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Abstract. This paper examines the global regularity problem on several 2D incompressible fluid models with partial dissi-
pation. They are the surface quasi-geostrophic (SQG) equation, the 2D Euler equation and the 2D Boussinesq equations.
These are well-known models in fluid mechanics and geophysics. The fundamental issue of whether or not they are glob-
ally well-posed has attracted enormous attention. The corresponding models with partial dissipation may arise in physical
circumstances when the dissipation varies in different directions. We show that the SQG equation with either horizontal or
vertical dissipation always has global solutions. This is in sharp contrast with the inviscid SQG equation for which the global
regularity problem remains outstandingly open. Although the 2D Euler is globally well-posed for sufficiently smooth data,
the associated equations with partial dissipation no longer conserve the vorticity and the global regularity is not trivial. We
are able to prove the global regularity for two partially dissipated Euler equations. Several global bounds are also obtained
for a partially dissipated Boussinesq system.
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1. Introduction

This paper studies the global regularity of several two-dimensional (2D) models with partial dissipation.
The first is the surface quasi-geostrophic (SQG) equation with two different partial dissipation terms,

which can be written as
040 + udy0 + v0y0 — 10,0 = 0, (z,y) € R?, t >0, )
0(x,0) = bo(x), '

and
040 + 10,0 + v0,0 — 110,,0 = 0, (z,y) € R?, ¢t >0,

0(x,0) = Op(x),

where 6 is a scalar real-valued function, > 0 is a constant, and the velocity @ = (u, v) is determined by
# through a stream function 1, namely

U= (u, v) = (=0, Oxv), V—-AyP=240.

The above relations can be combined to

(1.2)

i = (u, v) = (_8?!9’ O
VA VA
where R, Ry are the standard 2D Riesz transforms. Clearly, the velocity @ = (u, v) is divergence free,
namely J,u + dyv = 0. The SQG equation is an important model in geophysical fluid dynamics. In
particular, it is the special case of the general quasi-geostrophic approximations for atmospheric and

oceanic fluid flow with small Rossby and Ekman numbers, see [23,54] and the references cited there.
Mathematically, as pointed out by Constantin, Majda and Tabak [23], the inviscid SQG equation ((1.1)

0) = (_R295 7?'19)7

® Birkhauser
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with u = 0) shares many parallel properties with those of the 3D Euler equations such as the vortex-
stretching mechanism and thus serves as a lower-dimensional model of the 3D Euler equations.

The inviscid SQG equation is among the simplest scalar partial differential equations for which the
global well-posedness issue remains open. The global regularity problem on the SQG equation has recently
been studied extensively and important progress has been made. Besides establishing the local well-
posedness and several regularity criteria, Constantin, Majda and Tabak carefully examined the behavior
of several special classes of solutions [23]. The perplexing behavior of solutions to the inviscid SQG
equations was further investigated both theoretically and numerically and these studies have contributed
substantially to our understanding of the global regularity problem (see, e.g., [22,24,29-32,36,52]).

The dissipative SQG equation with fractional Laplacian, namely (1.1) with (—A)? instead of —ud,.0,
has recently attracted enormous attention and significant progress has been made on the global well-
posedness issue. The global regularity problem for the SQG equation with either subcritical (o > 1) or
critical (o = 1) dissipation has been successfully resolved (see, e.g., [7,20,25,26,43,45,56]). Although the
global regularity issue for the supercritical case o < 1 remains outstandingly open, there are important
recent developments (see, e.g., [11-13,15,17,27,28,33,34,37,42,50,51,57,60,63,64]).

We explore how partial dissipation would affect the regularity of solutions to the SQG equation. To
the best of our knowledge, such systems of equations as in (1.1) and (1.2) have never been studied before.
We are able to establosh the global regularity for both equations.

Theorem 1.1. For any 0y € H?(R?), (1.1) admits a unique global solution 6 such that for any given T > 0,
0 € L>([0,T]; H*(R?)), 0,0 € L*([0,T]; H*(R?)).
Theorem 1.2. For any 0y € H?(R?), the system (1.2) admits a unique global solution § such that for any
given T' > 0,
0 € L*(0,T; H*(R?)), 9,0 € L*([0, T]; H*(R?)).
Remark 1.3. The proof of Theorem 1.1 is given in Sect. 2. Since the proof of Theorem 1.2 is largely
parallel to that of Theorem 1.1, we shall omit the details.

We also investigate the global well-posedness issue on the following 2D Euler equations with partial
dissipation.

Oyt + u0u + vVOyu + Opp — Opau = 0,
00 + u0yv + v0yv + Oyp = 0,
Ozu + 0yv = 0, (1.3)
u(z,y,0) = up(z,y), v(zr,y,0) =vo(z,y),
and
Oru + u0zu + voyu + Oxp = 0,
01V + u0,v + vOyv + Oyp — Oyyv = 0,
Ozu+ Oyv =0, (1.4)
u(z,y,0) = uo(z,y), v(z,y,0) =vo(z,y).

The Euler equations model the motion of ideal incompressible fluids and the global well-posedness
problem on the 3D Euler equations is one of the most challenging problems in mathematical fluid dynamics
(see [5,18,19,49] and references therein for a review of the subject). The 2D Euler equation has been
extensively studied and the global regularity is known since the work of Wolibner [61] and Hdlder [39]
(see also [4,16,44,49]). The key observation is that the corresponding vorticity is simply transported by
the velocity field due to the absence of the vortex stretching term in the 2D case. Consequently one easily
obtains the boundedness of the vorticity if it is initially so. This is the key component in the proof of the
global well-posedness for the 2D Euler equation. It appears that an alternative proof without resorting
to the boundedness of the vorticity is currently lacking.

On the first look, it seems that we should be able to obtain the global regularity of (1.3) or (1.4)
easily. However, when partial dissipation is added to the 2D Euler equation, the vorticity equation is
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more complex and it is then not easy to deduce the boundness of the vorticity. Then one has to rely on
energy estimates to establish global bounds in consecutively more and more regular functional settings.
We are able to prove the global regularity for (1.3) and (1.4).

Theorem 1.4. For any (ug, vo) € H?(R?) x H%(R?), (1.3) admits a unique global solution (u, v) such
that for any given T > 0

(u, v) € L([0,T); H*(R?)) x L>([0, T]; H*(R?)),
dyu € L*([0,T]; H*(R?)).
Theorem 1.5. For (ug, vo) € H?(R?) x H?(R?), (1.4) admits a unique global solution (u, v) such that for
any gwen T >0
(u, v) € L=([0, T); H*(R?)) x L*=([0, T]; H*(R?)),
o,v € L*([0,T); H*(R?)).

The proof of Theorem 1.4 is given in Sect. 3. We now explain that (1.4) can be converted into (1.3)
and thus the proof of Theorem 1.5 follows. If we set

{i =y, G=u,
w(z,g,t) = v(z,y,t), 0(&9,t) =ulz,y,t), P(E9t)=Plzyt),
then we can check that
uOpu + vOyu = V030 + W0zh, U0yv + vOyv = V05U + U0z 0.

Therefore, (1.4) is equivalent to

Dy0 + W0 + 9050 + g P = 0,

Ol + 10z + 0050 + Oz P — 0z = 0,

Ozu + 050 = 0,

u(z,9,0) = vo(z,y), 9(&,79,0) = uo(z,y).

It appears difficult to establish the global regularity of two other systems of the 2D Euler equations
with partial dissipation,

(1.5)

Ot 4+ w0zt + vOyu + Opp — Oyyu = 0,

00 + u0,v + vOyv + Oyp = 0, (1.6)
Ozu+ Oyv =0,

and
0w + u0zu + voyu + Oxp = 0,
00 + U0z v + v0yv + Oyp — Ogev = 0, (1.7)
Opu + Oyv = 0.

It is easy to establish global bound for the vorticity w in L%, but our attempts for any global bound
for w in LY with ¢ > 2 have failed. Of course, if one is willing to add more partial dissipation, then the
global regularity can be obtained. For example, the system

Ot 4 w0zt + vOyu + Opp — Oyyu = 0,
0 + u0zv + vOyv + Oyp — Ozzv = 0, (1.8)
does have a global classical solution.
Our last result of this paper concerns the global regularity for a 2D Boussinesq system of equations
with partial dissipation. The Boussinesq equations model many geophysical flows such as atmospheric

fronts and ocean circulations (see, e.g., [48,54]). In addition, they are at the center of turbulence theories
concerning turbulent thermal convection (see, e.g., [21,38]). Mathematically the 2D Boussinesq equations
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serve as a lower-dimensional model of the 3D hydrodynamics equations. In fact, the 2D Boussinesq
equations retain some key features of the 3D Euler and Navier-Stokes equations such as the vortex
stretching mechanism and the inviscid 2D Boussinesq equations can be identified as the Fuler equations
for the 3D axisymmetric swirling flows [49]. Extensive recent efforts have been devoted to obtain the
global regularity for various partial dissipation cases involving the 2D Boussinesq equations (see, e.g.,
([1-3,10,35,46]).
Our attention here focuses on the following 2D Boussinesq equations with horizontal dissipation in

the vertical velocity equation and vertical dissipation in the temperature equation

Orus + u0zu + voyu + Ogp = 0,

010 4 U0,V + v0yv + Oyp — Opav = 0,

00 + 100 + v0,0 — 0yy0 = 0, (1.9)

Oyu+ Oyv = 0,

U($,y,0) ZUO(may)7 U(%Z/vo) :’U()(l',y), 0(x7ya0) :90(x7y)v

we establish several global bounds, which may be useful in the eventual resolution of whether or not (1.9)
is globally well-posed.

Theorem 1.6. Assume that (iiy,0) € H°(R?) with o > 2 and V - iy = 0. Let (ii,0) be the corresponding
solution of (1.9). Then, (4, 0) admits the following global bounds, for any T >0 andt < T,

t
()| % +/ 10.Vo(r)||2: dr < C, (1.10)
0
where C = C(T, o, 0p);
t
16(t) 11772 +/O 10,V0(7)||72 dT < C, (1.11)
where C' = C(T, iy, 00);
t t
s 2 s 2
18, 1'20(t)]] - +/O 18, 12F26(7)|| . dr < C, /0 10,0(7)[|7 dr < C, (1.12)

where 0 < s < % and C = C(T, o, 0p);
10:0()]|Le < C, 2<q<o0 (1.13)
where C = C(T, q, U, 0p)-
The rest of this paper is organized as follows. Section 2 proves Theorem 1.1 while Sects. 3 and 4

present the proof of Theorems 1.4 and 1.6, respectively. Throughout the rest of the paper, C' denotes
various positive and finite constants whose exact values are unimportant and may vary from line to line.

2. The Proof of Theorem 1.1

The existence and uniqueness of local smooth solutions can be established without difficulty. Thus, in
order to complete the proof of Theorem 1.1, it is sufficient to establish a priori estimates that hold for
any fixed 7' > 0.

We first recall the following logarithmic Sobolev inequality which will play an important role in the
proof of Theorem 1.1.

Lemma 2.1. The following logarithmic Sobolev embedding inequality holds for all vector fields f with
f e H*(R?) and s > 1

[ fll Lo m2) < 0(1 + | fll2me) + ||fHBMO(R2)\/10g(6 + ||f||Hs(Rz))), (2.1)
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where BMO denotes the homogenous space of bounded mean oscillations associated with the norm (see
[59] for more details)

1 lrio 2 !
BMO = SUp 57
z€R2,r>0 |Br(l')| B, (x)

1

- d
|Br ()] JB, ) fz)dz

fly) — dy.

Here B,.(x) denotes the disk of radius r and center x in R2.

Remark 2.2. It is worthy to emphasize that the power 1 of log(e + [f1l g7+ (r=)) Plays a key role in proving
our theorem.

Proof of Lemma 2.1. Although the approach in part available in the literature (see, e.g. [53, Corollary
2.4]), yet for the convenience of the reader, we give detailed proof via the Littlewood-Paley decomposition.
By the Littlewood-Paley decomposition, we can rewrite

= A,
j=—o00

where A ; denotes the homogeneous Fourier localization operator. By Bernstein inequality (see, e.g. [4,16]),

—1 N—1 [e'e]
£l < D0 1A Fllooe + | D2 Aif| + D 1IA; flloe
=0

j=—00 j=N

LOC
—1 N-—-1

<c| 3 2l + N {3 (A502)

j=—o0 =0

+ ) 2070275 A £ o
Lo I=N

1 _
<C(Ifllze + N2 | fllsmo + 28 £l 70, (2.2)

where we have used the following estimate from Lemma 3.2 of [40]
N-1 N
; 2
[ @iy
=0

Now taking an integer N such that 2V )| f|| ;. = 1, we thus get
1
s—1
Substituting this fixed N into (2.2), we obtain the desired inequality (2.1). Therefore, we complete the
proof of Lemma 2.1. O

< C| fllBmo-
LOQ

N = [ =7 log(e + Ifll5.)] + 1.

The following anisotropic Sobolev inequalities (see [9] and [8]) will be frequently used later

Lemma 2.3. The following anisotropic Sobolev inequalities hold,
/RQ |fghldxdy < Cl|fll2 (gl 721102912 11RlI 21102l 2, (2.3)

1 1 2=l = 1
/sz |fghldzdy < C|fllc2 gl 2110291 21l 27 [[10,R) 22, 5 <y < 1. (2.4)
Now let us proceed to prove Theorem 1.1.

Proof of Theorem 1.1. Multiplying (1.1) by 6, using the divergence-free condition and integrating with
respect to the space variable, we have
1d

1La 2 2 _
5 dtHe(t)Hm + (1020172 = 0.



428 J. Wu et al. JMFM

Integrating with respect to time yields
T
16()]17- +/O 10:0(7) 122 d7 < [|60l|72 < o0. (2.5)
Multiplying (1.1) by |0|P~26 and using the divergence-free condition, we have

t
p—2
107 +p(p — 1)/0 1026161 "= ()17 dr = [|6oll7-
As a consequence, we obtain that, for any ¢ > 0,
16@)]|» < ll6ollr, V¥ p € [2,00]. (2.6)

Taking the inner product of (1.1) with Af, we derive

1d

5anve(t)n?gz + 10 V0|2, = — /R V(100 + v0,0) - VO dzdy. (2.7)

By the divergence-free condition d,u 4+ 0yv = 0, we rewrite the righthand side of (2.7) as

— amuaxﬁaxﬁdxdy—/ 8$v8y98x0dxdy—/ ayuaxﬁayﬁda:dy—/ 0yv0,00,0 dxdy. (2.8)
R? R2 R?

R2

Now we start to estimate each term of (2.8). To estimate the first term, we integrate by parts and use
Young inequality to obtain

0, u0,00,0 dedy = — 0(0pzu020 + Opu0y0) daxdy
R2 R2

< Cll0]| Lo (10zaull L2[|0201 2 + |0z ul| L2022 0]| L2)

< Cl10]l o (022 R201| 12 1|0201| L2 + |02 R20] 12 [| 020l 12)

< Cl10]l Lo (02001 2 [|020] L2 + [020]| L2 (| 0220 =)

< e[|0: V0|7 + Cell] 7~ VOl 22, (2.9)

where we have used the Boundedness of Riesz transform on L? (1 < ¢ < 00) spaces.
Applying similar arguments as above, we obtain the following bounds

/ 0,v0,00,,0 dxdy = — 0(0pzv0y0 + 0y v04,,0) ddy
R2 R2

< Cll0]| 2 (19221 2|8y 0| L2 + |02 L2 |0y O]l 2)

< C[l0]| L (1022 R10] £2(|8y 0| L2 + (|02 R0 12| 0y ]| 2)

< Cll0] Lo (1102201 211001 L2 + (10201 L2102 0] 12)

< e 0: V022 + CellOll7 V12, (2.10)

0yu0500,0 drdy = —/ 0(0pyudyB + 0yudy,l) dxdy
R2 R2

< Cll0]| L~ (10zy ]| 210y 01l L2 + 18y ull L2 |02y O] L2)

< O[Ol o (|02 Rabl| 2[10y 0| L2 + [0y R20] 12 (|02 0| L2)

< Cll0]| L (192401 L2 1|0y01 2 + [0,01] L2 (| Oy 01| =)

< €| 0:VO)Z2 + Cellf] 7 [ VOII7-. (2.11)
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Unfortunately, it seems difficult to estimate the last term fR2 0yv0y00,0 dxdy. To handle this term,
we first obtain

— | 0yv0,00,0 dedy = / 0,u0,00,0 dxdy
R2

R2
= —2/ U0y 00,0 dxdy
R2
< CllullL=[|8y01 2|00l 2
< €| 0:VOIZs + Cellull L VO Z-- (2.12)

In order to close the estimates, we need

T
/ [l dt < C < oo,
0

Due to the unboundedness of the Riesz transforms on L°°, it is not clear if ||u||L is finite, even
though ||0]| L= is bounded. To circumvent this difficulty, we adapt the “weakly nonlinear” energy estimate

approach introduced by Lei and Zhou [47], which enables us to get “almost a priori” bounds for L? norms
of VO (see (2.15) below).

For any T > 0, we assume the solution is regular for t < T and show that it remains regular at t = 7.
For any ¢ € (Tp, T) (here Ty € (0, T) to be specified later), we denote

M(t) £ AO(T)||7--
(8) = max [[A6(7)][72
Plugging the estimates (2.9)—(2.12) into (2.7), and choosing sufficiently small e, we conclude that
d
VOO + 10:VOI[72 < Cell0l2 [ VOI[72 + Ccllullz< VO] Z2. (2.13)
Gronwall inequality tells us that for any 0 < s <t
t t
IO + [ 10:90( )3 dr < Vo) Faexp[C [ (101 + full~)r) ).

Applying the logarithmic Sobolev inequality (2.1), we have, for any Ty <t < T,

t
IVO@)|2. + /T 10, 96(7)|2 dr

- t 2
< 90T oexp[C [ (14 160= + lullzo + el viog(T + [Aul ) dr]
.,

o t
< |[VO(TY) | exp| /T (14 1003 + lulE= + lullaio Tog(1 + | Aullz2)) dr
- t
< V0T [fexp[C | (1+ 1013 + 1602 + 61 log(1 +]120]12)) dr]
o
< IO Faexp[C | (100 tox(1 + M (1)) dr]
- 0

o t
< V0T Faexp[C [ 10(7)]F drlog(1 + M ()] (2.14)

where we have used the boundedness of Riesz transforms from L to BMO spaces (see, e.g., [58]),
namely

[RfllBmo < Clf|[L=,
and the simple fact

IRfllzz < Cllf Lo
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Note the following bound
[10(t)]| L~ < C < o0, foranyt > 0.
Thus we can choose Tj close enough to T such that

t
C | 6= dr <&
To

for sufficiently small k > 0 to be specified later. Therefore,

t
[VO(t)]|2. +/ 0. VO(T)||22 dr < C(1+ M(t))", forany To <t <T. (2.15)
To
Taking A to the first equation of (1.1) and testing by A6, we see that
1
5%||Ae(t)||2p + 10402 = —/ A{(u0,0 + v0,0)} AO dxdy. (2.16)
R2

Taking the divergence free condition into account, we have
/ A{(ub20 + v0y0) } A dxdy = / (Audz0 + Avdy0 + 20, ubz20 + 20y udzyl + 20,v02y0 + 2000y, 0) Al dxdy
. R2 . R2

2K+ Ko+ + K. (217)

Similar to the estimate (2.9), we can bound K; as
K = Aud,0A0 dxdy
R2

=— [ 0(0;Aul0 + Aud,;Af) dxdy
R2
< Cll0]| L~ (192 AR0| L2 | A0 L2 + [[AR20] 2] 0 A0 2)
< Cll0)| = (102 A0] L2 | A0 L2 + [[A0] 2] 0. A0 2)
< €l 02207 + Cel|0]| 7 [|A0]7-. (2.18)

Note the following fact
IAfI22 = [ AF()]20 = / €21 F2(6) de = / & P12 (E) de + / &P FI2(6) de
R2 R2 R2

= 0. F )22 + 18, F ()|
= [0uf 1122 + 10y f 1122

= [V 12
The relation between (u, v) and 6 allows us to show
0
[Av|L2 = [|[A—"50] 2 = [|0:A0] 12 = [0, V0| 2
L

and
|0y Av|| L2 = [|0zAul|p2 < C||0,A0]| L.

The combination of the above facts with the anisotropic Sobolev inequality (2.3) thus leads to

Ky = Avdy A0 dxdy
R2

< O A 2|0y 011 221102011 22 [| Av]| 72|10y A0 7.2
< OA| 2]V 721102V 0| 2| 0. A0 7
< |0, 2072 + Ce||VO[3210. V0|32 || A0 3. (2.19)
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We get by integrating by parts and applying the Young inequality

K3 =2 O0r 1020 A0 dxdy
R2

=2 / (05 0p OO + 0,300, A0) dady
]R2

< Cllullz=[|A0] 2 [0 A0]| L2
< €0, A0]122 + Cellullf | 28] 2. (2.20)

We again resort to the anisotropic Sobolev inequality (2.3) to obtain

Ky = 2/ Oyu0yy0AG dxdy
R2

< C| A0 210y ul £ |0y ull E2 |0yl £ 1| Oy Ol -
< C|A0||2[IVO|| L [10: VO] 2|0 A L
< €0 A0] 7 + Cel| VO 2210 VOI 2 [ A . (2.21)

Similar to the bound (2.20),

K5 = 2/ 0200,y 0 A0 dxdy
R2

=2 / 0(Dgay OO + 0,00, A0) dady
R2

< Oljollze< |A8] £2]10- A0 .2
< €| 0:A0|[72 + Cellv]|7e | AD][72. (2.22)

Utilizing the divergence free condition and the Young inequality, the last term can be estimated as

K¢ = 2/ O0yv0yy0A0 dxdy
R2
= —2/ 02 u0yy Al dxdy
R2

=2 / U(Dyy OO + By, 00, A0) dady
]R2

< Cllullz=]10:A0]| L2 | A0 L2
< €| 0:A0]I72 + Cellull L | A0] 7. (2.23)

Inserting the estimates for K7 to K in (2.16) and taking e small enough, we obtain

d 2 4 4
%”AQU)HQL? +10:40]72 < CJl0[|7 = [ AO]I72 + +C([V0]| 7110 V0| 72 [ A7
+ Cllulli= [ A0]|72 + Cllofl7<[120] 7 (2.24)
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Applying the logarithmic Sobolev inequality (2.1), we have
L1803 +19:8613: < U0l 18613, + CIV6I L. 0.8 . |80

+O(1+ lullx + lullmio/Iog(L + [Aulz2)) 1463
+O(1+ lollze + lollmwoy/oa(l + TAeTz2)) 140]2

< C10)3= 1A0]13: + CIIVOI £ 109611 1. 1 201
+C(1+ ullfs + l[ullEno log(1 + | Aullz2) ) 1401
+C(1+ [0l2: + oo log(1 + 1Av]l2) ) 1 A0]13:

< OO M(t) + C0,V0] (1 + M(1) 5
+C (1410132 + 1013 Tog (1+ M (1)) ) M (1)

< Cll0 VO] j2(1+ M) 345 + C(1+ 6]3: + Cl10]3 log (1+ M(1)) ) M (),

where we also have used
IRfllemo < Cl[fllee and  [[Rf|[z2 = [|f] Lz

Integrating above inequality over interval (Tp,t) and observing that M (¢) is a monotonically increasing

function, we thus obtain
t
M(t) — M(Tp) < C (1 +110]12~ log(1 + M(s))) (14 M(s)) ds
To

o <1+M(s))%||5zv9(s)||§z ds
<C (1 4 116]12 ~ log(1 + M(s))) (14 M(s)) ds
To
+c(1 + M(t))

24k t

3 4
10:V0(s) 7. ds
To

<c | (1 +[160]2 ~ log(1 + M(s))) (14 M(s)) ds

+C(T7T0)%(1+M(t)> o (2.25)

Now we take 0 < k < % and then apply Young’s inequality to obtain
243k

O~ Tyt (14 M) ° <0+ 51+ M),

As a consequence, the following inequality holds
t

1+ M) <C+C (1 4 116]12 ~ log(1 + M(s)) (1+ M(s)) ds.
To

Letting
t
Ht) 2 C+ c/ (1 +110]12~ log(1 + M(s)) (14 M(s)) ds
To
and noting that
1+ M(t) < H(t),
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we have

d
%H(t)

C(1+ 110113~ og(1 + M (1)) (1 + M(1))

< C(1+0]2~)log (1 + M(t)) (1+ M(t))
< C(1+ [10]17)H (t) log H(t).
Therefore, for all ¢t € [Ty, T)

H(t) < H(Tp) expexp(c/T (1+16(7)]%) dT) < H(Tp) exp exp(CT + k),

or
M(T) < (1+ M(Tp)) expexp(CT + k) — 1 < oo,
which gives rise to

2
2 < .
Juax |A0()|7: < C <

Recalling the inequality (2.24), we can deduce from above bound that
T
1A0(1)|2 +/ 102 A0(7) |22 dr < C(T, T, 8(Ty), o) < oo (2.26)
0
It follows from the above bound (2.26) and the following inequality (see [35])

[hllze < C(||hllL2 + [[Oyhl L2 + [|Ozzhl 2)
that

T T
/0 IVO(t)]| L~ dt < C/O (IVO@)z2 + 10, VO@)l|z2 + 1020 VO(E) | 2) it

T
< [ (19000 + V200012 + 10,200 2)
S C(Ta 00) < 00,

which is enough for high regularity as shown in [23,62]. This fact implies that the solution is regular at
t = T. Moreover, the uniqueness is clear. Thus, we have completed the proof of Theorem 1.1. O

We end up this section with the following remark.

Remark 2.4. The method adopted in proving Theorem 1.1 may also be adapted with almost no change
to the study of the following 2D incompressible porous medium equation with partial dissipation:

00+ (T- V)0 — 000 =0, (z,y) €R?, t>0,

U= —Vp—bes,
2.27
V.-u=0, (227)
0(x,0) = Oy(x)
Actually, combining the equation @ = —Vp — fes and the incompressible condition V - @ = 0, one can

easily deduce
U= (—R1R20, RiR10).

Consequently, by the method adopted in proving Theorem 1.1, we can show that the system (2.27)
admits a unique global smooth solution.
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3. The Proof of Theorem 1.4

This section proves Theorem 1.4. The focus is on how to obtain the global a priori bounds for the solution
on any time interval [0, 7).

Proof of Theorem 1.4. The basic energy estimate entails that

1d,
5@”“@)”%2 + [|0zull72 < 0.
Integrating in time yields
T
[l +/0 10z u(7) |72 d < C(uq, vo) < oo (3.1)

Taking the inner product of the first equation in (1.3) with Au and the second equation in (1.3) with
Av, integrating over R? in variable = and then adding them up, we deduce

1d

5 g I VAL + 10 VullZ: =0, (3-2)

where we have used the identity
/ (@- V) - Atidzdy = 0.

R2

The above identity can be proved as follows. In the case dimension is two, we have
Ai =Vtw, V' =(-9,, 0.)

and

VvVt (@ Vi) =i - Vw,
which leads to

/(ﬁ-Vﬂ’)-Aﬁdmdy:/ (@ - Vi) - V*wdrdy
R2 R2

— | VY- (@-Vi)wdzdy
R2

= —/ (@ - Vw)w dzdy
R2
—0. (3.3)

Integrating over (0, ¢) with respect to the time variable leads to

T
||Vﬂ(t)||%2 +/0 ||3mVu(T)H2L2 dr < C(ug, vg) < 0. (3.4)

In order to obtain the a priori global H? bound, we will apply A to the Egs. (1.3); and (1.3),, respectively,
then we get

(3.5)

O Au + Adyp — ADypu = —A{(d - V)u},
OrAv + Adyp = —A{(d - V)v}.

Taking the inner products of (3.5); with Au and (3.5)2 with Av, adding the results and integrating by
parts, it is easy to show
1d
S IATOIR: + 10, Auls = - / A{(i- V)u} Au dedy — / A{(i- Vo) Avdedy.  (3.6)
R2 R2

In what follows, we will deal with each term on the right-hand side of (3.6) separately.
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Thanks to the divergence-free condition, the first term can be rewritten as follows

/ A{(@-V)utAudzdy = / (Audzu + Avdyu + 20, u0zu + 20y udpyt + 205005y u + 20y V0yyu) Au dxdy
R? R?

2 Ni+Ny+---+ Ns. (3.7)

With the aid of the inequality (2.3), the above six terms can be estimated as follows.

Ny

P

= / AuduAu dxdy

R2

1 1 1 1
< CllAull > [|Aul|72]|0- Aul| 22 [|0zul| 72 |0y Oaul 7.
2 2

< el|0z Aul|Fz + Cell0uull 2 10zyull 2| Aul 22, (3.8)
= / AvOyulAu dxdy

; 1 1 1 1
< Clloyull 2 ]| Aul| 22 10- Aull 2. | Av] 72 [0y Av]| 7.

= Clloyull 2| Aul| E: |0z Aul| 2 ]| Av]l £
< e[| @aAullZz + Celldyull Lz (| Aullzz + | Av]|Z), (3.9)

N3 =2 0y u0zzuAu dxdy

RQ
1 1 1 1
< C\IazUHLz||AU||E2||3xAU||EzHaach||Zz||3ymu||Zz
1 1 1 1
< Cll0zul 2 [|Aul 21| 0x Aul| 72 | Ozzul 22 [0z Aul| £
< |0 Aul|7z + Ccl|0pull 72 100zl L2 | Aul| L2, (3.10)

Ny = 2/ Oyu0pyulu dxdy
]RQ

Ny

< C0yull 2| A 2, 100 At 2, |yl 22 10yl 22
< C0yull 2| Al 2. |00 At 2, 1Dyl 22 0 Aui] 2
< el A3 + C-l9yull3al0uyull 12 A 12, (3.11)
=2 /2 0200z yulu dzdy
R
< Cl0u0] 2 [ Al 2 00 At 2, |0yl 2. |8yl -

1 1 1 1
< Cll9yvllz [ Aul £ 102 Aul| L2 [| Oy ul £ |0z Al £
< el @ Aullts + CelldyvlLal|Onyul 2 | Aull e, (3.12)

Ng = 2/ OyvOyyulAu dxdy
R2

1 1 1 1

< Cl|9yyul| 2| Aul| L. |0z Avl| 2218y v | L2 [ Oyy vl £2
1 1 1 1

< Ol Aull gz | Aul 72102 Aul| 22 |0y 0] 72 102y ull £-

2 2
< e[| @aAullZs + Celldyvll Fall Oyl 2ol AullZ: (3.13)

Similarly, the second term can be rewritten as

R2

A{(@- V)v}Avdzdy = / (Audzv + AvOyv + 20, U0z0V + 20y u0zyv + 205002y + 20, v0y,v) Av dxdy

R2

£ Li+Ly+- -+ Le. (3.14)
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We again resort to (2.3) to obtain

Ly

Lo

Ls

= AudvAv dady
R2

1 1 1 1
< Cl|9gv]| L2 | Avl £21| 0z Aul| L. | Av[| 2 |0y Avl| -
< el @uAullZs + CellduvlZa (1 AulZ + [|Av]Z2),

= AvdyvAv dxdy
R2

1 1 1 1
< Cl|Av| 2| Av| £2[18y Avl £ 18y v 2 [0yl £2
3 1 1 1
= CllAv] 2102 Aull £2 |0y ] 72 | Ozzul 2
2 2
< el o Bulfe + Celldyoll 22 |10zoull F2 1 Av] 72,

=2 0, U0, VAV drdy
]RZ

1 1 1 1
< C”AUHH||amv||z2”amyv||£2Haxu||z2||amu”z2
3 1 1 1

< C[|Av]| 2110z Aul| 72 |0z ul| 2| Ozaull 2

2 2
< EHazA“”%? + C€||(91u||22||('3mu|\22||Av||2L2,

Ly = 2/ Oy u0pyvAv dxdy
]R2

Ls

Lg

1 1 1 1
< Cl|Av| 2|02y 0]l £2 102y | L2 Oy vl L2 Oy ull -
3 1 1 1

< Cl|Av| £21|0 Aull L |0y ull 22 | Oy ul -
2 2
< ell@uAullZs + Celldyull 22 10nyul 22 [ Av]1Z2,

= 2/ 02005y VAV dxdy
R2

< O A0 12| 0ry ]| 22 [ 0say v 22 a0 22 Oy
< C)| A0 12100 Al 22 10,0) 22 | Oral] .
< el|0a Aulf2s + Cel|Oz0] 3 10nsull 3 1 Av] .,
= 2/ Oyv0yyvAv dxdy

“ 1 1 1 1
< O] 2218y 01122 12y 01122 10,0112 19y 22
< OI| A2 100 A 22 10, 0] 22 9y 2

2 2
< el oz Aulfz + Celldyvll 2 | Oayull £ [ Av] 72

Putting all the above estimates into (3.6) and taking e small enough yields

where

2 2 2 2
H(t) = C([0aullz> + 10yulliz + 10:0]172 + 10,011 22 10watell 22 + 18yull 22 [ Oayull ;2

di\- .
AT + 0:Aul7: < CH(®)| AT,

2 4 2 2
+ 1000 721 Oaul 72 + 1020l 72| Oyl £2)

JMFM

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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is an integrable function, namely
T
/ H(t)dt < C(T, up, vo) < o0.
0
Gronwall’s inequality gives, for any 0 <t < T,
t
NIE: 2
|AG(2)]7 2 +/ 10 Au(T)||72 dr < C(T, ug, vo) < c0.
0

Thus, we obtain the desired bound of Theorem 1.4. Invoking the following inequalities (see [35])

1Pl < C([Pllz2 + 1020l L2 + [[Dyyhll2),
[Pl < C(lIAl[ L2 + 18yhl L2 + |0zzhl|L2),

we have
T T
/O 10,0 (8)]| .~ dt = / 0w dt
T
< [ (1002 + 10,0:0(0)z2 + 10::0,u(0)]12)

T
< [ (a0 + 18uO)z2 + 0. 80 2)

< C(T, ug, Uo) < 00,

T T
/0 10,u(t) | dt < C / (10,u(®) |22 + [0:0yu(®)l| 2 + |2eByu(t)]|z2) dt

T
< CA (IVu(®) | r2 + |Au(®)] 2 + |0z Au(t)] 12) dt

< C(T7 Uo, ’UO) < 00,
T T
/O 10,0() ][z dt < C / (19:0(0)| 2 + 10:050(8) | 2 + By Duv(®)]|2)
T
<c / (10022 + 0:050(0)]| = + [ay@ou(t)12) dt

T
< C/ (V)2 + [Au(t)l| L2 + |0z Au(t)|| =) dt
0
< C(T, Ug, Uo) < Q.
Therefore, it is easily obtained that
T
/ IVE(t)| Lo dt < C(T, ug, vg) < 00,

0

which implies the uniqueness of the solutions. This completes the proof of Theorem 1.4. 0

4. The Proof of Theorem 1.6

This section proves Theorem 1.6. Again our focus is on how to obtain the global a priori bounds for the
solution on any time interval [0, 7.
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Proof of Theorem 1.6. Our approach in this section is partially inspired by [35]. To start with, let us
apply the basic energy estimate to the system (1.9) to obtain

t
16(6)]122 + / 10,612 dr < 16022,
106) 120 < 100llze g € [2,00],

and

t
la(t)]| = + / 10,0]2 dr < C(t, i, 0).
0

Taking the inner product of the first two equations in (1.9) with A« yields

1d
5|Vl + 10:90l = [ oAvdady
t R2

= 00, ,v dxdy + / 00yyv dxdy
R2 R2

101 L2182 Vvl L2 + 110, 8| L2 [| Vo]l 2

IN

A

1 -
102V 0lIZ2 + 10172 + 119,6] 2| V] 2.
Applying the Gronwall inequality yields
t
Va2 +/0 10, V0|2 dr < C < oo.

Taking the inner product of the third equation in (1.9) with Af leads to

1d
§%|\V0(t)||%2 + 10, VO||2: = — /]R V (udy0 + v8,0) - VO dxdy
= — 0,1u0,00,.0 dxdy — / 02v0,00,0 dxdy
R2 R2
- 0yu0,00,0 dxdy — / 0yv0,00,0 dxdy.
R2 R2

By (2.3) and d,u + 9yv = 0,

0,1u0,00,0 dedy = —/ 0yv0,00,0 dxdy = 2/ v0,00,,,0 dxdy
R2 R2

R2
1 1 1 1
< O|0y 0| 12110201 2110y Ol L2 10| 22 02| 22

< 19, VOlZz + CllvllZ: IV Z: [ VOl 7.

ol —

The other three terms can be bounded as follows,
0,v0,00,,0 drdy = — / 0(02y 00,0 + 0300,y 0) dzdy
R2 R2

< OOz ([102y vl 211020l L2 + (102 0]| £2[| Oy 01l 2 )
< Cll0ll=|18y V][ L2 [ VO] 2

1
< 519, VoIl + ClION L VO 72,

0yu0,00,0 dxedy = — / 0(0zyu0yb + 0yudyy0) dedy
R? R?

< CH9||L°°(HaﬂcyuHL?”ay9HL2 + ||ayu||L2H8xy9||L2)
< Cl0]| L0y VO £2(| VO] 22

(4.3)

(4.4)
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1
< 10y V0IZ2 + ClOIIZ< VO,

— | 0yv0,00,0 dxdy = / 0(0yyv0y0 + 0yv0y,0) drdy
R? R?
< O0l Lo (19yy vl 2110y 0| L2 + |0yl 12| Dyy O]l 12)

< Cll0ll=19y01| 210y VO 2
1
< 10y VOIZ2 + ClOIIZ< VO] 7.
Plugging above estimates (4.3)—(4.6) into (4.2), we obtain
d ~
ZIVO®IZ2 + 110, VOl < ClIOlIZ< VOl 72 + CllvlIZ: IVl Z: ] VOl 7z
An easy application of Gronwall’s inequality gives
t
IVO(t)]3 +/ 10, V0|72 dr < oc.
0
Combining above estimates, one gets

t
IZ@) 7 + 107 +/O (10z0[1Z1 + 18,61I7) dr < C < 0.

439

(4.5)

(4.8)

Applying |9,|'"* (0 < s < §) to the temperature equation and multiplying the resulting equation by

|0y]1720, we get

510 OO+ N T0l3. = [ 10,1 (@ Vo)la, 70 dady

/ 10,1(7 - V6)|0, | +2°0 dardy

/ 5 ‘(a i V0 + i - V,0)[0, |20 dady
R2

=1+J
By (2.4), the term J can be bounded as
J—/ O (it 50,0)(0, 20 dudy
re 0y
:/ (i - vayo) Y-\, 7720 dady
R? |0y |
< 10,9011 | 2o o120 |G (0<s< )
|a | L2 ‘8 | L2 2

1
< Cllillm 10,901 557 10,0157 (0<s<3)

< *III@;I”SF)HL T Ol 10,903

Now we turn to the term I, which can be written as

I—/ Ig |(8 ,u0y0 + 0yv0,0)|0, | 20 dedy == I + I5.
R2

(4.9)

(4.10)

(4.11)
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Integrating by parts, we get

I, = / Oy (,u0,0)|0,1+2°0 ddy
w2 [0y]

= / Oy Y (u0y0,0)|0, | T*°0 dwdy — / Oy L (ud,0)0,|0, |20 dxdy
r2 [0, r2 Oy

_ _/ (1B, 0,0)-22- |8, 1420 dardy / 10, |* (udn0)-2-0,0, "0 dardy
R? |0y |0y]
= I + T
Obviously, the term 17 admits the same bound as the term J, that is,
Iy < *Illa #2017 +CHUII3 o 8, V0|7

By virtue of the Sobolev embedding, the term I15 can be estimated as follows
Iz < O)10y]* (ud:0) | 2 [[19y [0 .2
< Cllull (10201 22 + 10, VOl £2) 1110y *+0] 2
< G110y P61 + Cllull (10,6122 + 110,761 22
where we have applied the following estimate
110y > (u020) || L2 = [[(u020) (2, Y)| L2 1

< CHH(U&CG)(QT,?J)HH; L

< O lute, )l 10:6G W)l sz |,
X < ! + L +s51>0
51, 52 9 S 9~ §1 T 81

< O |luta, ) lmy 1020, ) 1y |,

< Cllu(@, )| oo m

1000, 9) 12 + 19,0.0(z. )12

L2
< Cllue, )iy (H|aro<x,y>||%
= Cllull i (9,611 + 19,0:61112).

o 12006 g

Li)

Therefore, it directly yields

< *Illa 202012 + Clll i 10,9013 + Cllull (10:0] = + 19,0 2>

Finally, by Young inequality, we arrive at

I — / @(ayvaya)\ayﬂmedxdy
R2 |6y‘

=/ (ayvaye) Y10, |10 dady
R? 10y

|a |2+30
L2

|a ‘1+259 H
L2 1110l

2 25 S 2-2s 25 ]'
< Cllil 100510, V015: 5 10, P01 22 (0<s < 3)

1 1 1
< Cl|9yvl[ 210,012 10200 - (0 <s< 5)

|<9|

—6s
< *|||5 aadlv +CHUII3 - 9 V9||3 e

6”3 45
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Combining the estimates for I and J together, we thus conclude

d s

18T 0@)IZ: + 119,707 < Ol 19, V613

+ Cllul (10201122 + 10,9612)” + Clal ;o 1015+ 19, Vo2

which, along with Gronwall’s inequality, yields

t
1

110, F50)]132 + / 110, 2750(7)||32 dT < 00, for any 0 < s < 3 (4.12)

0

The above key bound allows us to show that
T
/ 18,0(7) 1% dr < oo, (4.13)
0

Indeed, we can deduce that

10,0z < 8,0]| 1
< [ |edien)| aseae,

N

< ([ ale 6P el &) deds,

[

x ( [ asial g dszdsy) (s> 0)
R‘Z
< (10,0112 + 18,060 12 + 10,2+0]| ).

where we have used
[ alel +1e P g, = [ (1 j6a) B 012 dsdn < o
R2 R2
by making the change of variable §, = (1 + |§x|2)mn. Thus, we get the desired bound (4.13).
Taking 0, on the temperature equation and multiplying the resulting equation by |9,0(9720,0, we
have

4 : ,
0,019, + (g 1)/f (9,920)21926/92 dady — / D1 (uD -+ vy 0)|9 0] 720,60 dady
qdt R2 R2

:/ Bzu819\310|q_2819d:vdy+/ 0500, 01050]920,0 dady,
. R2 B IR2

(4.14)
where in the last line we have used the following fact due to the incompressibility of 4
/RQ (10,020 + v0,0,.0)0,,0|7 20,0 dxdy = 0.
Integration by parts and Young inequality allow us to show

/ awu819\8w9|q_28z9da:dy=—/ 8y118$9|8m9|q_28$9dxdy
R2 R2
<q [ 10l10.61110,0.0] dzdy
R2
-1
<955 [ @,0.0210,0 2 dudy + Cq [ Jof? 0,0/ dndy
R2 R2

-1
< qT/ (0y0,0)%]0,0|92 dzdy + Cql|v||7|020]|%,. (4.15)
R2
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Invoking Sobolev interpolation and Young inequality, we obtain

/ 0,00,,0]0,0|720,0 dxdy < C||0,0]| . ||02v] 1| 020]|%7"
RQ

< COValloy0]l < 100112 110:Voll 3 110201174 (4.16)

where the following interpolation has been used

2 a-2
[flle < CVallfllf IVl 2<g<oo,

for some absolute constant C' independent of gq.
Substituting (4.15) and (4.16) into (4.14), we immediately obtain

d 2 a=2
2102010 < Cal|vl| 22110201 L0 + C/al0y0]| L2 1020 121102 V0]l 2 (4.17)

By (4.8), it follows that

T
/0 [o(r) e dr < 0. (4.18)

Noticing the bounds (4.8), (4.12) and (4.18), then making use of Gronwall inequality, one can deduce
from the inequality (4.17) that

||az0(t)”lﬂ < C(Ta(LﬂanO) < 00, 2< q < Q.
Therefore, this concludes the proof of Theorem 1.6. (]
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