ||A,-6r||Lz>)d/
t

cod 1.
+C2f22f(z ‘>(|Hj/.|/(||A2/9 YA jull 2
o />0

+ 14, A7 PV - 8tl2) +[¥]1/1A 67 2 )dr'
where
Gj=G' + G} + G} Hj=H'+ H] + H}}
with
Gl=- %((A./P(ul - Véu), A;su) 4+ (AP (Su - Vuz), A jSu))

— 1 (A APV - Q(21, Vou), Aj APV - 87)
+(A;AT'PV - Q(8T, Vi), AjATIPV - 1))
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— Ki(A*72A;PV - Q(11, Véu), A j6u)
+ (A*P72A PV - Q(8T, V), Ajsu)),
G =—m((AjAT'PV - (uy - V1), AjAT'PV - 87)
+(AjATIPY - (Bu- V), A;ATIPV - 1)),
G} =—Ki(AP7 (AP (uy - Véu), Aj APV - 87)
+ (APTA P Su - Vi), AjAT'PV - 87))
— K1 (A*72A PV - (u; - V1), A ;8u)
+ (AP72A PV - (Su - Vo), Aju)),

1 _
Hj =

4”“% A oAl A oa—l
—T((AJ-A PV - Q(t1, Véu), AjA~'PV - §7)
+(A;ATIPV - Q(8T, Vi), AjATIPV - 87))
— (A ATIPY - (21, Vou), AP71A j8u)
+(A;ATIPV - Q(8T, Vun), A*PTTA su))
—n((APPTVA P (uy - Vou), A*PTVA j8u)
+ (APTVAG P (Su - Vun), A*PTTA j8u)),

H'? =

4:““%' -1 |
! —T((AjA PV - (u; - V81), A;AT'PV - §7)

+(A;ATIPV - (Su- V1), AjATIPV - 81)),

H]’.3 =— i (A*P7VA P (uy - Vou), AjAT'PV - 87)
— 1 (A;ATIPY - (uy - V8T, A*PTA Su)

— i (APPTA P (Su - Vun), A; APV - 87)
—ui(AjATIPYV - (Bu - Vo), A*PTVA j8u),

and
Vi=—pa((Aj(ur - Vou), Ajdu) + (A (Su - Vuz), Ajsu))
— w1 ((Aj(uy - V81), Aj8T) + (A (Su - Vo), Aj87))
—11((A; Q(t1, Vu), Aj87) + (A Q (8T, Vun), A;81)),
Yi=—((Aj(u1-V81), AjT) + (A ;Gu - Vo), A7)
—((A;Q(z1, Véu), Aj81) + (A; 0 (87T, Vuz), A j87)).

According to Proposition 2.5 and Proposition 2.7, for j <0,
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(A - Vouy, Ajsu)| S e;2 TG+ 2/3>||u1|| garlldull g giopall Ajbull 2,
21

(A 8w Vi), Asu)| < cj2—iEH= 2'3>||uz|| a 18ull . g |Aj8ull;2;

+1| 2+1 28,4 dyop— 2|

and for j > 0,

I(APP7YA (g - VBu), A*PT1A j8u))|

< 271G D |y m
21

[(APP7YA (Su - Vua), A*P71A j8u))|

28—1 A
18ull 14 125 4 o | AP T AU 2,

41 B—1 A .
<2715 Dy g 180l g o e APPTEA Sull o
2|

and for all j,

. ) o diogdoy .
(A jGur - V87), ATl S ;2777 0 Dl g (18T g1ap g1 1487112,

BZ.l

-26.9-1

. . cdy .
I(A;(Bu- V1), Ajsr)| Scj2 V72 @ 18ull VT2l dy1 0 g 14T 2

.d
2
2
For j <0, we have
| — w1(AjATIPV - Q(1, Vou), A;AT'PY - 87) — K (A 72A; PV - Q(t1, Vu), A jsu)|
SNA; O, Vel 2 (1A j8ull 2 + 1A ;AT PV - 87]1,2),
| — w1(AjATIPYV - Q@T, Vua), AjATIPV - 87) — Ki{(A*PT2A;PV - (8T, Vuz), A jsu)|
SNA; 06T, Vuo) |2 (1A jsull 2 + |A;ATIPY - 87|2),
and

| = 11(A;O(t1, Vou), A;3T)| S 1A Q(t1, Vo)l 2 1A 8Tl 2,
| = w1(A; 0T, Vu), Ajs7)| S 1A Q6T, Vuo)ll 2 1A 87l 2.

And for j > 0, we have

|- 4“1(A,-A—1Pv-Q(n,vau),A,-A—IPv-ar)—M(A,-A—IPV-Q(n,vau),
APTLA j8u)|

SHA; O, Vaw)l 2 (IAF 1A jbull 2 + 1A ;AT PY - 87 2),

|—4“1(A APV - Q8T Vi), AjATIPV - 87) — i (AjATIPY - Q(8T, V),
APTVA j8u)|
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SIA; 06T, Vu) ll 2 (IAP LA j8ull 2 + 1A ATIPY - 81| 12),
and

| = (A;Q(t1, Vou), AjsT)| S 1A Q (11, Vo)l 21 A j8Tl 2,
| = (A; 067, Vua), A;81)| S I1A;Q6T, Vuo)ll 2 1A 8T 2.

Combining the estimates above, we obtain

t

. i _ . . —
D o2/GHO (1G] /(1A jbullz + 1A ATPY <67 2)
0 Jj=<0

HVA/A joull 2+ 1A 52 2 )dr

t
cod g . _ .
+/sz(z 1>(|H/<‘|/(||A25 YA j8ull 2 + 1A A ‘Pv.5r||Lz)+|Y;|/||Ajar||Lz)dt’
o />0

'

/

S Sltlp (”(STHB%H—Z;S.%H + ||514||B%+1725,%+2ﬂ—2) / Il (e, M2)||B%+1df
2.1

0 .

t t

/ /

+/||8u||32%1 IVl g 1o2p g0t +/||(Q(r1,V5u), QBT Vu)ll g1 apg-1 1
0 ’ 0

t
I
5 Sl;p(||8r||3%+1_25_%_1 + ||8u||3%+1—2ﬂ,%+2,‘3—2)/ ”(uls u2)”B%+1dt
2,1
0 .

t
/
+Slt1p(||71||3%+1,2,5,% + ||72||B%+1—2,3,%)/ ||5M||B§ldt~
0 :

G/j2 and G’j3 can be bounded directly via Proposition 2.5,

t
i(dy1— . H _
> 20GHDIG2 (1A jSull 2 + | A ATIPY - St 12)de’
o /=0

1

! I

S /(||M1 -Vér|| Ay T 16u - Voo .i+172ﬁ)dt’
0 B22.l BZZ,I

t
< 1 1 1
S /<||u16r|| oy BTl s
0

2.1 2.1
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<Sup”8t” +1 —28, 1_1/”’41” d dt +ISUP(||T2|| d-H zﬂd”8u|| 2+1 28,4 di2p— 2)

21

and

t

dq— . C
/Zzﬂz“ IGR1/1A jdull 2 + 1A APV - 8| 2)dr’
o J=<0

/(Hulauu o H 100V g st Sl
21 21 21 21
< SUpIB g1 g2 + 13Tl z,sa_f_])/umn g ol g
2

21

+tsup(||r2|| 7+1 2ﬂ7”8u” 7+1 28, 7+2ﬂ 2)

To estimate H’2 we rewrite it as H’2 H/2 Ly H/2 24 H/2 34 H/2 4 according to Lemma 3.4,

where
H>! = g AAT'P A AT
=LA, (u1 - VPV -87), A;A™'PV - 67),
0
H2% — _ M A APV, . Vo). A A-IPY -8
; __T( j (Vup-Vér), A -871),
H* = “1(A ATYP(Vu, - VATV .V 81), A, APV - 81),

HM = —ﬁ(AjA—IPv (5u-V12), AjATPY - 67).
n

By Proposition 2.7, we obtain

t

/ZZj(%_1)|HJ/-2’1|/(||A2’3_1Aj8u||L2 +|A;ATTPY -8t 2)dr
o />0

Ssuplol .. zﬂg,lfnuln gt

21

It follows from Proposition 2.5 that

t

.od . .
/221(7_1)|H;2’2+H}2’3|/(||A2ﬁ_lAj8u||Lz + 1 A;ATIPY - S| 2)dl
o />0
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/||w1®ar|| g IV @ ATV Vs, drf

21 BZI

/
<Sup éll, d+1 _28, Qq/””l” L4, dt,
B2

2,1

and
.od . .
Z21(7_1)‘H}2’4}/(||A2ﬂ_1Aj6u||Lz +1A;ATIPY ST 2)de
o />0
fllBu@szll g4t Ssupllnal %fllﬁull ¢ dr’.
B} ¢ By By,

To estimate HJ’.3, we rewrite it as H]’-3 /3 ! + H/3 2 + H/3 3 + H/3 4 + H/3 3 by Lemma 3.4,
where

H//.3’1 =1 ((AP7TA P (uy - Vou), AjAT'PV - §7)

+(A;ATIP(uy - VPV - 87), APTIA j8u)),

H?? = (A AP (Vg - V8T), AP71A jsu),

~

H]’.3*3 = (A AP (Vuy - VATIV -V - 81), A%P71A j8u),

H M =~ (AP7VA P Gu - Vug), AjAT'PVY - 51),

~

H]/.3’5 = —ui1(AjATIPV - (Bu - Vo), A*P71A j8u).

By Proposition 2.7, we obtain

t
.od . .
2T GV HP /APT A Sull 2 + 1A ATIPY - )| 2)dr
0 j>0

/
< (P I8 g2 g 2ps +SUPISTI gy ) f Il g0

Similar to the estimates for H/2 2 H;2 3 and H/2 4 , we have
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t
S 21D 2 4 g3 A A jbul 2 + 1A ATVPY - St )
0 />0

/7
SSlth”fST”B%H,z,g,%,l/”m”é%“df,
0 2,1

and

t

. od . .
D 20 GTVHPD /APT A Sull 2 + 1A AT PY - ]| 2)dr’
o J>0

d .
BZ,I

1
Ssupliall 4 f 8ull 4 dt’
t B2,
0

By Proposition 2.5, we have

t

cod . .
Y 2T GTOHPA AP A jsul 2 + 1A ATIPY - S| 2)de
o />0

!
/IISM Vuzll o8 - ,dr <SuPI|3M|| d11-2pd42p- 2/||M2|IB

2,1

Combining the estimates above, we obtain

/
SUP 30 12 s+ SUPISTI g1y + [ ol g
0

< Sllp(||8‘[|| 2+1 26, 471 + ”8’/‘” +1 -26.4 diog 2 f('l(ulau2)|| d+1 + ”u1” d )dt

2I 21

+suplla ol g /uaun %dt 150Dl g1 g 130 g1 252

Notice that

/ !/
/||8u|| 4d 5tsgp||8u||3%+l,2ﬁ_%m,z+/||8u||3%+1,%dr.
2
0

4 < e. Then we can

Thanks to the uniform a priori estimates, we have sup; ||(t1, 72) || . % 11284

[N

choose ¢ and ¢ small such that
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SUP I8l g1 254292+ SUPIBTI gy g -y <O
This completes the proof of the uniqueness part of Theorem 1.1. O
5. High regularity properties for more regular data

This section is devoted to proving the higher regularity part of Theorem 1.1. More precisely,
we show that, if the initial datum (u, 7o) is in a more regular Besov space and sufficiently small,

Nuoll dyy0p . dinpry FlT0ll a0 ayg S8
B} NB? B} NB;

2.1 2.1 2.1 1

then the corresponding solution (u, t) of (1.3) is in a more regular space,

d d d d
'7+1—2IB '7+2,3+s—1 1 +. ‘7+1 '7+1+S .
By, NB;, )NL (R i By NBy,y )

’

ueCRT;
5.1

) . 4 Ldyq .doggi
reC®Y BT BT, el @t B 0B,

The proof shares some similarities with the proof of the existence part. The key component of
the proof is the energy inequality stated in the following proposition.

Proposition 5.1. Assume that (u, t) solves (1.3). Then, there exist two positive constants C1 and
C» such that, for t > 0,

E(t) + E" (1) < CLEj + CU(E'5 (1) + E™ () E (1) + E* (1)),
where E(/)h(t) is defined in (1.15) and E’h(t) in (1.16), and E(t) is defined in (1.13) as before.

In the rest of this section, we first assume Proposition 5.1 and provide the proof for the higher
regularity part of Theorem 1.1, and then prove Proposition 5.1.

Proof for the higher regularity part of Theorem 1.1. By Proposition 5.1, we have
EQ () + E" (1) < C1Eg + C((E'g (1) + EM () E@) + EX(1)).

Therefore, thanks to the results in Subsection 4.1, we can choose & small such that Cr E(¢) < %
such that

EJ (1) + E"™ (1) S E) +e.

Combining this inequality with the results in Subsection 4.1 and inequality (4.4) yields

t '

/ /

SLtlp ”u”3%+1—25.%+2ﬁ +5L;P ||T||B%+1725.%+1 +/ ”u”B%H,%Hdt +/ ”T”B%H,%Hﬁﬂdt
0 0

SEj+e(e+1).
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Similarly, we can choose ¢ depending on s sufficiently small to get further regularity,

Sltlp ”M”B%+l—2ﬁ.%+2ﬁ+s—l + Sltlp I ||B‘21+|_2ﬁ,‘7’+x

t t

/ /

+/”””B%+1,%+1+xdt +/”7”3%+1,%+2ﬂ+:dt
0 0

h h
Sl y e+ e t0).
BZ.l BZ.l

This completes the proof of the higher regularity in (5.1) orin (1.9). O

We now turn to the proof of Proposition 5.1. The proof of Proposition 5.1 relies on the fol-
lowing lemma, which is the higher regularity version of Lemma 3.2 and Lemma 3.3. Due to its
similarity with Lemmas 3.2 and 3.3, we omit its proof.

Lemma 5.2. Let (i, T) be the solution to the system (1.3) on [0, T), we have the following esti-
mates

t

.d .
Eif @)+ B0 = CiEy+ Ca [ 3274 (1810187 B
o J>0

FIAATIPY o)) + |Yj|/||Aj‘L’||Lz)dt/,

. ;o
where C1 and C; are independent of T and E, = ||“0||B%+1—2ﬁ,%+2ﬁ + ”TO”B%H—M,%H'

Proof of Proposition 5.1. According to Proposition 2.5 and Proposition 2.7, for j > 0,

1 1 _acd 1
(APP7RA - V), APTLAGO S €277 TNl g Ml g 2 442 1A Al 2,
2,1

. . —daqyi .
|(AJ(MV7:)7 A]T)|§cj2 (3t )]|Iu||B%+l ”T”B%+172g.%+1 ”A]":“L2

2,1
Similar to the inequality (3.24), we have

t

cod 1 . _ .
S ED (I A Ajull o + 1A ATIPY T2+ 151/ 1A 2 )
o />0

t
/
S/ (Sltlp ||T||B%+172ﬁ’%+1 + Sltlp ”u”B%Jrl—Zﬂ.%JrLS)/ ”u||l'32%|+1dt
0 .

t
- / o, Vi, d
0 322,1
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t
/
S (S]-tlp ”‘CHB%“—M%“ + SI?P ”u”B%H_zﬁ,%_ﬂﬂ)/ ”u”B%-Hdt
2,1
0 .

t

h /

sup ||T]| . u dt
+sup| ||B%+]_2ﬂ_%/|| "y,

0

S(ES ) + EMe)E@) + E*(1). (5.2)
By Proposition 2.7, we obtain

2,] —ia—id H —1
HP S e 27270l g PV -l g g 1A,A7"PY 22,

2.1
which implies

t

. g_[ 1 . _
DA EE AN Aull 2+ 1A ATIPY -l 2)dr!
o />0
(5.3)

t
/
STl gy gor [ Il gt
0 2,1

By Proposition 2.5,

t
. d 3 _ . . _
D 20 G R 4 B J (AT A jull 2 + 1A ATIPY T 2)de

0 j>0
t
§/||vb¢®r||’f¢+1 +IVu@ ATV V|, df
0 B} By,

t
/
S (Sltlp”THB%H_zﬁ,%H +S?P||”||B%+|_2ﬁ,%+2ﬁ—|)[ ”””B%Hdt
2.1
5 ,

t
+sup |t .a g | ), dt’
¢ B?+172ﬁ'7 B%+2
0 2,1

S(EJ o) + EMe)E@) + E* ().

Combining this with (5.3), we obtain

t
. d g . _
S 2SI E AP Ajul 2 + 1A ATPY - 2 2)d
o />0
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S(E o) + EMe)E@) + EX (). (5.4)

By Proposition 2.7,

3,1 —j(d42 A A2B-2
[P S el g @770l g1 gng 13,0 T2PY 22
2,1

_ _.d .
+2%=2277 PV . Tl g o g 1A j1l12).
Then, we have

t

(4 3.1 —14 A A
DS EM NPT Ajul o 4 1A AP o 0)dr
o J>0

1
/
< (S0Pl g 12 g g+ SUPITH gy g 1) f el .08
T

S(E @) + EM0)E@) + E* (). (5.5)
As in the estimates of the terms sz,z and Hj2’3, we have

t

j (4 3,2 3,3 —1 A A -
DY EEVHYE + HPP | JUAPT A jul 2 + | AGATIPY -] 2)de!
o />0

SEY O+ EMa)E@) + EX0).
Combining this with (5.5), we obtain

t

. d 1. . _
S 2SR /AP Ajul 2+ 1A APV -l 2)dr
)50 5.6)

S(ES @)+ E"0)E@) + EX(0).
Putting (5.2), (5.4) and (5.6) together, we complete the proof of Proposition 5.1. O
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