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Abstract

®

CrossMark

This paper focuses on a system of three-dimensional (3D) Boussinesq equations
modeling anisotropic buoyancy-driven fluids. The goal here is to solve the sta-
bility and large-time behavior problem on perturbations near the hydrostatic
balance, a prominent equilibrium in fluid dynamics, atmospherics and astro-
physics. Due to the lack of the vertical kinematic dissipation and the horizontal
thermal diffusion, this stability problem is difficult. When the spatial domain is
Q = R? x T with T = [—1/2,1/2] being a 1D periodic box, this paper estab-
lishes the desired stability for fluids with certain symmetries. The approach here
is to distinguish the vertical averages of the velocity and temperature from their
corresponding oscillation parts. In addition, the oscillation parts are shown to

decay exponentially to zero in time.

Keywords: Boussinesq equation, partial dissipation, sharp decay rates, stability
Mathematics Subject Classification numbers: 35B35, 35B40, 35Q35, 76D03.

1. Introduction

The hydrostatic balance or hydrostatic equilibrium refers to the equilibrium when the fluid is
static with all external forces balanced out. Our atmosphere is mainly in hydrostatic equilib-
rium, between the upward-directed pressure gradient force and the downward-directed force
of gravity. Understanding the stability of perturbations near the hydrostatic equilibrium may
help gain insight into some weather phenomena. This paper intends to rigorously establish the
stability and large-time behavior of perturbations near the hydrostatic equilibrium for a special
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system of the three-dimensional (3D) Boussinesq equations. The Boussinesq systems are the
most frequently used models for atmospheric and oceanographic flows (see [6, 8, 12, 15, 24]).
More precisely, the 3D Boussinesq system considered here is given by

U+ U-VU=—-VP+v0)+0n)U+0BOe;, xe,t>0,
V-U=0, (1.1)
3,@+ UVG :/'783363

where U denotes the fluid velocity, P the pressure, © the temperature and e; = (0,0, 1). Here
v > 0 and n > 0 are parameters representing the kinematic viscosity and the thermal diffusiv-
ity, respectively. For notational convenience, we have written J;; for Oy,,, with i = 1,2, 3, and
shall use A, = 011 + 0x and V), = (94, ). Here the spatial domain €2 is taken to be

Q=R*xT (1.2)
with T = [—%, %] being a 1D periodic box. Mathematically the hydrostatic equilibrium
(Uhes Phe, Ope) is given by

L,

Upe =0, Pp = PRk Ope = X3.
(Uhe, Phe, Ope) is clearly a steady-state solution of (1.1). Any perturbation (u, p, ) near the
hydrostatic equilibrium with

u:U_Uhe’ P:P—Phe, 029_9116
obeys
Ou+u-Vu=—-Vp+vAu+60e;, xeQ,t>0,

V-u=0,
(1.3)
8,9+u-V9+u3 = 778339,

u(x,0) = up(x), 0(x,0) = Gy(x).

The aim of this paper is to rigorously establish the stability of solutions to (1.3) in a suitable
functional setting and give a precise account of their large-time behavior.

We explain the physical relevance of the spatial domain and the associated periodic bound-
ary condition, and provide physical circumstances that the Boussinesq system considered here
may model. The Boussinesq systems have been studied in various spatial domains with dif-
ferent type of boundary conditions. The whole space and bounded domains with either the
Dirichlet or the Navier-type boundary condition are the most popular setups in the study of
the Boussinesq systems. The periodic boundary condition and various combinations of the
periodic boundary condition with other types of boundary conditions are also relevant in the
stability analysis of perturbations near the hydrostatic equilibrium.

The hydrostatic equilibrium solves the Boussinesq system (1.1), although it does not sat-
isfy the periodic boundary condition imposed on the perturbation. There appears to be an
inconsistency in the non-periodic temperature profile (linear in x3) with periodic perturba-
tions, but this setup actually connects with the real atmosphere [14]. Over a finite range
of latitudes from, say, 30 degrees north to 60 degrees north, the temperature is approx-
imately linear, and the perturbations may look approximately sinusoidal. So it is a local
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approximation in a certain region, away from the boundary (or north/south pole and equator)
and a full/true solution could possibly be built by matching with other solutions near the equa-
tor and poles. There are many other examples of this type of setting, the equilibrium state being
linear while perturbations are sinusoidal. One significant example is the passive tracer in a mean
gradient (see [3]).

The relevance of the periodic boundary condition on perturbations near the hydrostatic equi-
librium is also reflected in several research projects on stratified flows. Embid and Majda
[10] used the periodic boundary condition when they studied the low Froude number limit-
ing dynamics for stably stratified flow. In [19] Simon and Nadiga of Los Alamos Laboratory
investigated the instability of a periodic flow in geostrophic and hydrostatic balance.

We also briefly comment on the relation between the model considered here and the model
in the whole space. In the whole space case, the background temperature profile mathematically
extends from minus infinity to plus infinity. Of course, in a real atmosphere, the range of values
is actually finite. But, in order to allow analytic solutions, it is convenient to assume the range
is infinite. The Boussinesq system governing the perturbations is equipped with zero boundary
conditions at infinity.

The stability problem considered here is difficult. Due to the lack of thermal diffusion in
two directions, the temperature gradient can potentially grow in time if the Lipschitz norm
of the velocity field is not uniformly integrable in time. The velocity equation doesn’t have
vertical dissipation and the buoyancy forcing can propel the velocity gradients to grow in time.
In fact, when the spatial domain is the whole space R?, the stability problem (1.3) remains an
important open problem.

This paper focuses on the domain §2 in (1.2). The vertical periodic boundary condition
imposed here has some advantages over the zero Dirichlet boundary condition or the no-
penetration boundary condition. There are two main difficulties associated with the latter two
boundary conditions. The first difficulty is that boundary terms would emerge when we esti-
mate vertical derivatives of the solution. The second is that the pressure term on the boundary
relies on the vertical derivatives of the velocity field on the boundary, which are unknown.
These two difficulties prevent us from establishing necessary upper bounds on the derivatives
of the solution.

Another significant advantage of the domain €2 is that it allows us to separate a physical
quantity into its vertical average and the corresponding oscillation part. More precisely, for a
sufficient smooth function f = f(xy, x», x3) on 2, we define the vertical average by

fxi,x0) = /f(xhxz,m)dxs,
T
and set the oscillation part as
f=r-r.

It is clear that the horizontal average f represents the zeroth vertical Fourier mode while f
consists of all non-zero vertical frequencies.

The decomposition f = f + f is very special. First of all, this decomposition is orthogonal
in the Sobolev space H(2) for any k > 0. As a special consequence, the H*-norms of f and f
are boundeg by the H k_norm of f- Furthermore, this decomposition commutes with derivatives,
and f and f of a divergence-free vector field f are also divergence-free. A crucial property to
be frequently used in our estimates is that f* satisfies a strong Poincare type inequality

Hf||L2(Q) <C Ha3f||L2(Q)'
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Besides these special properties, this decomposition also allows us to distinguish the differ-
ent behaviors of the different parts of the solutions to (1.3). For example, the decomposition
6 = 6 + 0 helps distinguish the behavior of § and 6. It is not difficult to see from (1.3) that
the vertical dissipation actually vanishes for § due to the zeroth Fourier mode. In contrast,
the vertical dissipation damps 6 and may cause 6 to decay, even exponentially in time. This
decomposition is employed in the estimates of the nonlinear terms.

We assume the initial velocity ug = (uo1, Up2, Uo3) and the initial temperature 6 in (1.3) have
the following symmetries:

uor, U areevenin xz, and wugz and 6y areoddin x3.

As demonstrated in corollary 3.2, these symmetries are preserved in time and the corresponding
solution (u, ) with u = (uy, u, u3) obeys the same symmetries

uy, up, p areevenin x3, and w3 and 6 areoddin x;.

As a special consequence of these symmetries,

3 = /M3(x1,xz,x3,t)dx3 =0, 0= /9(x1,x2,x3,f)dx3 =0,
T T

Therefore,

us :FIZ3, 9:9 (14)

The equations in (1.4) facilitate the estimates of several terms when we bound the derivatives
of 6.
With the basic ingredients at our disposal, we now state our main results.

Theorem 1.1. Consider (1.3) with v > 0 and 1 > 0. Assume that (ug, 0) € H*(2) satisfies
V ug =0, and

uor, U areevenin x3, and upy and Oy areoddin xs, (1.5)

where ugy, ugy and ugs are the three components of ug. Then there exists € = (v, n) > 0 such
that, if

ol g2 + (160l 2 < e, ),

then (1.3) has a unique global solution (u, 9) € L>(0, co; H?) satisfying

t t

@172 + 10@)17 + v/ IV hull 7 d +77/ 18:6]2.dr < C2, (1.6)
0 0

uy,u, p areevenin x3, and u3 and 6 areodd inxs. (1.7)

Furthermore, if the initial datum is in a more regular Sobolev space, then the corresponding
solution is also more regular. More precisely, if (ug, 0y) € H° is sufficiently small and has the
symmetries in (1.5), then the solution (u,0) remains small in H>, and satisfies (1.6) with H?
replaced by H> and (1.7).

We remark that, as explained in the proof of theorem 1.1, (v, n) is of the form (v, n) =
c¢min{v, n} for some pure small constant ¢ independent of v and 7). Theorem 1.1 rigorously
assesses that any small initial perturbation satisfying the symmetries specified in (1.5) leads to
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a unique global solution of (1.3) that preserves the symmetries and remains small in A for all
time. This result appears to be the very first stability result for a three-dimensional Boussinesq
equations with anisotropic velocity dissipation and with only one directional thermal diffusion.
The stability and large-time behavior problems on perturbations near several physically impor-
tant steady states have recently attracted considerable interest due to their practical applications
and mathematical significance. Progress has been made on the stability of two special steady
states, the hydrostatic equilibrium and shear flows (see, e.g., ([5, 7, 9, 21, 25, 27, 28]). The
work of Doering, Wu, Zhao and Zheng [9] investigated the stability of the hydrostatic equilib-
rium to the 2D Boussinesq system with only kinematic dissipation (without thermal diffusion)
and rigorously proved the global asymptotic stability of any perturbation near the hydrostatic
equilibrium [9]. In addition, extensive numerical simulations are performed in [9] to corrobo-
rate the analytical results and predict some phenomena that are not proven. The work of Tao,
Wu, Zhao and Zheng [21] resolves several important issues left open in [9]. In particular, [21]
provides a precise description of the final buoyancy distribution in the case of general initial
conditions and the explicit decay rate of the velocity field or the total mechanical energy. The
paper of Castro, Cérdoba and Lear successfully established the stability and large time behav-
ior on the 2D Boussinesq equations with velocity damping instead of dissipation [5]. More
recent work on the hydrostatic equilibrium can be found in [1, 11, 23, 25]. There are very sig-
nificant recent developments on the stability of shear flow to the Boussinesq equations with
various partial dissipation [2, 7, 20, 27-29].

Efforts are also made here to understand the large-time behavior of the perturbations. Math-
ematically this is a challenging problem when the velocity equation in (1.3) lacks the vertical
dissipation and the temperature equation lacks the dissipation in two horizontal directions.
Powerful classical tools such as the Fourier splitting methods designed for the systems with
full dissipation no longer apply here [16—18]. Our approach here is to treat the vertical aver-
age of the solution (&, #) differently from the oscillation part (i, 5). Unfortunately this process
would break down if the velocity equation does not involve the vertical dissipation. To success-
fully implement our strategy, we consider the following Boussinesq system with full velocity
dissipation,

Ou+u-Vu=—-Vp+vAu+6e;, x€Q,t>0,
V-u=0,

(1.8)
00+ u-VO +us :778339,

u(x,0) = up(x), 60(x,0) = Op(x).
The only difference between (1.3) and (1.8) is that (1.8) also involves 0s3u, which plays a

crucial role in the decay rates. Clearly, theorem 1.1 carries over to the system in (1.8). We are
now ready to state our result on the large-time behavior of solutions to (1.8).

Theorem 1.2. Assume that the initial datum (ug, 09) € H*(Q) satisfies the smallness and the
symmetry conditions stated in theorem 1.1, namely

|0, 00)|| 3 < (v, m)  for sufficiently small e(v,n) > 0
and

uor, Uy areevenin x3, and upy and Oy areoddin xs.
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Let (u, b) be the corresponding solution of (1.8). Let (u, 5) be the oscillation part of (u, 6). Then
(, 0) decays exponentially in time in H', namely

G, 0)(0)|| 1 < || o, B0) |1 €, (1.9)

where ¢ = min{v, n}. As a consequence, the limiting system of (1.8) is the following system

of (ity, U2),
Bty + 0112 + Oyttt = — O p + VA,
Oty + Oz + 8214_% = —0hp+ vA,i,

Oy + Oty = 0.

Theorem 1.2 states that the oscillation part of any perturbation governed by the Boussi-
nesq system in (1.8) decays exponentially in time to zero and the eventual system is a 2D flow
obeying the 2D Navier—Stokes equation. This is consistent with the mathematics and physics
of the system in (1.8) governing the buoyancy-driven fluids. Mathematically, according to the
governing equations on perturbations in (1.8), the dissipation associated with the vertical aver-
age or the zeroth vertical frequency vanishes while the dissipation for the non-zero vertical
frequencies plays the role of damping. The vertical dissipation plays a crucial role in damping
those non-zero vertical frequencies. We also remark that, as shown in the proof of theorem 1.2,
e(v,m) is of the form e(v,n) = cmin{r,n} for some pure small constant ¢ independent
of v and 7).

‘We briefly outline the proof of theorems 1.1 and 1.2. Since the local (in time) well-posedness
on (1.3) in the Sobolev setting H>(€2) or H>(€2) can be shown via standard approaches (see, e.g.,
[13]), the proof of theorem 1.1 is reduced to establishing the global (in time) bounds for the
solutions. The tool is the bootstrapping argument. An abstract bootstrapping argument can be
found in Tao’s book [22, p 20]. To set it up, we define the following energy functional for the
H?-solution,

E@®) = sup ||(u(r),0(T)|3, + y/ |V aua(T)|| 2 T + n/ [|0560(7)||3,2dT.
0 0

0<r<t

Our main efforts are devoted to proving the inequality
E(r) < E(0) + CE®)3, (1.10)

where C = C(v,n) > 0 is a constant depending on v and 7). More explicit dependence will be
provided in the proof of theorem 1.1. The bootstrapping argument then implies that if

E0) = [|(uo, 00)|72 < €7
for suitable € = (v, n) > 0, then E(¢) remains uniformly bounded for all time, for 0 < 7 < oo,
E(r) < Ce? (1.11)

for some pure constant C > 0. In particular, (1.11) yields the desired global H>-bound on the
solution (u, #). The proof of (1.10) makes use of the decomposition

u=u+1u, f=6+6
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in order to distinguish different behaviors of # and #, and of § and 6. We develop various
anisotropic inequalities to deal with the triple products resulting from the nonlinear terms. In
particular, the strong Poincaré inequality

Hf||L2(Q) <C Ha3f||L2(Q)

and the anisotropic upper bound on the triple product

~ 1 | 1o~ 1 ~ 1
/Qfghdx S CIFIRN0 N gl f2 Il 7 05kl

are frequently used. More anisotropic inequalities and their proofs can be found in section 2.
In addition, we also use special properties on the averages of functions with symmetries such
as f = 0 if fis odd in x3. Details of the proof of theorem 1.1 are provided in section 2. The
global upper bound on the solution in H? is obtained similarly.

To prove theorem 1.2, we take the difference of (1.3) and its average to obtain the system
governing the oscillation (u, 5),

Oty + O3 — ud) + Do(uuy — W) + As(Hisur) = —O P+ VAR,
Oty + O1(uuy — Titz) + Os(u3 — u_%) + 03(tzup) = —02p + VAU,
Oty + u - Vit = —0sp + vAliz + 0,

3154— u- Vaz 773335— fIZ3,

V-u=0.

The estimate of the H '_norm of (&, 5) is separated into controlling the L?>-norm of (i, 5) and
that of (Vu, V). By invoking various anisotropic inequalities stated in section 2, we are able
to show that

d, .~ . ~
O Ol + (2 min{r,n} — Cll@e, 0)|s) [|GL, DI <O,

which leads to the desired exponential decay in theorem 1.2.

The rest of this paper is divided into three sections. The second section develops several
properties associated with the decomposition f = f + f, the Poincaré and various anisotropic
inequalities. This section serves as preparation. section 3 proves theorem 1.1, while section 4
proves theorem 1.2.

2. Decomposition and anisotropic inequalities

This section serves as preparation for the proof of theorems 1.1 and 1.2. First, we provide
several properties associated with the aforementioned decomposition. In particular, a strong
version of the Poincaré inequality is supplied. Second, anisotropic inequalities for the whole
space R? and for the domain €2 ZNRZ x T are presented and compared.

We start by recalling f and f. Let Q = R? x T. Assume that, for every (x,x;) € R?,
f(x1,x2,x3) is integrable in x3 on T. Then, f = f(xy, x») is defined by

fxi,x0) = /Tf(xl’XZ’xS)dXS (2.1)
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and we decompose f as
f=F+7 2.2)

]7 will be called the oscillation part of f. f also represents the zeroth vertical Fourier mode
while f contains all other vertical frequencies. The decomposition in (2.2) possesses many fine
properties. First of all, (2.2) is an orthogonal decomposition in H*(Q) for any integer k > 0.
Clearly, the L*-inner product (f, f) satisfies

f f)= /QJ?(Xl,xz)J?(xl,xz,M)dx

=/ ]?(xl,XZ)/?(xl,xz,x3)dx3dxldx2
R2 T
=0

due to the fact that the average of ]7 is zero. Similarly, for any differential operator
D := 9" 052053, the L*-inner product

(D°f,D"f) = 0.

That is, f and f are orthogonal in any Sobolev space H*(2) with k > 0 being an integer. In
summary, the following lemma holds.

Lemma2.1. Letk > 0bean integer. The decomposition f = f + ]7 is orthogonal in H*(Q),
oD =00 17 = IF e+ 1F e
As a special consequence,

I e < S W 1S N <A1 N e

It is a direct consequence of the definition in (2.2) that the average operator and the
oscillation operator commute with the derivatives.

Lemma 2.2. The average operator and the oscillation operator commute with the deriva-
tives, namely, for k = 1,2,3,

O =S, Of =S
As a special consequence, if V - u = 0, then
V-u=0, V-u=0.

One very important property about the oscillation part is that f obeys a strong version of
the Poincaré type inequality.

Lemma2.3. Let f and f be defined as in (2.1) and (2.2). Let k > 0 be an integer. If83]~‘ €
HY(Y). Then f € HY () and

Hf”H"(Q) <C Ha3f||H"(Q)’

where C > 0 is a constant depending on Q) and k only.

Proof of Lemma 2.3. By lemma 2.2, it suffices to consider the case when k = 0. Since
any function in L>(€2) can be approximated by smooth functions, we can assume f is smooth
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without loss of generality. Since, for each (x;, x,) € R?, the average of ]7 is zero, there exists
p = p(x1, x3) such that

}(xl,xz,p) =0.

Then

X3
f(xl,Xz,X3)=f(x1,xz,p)+/ 0.f(x1,x2,2)dz
/)

X3 -
= / 0.f(x1,x2,2)dz.
P

By Holder’s inequality,

1
~ ~ 2
‘f(x1,xz,x3)‘ < [/(@f(xhxz,z))zdz} .
T
Squaring each side and integrating over €2 yields

Hf||L2(Q) <C Ha3f||L2(Q)'
This completes the proof of lemma 2.3. (]

For a one-dimensional function f € H'(R), we have the elementary inequality

: !
Hf”LOC(R) < \/EHfHLZ(]R) ||DfHL2(]R)’ (23)

where Df denotes the derivative of f. When the spatial domain is T instead of R, (2.3) needs
to be modified. More precisely, for any f € H!(T), we have the following lemma.

Lemma2.4. Letf c H'(T)and let ]7 be its oscillation part. Then

o=

1
Hf”L"C(T) < \/E Hf”ZZ('H‘) (Hf||L2(’ﬂ‘) + HDf||L2(’ﬂ‘)) > 2.4
~ ~ 1 ~ 1
Hf”LOC(T) < \/E HfHZZ('H‘) ||Df||L22(’]I‘) (25)
Proof of Lemma 2.4. Forany x; € T,

Pl = () + / D) . 26)

p

Integrating in p over T yields

fas) < /sz(p)der ZUTf(Z)Zer Uquf(Z)der'

Integrating over T and then applying Holder’s inequality for the last term on the right yields
(2.4). To prove (2.5), we replace f by f in (2.6) and choose p such that f(p) = 0. Then

~ X3 .
(F)(x3) = / D((f)*(2)) dz.
P

Integrating over T and applying Holder’s inequality yields (2.5). (]

5464



Nonlinearity 34 (2021) 5456 J Wu and Q Zhang

Several anisotropic upper bounds on the integrals of triple products have been extremely
useful in dealing with partial differential equations with anisotropic dissipation. The following
two inequalities for the spatial domains R? and R? are two outstanding examples of such upper

bounds,
‘ / fghdx
R2

‘/ fghdx
R3

These inequalities can be found in [4, 26]. When the spatial domain is = R? x T, these
inequalities need to be modified suitably.

Lemma 2.5. Let Q = R? x T. Assume that f, O\f, g0»g, h, Osh € L*(Y). Then,

‘/Qfghdx

When h is replaced by its oscillation part h, then the lower-order term ||h|| 2 in the last part
of the inequality above can be dropped, namely

‘/S)fgﬁdx

This lemma is a direct consequence of lemma 2.4 and Minkowski’s inequality.

1 1 1 1
< Clf e 181 g, 19181 2oy Il e, 1020 sy

1 1 1 1 1 1
< C ||f‘|22(R3) ||alf||22(R3)‘|g‘|22(R3) HangI%Z(R'i)Hh”zZ(R?) Haz'thZ(R3)

1 1 1 1 1 1
< CIFIZ 100N N8l 1028 Nkl ([lkllz + 195kl 2)

1 1 1 o~ 1 ~ 1
S CIFIZ N0 N2 gl 22 110281 22 1Al 2 193] -

3. Proof of theorem 1.1

This section proves theorem 1.1. Since the local (in time) well-posedness of (1.3) can be estab-
lished via a standard approach (see [13]), our attention is focused on the global bound of (u, ).
We need to prepare two key ingredients. The first is the uniqueness of two H>-solutions to
(1.3). As a special consequence, the symmetries of the initial data in (1.5) are preserved for all
time, and the corresponding solution possesses the same symmetries. The second main ingre-
dient is the global a priori estimates stated in propositions 3.3 and 3.4 below. Once these two
ingredients are at our disposal, the proof of theorem 1.1 is then completed via a bootstrapping
argument.
We first establish the uniqueness of H?-solutions to (1.3).

Proposition 3.1. Assume that (u®,0V) and u®,0%) are two solutions of (1.3) in the
regularity class

@®,0D),?,6%) € L*(0,T; H).
Then, forany 0 <t < T,
(u(l)’ 9(1)) _ (u(2)’ 9(2)).

The proof of proposition 3.1 is not difficult, but the uniqueness is important and would
guarantee the preservation of the symmetries of the initial data.

Corollary 3.2. Assume (uy, 0o) € H*(Y) satisfies V - uy = 0 and the symmetries in (1.5). Let
T > 0. Let (u, 0) € L=(0, T; H?) be the corresponding solution of (1.3). Then, for any t < T,
(u(t), 0(t)) obeys the same symmetries as in (1.5).
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It is easy to check that corollary 3.2 follows from proposition 3.1. In fact, if (u,p,0) =
(uy, up, u3, p, 0) is a solution (1.3), then (U, P, ©) with

Ui = ui(xy, x2, —x3, 1), Uy = up(xy, x2, —x3, 1),
Us = —u3(xy, x2, —x3,1),

P= p(xh X2, —X3, t)& 6 = _9()61, X2, —X3, t)

also satisfies the same Boussinesq equations with the initial datum (U, ©y) given by

Uor = up1(x1, X2, —X3), U = upa(x1, X2, —X3),
Uos = —up3(x1, X2, —x3),
Og = —bp(x1, x2, —x3).

Due to the symmetries of the initial datum, we have
(U, ©9) = (ug, 0o).

By the uniqueness stated in proposition 3.1,
(U,P,0) = (u, p,0)

or
uy(x1, X2, X3, 1) = ui(xy, X2, —x3, 1),
uy(x1, X2, X3, 1) = uz(x1, X2, —X3, ),
uz(x1, x2, X3, 1) = —uz(xy, x2, —x3, 1),
p(x1, X2, x3,1) = p(x1, X2, —X3,1),
e(xl, X2, x3a t) - _a(xl » X2, _x3, t)

Therefore, (u, p, ) has the desired symmetries.
‘We now turn to the proof of proposition 3.1.

Proof of Proposition 3.1. The difference (du, 60) with
Su=u —u® and 60 =01 —9?
satisfies
,0u 4+ uV - Vou + ou - Vu® = vAydu — Vép + 66 es,
V-éu=0,
3.1
9,60 + uV - V50 + du - VOP + (5u)s = nd3300,

Su(x,0)=0, 356(x,0) =0,

where dp = p) — p® represents the pressure difference. Testing (3.1) with (§u, 50) yields

d
@ (l16ullzz + 166172) + vIIVadull7. +nlld:60 )72 = I + L, (3.2)

N =
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where we have used f(59 e3) - ou + (du);660dx = 0, and
L =— /5u - Vu® - Sudx, L =— /514 -VO? 560 dx.

By lemma 2.5,

1 1 1 1 1
1| < CIVu®|Z, (IVu® |2 + 10sVu® | 2) * [|6ull 2, |016ul 2 |5ul|Z, [|026ul|Z,
< C [[u® |2 (10wl 2 [V ibul| 2
1
< ZVIIVhCSMHiz + C [lu®|172 [|6ull 72
Similarly,

1 1 1 1 1 |
L] < [VOPZ 10:V02 | 2, [16ull 2, (| 026ul| %1160 ([[66]],2 + [|0:06],2)7

1 1 1 1
< CIVO? 5 100V <|5u|§z 160112 [|020ul]
1 1 1 1
+ [0ul| 2 1661 2 ||326u||22|3359|22>

1 1
< gN020ullzz + Sl 0s0ulli> + €A+ 1160%32) (loul7> + [160]72)
Inserting the upper bounds for /; and I, in (3.2) yields

(16l + 180122 + w1Vl + nllos5611:
S CA A+ [u®(3 + 162172 U6ullF> + 160117).
Gronwall’s inequality implies
16u|22 + 66(0) 122 < ([[5u0)]|2 + [|56(0)]|2,) e/oM o7,
where
M) = C (1 + [[u®[7 + 169 7)-

For (u®,0®) € L>(0, T; H?), the time integral of M(r) with 0 < ¢ < T is bounded,

t
/M(T) dr < oo,
0

and therefore, du(t) = §6(r) = 0. This completes the proof of proposition 3.1. [l
Next we state and prove our main propositions.

Proposition 3.3. Assume the initial datum (uy, 6y) satisfies the regularity and symmetry
conditions in theorem 1.1. Let T > 0. Let (u, 0) be the corresponding solution of (1.3) on [0, T).
Define the energy functional E(t) by

t t
E() = sup ||(u, 9)(7)“%,2 + l// ||th||i,z dr + 77/ ||839H,%,z dr.
0<r <t 0 0
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Then, for a constant C > 0 and for 0 <t < T,

E(r) < EO) + CE(1)3. (3.3)

Proof of Proposition 3.3. According to corollary 3.2, (u, ) obeys the following symme-
tries

uy(x1, X2, X3, 1) = ui(xy, x2, —x3, 1),
us(x1, X2, X3, 1) = ua(x1, X2, —x3, 1),

(3.4)
uz(xi, x2, X3, 1) = —u3(xy, x2, —x3,1),

a(xl » X2, X3, t) - _e(xl, X2, —X3, t)'

As in (2.1), we define u and 6 to be the horizontal averages of u and @, respectively, and i =
u—uand @ = 0 — 0. As a special consequence of the symmetries in (3.4),

Uz = /u3(x1,x2,x3,t)dx3 =0, 0= /Q(Xl,xz,x3,f)dx3 =0
T T

and thus

usz = fIZ3, 0= 5
We now prove (3.3). Due to the equivalence of the norms
3
1. )72 ~ @, OlI72 + D 1107w, 5702,
i=1

it suffices to estimate ||(u, 0)||,2 and Y7, ||(92u, 9?0)|| 2. First of all, we have the global L>-
bound. Dotting the equations in (1.3) by (u, #) and integrating by parts, we find

t t
(. 0)]]7 +2u/ [Vt 72 d¢+2n/ 1036|172 dT < || (uo, 60) |72 3.5)
0 0

Applying the differential operator 9? to the equations in (1.3), testing the resulting equations
by (0?u, 976), and integrating by parts, we have

| e

3 3 3
IZ (107 ull72 + 10761172) + 20> IVadFullf> + 20 050767
i=1

i=1 i=1

=Ji+Ja, (3.6)

o

where we have used the fact that
/(8,-2963 - OFu — O?u3070)dx = 0

and
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3
J = —Z /8,-2(14 -Vu) - Qzu dx,
i=1
3
h==> /8,-2(14 - V) - 926 dx.
i=1

Due to the anisotropic dissipation in (1.3), we need to decompose the terms into compo-
nent terms to distinguish the derivatives in the horizontal direction from those in the vertical
direction. In addition, dueto V - u = 0,

/(u~V8i2u)-8i2udx:O, i=1,2,3.

Therefore, J; can be written as

2
—Z /Bf(u-Vu)~3i2udx—/332(u~Vu)~832udx
i=1

2 2
=— Z /Bf(u -Vu) - 3izudx — Z /332(uk - Ogt) - 832udx
i=1 k=1
— /332(u3 - Osu) - 832udx

2 2
==y Y ¢ / O"u- 07 "Vu - Ofudx

i=1 m=1

2 2
- Y ey / Oy - 2Ot - 2w dx

k=1 m=1

2
-y e / Oz - 02" su - Oudx

=Ju+Ji2+ i3,
where C' denotes the combinatorial number,

2!
T oml2—m)!”

m

Since the derivatives in Jy; are all in the horizontal direction, we can directly apply lemma 2.5
to obtain

2 2
1
| < CZZ amuan 107" ul 2 + (1050 ul| 2) 2

x IIBf"”WIIEz\If’)l@f‘"’Wll ,02ul k ||3232u||
< Cllull2 | Vaul|72-
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To deal with Ji,, we realize that the middle term in the integral 832‘"’8ku with k = 1 or 2 has
at least one horizontal derivative. Thus, we can still use lemma 2.5 to generate enough time
integrability parts,

2 2
1 1 1
il €03 05wl 10085 i 105" Ouatl |

=1 m=

>~
—_

1

1 1
x (1057 Ohtl| 2 + 110305~ el 2) * |5l 1 (| 0203l 72
< Cllull2 |V aul|72-

To deal with Jy3, we use the divergence-free condition d3u3 = —V, - uj, and lemma 2.5 to
obtain

2 2
1
sl <€D a0 Vi unll s (1057 - a2

m=1 k=1
1 1 1 1 1
110308V - unll 2) * 1037 "ull 7 10005 ull 7, 103ull 2, 1| 0205u]]

< Cllull e Ve
In summary, we have shown that
il < C llulle (V|7 3.7

We now turn to J,. First, we distinguish the horizontal derivatives from the vertical derivatives
to decompose J, as

2
L=-> /af(u.va).a,?edx— /a§(u-V0)-8§9dx
i=1

2 2 2
=->> /8,»2(uk-8k9)~8,-29dx— > /a,?(m - 850) - 820 dx
i=1 k=1 i=1
2
-3 /832(uk~8k9)~8329dx— /ag(m - 830) - 930 dx
k=1

2 2 2
= —ZZZC&”/&’”W.agfmake.al?adx— ZZCS'/B,-’”M L0700 - 920 dx

2
i=1 k=1 m=1 i=1 m=1

S}
S}

2
N / Ouy - 0300 - 030 dx — Y €Y / Ouy - 27030 - 936 dx
m=1

k=1 m=1

= Jy +Jo +Jo3 + Joy,

where we have used the fact that, dueto V - u = 0,

/(u Vo0 070dx =0, i=1,2,3.
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Since the temperature equation involves only vertical dissipation, we need to make use of the
decomposition

0=0+0=10

where we have used § = 0 due to the symmetry in 6. Therefore,

2

2 2
a1 :—ZZZCZ /amuk 07 "0 - 020 dx.

i=1 k=1m
It then follows from the second inequality in lemma 2.5 that
2 2 2
21| < ZZZC'HHWWH 2 ||313ml4k\| Lo m3k9\|
i=1 k=1 m=1
e o] bk
X [020;7" 00| 2110701l 12 [|0:0; 0 12
By the strong Poincaré type inequality in lemma 2.3,
1076]],2 < C (105076 -
Therefore, by the basic facts in lemma 2.1,
V| < ClIVaullg2 1012 10501 2

The estimate of J5; is similar,

2 2

Ul < €3S Cxlarul 2 10n00us | 19205612,

i=1 m=1
2-mp 312152012 2511
X [020;"0501| 11167611 > 1]0:0; 0 1
< ClIVaullgz 10112 11030 2

To bound J53, we first change 6 to 5,

=SS [ oo oiia

k=1 m=1
By lemma 2.5,

2 2

1
o3| < CD N C|0 w2 10105 Ik L63 makeH

k=1 m=1
x 1030208 2, 020112, 110:6201 2,
< Clull2, Vil 16112, 1056112,
C (lulle + 16052) (Va2 + 195013)
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The estimate of J,4 is similar to that for J,3 and
aa] < C (lullge +110012) (IVnuellF + 10501172) -
Collecting the bounds for J,, we obtain
2| < C (Ifull e + 101l2) (IVnull7z + 10:0132) - (3.8)

Inserting (3.10) and (3.11) in (3.6), integrating in time over [0, 7] and adding to (3.5), we deduce
1
E() <E(O)+C/O (lullg IVnullzo+ (lull + 101l2) (I Vaullze + 1056132)) dr

< E(0) + CE®)?,

which is the desired inequality (3.3). Here C = C(v,7) > 0 is a constant depending on v and
7. According to the definition of E£(¢), C = ¢/min{v, n} for a pure constant ¢ > 0 independent
of v and 7). This completes the proof of proposition 3.3. (|

Our last proposition concerns itself with an a priori bound for the H* solutions of (1.3).

Proposition 3.4. Assume the initial datum (uy, 0y) € H® satisfies the symmetry conditions
(1.5) in theorem 1.1. Let T > 0. Let (u,0) be the corresponding solution of (1.3) on [0, T).
Define the energy functional E(t) by

t t
B0 = sup ||, 0)(") |20 + v / IV a2 dr 4 7 / 185625 dr.
0 0

0<r<t

Then, for a constant C > 0 and for 0 <t < T,

E(r) < EO) + CE(1)3. (3.9)

Proof of Proposition 3.4. Due to the norm equivalence

3
1f s ~ 1f 12+ Y 107 .2

i=1
and the global L>-bound in (3.5), it suffices to estimate
3
> (107ullz: + 107613:)
i=1

By the equations of (u, #) in (1.3),
PRk

3 3
32 U0l + 107015:) + 203 IVadullyz +20) 10557617
i=1 i=1 i=1

=K+ K,
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where

3

K, = —Z /31»3(u~Vu) - Q}udx,
i=1
3

Ky=-)_ /a?(u-ve) - 920 dx.
i=1

To cope with the anisotropic dissipation, we decompose K into three terms, as we did in the
previous proof. The situation here is more complex due to the higher-order derivatives.

:_2263 /Bmu 9"Vu - O udx

i=1 m=1

- 3 | 0Fuy - 33 "kt - 33udx
ZZ

k=1 m=1

3
-y ey / Oz - 03" Dsu - D3udx
m=1
=K1 + Kip + Ki3.

By lemma 2.5,
2 3 1
K| < ZZ amuan (l0rull 2 + 1|050"ul| 2) 2

1 1 1 1
X IIBf‘”’WIIZz\If)l@f‘”’Wlliz 18 ull 2, 11020l 1
< Cllullgs [ Vaulls-
23 1 Ioa 1
K| < CY 0 (105wl 2 1000wl 2 1103 O]
k=1 m=1
1 1 1
< (105" ull 2 + 110503 O] 12) * |03 1 (| 0205
< Cllullpgs [IVnull -
By the divergence-free condition O3u3 = —V, - uj, and lemma 2.5,
302 1
K| <CY D 105" Vn - willZ (105" V- unl 2
m=1 k=1
aamflv . %837’" % 8837’" % 83 % 883 %
+ 110505 V- unl|2) * 1105wl )5 110105 ul| > 1|05 ull 7, [|0205ull 7,
< Cllullg [ Vaulls-
In summary, we have shown that
Ky | < C |l g3 |V nuel |73 (3.10)
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To deal with K,, we divide K> into four terms

2 2
ZZZQ / 0wy - 077"0k0 - 070 dx

—ZZQ / Of'us - 0] "050 - 06 dx

i=1 m=1

—ZZQ /amuk 03" 0kf - 956 dx

k=1 m=1

3
-y ey / Nz - D300 - D30 dx
m=1

=Ks + Ko + Koz + Ko,
To bound these terms, we invoke the fact that
6=0, 6=0

and apply lemma 2.5 to obtain

2 2 3
Knl<CY D > ey E2E ) ||513ml4k\| 10700
k=1 m=1

i=1

1 ~ 1 ~ 1 ~ 1
x |12 102077001 1107011, 1103076

2 3

2
<CYN S crlorudl loorull o8 ol

i=1 k=1 m=1

~ 1 ~ 1 ~ 1
X [|0207 " 00| 11105076 1> 11830701,
< ClIVaullgs 10113 10501 2

S}

: m Vi % Vi % 3—ma N %
K| < CY N C10Mus]| 2 10100 us)| 1, (107050

S Sk o) !
x (102077050l 2116701l 2 105076 2
< ClIVaullps 110175 110511

2 3

Kn|<CY ) ey H@muk” ) ||513ml4k\| L83 m5k9||

k=1 m=1
x 12305 "0k z||539|| 2 ||52839H
< Cllullf,z Hthllf,z HGIIZ,Z o611
C (llullgs +101l2) (IVaullzs + 110501155)
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and
|Koal < C (lulls + 16]13) (Il + 1050175) -
Collecting the bounds for J,, we obtain
1Kol < € (lullga + 116]l52) (IVaullzs + 11050175) - (3.11)

Collecting the upper bounds for K and K, and integrating in time lead to the desired inequality
(3.9). This completes the proof of proposition 3.4. (]

We are now ready to prove theorem 1.1.

Proof of Theorem 1.1. As we mentioned at the beginning of this section, it suffices to
establish a global a priori bound on the norm of (i, #) to prove theorem 1.1. This is achieved
by applying the bootstrapping argument on (3.3) in proposition 3.3. An abstract bootstrapping
argument can be found in Tao’s book [22, p 20].

We rely on the inequality (3.3), namely

E(t) < EQO) + Co E(1)3, (3.12)

where Cy = ¢/min{v,n} > 0 for a pure constant ¢ > 0 independent of v > 0 and > 0. We
take ||(uo, 6p)|| ;12 to be sufficiently small, say

1 2

E0) = ||(uo, 60) |7 < Tec2 = ¢
0

The bootstrapping argument starts with the ansatz that

E®) < (3.13)

4c3”
It then follows from (3.12) that
1 1
E() < EW) + Cy E(t)% E(t) < EQO)+ Cof E(t) = EQ0) + EE(I)
0
or

1
E(t) <2E0) < —,
(1) 0) 3C2

which is half of the upper bound in (3.13). The bootstrapping argument then implies that, for
any z > 0,

1
Elt) < —.
0< 5o

In particular,

1
@), 60D |2 < s+ = V2e.

2V2C
The global existence and stability of H> solutions are obtained similarly by using the inequality
(3.9) in proposition 3.4. This completes the proof of theorem 1.1. ([
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4. Proof of theorem 1.2

This section is devoted to the proof of the decay estimates in theorem 1.2.

Proof of Theorem 1.2. Assume that the initial datum (uo, 6y) € H* satisfies the regularity,
symmetry and smallness assumptions stated in theorem 1.1. Let (u, §) be the corresponding
solution of (1.8), namely

Ou+u-Vu=—-Vp+vAu+60e;, xcQ,t>0,
V-u=0, “4.1)
8,9+u-V9+u3 2778339.

As established by theorem 1.1, (u, #) remains small in H? for all time and obeys the same
symmetries. As a special consequence of the symmetries, the vertical averages of u3 and 6 are
zero, namely

i3 =0=0. (4.2)

By taking the vertical average of (4.1), and using (4.2) and the basic properties in lemma 2.1,
we obtain the equations of u,

Oy + 3114_% + Oty = —0\p + VA,
Oyity + Otz + Bati = —Oap + VA, (4.3)
o1ty + Oriiy = 0.

Taking the difference of (4.1) and (4.3), we find that (u, 5) satisfies

Oty + 0113 — ud) + Doy — W) + Os(tisur) = —O P+ vAQ,

Oty + O (uruy — W) + Oa (U3 — 1U2) + Ds(tisuz) = — P + VA,

Qyits + u - Vity = —95p + vAu; + 0, (4.4)

at§+ u- ng 778335— 53,

V-u=0.

As we shall see below, we do not really need the full dissipation in the velocity equation, but the
dissipation in the vertical direction is crucial. The nonlinear terms will be controlled without
using the dissipation in the x;-direction. We estimate the L>-norms of (i, 5) and (Vu, Vg)
separately. Our goal is to achieve the following inequalities

NGB + @ — Cllll| @, D532 + 20105012 < 0
and
%H(Vﬁ, VOIF + 200Vl + (20 = Culllulle + 116]12)) 1102, )Vl 2
+ (20— Callullyp + 10]1) 1982 < 0.
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Dotting (4.4) by (u, 5) and integrating by parts, we obtain

d. _~ _ ~
3 1@ DIIZ2 + 20| Va2 + 2n]| 050172
=L+ L+ L3+ Ly + Ls + Lg,

where

Ly =— /5151(14% - u_%) dx, L, =— /ﬁlﬁz(uluz — uyiz) dx,
Ly =— /5183('123u1)dx, Ly=— /ﬁzaz(u1uz — upuz) dx,

&:_/%@@_@wx %:—/%&@mﬂm
It is easy to check that

12— 12 = 20y 0 + (0)* — G2 = 20 10y + (@0)? 4.5)

Uiy — Uty = Uy Uy + o Uy + Uy U (4.6)

Therefore, we can further decompose L; into three parts,

L :Z/ﬁlalﬁal dx+2/i7181?2121dx+/i71 81(%2dx

= Ly1 + Lo + Ly3.
By lemmas 2.5 and 2.3,
1 1 1 1 1 1
Liy < 2[un ||, (|00t [| 2 | Ovta || 2 (|01 Ovtan || N[ || 2 ([ O || 2
< C e 1057 5 05711
< C ||z (10211 |72 + 1|5t |1 72)-
By Holder’s inequality and lemma 2.3,
Liz < 2|y |2 it || oo [ Orin || 2
< Cl|Osu[| 2 || || g2 (10212 + Osus]| 2
< Cllinl 2 ([|0a1l|72 + 1|05t 2)-
By lemmas 2.1 and 2.3,

Liz < ||| 2 101G || 2 < el 2 1101 Q) 2

C ]z 7 e 10102

NN N

C ||0sur || 2 [[i1 || g2 || 0otz + D5 ]| 2

< Cllanlle (1021172 + (1052 72)-
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Therefore,
L] < Cllu ||z (1052l + 1|D52]|72)-

Invoking (4.6), we can rewrite L, as
L, =— /ﬁlaz(ﬁlﬁg + wyiy + up o) dx.
The three terms in L, can be estimated similarly to those terms in L; and the upper bound is

|La| < Cllulle (1021]]72 + [|052]|72)-

By integration by parts,

L3 = —/53 u183171 dx

< ||z (w2 (|95 || 12
< Cllur ||z [|0sus]| 2 [| 05 || 12

< Cllur || (|91l | -
Similarly we have
Lol Ls|, |Lo| < Cllull e (|02 + [|95utl|72)-
Collecting the upper bounds for L; through Lg, we find
d, .~ - ~ ~ ~
1@ OIL + 20Vl 2 + 2003672 < C llulle (02772 + (1057 12)-
or
QG +@v—c n, B3t 22 + 21]|030]|% < 0
3 1@ Ol + Qv = Cllu| 52)1(D2, s)ull 2 + 211]|056]]7 < O.
When the initial data (i, 6) is sufficiently small such that
Cllullpe < v,
we have
d, = ~12 012
3@ Ol + v 195l 2 + 20l 00]] 2 < O-
Invoking the Poincaré inequality in lemma 2.3,
[l 2 < CllOsull2, 0]z < C|050]] 2
leads to

d, _~ ) -
aH(u, 0|17, + € min{v,n}|@ )7, < 0. 4.7)

5478



Nonlinearity 34 (2021) 5456 J Wu and Q Zhang

We now estimate the H'-norm. Taking the gradient of (4.4) and then dotting the resulting
equations with (Vu, V), we have

%H(V’ﬁ, VO)|I72 + 20|Vl 2 + 29|03V 0|32 = My + - - - + M,
where
M, = —/V’al VOud —id)dx, M, = —/V’al - VO (uruy — i) dx,
= —/Vﬁl - Vos(uszuy) dx, My = — /Vﬁz - Voh(ujur — winp) dx,
Ms = — / Vi, - Vo3 —ud)ydx, Mg = — / Vit - VOs(iizus) dx,
M; = —/V’a3-V(u-V’a3)dx, Mg = —/Vé-V(u-vﬁ)dx.
To estimate M, we first invoke (4.5) to write M as
M, = —2/%71 -0\ (@ ) dx — /vaz1 OV i) dx =My, + M.
By integration by parts and V - u = 0,
My = 2/va1’zz1 (Vi iy 4, Vity) dx
=2 / V(Osity + Dsits) - (Viy iy + 11y Vidy) dx.

Noticing that #; is a 2D function independent of x3, and applying Holder’s inequality and
lemma 2.3, we have

Mi> < C 1@, 092 (112 L + 1 gz, (V)
< C 1@, 09Vl 2 Va2 [

1 1
+ C (|92, 03) V|2 [ || [V atia || 2 |21 || 2
< C|(02, 03)Vul| 2 |05V [| 2 [[n || 2

1 o
+ C|(02, 03) V| 2 (030511 [| [, 1|03 Vit [| [ [ || 2,

where we have used the following Sobolev inequalities

1 1
1A lls < CUAIZ NIVRfl L < ClLf g
h Lh Lh h
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Here || f ]| 7 denotes the L?-norm of f over the horizontal 2D space and || /|| B, = (1{¥al! 2, I s
By lemma 2.1 and then lemma 2.3, » »

< C |0V || 2] V@2 2 < C (0, 05) Vit | 12| V(@) 2
< C[(02, 0) V|2 [| Vit || g2 [[11 || oo
< C[(02, 03) V|2 |05 Vy || 2|1 || -

|M2]

Therefore,
M| < C lull g2 [1|Da, 83) V][5

To estimate M», we use (4.6) to split M» into three terms,

M, =— /V’zh v (ﬁlﬁz + i iy +’L7T’zfz) dx = My + My + M.
These terms can be bounded similarly as M. The upper bound for M, is

[Ma| < C llullg 11|, 0) V|-
By integrating by parts, applying Sobolev’s inequality and lemma 2.3,

M3 = /637&1 -V(%ul)dx

< CllosVinllz (V]| 2wl + i3]l [ Vel )
CllosVin |2 (IVasll 2l 2 + 1] | Ve [0

<
< Cl|05Vuy |2 |05 Vs || 2| || 2

< Clull g2 105V 72,
where we have used the inequalities

£ llzs < CUF s
sl = Nl + Vsl < 10305u3 2 + (|03 Vi 2.

M 4 can be estimated similarly as M,, M5 as M| and Mg as M. It remains to bound M5 and Mj.
Because V- u =0,

3
My=-Y" / ittty Oyt dx.

k,m=1
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Again we intend to bound this nonlinear term without using the dissipation in the x;-direction.
We decompose the terms in the summation into several parts,

3
M7 = —/61538114161}13 dx — Z /8,(1738,(14181173 dx
k=2

3 3
- Z Z /8kﬁ38kum8mﬁ3 dx:= M71 + M72 + M73.

k=1 m=2

By V - u = 0or diu; = —0uy — Osu3 and integrating by parts,
M71 = /(81ﬁ3)2 (82u2 + 83143) dx = — /MZ 81}23 8281ﬁ3 dx — /u381'123 8381}23 dx.

Therefore,

IM71| < [|ua|| oo ||Ovi3 || 2 |0201 3] 12 + [|us | || 013 |2 || 0301113 12

< C[ull 2D, 23 Vi 3.

By lemma 2.5 and then lemma 2.3,

3
1 U U S
M| < CY |0k |12, ||010ctis | 2 (| 0niaa | 1| 02015 | 2,
k=2

1 1
X |G || 2, (Nl Outar || 2 + 11030k || 12) 2

3
1 1 1 L
< Cllurllge Y 10s0ktis| s 1101 0ktisl |2, (1030123 | (02047031 2
k=2
< Clul 2| (B2, 05) Vil 7o
M3 can be bounded similarly as M7, and

\Mz3] < C|lull 2| (D2, ) V|72

We now estimate the last term Ms. There is only dissipation in the x3-direction in the
f-equation, so My is estimated differently. Because V - u = 0,

Mgz—/V§~Vu-V§dx.
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To pinpoint the main difficulty, we decompose My into three parts,

= —ZZ /akﬁakumﬁmedx—z /3k93ku3 (939dx

k=1 m=1

—Z /639331/{,”3,”9(1)(—/63933143 339(1)(

m=1

= Mgy + Mgy + Mgz + Ms,.

The terms Mg, M g3 and Mg, all contain at least one 835 and they are relatively easy to estimate.
By lemma 2.5 and then lemma 2.3,

~ 1
M| < CZ ||3k9\| > H333k9\| 2 \|3ku3\| 2 \|323k“3|| > ||339|| 2 101050 12

< Clullg2 10:V8]7..

Similarly,
Mz < C [lull gz 05V60[I72 (M| < Cllul| 2 [|0:V0] 7.

The terms in Mg, do not contain the favorable derivative 835. We write
Oty = Oyl + Ol

and Mg; becomes

Mgy = —ZZ /akaakuma fdx — ZZ /akaakuma 0 dx := Mgy, + M.

k=1 m=1 k=1 m=1

By lemma 2.5 and then lemma 2.3,

~ 1 ~ 1
[Ms11| < CZZ ||5k9\| 2 H838k9\| p \|3kum|| 2 102051t 2||am9||L22 1101001 2

k=1 m=1

CZZIIB@GII : ||333k9|| 2 IIBkumH 2 (028t 2H838m€|| 2 [[010m 9H

k=1 m=1
1~
< ClIVull H9|| 2 ||33V9H > H(’)zVull
< C([ullz + 1011 2) (10:Vill7 + (10561 72).
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M3, has to be estimated differently. Since #,, is only a function of x; and x»,

2 2

Msiz] < DD l0kttnllzye 10012 10012

k=1 m=1

[}
[}

> 110kt 11050401112 10500012 < € l|ull g 05V

k=1 m=1

It is this last term that needs the H>-norm of u. The other upper bounds only involve ||u||;-
norm. Putting together the bounds for M through Mg, we obtain

d ~ ~ ~
3V VO + 2v]|00Vallf, + (20 = Cullullg + 10]142)) 1102, 83) V72

+ (21 = Callull s + 116112)) 15 V617> < 0
When the initial data (uo, 8y) € H? is sufficiently small such that
Ci(llullgz + 110l52) <vi Collullgs 4+ [10]]2) <
we have
d - B B ~
3 Vi V0|7, + 2v |01 Vi 1, + v, 0) Vil 72 + 1|05V, < 0

Invoking the Poincaré inequalities in lemma 2.3,

IVill,2 < CllsVidllz.  [|VO],2 < Cl105V0)| 2
leads to

d SO . ~ o

EH(V”’ VO)|7, + € min{v,n}|(Vi, VO)||7, < 0. (4.8)
(4.7) and (4.8) then imply (1.9). This completes the proof of theorem 1.2. U
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