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1. Introduction

This paper examines the global (in time) existence and uniqueness of solutions to the
two-dimensional (2D) compressible magnetohydrodynamic (MHD) system, namely

Op+V-(p) =0, (t,z,y) €eRy xRxR,

B (pil) + V- (pil @ @) — Ad — AV(V - @) + VP = =1V (|b?) + b - Vb,
Ob+a@-Vb=b-Vi,

V-b=0

(1.1)

with the initial data

—

pli=o = po(z,y), Uli=o = to(z, y), E|t:0 = bo(x, y)-

Here p € RT denotes the density, @ = (u, v) € R? represents the velocity field, P = P(p)
the pressure, b € R? the magnetic field and ) is a constant with |A\| < 1. Moreover, the
pressure term P(p) is assumed to obey the following polytropic law,

P(p) = Ap”,

where A is the entropy constant and v > 1 is called the adiabatic index. We remark
that there is a large literature on the compressible MHD equations (with both velocity
dissipation and magnetic diffusion) due to their physical importance and mathematical
challenges (see, e.g., [1,4-7]).

This paper aims to achieve three goals. The first is to establish the global well-
posedness of smooth solutions of (1.1) when the initial data (po, o, 50) is smooth and
close to the equilibrium state (1,67 &1), where we denote 0 = (0,0) and & = (1,0). To
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this end, we may assume that vy =3 and A = %, since the other cases can be essentially
reduced to this case, after omitting some high-order terms. The second is to explore the
hidden structure in the system of the linearized equations and offer a new way of diag-
onalizing a complex system of linearized equations. The third is to obtain explicit and
sharp large-time decay rates for the solutions in various Sobolev spaces. As we shall see
in the subsequent sections, we need to overcome several major difficulties including the
anisotropicity and the criticality associated with the 2D compressible MHD equations
with only velocity dissipation and no magnetic diffusion.
In the 2D case, V - b=0 implies that for a scalar function ¢,

b=V"o= (0,6, -0,9).

With this substitution, (1.1) becomes

Op+V-(pi) =0, (¢, z,v9) € Ry xRxR,
O (pil) + V- (pii @ @) — At — AV(V - @) + p*°Vp = —VpAg, (1.2)
Orp+1u-Vo=0.
We will mainly work with this form of the equations, which is more convenient for the
estimates. However, this form is not essential for our main result.

To precisely state our main result, we introduce the functional settings. The operator
notation (V) is standard. Let

U= (n,u,v,l/)) and UO = <n07anUO;w0)-
Let M be a big integer (M > 8 is sufficient, as a careful computation would show). Let

€ > 0 be a small parameter, v € (%, 1], and 3 < <14 3. We define X,,, Xy, Xy with
their norms given by

zy

Inlx,, = sup { &) M nllz, + EOF (V)12
t>0

+ O Enllrs + (V) Denlirz, |

I@x, = sup {7 ID) allzz, + OF sz, + DI V)Teg, + O olzzes
+OUIVPlzz, + O (V)0ulz, + OITIVlz, |

911, = sp {0~ WV Vllg, + O ITIW] gy + 00,

+ 00992 + W97 @),
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Now we define the working space X = X,, x Xy x X, whose norm is given by

1Ullx = [In|

x, + il x, + [¥llx,- (1.3)

Note that we have incorporated the large-time behaviors of various Sobolev norms into
the definition of X and these rates will become clear in the subsequent sections. More-
over,

100l = (V)" (no, @0, Vibo)llzz, + [{V)® (0, do, Vebo)llLr,- (1.4)

Our main result can then be stated as follows. We use A < B or B 2 A to denote the
statement that A < CB for some absolute constant C' > 0.

Theorem 1.1. Assume |A| < cg for some absolute constant co > 0, and let n=p—1,¢ =
¢ —1vy, ng = po— 1,%9g = ¢g —y. Then there exists a small constant 6 > 0 such that,
if the initial data (ng,do, ¢o) satisfies ||(no, do, ¥o)llx, < d, then there exists a unique
global solution (p,u, v, ¢) € X to the system (1.1). Moreover,

||(TL,U, v, (rb)HX 5 0.

Especially, the following decay estimates hold
In(®)lles, 5675 @®leg, S5 [Veleg S5t2

We remark that the smallness condition on A is not essential for our main result.
The term AV(V - @) is treated as a nonlinear term in order to simplify the treatment
on the linearized equations. We could have included AV (V - @) as a linear term. That
would make the diagonalization process more sophisticated and our main idea murky.
Moreover, we remark that the treatment on the “nonlinear” term AV(V - @) is rather
non-trivial and has of independence interest, even though A is small.

Due to the lack of dissipation or damping in the transport equation for ¢, the global
existence of smooth solutions to (1.2) is an extremely difficult problem and is currently
open. Recent strategy has been to seek solutions near an equilibrium state. This has
been very successful in the incompressible counterpart of (1.2). The paper of Lin, Xu
and Zhang [8] appears to be the very first to establish the global existence of smooth solu-
tions (near an equilibrium) for the 2D incompressible MHD equations without magnetic
diffusion. They resort to Lagrangian coordinates and anisotropic Besov spaces. [8] in-
spired several different approaches ([3,9-11]). Little has been done for the compressible
MHD equations. The only work currently available is a very recent preprint of Hu [2],
in which the author constructs a global solution for the compressible MHD equation
without magnetic diffusion starting from an initial data near a constant background and
the Lagrangian deformation gradient near the identity matrix. [2] involves hybrid Besov
spaces. The approach of this paper is completely different from that in [2].
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Besides the global existence of smooth solutions of (1.2), this paper also aims at
thoroughly understanding the structure of the linearized system and how this structure
leads to the exact large-time decay rates for various Sobolev norms of the solutions.
Keeping all nonlinear terms on the right-hand side, the equations for the perturbation
U = (n,u,v,¥) can be written as

8,0 = AU + N, (1.5)

where
n 0 —0y -0y 0 No
az | u A —0r A+ N0y AOgy 0 ﬁ | M
B I —0y AOzy A+ X0y, —-A|’ N
P 0 0 -1 0 N3

with Ny, N1, N3 and N3 given in (2.3)—(2.6). The terms involving A are treated as non-
linear terms. The natural next step would be to diagonalize the system, but the standard
method via the eigenvalues and eigenvectors of A appears to be impossible to carry out.
We provide a new systematic approach. The diagonalization here is obtained by suitable
differentiation of (1.5) and magically all the resulting equations have the same structure,

where Fy, F1, F5 and F3 are given in (2.11)—(2.14). By factorizing and inverting the
differential operator in the equation

(9 = 20, - ) = 20, |® = F,

we obtain the integral representation

t
O = L(Py,0,P2,0, P30, Pao) + /K(t — 5,0,,0y)F(s) ds,
0

where @1 g, P20, P3,0, Psao and K are given in Lemma 2.2. This integral representation
and its simplified variants form the foundation for proving Theorem 1.1. Due to the
standard continuity argument, the proof of Theorem 1.1 is then reduced to verifying the
integral representation obeys
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1Ullx < Col|lUsllx, + QUIUI x), (1.6)

where Cj is an absolute positive constant and Q(r) represents a polynomial of r with
the lowest order at least quadratic. In this paper, we shall prove that

1 1
IUlx < 5ColUollx, + Gl x + 5QUIUx), (1.7)

for some absolute positive constant C,. Indeed, by choosing |A| < ¢, for ¢y = ﬁ, we
obtain (1.6). To prove (1.7), we first need to understand the exact decay properties of L
and K. Because K = K (t,x,y) is anisotropic, the decay rates of K and its various spatial
and time derivatives depend on the Fourier frequencies. These decay rates are explicitly
given in Section 3. In order to prove (1.7), we further recast the integral representation
and estimate each component of U = (n,u,v,) and verify (1.7). This is a complicated
and lengthy process.

We need to deal with several difficulties. The first is the tanglement in the linear
operator. The linear operator under study is

(O — DD, — A2 — AD,,,
vy

which is a four-order (both in time and spatial variables) wave type operator. In general,
the number of the unknown functions gives the order of the linearized equations. In light
of this, the problem in the incompressible case is much easier than the compressible
one, since, under the incompressibility condition, the number of the unknown function
members reduces to 2. But in the compressible case, we have four unknown members
U = (n,u,v,). This marks the first challenge in this paper and it takes extraordinary
efforts to completely understand the properties of the operator and obtain the decay
estimates. Another difficulty is the anisotropicity. It is easy to see from the expansion

(O — A, — A)? = AD,,
= (01— 20, ~ &) = A3y, (0 — 20— &) + \/ADy,),

that the operator has different behaviors along different directions. Indeed, by a delicate
analysis, we observe that kernel of the linear operator obeys the estimate that

142 1
T ixgcaze

~ 1 _ _ &2
|K(t,&,m)] 5XA21F6 Ct'f‘XAgl 247t

1
AJen]©
with A = /&2 + 2. Tt is singular and anisotropic. More precisely, it has a high-order neg-
ative regularity in the kernel, and has weaker behavior in y-direction than in z-direction.
These properties of the operator are reflected in the definition of the working space,
kernel properties and various estimates.

Another difficulty is the criticality, due to the slow dispersion and quasilinearity.
Indeed, the spatial L>®-norm of # behaves like ¢!, which is not integrable in time.
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1/2 which is even far from

What’s more, the spatial L>°-norm of n and v decay like ¢~
being integrable. To overcome this difficulty, we make full use of the structure of the
system. In particular, for n and 1, we obtain the cubic type nonlinearities, thanks to the
structure of the velocity diffusion. In contrast to the incompressible case, the compressible
MHD problem is much harder. Indeed, by using V - 4 = 0 in the incompressible case,
one may transfer the derivative d, to 0, and then faster decay rates result due to the
presence of 0,. However, in the compressible case, the fast decay rate associate with 0,
can not be converted into that for d, due to the lack of incompressibility condition. This
criticality prompts us to use extremely fine Fourier analysis and associated estimates.

The rest of this paper is divided into seven sections and an appendix. The second
section derives the integral representation for the perturbation U = (n,u, v, ) through
the kernels K and L. The third section provides pointwise as well as LP-estimates for
K (t,&,n) (defined in (2.42)) and the Fourier transforms of various derivatives of K. The
fourth section establishes the decaying estimates of the linear flow. The fifth section
contains the local existence and uniqueness theory and an energy estimate serving as a
part of the proof for Theorem 1.1. Section 6 through Section 9 verify (1.7). The appendix
proves Lemma 3.4 and several inequalities used in the previous sections.

2. Integral representation

This section derives the integral representation for the perturbation U = (n, u, v, ¥).
The derivation consists of four steps, which are presented in four subsections. The first
subsection writes the equations for U with the nonlinear terms kept on the right-hand
side. The second subsection diagonalizes the equations through suitable differentiation
and magically all the equations have the same structure. The third subsection obtains
a preliminary integral representation through factoring the differential operator. This
representation involves some intermediate variables. The last subsection eliminates the
intermediate variables to reach the final integral representation.

2.1. Linearization

First of all, by a simple computation, the second equation in (1.2) can be rewritten
as

L A+ AV(V - a)

A
i+ - Vi _Voas

+pVp= (2.1)
Setting

p=n+1, d=(u,v), ¢=1+y

converts (1.2) into the following equivalent system of equations for (n,u, v, ),
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Ogn + Oyu + Oyv = Ny,
0w — A — A(Opgtt + Ogyv) + Oz = N1,

Brv — Av — XN(Dpyt + Dyyv) + Oyn + At = Na, (22)
Oyp +v = N3,
where
Ny = =0z (nu) — 9y(nv); (2.3)
Ny = —(ubyu + vdyu) — nAu + n)\(imu + 0uyv) &ﬂ/;A;[J b (2.4)
Ny = —(udyv + vOyv) — nAv+ n)\(azyup—l— Oyyv) — Ay — 8y1/;Aw —ndyn; (2.5)
N3 = —u0y1) — vOy1. (2.6)

2.2. Diagonalization

From (2.2), we can write the system in the form

0,0 = AT + N,

where
n 0 —0y —0y 0 No
7 . —0p A+ AOga AOzy 0 N Ny
Sl 7T -0y Ay AN, AT | N
(0 0 0 -1 0 N3

The aim of this subsection is to diagonalize A. However, the standard approach involving
the eigenvalues and eigenvectors of the symbol of A appears to demand extremely tedious
calculations. Our strategy is to diagonalize through carefully selected differentiations. As
mentioned before, we treat the terms involving the parameter A as nonlinear terms for
the brevity of the presentation. The main result of this subsection is

Proposition 2.1. The functions (n,u,v,1) obey the following equations,

(9 = 20, = 2)* = 20, )0 = F, (2.7)
((aﬁ —Ad — A)? - Aﬁyy)u ~ F, (2.8)
((att —Ad — A)? - Aayy>v = P, (2.9)

((aﬁ NG, —A)? - Aayy)qp - (2.10)
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where
FO = (8tt - A@t - A)Ho + Aayng, (211)
((%g - A@t - A - 8yy)l'[1 —+ axyH27 (212)
(att - A@t - 8ZI)H2 + Bg;yl_.[l; (213)
F3 = (8 — Ad; — A3 + 9,11, (2.14)
and

o = 8;No — ANy — 3Ny — 9y Ny — (0 Au + 8, Av); (2.15)
IT; = 0y N1 — 0x No + A0y (0pats + Opyv); (2.16)
Iy = —8,No + 8Ny — AN3 + A9y (Opytt + Dyyv); (2.17)
3 = —No + (0 — A)N3 — XN(Dgyu + Dyyv). (2.18)

Proof. First, we give some reductions. Taking the time derivative on the first equations
of (2.2), then using the second, third and also the first equation of (2.2), we obtain

0 = Oun + 0,0:u + 0y0rv — OrNo
= Oun + 0y [Au + A(Opatt + Opyv) — Opn + N1 |
+ 0y [A + Ayt + Byyv) — Byn — A+ No] — 8:No
= B + A + D) — An — 9,A9
+ 0,1 + 0, Ny — 3, No + A(Ds A+ 9, Av)
= Oun — Adyn — An— 8,A¢
4 (A~ 8,)No + 0uN1 + 8, Na + (05 Au + 9, Av).

Therefore, we obtain that

(3ttn — A@tn — An = A&jw + (8t — A)No — 895]\]1 — 8yN2
— M0y Au + 9, Av). (2.19)

Now we denote
IIp = (at - A)No — Oy N1 — 8yN2 — )\((’)wAu + 8yAU),
then (2.19) becomes

8ttn — Aatn — An = Aay’(/) + Ho. (220)
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Taking the time derivative on the second equation of (2.2), and then using the first
equation, we obtain

0= 8ttu — A@tu + 8938157’7/ — at]\ﬁ — A@t(ﬁmu + aa;y’l))
= 8ttu — A@tu — 8x(8xu + 3yv) + axNo — 8,5N1 — A@t(ﬁmu + axyv)

Thus, we get
O — A0yt — Oyt = Ogyv — 03 No + O N1 + A0t (Ozatt + Oryv). (2.21)
Again we denote
Iy = —0;Ng + 0i N1 + A0 (Opztt + Ozyv),
then (2.21) turns to
Ottt — A0yt — Ogat = Opyv + 111 (2.22)

Taking the time derivative on the third equation of (2.2), then by the first and the
fourth equations we find

0= Bttv — A@tv + 8y3tn + A@ﬂ/} — atNQ — Aat(axyu + Byyv)
= 0yv — A0 — 0y (0pu + Oyv) + 0y Ny
— Av + ANg — 8,5N2 — Aat(81$u + Bzyv)

Therefore, we obtain that
O — A0 — Av — Oyyv = Oyt — Oy Ny + 04 No — AN3 + X0 (Opyut + Oyyv).  (2.23)
Again we denote
IIy = —0yNo + 0¢Na — AN3 + A0y (Oryu + Oyyv),
then (2.23) turns to
O0uv — A0y — Av — Oyyv = Oy + 1. (2.24)

At last, taking the time derivative on the fourth equation of (2.2), and using the third
and also the fourth equations, we find

0= att’l/J —+ at’l) — 8tN3

= 0ut) + Av + XDyt + Oyyv) — Oyn — A+ Ny — Oy N3
= Oup — A — Ay — Oyn + No + ANz — 0, N3 + MOyt + Oyyv).



770 J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888

Thus we have
Outp — AOp — A = Oyn — Na + (0y — A)N3 — MOyt + Oyyv). (2.25)
Again we denote
I3 = =Ny + (0 — A)N3 — MOyt + Oyyv),
then (2.23) turns to
Ot — AOy) — At = Oyn + 3. (2.26)

In conclusion, we get (2.20), (2.22), (2.24), (2.26) at this step. To diagonalize the systems,
some further analysis on these equations are needed.
Applying the operator 9;; — Ady — A on (2.20), and using (2.26) we obtain that
(O — Ay — A1 = (O — AOy — A)AD + (O — AD, — A
= Aﬁyyn + Fo,
which is (2.7). Applying the operator 0y — A0y — A — 0y, on (2.22), and then using
(2.24), we obtain that
(6,575 — A@t — am)(att — A@t — A - ayy)u
= (att — A@t —A - 5'yy)3xyv + (8tt - Aat - A — 8yy)1_[1
= 8myyu + Fl.

Using the formula,

(O — AOy — Opz) (O — AOy — A — Oyyy)
= (O — A0 = A+ 0yy) (O — DDy — A = Dyy)
= (att — A0 — A)2 - ayyyy’

we obtain
(8tt - A@t - A)QU — 8yyyyu = 8myyu + Fl.

So we have (2.8). Similarly, applying the operator 9y — A9y — Oz on (2.24), and then
using (2.22), we obtain that
(82% — A&g — A - 8yy)(8tt — A@t — Bm)v
= (att - Aat - 8zz)azyu + (8tt - Aat - 69:1’)1_[2
= aa:xyyv + F27
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which gives (2.9). Finally, applying the operator d;; — Ad; — A on (2.26), and then using
(2.20), we obtain that

(8tt - A@t — A)2w = (att — Aﬁt - A)ﬁyn + (8tt — A@t — A)Hg,
= Aawﬂb + F?n

which is (2.10). This finishes the diagonalization process. O
2.8. Preliminary integral representation

Since the linear parts in (2.7), (2.8), (2.9) and (2.10) all have the same structure, it
suffices to consider the inhomogeneous equation

[(att —Ad, — A)? — Aayy} o=F, (2.27)
and our aim here is to derive an equivalent integral representation of (2.27) by inverting
the differentiation operator. The main result is presented in Lemma 2.2. As we shall see,
the integral representation here involves some intermediate variables. Rather than using

the eigenvalues and eigenfunctions, we present a basic method to resolve (2.27).
We now start the derivation process. First, we set

((8tt — A@t — A) — \/Aﬁyy><1> = \Ill;
((att A9, —A) + Aayy)@ _ (2.28)
Then

2/ A0y ® = Uy — ;. (2.29)

Moreover, one may find from (2.27) that

(01 — 20— &) + /BB, )01 = F;
(0 — A0, — 8) = /BB, ) ws = F.

According to the first equation in (2.30), we set

(2.30)

(0 - 5a- \/iA2 +A = /A3y, )W = By (2.31)

1
2
1 1
(o 2as [iar i a yag, )= a, (232
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Then

1
2\/ZA2 +A— /DB, =By — D, (2.33)

Moreover, from the first equation in (2.30), we have

(2. — 38+ 1Az 4+ A~ \/AD,, )&, = F;

(2.34)
(9. - 38— \2a2+ A~ /AD,, )0, = F.
Now according to the second equation in (2.30), we set
1 1
(2 - SA- \/ZA2+A+ VA3, )W = By; (2.35)
1 1
(2 - §A+\/ZA2+A+ VA3, ) W2 = By, (2.36)
Then
1
2\/ZA2 + A4 /DB,y = B, — By (2.37)
Moreover, it holds that
(@— %A+\/iA2+A+\/@)¢3 = F;
(2.38)

(0 - 1a— /382 + A+ \/AD,, )0y = F.

Now by (2.34), (2.38) and the common Duhamel’s Principle, we have

t

B, = (BAVEA AR g +/€(%Af FATHA=VADL) (-9 p(g) ds:

)

IA+ LA A— /At
@2 = 6(2 4 JJ) @2,0 +

cFATEATRA- VBRI (-9 p ) g

)

By = (BAVEAHATBO g, o [ (BA- AR AR (t-0) ) g

LA+ 1A24 A+ /AD,,)t
By = BATVEATALVRO G

e(%A-H/ iAz-&-A-i—\/Wyy)(t—s)F(s) ds.

S, O~ o~ _ ©°
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Furthermore, by (2.29), (2.33) and (2.37), we find

D, — Dy By — B, ]

2\/A3yy L\/ LA2 4 A+ /AD,, 2\/ A2+ A — /DD,
Therefore, we thus have obtained the following lemma.

Lemma 2.2. Let ® be the solution of (2.27) with the initial datum of ®; : ®;(0) = @, ,
j=1,2,3,4. Then it obeys the following formula,

o = L((I)l,07 (I)Q,o, @3,0, @470) + /K(t — S, 83;, 8y)F(S) dS, (239)

where the linear part

L(®1,0, P20, P30, Pao) (2.40)

)

1 (e<éA+ TANA+AD g,

1
2\/Aayy [2\/%A2 + A+ /ADy,

IA—/EA24A A
( T ATTA+Y ayy)tq)g,o)

—e 2
1 1 LA _
_ (6(2A+\/4N+A \/Aamt%O
2\/1A2 + A — \/RD,,

LA /LA A—\/AD,,)t
fe(z P + yy) @170)

(2.41)

7

and the operator

K(t,0,0,)
_ 1 (Q@Aﬂ/wwwmw
2V |2, [1A2 + A+ \/AD,,

(28— %A2+A+\/A8yy)t>

1 (6(%A+ %A2+A7VA8yy)t

2\/1A2 + A — \/RD,,
(1A ;A2+A¢m)t>1_ (2.42)

— €
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2.4. Final integral representation

The previous integral representation involves some intermediate variables ®; g, ®2 0,

®3 0 and P4 . This subsection eliminates these variables and replaces them by the initial

data ®(0). In addition, we also eliminate the intermediate variables IIy, IT;, II5 and II3
(defined in (2.15)—(2.18)) from F = (Fy, F1, Fy, F3) and rewrite F' directly in terms of

No, ]\717 N2 and Ng.
Lemma 2.3. The operator L defined in (2./1) can be written as

L(®1,0, P20, P30, Pao) = K(t)[(0p — AJ; — A)9,D(0)]
+ (att — AQ; — A)K(t) [5t<I>(0)]
+ (0 — A) K (t)[(Or — A — A)D(0)]

— SAVEG,K(H)[B(0)] + Ki ()]2(0)],
where K1 is given by

Kl — (6(%A+V iA2+A+\/Aayy)t + e(%A_ %A2+A+V Adyy)t

NG

+ 6(%A+V %AZJFAf\/Aayy)t + e(%Af %A2+A7VA‘9M/)75)

or, with A = /€2 + 12,
(e(%fm FAT- A2k Alnt | (~hAP -\ [TAs Az Al

i e(—%A2+ 1As—A2-An|)t n e(—%Az—,/iA‘*—AQ—A\nDt).

Proof. By (2.36) and (2.28), we have

1 1
D0 = (0 - A+ \/ZAQ + A+ /Ay, ) Wa(0)
=0, ((8tt — A0y — A) + Aayy)q’(o)
1 1
- (ba- \/ZA2+A+\/FW)

X ((att A9, — A+ Aayy)cb(O);

similarly, by (2.35), (2.32), (2.31) and (2.28),

(2.43)
(2.44)
(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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D30 = 04((9u — A0, — &) + /B3, ) 8(0)

_ (%A + \/%AQ FA T \/Hyy) ((att NG —A) + Aayy)q»m); (2.50)

@30 = 00 (D — 20, — A) — /AT,y ) 2(0)

- (%A - \/EAQ +A @) ((att NG —A) — Aayy><I>(O); (2.51)
By =0 ((att — A8 — A) - «/Aﬁyy)tb(o)
- (%A—F \/3A2+A+ VA, ) (0 — A0, — A) = /A8, ) 9(0).  (252)

Inserting (2.49)—(2.52) into (2.41), we have

L(®1,0, 2,0, P30, Payo)

_ 1 [ 1 ( (L A+,/1A24 A+ /ATt
= e
2VA%y 12, [1A2 1+ A + \/AD,,

B e(%A—Wﬁ)
. (815(81% — A0 — A) + Oy Aayy)q)(())

_ ! (VAR HA-VETI _ (hamy1ansa- VAT
2\/102 + A - \/AD,,
: (at(att ~Ad, —A)— a“/Aayy)cb(o)] (2.53)
A [ 1 (e(%A-i-\/iA?-&-A-&-\/WW)t
4\/A3yy 2\/iA2+A+ /Aayy

_ 6(%A71/iA2+A+\/A8yy)t)

: ((att NG, —A)+ Aayy)cp(())

_ ! (BHVEAT AT _ (hamyia2s 0 /BT )
2\/182 + A — /BB,
: ((att ~Ad, —A) — «/Aﬁyy)fl)(())} (2.54)
. [(e(%M JAZLAL /ATyt e(%A*\/iA2+A+\/A3yy)t>
1,/Ad,,

(00 = 20, — 1) + /B3, ) 0(0)
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 (HAHAETA BT | 8- /18T a- VBT

: ((att ~Ad, —A) - ,/Aayy)cp(o)]. (2.55)
Further, by using the definition of K in (3.3) and the formula (3.21), we have

(2.53) = K(t)[(8y — Ay — A)0,2(0)]

1 (%A—F\/Wm)t
+ [ <e
1/182 + A+ /BB,

(1a- %A2+A+,/Aayy)t>

— €

1 ( (LA+,/1A24A— /AT,
+ e
1/182 + A - /BB,
_ oAy %AQJFA*\/W’MV)} 9,8(0)
= K(t)[(0i — A0y — D)3, P(0)] + (9 — AD, — A)K (1) [0,2(0)];
similarly, we find

(2.54) = —%AK(t) [0 — DO, — A)D(0)] — %A Ady, K () [®(0)];

and by the definition of ;K in (3.19) and K; in (2.48), we get

(2.55) = — 1 [(e(%A+ FA2EALVAD,) | (GA- %A2+A+\/A8W)t>
44/ ADy,

— (ArVASTA BB 18- 307 0B (5, — AD, - A)[@(0)
+ﬂe<%A+ FA2HA+BD,,)t | (A= \/FA2 A+ /B, )t
4 BAHVEATHA- VRO | (3A- iA2+A—\/Wyy)t}q>(o)
_ _% AK () [(0h — A0, — A)B(0)] + 0, K (£) [0 — AD, — A)(0)]
+ K1(1)[2(0)].
Therefore, collecting the estimates above, we get (2.46). O

We now derive the final form of F' by eliminating the intermediate variables Ilg, II;, IIo
and II3 (defined in (2.15)—(2.18)). First, we consider Fy. By (2.15)—(2.18), we have
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Fy = (8 — Ad, — A)TTy + AD, T,
— (B — Ay — A) (9 No — ANy — 93Ny — 8, Ny) + Ad, (— Ny + (8 — A)N3)
A (O At + Dy A0 + 0,0,0% + 0,0,0% — 0,0 A — 9,0, A0)
= 9,(By — A — ANy — A(By — A, — A)Ny — 94(9 — A, — AN
— 0,(8 — AD) Ny + Ady (9, — A)Ns
— X0yt — ADy — 9pe) (8 A+ 9y Av). (2.56)

Second, we consider Fj.

Fy = (9 — A0, — A — By )Ty + O,y 1T,
= (B — DDy — A — 8y ) (O, N1 — 83 No) + Dy (—0y No + 0;No — AN3)
+ MOy — DDy — D)0, (Byu + Oy)
= —0, (0 — AD, — A)No + 0y (O — A, — A — 3y )Ny + Dy No — Dy AN
+ MOy — Ay — A)0, 0, (O + Dyv). (2.57)

Third, we consider F5.

Fy = (0y — A9y — 0p0) 11z + Oy Ty
= (0t — DOy — Oz )(—0yNo + 0¢Na — AN3) + 03y (0t N1 — 02 No)
+ \But — A9y (Dt + Dy0)
= —0y (0 — AO) Ny + 0105y N1 + 01 (04t — A0y — Opg)No — A(Oyy — ADy — O34) N3
+ \(But — A4yt + Dyyv). (2.58)

At last, we consider F3.

Fy = (0 — ADy — A)TI5 + 9,11,
= (B4 — DDy — A)(— Ny + (8, — A)N3) + 8, (3 Nog — ANy — 9, Ny — 9, N3)
— Xy — A, (Dyu + Oyv)
= 0,0,No — 8, ANy — Dy N1 — (Ot — ADy — Dya) Na + (0 — A) (D — ADy — A)Ns
— Xy — A3, (Dyu + Dyv). (2.59)

3. Fourier analysis on the linear flow

This section provides pointwise as well as LP-estimates for K (t,&,m) (defined in (2.42))
and the Fourier transforms of various derivatives of K. The pointwise estimates are stated
in Lemma 3.3 while the LP-estimates are stated in Lemma 3.7 through Lemma 3.22.
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The last lemma of this section provides the estimates for K defined in (2.48). Before
presenting these estimates, we provide several notations and basic tool inequalities.
The definition of the Fourier transform is standard, namely

]?(C) = /e_iw'cf(x) dx, forany (eR%

R4

In the 2D case, F¢f and F,, f are used to denote the corresponding Fourier transforms
with respect to the x and y variables, respectively. Furthermore, for each number N > 0,
we define the Fourier multipliers

Pen () = x=n(f(0),
PonF(Q) = x>n(OF(0),
Pr (€)= (xan = x<ny2)(OF()
and similarly P<y and P> pn. Here, we use x to denote a smooth bump function such
that

x(x) =1, |z| <1,
x(x)=0, |z|>1+1074,

and denote xg = x(-/R). We also define, for 0 < N < Ny
Py, <.<n, = P<n, — P<n,.
We will use the following Bernstein’s inequality.
Lemma 3.1 (Bernstein’s inequality). For 1 <p < g < oo and M > 0,

IV 1 Pac f] Lo gy ~ M1 Pt fll o oy
d_d
|P<nsfllaray S M» ™ ||[P<ps fll o (rays
d_d
[PrefllLaey S Me™ o || Pasfll o gay-

We define differential operator P(D) as

o — ~

P(D)f(&n) = P(&n)f(&n), forany (&) € R™.

Then we have the following generalized Young’s inequality.

Lemma 3.2 (Generalized Young’s inequality). Let 1 < 11,79 <2 < p < 00, q1,q2 > P’
be the numbers satisfying % = % — qil = % — q% =1- %, then for any two-variable

function f(z,y) € Ly Li2(R x R),



J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888

PO, S IPE M e

| fllompye-

In particular, let 1 <7 <2 <p < o0, ¢ >p be the numbers satisfying 5 + ¢ =

for any f € L"(R?),

1P(D)/|

s, SIPE Mg, 1]z, -

Proof. Since p > 2 and 7’ > 2, by Young’s and Holder’s inequalities, we have

|P(D)f]

vty SIPED Ty S 1PED] 5111

7‘/ 7‘/ .
Lél an

779

(3.1)

%, then

(3.2)

Since 1| > 2,75, > 2 and r} > rq, by Fubini’s, and Young’s inequalities again, we further

have

i
,

1
L

1P(D)f|

L2, S HP<£777)HL21L%2

L2
S ||P(§»77)||L21L372 H]:ﬁf(&y)‘

< ||P(§»77)||L21L%2 ||f(:v,y){

/
Let il

s T .
L L2

This proves (3.1). In particular, letting g1 = g2 = ¢, 71 = 19 = r yields (3.2).

The rest of this section is divided into two subsections with the first devoted to the
pointwise estimates and the second to the LP-estimates. To simplify the notation, we

again write A = /&2 + n2. Then, by (2.42),

1 (e“%f‘” 1A A4 At

K(t,&,n) =
(t,&m) N TR
1 + Aln|

1
2A]n|

_ (A iA“fA"‘JrAInI)t)

B 1 R
2,/14% — 42 — apy

_ e(éAQ\/iA‘*A“‘An)t)] .

3.1. Pointwise estimates

The main results in this subsection are stated as follows.

Proposition 3.3. Let K be defined in (3.3). Then there exists a constant ¢ > 0 such that

the following estimates hold:
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- 1 1 1y _ig
|K(t7€777)| S XA>1—€_Ct + X A<1min {—, —}e_ZA ¢
—A - Al¢][n|” A
1 _e2,
T JaXiglsaze 247 (3.4)

7> 1 1 142
|atK(tvfan)| S XA>1 }6 A7t

1 .
ﬂe c +XA§1IH1H{F,M

2 2
+ %Ms\gwe_fpt- (3.5)
K 1 —ct . 1 1 _ 12
[0 K (t,§,m)| S XAz177€ + X4a<1 min {F’ m}e 1
¢ _ &2y
T EXiggaze 247 (3.6)
20, + AP K < xas1age L L
it + t + Yy NI XA>1 € +XAS1 min s e 4
|(Ore + A0, + A?)K (8, €, 7)) e o
1 g2 :
T Xieglgaze 247 (3.7)
~ 1 R
|04 (st + A0y + A*) K (,€,m)] S Xa21 ﬁe’“ +xacie 1A
& e
+ Xjeisa2 g€ 27 (3.8)
7> 1
|00t (04 + A0, + A2) K (t,€,m)| S xax1 Ee’“ + xa<iAe 1A%
¢ e
+ Xjglsa2 J5€ 27 (3.9)
(O + A0, + ) K(t,6,m)| S xaz17ze + xa<i Ze—%AZt
¢ &,
T aXiglsaze 24 (3.10)
~ 1 )
|(Ou + A28, + )0 K (,€,m)| S xax1 ﬁe_d + xacie 4%
§4 &2
+ EXlglgaze 24 (3.11)

We make several remarks. As shown in the proposition, we pointwise estimates are

split into three parts contained: xa>1, Xa<1, X|¢|<a2- They reflect the different behaviors

of the operator in different regions. The parts x 4>1- tells the behavior of the operator in

high-frequence; the parts x 4>1- tells the behavior of the operator in low-frequence, also

it tells the strength of the singularity of the operator; the parts x|¢| <42+ will tell us how

the &-direction affects the decaying of the linear flow.

In contrast to the incompressible MHD equations studied in [10], the estimates for K

sensitively depend on the spatial dimension and as we shall see in the later sections, the

2D compressible MHD equations is critical in the sense that the spatial L> norms behave
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like t~! and is barely time integrable. One may expect from the parabolic structure that
0y ~ Oz in the large time behavior, but this proposition implies that 0; ~ 9,. This

weaker regularity effect of 0; is due to the dispersive effect of eiVAQ_%A4+iA‘"‘t, as
indicated in the proof of this proposition. We also point out that the operator (8” —
A0y — A)K behaves like that of v—A0d, K, which is better than AK. That is,

(Btt + A28t + A2) ~ A|7’]|

We emphasize the anisotropicity here because of its non-obvious and its improtant role
in our analysis. This anisotropicity will be frequently used in the subsequent sections.

Proof of Proposition 3.3. First, we estimate K. According to the singularity of ﬁ from
the expression (3.3), we split into the following two cases.

1 1
Case 1: Aln| < §A2; Case 2: Aln| > §A2.
Case 1: Aln| < %A2. It is divided by the following two subcases,
LY 2 L4 2
Subcase 11: ZA — A®+ Ajn| > 0; Subcase 12: ZA — A%+ Alp| <o0.

Subcase 11: 1A% — A2 + An| > 0, then A > 1, and

1 1 1
—— A2 \/—A4—A2 Aln| < —=.
3 TV Al < =3
Now we need the following lemma, which will be proved in Appendix A.1.

Lemma 3.4. Let a > 0,b € R, ¢ > 0. Then there exists a constant C > 0, such that

1 1 |:e(7a+\/b+_c)t _ lan b+c)t:| o1 [e(faﬂh/m)t _ e(wﬂ/m)t]
clvb+e b—c

Cmin {t*,£} e when b+c<0,

C min {t3, C\/}H»_C’ b<fr>c} e(=atVoot  when b+ ¢ > 0.

Thus, by Lemma 3.4, if A ~ 1 we have

1K (t,&n)| < 3t < e for some small constant ¢ > 0;

if A> 1, then %A‘l — A% + Aln| ~ A% and

t S ie—ct.

A4

M

N R
~ TAY A2 1 Al
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Therefore, no matter in which case,

N 1,
|K(t,&,m)] SXAzlﬁe L (3.12)

Subcase 12: 144 — A2 + An| < 0. If A > 1, then by Lemma 3.4, we have

~ 142 1 1,2
Rt €] § o4 5 Lo,

So we only need to consider A < 1. Then, we have

1
ZA4 — A%~ Aln| <0, and

1 1
|ZA4—A2+A|77\| ~ ]1A4—A2—A|n|{ ~ A% (3.13)
So an immediately estimate from (3.3) is that

1 142 1 142
K&l S g 4 S e 14,
A Afg|In

Moreover, using the following elementary inequality (see Appendix A.2 for its proof),

. . . 1
{Slnx_w|S||x|—|y‘|m1n{|x|+|y|,m}, for any z,y € R, (314)

T

and (3.13), we have

K (t,€,m)|
o eéA2t<sin(\/|iA4—A2+A77||t)_sin(\/|iA4—A2—A|n||t)>|
2A]n| \/}iA4—A2+A|n\| \/\§A4—A2—A|n\|
Alltl e 14? <\/| Ly A2+An||—t\/| At A2 A|n||>
1
XAtglAt+XAtz1A—t)

1 142
S (tSXAtgl +tFXAt21>€ 2 A%

—1A% 1 1y2
S (g qet)e s et

Therefore, we proved that in this subcase and A < 1,

-~ 1 1 142
Kt7§777 5XA<1min{—7_} 71At
(€] S Xasimin Zrae s
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Case 2: Aln| > %A2. Again, we consider the following two subcases respectively,
Subcase 21: 1A4 — A%+ Aln| < iA‘l' Subcase 22: lA4 — A%+ An| > iA4
4 3677 4 - 36

Subcase 21: 1 4% — A2 + A|n) <3 A4 In this subcase, we have

Aol gy =a-f
4367 = =)

<&

That is, A* < £2, and thus A < 1. Then by mean value theorem,

—2,/T AT A2 Ayt
R(t,6.m)) = | Lot lm e =
) k) - 2A
—2y/ 3 At - AP - At
_piat-azoappe l—e VY o)
2\/%‘L — A2 — A
LA _AZ LAt %A4—A2—A|n|t‘
< t — 1A% 1 12
~ ﬁe 3 5 ﬂe 4 , (3.16)

where we have used 1A% — A% — Aln| < 1A* — A% + AJn| < 55 A*. Moreover, if A* ~ ¢2,
then by (3.16),

~ 1 142
(Kt &) S —e 3
Al¢][n|

If A* < &2, then
1 4 2 2 1 4 2 2
O<*(ZA —A +A|7]|)N§ ) and0<7(1‘4 —A 7A|77|)NA

Hence, by (3.15),

TAT— A2 Ayt A%,

K (t,¢,m)] <

iAhALA\mt‘
A|£ e

< —1 e 3A%
Al¢|In]

A2| i

Therefore, no matter in which case, we also obtain that

-~ 1 1 142
Kta§777) 5XA< min{—7_} 71At
(6| S Xagamin g ey A7
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Subcase 22: 1 A* — A% + A|n| > L A%, then £2 < A*. Further, since
4 n 36 ~

A £2
A b
+|m%A2+\/%A4—A2+A|n\

Lo 14_ 2 —
2A +\/4A A%+ An| =

we have

2 2
S —%A2+\/3A4—A2+Alnl <L

T < el (3.17)

Thus, by (3.17) and Lemma 3.4, we have

-~ 1 2 1 2
K (t,€,m)] < Xjej<az 73" < oy g aze B2
T Apn| /1At - Az 4 apy AT

To collect the estimates above, we obtain (3.4).
Now we turn to 0K (¢, 0y, 0y). A direct computation gives us that

atf?(t - 87577’)

1 1 1 1
 24f) {gﬁm TRy [(-347+ \/ TAY = 42 + Aln)

% e(—%A2+ FAL—A2 4 At

(Y L e (—3A42- [T as— a2 Ay
( SA \/4A A +A|77|>e }

1 1 1
oyt a2 —ap (e \/1A4 — A2 = Al

—1A%4 /1A% A2 Ayt

X e

_ (7 e \/3,44 A2 A|n|)e<‘%*“2‘\/m>t] } (3.18)

2

2

A% ~ 1
- K

[6 —1A%4, /1A A2 Ayt

R Ve T Ea I )Y

_ AR A Az A _ 6<7%A2n/iA4fA27Am|>t] (3.19)

Therefore, by (3.19) and the similar estimates as those for (3.4), we obtain (3.5). By a
similar way, we also get the following the estimates on 0y, K (t,0,, 9y) in (3.6).
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We now give the estimates on the special forms. First, we consider (Btt — AOy —
A)K (t,0z,0y). To this end, we derive an identity. Let

— (3D 5O+ At /AD, )t
- b

where 1, o = 1, then we have

qj)ﬂl’ﬂz

2
1 1
6tt¢)u1,u2 = <§A + \/ZAQ + A+ H2y/ Aayy) ¢u1,uz

1 1
= (§A2 + MlA\/ZAQ + A+ U2/ Aayy + A+ M2/ Aayy)(bm,m
= A0ty s + Abpy o + 121/ AOyyOpuy s s

that is,

8tt¢ﬂ17ﬂ2 - Aat(blll,lm - A¢N17M2 = K2y Aayy¢ﬂlyﬂ2' (3'20)

Now using (3.20), we have

(i + A20, + A2) K (t,€,m)

1 (e —1a%y [Laa_ a24 Ay

4\/14% — a2 4 apy

_ (A iA“fAerAlnl)t)

N 1 (e(—§A2+ TAY—AZ—An|)t
4/t — 42 — Al

— e 2

(_lAQ_ %A4_A2_A‘7]Dt). (321)
Compared with 8”]?(15, &n), AQI?(t, &, 1), the form (&t + A20, + A2)IA((t, &, 1) erases the
bad factor of ﬁ, and thus gives (3.7). Further,

3y (B4 + A2, + A2 K (t,€,7)

1 ~ 1/ (-1 14
= —5 A2 (O + A0, + AR (1,6, m) + 4 (o3 VAT AT AR

I Y Ve Y EE Ca VIR

142
+€(_§A + %A4—A2—A\W\)t 2

+e

(_1A2_ %A4_A2_A|77|)t)' (322)

From (3.22), and by the similar argument as the proof of (3.4), we have (3.8).
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Next, we consider another special form (@t — A9y — 8M)K(t,81,8y). It obeys the
same estimate as the operator (9 — Ad, — A)K(t,0;,9,) when |n| is small. Indeed, we
have

(O — ADy — 0ya) K (1,0, 0,) = (9t — A, — A)K (£, 0y, 0y) + Dy K (1, 0y, 0)).

But on the other hand, from the form itself, we see that it is better when || is small.
Thus similar as above, we have (3.10) and (3.11). O

Recalling f/(\1(t7 &, n) defined in (2.48), we have

Oy (att + A0, + A2)I?(t7 £§n)

1 ~ —
= 75142 (att + A28t + AQ)K(tv ga 77) + Kl (ta 57 77) (323)
This equality is useful in the following sections.
3.2. Estimates in LP-space

This subsection provides estimates for K and the Fourier transforms of various deriva-
tives of K in LP-spaces. The pointwise estimates in the previous subsections will be used
here. We first state and prove an elementary lemma, which will be used repeatedly in
the estimates.

Lemma 3.5. Let ¢ be a positive constant, and let N > 0 be the dyadic number (N = 27
for some j € Z), then

// APe—cA®t dédn < <t>_1_§, for any 8 > —2; (3.24)
A<1
and
é’ﬁ —c ¢ t B4+2—a 18
Tk aztdédn <N "2, foranyaeR,[B>—1. (3.25)
A~N

In particular, for any a« € R, ' e R, 8 > —1 with 8’ > 3,268 — 8+ 2 —a > 0, we have

_ 148
2

56/ 7c§2t
Xjglgaz g€ 4? d&dn < (t) (3.26)

A<1

Proof. First, we prove (3.24). If t > 1, we set & = &V, 1y = nv/t. Then by changing
variable, we have
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// Aﬁe—CAzt dé—dn — // é.t + ,r] C(ft“l‘nt) dftdnt

A<1 E24mE<t

St*l*g//@ﬁn) —el€+0) gean < 1%

R2
If 0 <t <1, then
// APe=34% gedn < // AP dedn < 1.
A<1 A<1

Now we prove (3.25). Similarly, by changing variable, we obtain that for some positive

constant ¢,
t B ~£2y
// &7 et dédUN//%e*C% dedn
A~N A~N
_148 - EVENA s EVE
< B+l—a [ on
<tz N / /(—N>e Nd(—N)d’/]
In|SN E€R

< =50 NB2a

If0 < ¢ <1, then

//fl_ﬁe o d§d77<//—d§dn<N@+2 al

A~N A~N

s’ 8
Further, since x|¢|<a2 ia < m, by using (3.25) and the dyadic decomposition,

we also have (3.26). O

Remark 3.6. The L7 estimates can also be easily obtained from the conclusions in
Lemma 3.5. For example, from (3.24), let ¢ = c¢q, we obtain

~ 1
ey =y 5 -

3.2.1. Estimates on I?(t\)
Lemma 3.7. Let 1 < ¢ < o0, and N 2, 1. Then

4B @& e acr) S (07

Bt )| o yony S NG A2 (3.27)
énl )
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1
Moreover, for any 3> 3,

[P R (6 1z (acry S 0 7F (3.28)
Proof. By (3.4), we have
AR (1,€,m)| S xasie™ + xagie™ H 4 g e, (3.29)
Note that from (3.29),
| 4K (@ &) S 1. (3.30)

Further, when A > 1,

2

|A4I?(t7§, n| < xas1e”" + X|g|5A2efﬁgt~
Thus, by (3.25),
||A4I?(t’£’77)HLén(A~N) S ||XA216_Ct||Lén(A~N) + He_%tHLén(ANN)
< N%e ™+ N2(t)~3 < N2(t) 3.
That is,
H}?(t,g,n)HLén(AwN) <SN“2(t) 3, (3.31)
Now, when A < 1,
|A4ff(t, &)l S XASle_%Azt + X|§|§A2€_§2t- (3.32)
Similarly, by (3.24) and (3.26),
[[eiemraay s [[edtaans ot
A1 A<t

thus,
AR (#6011 ey S 72 (3.33)

Now the conclusion (3.27) follows from interpolation between (3.30) and (3.33), (3.31)
respectively. For (3.28), by (3.32), we have

2

. e - .
|APPR (¢, &,m)| S xa<1 A7 e 1A% 4 AP "Xje|<aze” 247",
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which is square integrable. Thus direct integration and using (3.24), (3.26) give
(3.28). O

We give the estimates on the operator d,, VK (t), which read as

Lemma 3.8. Let 1 < ¢ < oo and N 2 1. Then

lenAR (t.€0)| s (4cy < ()75 (3.34)

1

lenE (6. g (e S ()30 () 73750, (3.35)

Q

Moreover, for any 3 € [1, 3],

1A enE (8, € )| s (4cy) S (07

B
2

[ A%€nK (1€ mll sy acry S 077 (3.36)

Proof. By (3.4), we have

2

~ 1 1 2 _
[EnK(t,&n)| S XAZlﬁe_Ct + XASIZe_iA L X|§|§A2%e aaz’, (3.37)

Thus, we further have, for any «,

_ 1 —142
e Ct+XA§1Aa 16 1A%t

_ 1
[A“EnK (1, & m)| S X421 5=

£ 2,
Similar as the proof of Lemma 3.29, by (3.38), (3.24) and (3.26), we have
. . . .
Hf’?AK(t7§,77)HL3(A§1) S |‘§77AK(K§,77)HL§"(A§1) S
and thus (3.34) follows from interpolation. For N 2> 1, by (3.37) and (3.25),

||§77[?<t’£777)“Lgf7(A~N) S N_2<t>_%§ H&?f((t,ﬁﬂ?)HLén(ANN) S <t>_1a

and thus (3.35) follows from interpolation again. Using (3.38) and Lemma 3.5, (3.36) is
also easily followed. O

Lemma 3.9. Let N 2 1 and 1 < g < oo, then
~ _1_1
JA€2R (1,60 s acry S 72 (3:39)

e Rt € mll g (any S NTHEHT 5 (3.40)
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Moreover,
|\A252nf?(t,€7n)}!Lg(A§1) S5 (3.41)
140K (1, & e (450 S (07" (3.42)
Proof. By (3.37), we have
|€277A[?(t7§777)| S xasie”? 4+ xacide 1A 4 X|5|§A2§1_2267§§t- (3.43)

Then by (3.24) and (3.26), we have
ARt & e (4cr) S (07
||§277Af((t,&U)HLL’MSD S <t>7%7
and by (3.25),
€2 nAK (&0 e () S 071
AR (L&l 1y gy SN,

thus the conclusions (3.39) and (3.40) follow from interpolation. Further, (3.41) easily
follows from (3.43). O

Since
A2 - A|77| ~ 527
we have
2742 % —ct — 1A% 52 _S%t
|A%(A? = Al K (£,€,m)] S xazre™ + xa<ie” 3 + xpggae e 2 (3.44)
Thus similar as above, we have

Lemma 3.10. Let 1 < g < oco. Then

4242 = AR (1) (gony S ) )71 (3.45)
Moreover, for any B € [0,2 — %],
~ _1_8
|47 4242~ AR (€)1 ey S 0755, (3.46)
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—_—

3.2.2. Estimates on 0:K (t) and OnK ()
Lemma 3.11. Let 1 < ¢ < oo and N 2 1. Then if 8 € (1,3],

Hnatf((t’ &) HLgn(ANN) S N72(17%)71<t>*1’27;;

HAUatIA((t,577))||Lg"(,451) S

[P0 K (€0 2 acry S (072

Q=

v

Proof. By (3.5), we have

— 1 _ 1 1,2, &2 _e2
[nO K (t,€,m)| S Xaz1 3¢ Ct+XA51Z€ it t+EX\g\5A2€ 2z’

Then by (3.50),

A 1 < 1 —ct 52 —ﬁgt
’XANNnatK(t7€7n)’ ~ Fe + Ee 24% .
Thus, by (3.51) and (3.25),
a1 < 1 —ct 1 €2t 7%15 < -3 —1
XA K (t,6,m)| S N3¢ T Nmazt SN

2

— 1 _, £ _
HXANNnatK(t,ga77>||L%W(ANN) 5// Fe td5d77+/ Ee mtdﬁdﬁ

A~N A~N

SNTHHTE.
This proves (3.47) by interpolation. When A < 1, by (3.50) again,

— 142 _ g2
a1 And.K (t,6,m)| S e 147 + %X\g\gme aazt <.

That is,
||AnatK(t7€7 77)HL§%(A§1) 5 L.

Further, by (3.24) and (3.26),

— 142 5 €2
[And K (t:&m 1y aca) 5//6 14 tdfdnJr// 1|4—2|e S5 dedn

A<1 A<1

S

791

(3.47)
(3.48)

(3.49)

(3.50)

(3.51)
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Then (3.48) follows from interpolation. Similarly, since

_— 1 _ 1 _142
| Ao K (t,6,m)] S Xazigge ™™ +xagi A’ e M
52 £ 4
+ WXMSAQ(Eim . (352)

Note that it is integrable when 5 > %, then integration and Lemma 3.5 give (3.49). O

Moreover, from (3.52), we have for any 8 € [0, 2],

|A° AnB R (1, €)1 S (072 (3.53)
We also need the following estimates.
Lemma 3.12. Let 8 € [0, 3], then
|APnou K (t — 5,61 HL(X, < ()5,
HAnOttI/(\'(t— $,€,m) ||L§n < ()7L
Proof. It follows from (3.6) and Lemma 3.5 directly. O
Now we consider some related estimates about (9 + AQBt)IA(
Lemma 3.13. Let 1 < ¢ < oo, B €[0,1] and N 2 1. Then
1@+ A0V K ()| g aony SN0 T (3.54)
[9(04 + A0 K (t.€,1 ||Lq (A1) S ()7 (3.55)
14700 + A0 K (6 1z acy) S 077 (3.56)
14701 + AZ0) Kt 6, m)| s (451) S (07" (3.57)
14000 + 20K (16, 1)| x (4cr) < S~ (3.58)

Proof. By (3.5) and (3.6) we have

< Lot —3A% 62 _ﬁft
|10k + A20)K(1,€.0)] < xaz1ge™ + xazie 1+ xpg<az e 27" (3.59)
Thus, for N 2 1, by (3.25),
(0 + A20) K (¢, HL‘X’(ANN) SN

Hn att+A at) t 5 n HLI (A~N) ~ < N<t>_%7
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and by (3.24) and (3.26),

Hn (ot + A0 K (8,6, HL"Q (A<1) ~ S L

H’? 8tt +A 815) t g n HLI (A<1) ~ <t>_1'

Then the conclusions (3.54) and (3.55) follow from interpolation. Moreover,

2 2 e
’Aﬁ (On + A28t) (t,&, 77)| Aﬁilezleict —l—XASlAﬁe*iA ¢ + X|¢|< a2 %6 zazt,

Then (3.56), (3.57) and (3.58) follow from integration directly. O

Furthermore, since

2 o
|A 2(0y + A29,)K (t.&m)| S xasie” " + xa<ie” A +x|5|<Azfl—e 247t (3.60)

Thus one may find that it has the same bound with A%(A% — A|n|)K (t &,m). Thus the
same as Lemma 3.10, we have

Lemma 3.14. Let 1 < ¢ < oo and N 2 1. Then

| A28, + A%0,) K, S (NYa(t)y 'z, (3.61)

A3 HLq S(A~N) ~

Moreover, for € [0,2 — %],

1_8
|47 4200 + A%00R (6,00 (acry S (07375, (3.62)
Proof. By (3.60), (3.24) and (3.26), we have
B A2 2 -£ .
HA A%(Oy + A0 K (t & ||L°° (A<1) S < (t)~2, forany € [0,2];

B
2

HABA2 Oyt +A2at) (t,&m ||L1 (A<1) ~ <t>717 , forany 8 € [0,1],

then (3.62) immediately follows by interpolation. For N 2 1, by (3.25),
HA2 att +A26t) t € n HLOO(ANN) S <t>71;
HA2 (O + A28t)

(t,&n HLl J(A~N) = N

Then the conclusion (3.61) follows from interpolation again. O
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3.2.8. Estimates on (Oy + A20, + A2)K(t,€,n)
To this end, we also need some special basic estimates.

Lemma 3.15. Let ¢ be a positive constant, 8 > 0 and let N > 0 be the dyadic
(N =27 for some j € Z), then

1+8
2

HAﬁe_CAZ )+_”Aﬁe_CA%HLéLf(A§D S,

tHLgOL;(Agl
and

Aa

S NOHE ) T
LILg®(A~N)

B8
2 .

B
| Szees

| S NPT )
LELL(A~N) ™

Moreover, for any « e R, € R, >0 with 8’ > 5,28/ —B8+1—a >0,

8 e,
—C
‘X|€\5A2@6 2

LiLg(A<1) ™
&
s 2z

2
—ciat

~J
’L?LHAgU

Proof. First, we prove (3.63). Since

B8 c

ABe—cA®t < <t>—ae—§f“2t < <t>—ae—a‘€2t

we have

[
+
=

HAB@iCAZtHLngo(Ag) N <t>7§ HeiggtHLé SRUNERS

B,—cA%t
By the symmetry, we also have ||A e ¢ HL;"L},(ASD S

number

(3.63)

(3.64)

(3.65)

(3.66)

< (#)=*5”. This gives (3.63).

Now we turn to prove (3.64) and (3.65). For A ~ N, there exists a constant ¢ > 0,

such that

B8 2 B .2
%e—c%t ~ %e—c%t 5 Nﬂ—a<t>_

B
2 .

Therefore,

B 2
Hieic%t ‘ < Nﬁ+17a<t>7§'
A LELL(A~N) ™
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Moreover,

& _
o

Furthermore, using (3.64), (3.65) and the dyadic decomposition, we also have (3.66). O

< NFHI-o =50

B
< Hf—e_é%t
Li(J€ISN)

~J
LLL(A~N)

Lemma 3.16. Let 1 < q,r < oo and N 2 1. Then

14 @2+ A%0, + AMK (60| g 4r) S (0770

| A%(8y + A%0, + ADK(t,€,7 HLqLT (Ann) S Nt

Proof. By (3.7), we have

7> 2
A (O + A0, + A*)K(t,€,m)| < xaz1€ "+ XA§1e*iA2t +X <A267§§t.
13pS
Then by (3.63) and (3.66), we have

HAQ(att + A28t + A2)I?(t7£a77)||LooLr(A<1) S ]-;

HAz(att + A9, + AQ) (& ||L1LT(A<1) S t_i

and by (3.64) and (3.65),

1

HA2(8tt + A28t + A2)[?(t7§777)”LooLr(A~N) SJ N;;

HAz(att + A%, +A2) (t,&,m HLlLT (AmN) S < N3,
Then the conclusion follows from interpolation. 0O
Lemma 3.17. Let 1 < ¢ <2, and N 2 1. Then
1€ (00 + A0, + A2)I?(t,§777)”LZn(ANN) SN (3.67)
1€ (@1 + A%0, + AT K (£.€ )| g 4y < ()75 (3.68)
Moreover,
| A€ (Du + A0, + A?) K (t,€,n ||L2LM(ANN) (3.69)

| AE(0e + A%0; + A*)K K(t,&n ||L2LOO(A<1) (3.70)
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Further, for any 8 > %,

147€ (@0 + A%0, + A1) K (8.E )| (acyy S (072755 (3.71)
1476 (00 + A%0, + A%) K (1.6 0| 12 4y S NFP( 7 (3.72)
| AP€ 0y + A%, + A?) K (t,€,m) HLéL%(ASl) < ()t (3.73)

Proof. By (3.7), we find that the function £(8y + A%9, + A?)K (t &, m) has the same
estimates as énAK(t,€,n) in (3.38) (o = 1). Thus, we get the estimates (3.67) and
(3.68) as Lemma 3.8. Moreover, by (3.7) again, we have

|APE(8y + A0, + A K (t,€, 7))
_ —e _ 142 _ €2
5 XAZlA 1+Be t + XA§1Aﬂ€ §A% + %X\E\Sfpe mt.
Then (3.69)—(3.73) follow by integration directly and using Lemma 3.15. O

Lemma 3.18. Let 1 < g < 0o, N 2 1. Then for any 3 € [1,1],

(1629w + A0, +A2)f<(t,g,n)||Lq oy S Na ()12, (3.74)
167 (@1 + 4201 + AV K (61| g 4y S (072755 (3.75)
| 4°€ (0w + A0, + A) K (1,60 e 4ty S (7% - (3.76)
Moreover,
162 (@ + 4201 + A%) K (1, €, 1)| 2 e acy S )7 (3.77)
162 (01 + A%, + A%) K (t, €, Mezzee(amny < N= ()~ (3.78)

Proof. By (3.7),

€2 (0 + A28, + A2V K (t,€, )|

2 2
¢
Sxas1e” + XASlAeiiAQt + %X|§|5A2€ 247t (3.79)
|APE2 (01 + A%0, + A2 K (t,€,n)]
B —ct 145 —1a2 , & 2
S xa>1APe™ + xa<1 AP e +A2—ﬂx‘§‘5’426 242°, (3.80)

Then similar as the proof in Lemma 3.9, we obtain (3.74) and (3.75). (3.77) and (3.78)
follow from (3.79) and Lemma 3.15 directly. Also, from (3.80) and Lemma 3.15, (3.76)
are followed. O
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Now we give the estimates on (0y — Ady — Opz)-

Lemma 3.19. Let 1 < g < oo and N 2 1. Then

@1+ 420, + K (6| g aony SN0 75 (3.:81)
| A0 + A28, + €2)K (t,€,n HLq (< S < ()T (3.82)
HA2 et + A%0, +§ ) (t.&m ||L°°(A>1) <t>_1; (3.83)

and for any 31 € [%,2], B2 €10,2],

||14B1 Btt +A28t +§ ) t f n ||L2 (A<1) <t>_ N (384)
Ba

|AY52 (8, + A%0, + €K (.6, ||Lm(A<1) )y~ 7. (3.85)

Proof. From (3.10) and (3. >‘)) the function A(9y + A20, +§2)IA((t, &, 1) obeys the similar
estimates on 1(0y + A20;)K (t,£,7). So the estimates can be obtained by the same way
in the proof of Lemma 3.13. O

Much similar as A?(9y; +A26t)f?, we have the estimate on the operator 0;(0y — Ad; —
A) as following.

Lemma 3.20. Let 1 < ¢ < oo and N 2 1. Then

Hat(att + A2at + A2>[?(t7€7 n)”Lgn(Agl) ,S <t>7%; (386)
140011 + A%0, + ANE(EE| 1 4y S (07277 (3.87)
106(@1s + 420, + A)E (. 6,m)| o gy SN T (388)
Moreover, for g € [0, %],
4901 (0ue + A0 + AR (16| 2 (acy) S ()72 % (3.89)

| A%0, (9 + A28, + A% K ( <y (3.90)

ta 67 77) HLZW(ASU
Proof. By (3.8) and (3.50), the function 9;(dy; + A%0; + A2)I/€'(t, &,n) obeys the similar

estimates on And; K (t,f,n). So (3.86) and (3.88) are followed similarly as (3.47) and
(3.48). Again, by (3.8),

~ 1 2 2
|Aat(8tt+A28t+A2)K(t7£777)|gXAZlA L4 xa<iAem 14 +X|g|<Azj—€ 2az,
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Therefore, by (3.24) and (3.206),
HAat(att + A%0; + AZ)IA((t7§7n)||L§o (4<1) < t~z,
° (A<

140001 + A0, + AK€ 1 4cry STE-

Then the conclusion (3.87) follows from interpolation again. By (3.8), when A < 1, we
have

7> 1 2 2
A0, (01 + A20, + A2 K (t,€,m)| S xa14%e T4 4 yjg <o ‘A_E——B e mazt,

Then the conclusions (3.89) and (3.90) follow from Lemma 3.5. O

In particular, one may find from (3.8) that for any g € [0, 2],

[(4)>~7 470001 + A0, + AMR (160 < (075 (3.91)
Furthermore,
Lemma 3.21. Let 1 < q < o0. Then
14€00(D1 + A%0, + AK€ )| e 450y S 0% (3.92)
|| A%£0, (0 + A28, + A?)f?(ug,n)n% (a<n S (H72. (3.93)
Proof. By (3.8), we have when A > 1,
~ _ & _ e _3
|AE0, (O + A0 + A2)K (1, 6,m)| S xaz1e” + Xje<az 3¢ 2zt < (1) 2,
while when A <1,
o

|A%60, (0 + A20; + A2) K (t,6,1)] S xac1 A% 1470 4 Xle|<a? %e_mt < ()72,
This proves the conclusions. O
We also need the following estimates.
Lemma 3.22. Let 5 € [0,2], then
[{A)* 72 A 01t (9us + A0, + A ) K (1, Em)| e S ()27 %

(|0et (Dt + A%0; + A% + nQ)IA((t,&n)HLgn S
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Proof. Since

Ot (Ore + A28, + A2+ ) K (t,€,m) = 8yt (04 + A28, + AX)K (1,6, 1) + 120uK (,€,7),
the conclusions follow directly from (3.9), (3.6) and Lemma 3.5. O

3.2.4. Estimates on I?l(t,ﬁ,n)

We also need the estimates on the operator K;j(t). Note that by the definition of
Kl(tvf,n), we have

—~ . 142 g2
IK1(t,€,m)] S xas1e™ + xacie 34 + yjgcaze 27"
Moreover,
—~ . 142 _ €2
[EK1(t,6,m)| S xaz1Ae™ + xac1Ae™ 3 4 yg < ane 2a7"
Thus by integration and Lemma 3.5 we have

Lemma 3.23. Let N 2> 1. Then

||[/(\1(t7§777)||L§L;°(A§1) + N7 ||[/(\1(t7§’n)||L§L%°(A~N) S <t>7%'
147K € (acry S 7%

—~ ol _3
||€K1(t’€’77)“Lgn(A§1)+N 2||£K1(t7£an)||Lgn(ANN) S <t> +
4. Linear estimates on the operator K (t)

In this section, we establish the decaying estimates of the linear flow, by using the
conclusions obtained in the previous section.

Proposition 4.1. For any smooth function f, 8 > %,

IVEPEO . S O,

Proof. By Lemma 3.7 and Lemma 3.2,

VPP RO, S [PV RO + > IPNIVEPE DS,
N>1
SNATREE 2 () 1P s,

+ 30 N RE D g 1S,
N>1
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SO FP<aflles, +07F D0 N||Paf
N>1

_1
SO, . o
Proposition 4.2. For any smooth function f, 8’ > 3 and B € [%, %],

@, 117 2y KO, S 07541y,
(W), IV 0 K@ 2) S O a5
(i), (Vo K1) f]| o <6 V)1 5

Proof. By Lemma 3.8 and Lemma 3.2,

V17 0ry K|z, S [Pl VI 00 KW 2 + 3 1PNV 0y KOS o,
N>1
5 HAﬁgnI?(t7£a77)HLEW(A§1)HP§1JC”L}W

+ Z Nﬂ/ang(t’g’77)||Lgn(A~N) |PNfHL91W
N>1

SO P flny, + 071 Y N Pt
N>1

SO T

Similarly,

|||v|ﬂl+1aIyK(t)fHLiy 5 ||A5+1§77K<ta5777)‘|L§-%(A§1)||P§1f“Liy

n Z Nﬁ’+1||577f{(t,£,n){|L3(ANN)||PNfHLz.y
N>1

SO HIPa Sz, + @72 D NPy
N>1

SO A

and

IV 0uy K (1) f]| o < ||A£nf<(t,5,n)HLén(Agl)lngfllL;y

+ Z Nufnk(t’57’7)||L§,,(A~N)‘ PNfHL;y
N>1
SO 7NP ey, + (7 YD NPl

N>1
SO, - o
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Proposition 4.3. For any smooth function f,

0, V00, K(OF] . S min {67V AL g, 0 I g, s
(i), (180000, K0 ]|z < 07V

Proof. The estimates are followed from Lemma 3.9, Lemma 3.2 and Sobolev’s inequality.

First,
HV@xxayK(t)fHLiy < Hpgvamayl((t)fu% + HPZlvamayK(t)fHLiy
§ HAéQTII?(t’57TI)HL%ﬂ(ASl)”PSlf”Léy
+ HAfznf{(tvf’77)||Lg<;7(A21)HP21f||Lgy
<OV Fllo,

On the other hand, by (3.39) and (3.40) (¢ = 4) instead,

IV0ua0, K0 F 2 S |[PerVOrd, K(1)f ]| + Y 1PNV Ouat, KOS 2
N>1

S ||A§2nf<(t,5,n)||L§n(AS1)||P§1f||L§y

£ 30 NEHEnREE ] a1 P31y
N>1 Y

SOV
Furthermore, by (3.41) and (3.42),
180200, K0 2 S [Pe18000, K(0)f ||+ [|Po1V - 0000y KOV S]] .
SIAPEE M o 4y 1Prfl12,
+ AR (1, €| e (s 1P V| 2

<O, O

Proposition 4.4. For any smooth function f, p € [2,00], 5 € [0,2 — %},

[I9P°A (A + VBB KO, S &7 207751,
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Proof. From Lemma 3.10 and Lemma 3.2,

IV1°A(A + VA KO f |y,
SPlVIPA(A + VA ) KW f ||, + D N[[PNA(A + /A, ) K0 .

Ty

=

< (|47 A%A% = ADE (€D 4y I P1 sz,

+ 20 NP (A% = AR @6y e 1PV 1,
=

SO, - o

Proposition 4.5. For any smooth function f, B € (3, 5],

(1910, K 1] 2 < OV £,

[Vo,0 K01, 0 1) ],

Moreover, for any 8’ € [0,2],

(i), (IVIVo,a K0, < 0|l - 1)
Proof. From Lemma 3.11 and Lemma 3.2,

VP00 K0 f| . < [PalVIP0,0 KO f|] 2 + Y N7 Puo, oK) f]| .

N>1

S| APno K &)l 2 acyyP<i Sl

+ S0 N, gy 1P
N>1 )

SO NP Slles, + 077 Y NPy
N>1

SO Ly,

By the similar way, using (3.47) and (3.48) (¢ = 1) instead, we get (ii). For (4.1), we use
the special estimate (3.53), and get

V17 Vo, K0, < A% And K&l 1],

SO, o
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Proposition 4.6. For any smooth function f, 5 € [0,1],

B+1 ’

 (\ et P
W), (V710 (9 — A0)K W) f ], < (0% (V] 5
(iii) HV@ (Ou — Ay K ( fHLioy S <t>_1||<v>1+f”Lgy‘

H|V|ﬁ8y (On — Aat)K(t)fHL?w S~

Proof. From Lemma 3.13 and Lemma 3.2,
H|V\’38y (0w — Aat)K(t)fHLz

S [PV 10, (00— A0V K@ f o + D N[ Pxo, (0 — A0V KWOf 2.

N>1

< AP0 (0 + A2, K (t,€,n HLz (A1) [P<1fllry, + Z NP||n(0r
N>1

+ A0)K (1,6, HL2 (e 1PV fl s,

SO F P fllpy, + )77 Y NS Hew
N>1
B+1

SO T L,
Moreover, by (3.54) (¢ = co) and (3.58) instead,

1917510, (9 = A0) KO f 2,

S|Pl VIPH 0, (00 — Ay ) K ( fHLz + || P11V, (01 — Aat)K(t)WWfHLgy

< AP (00 + A20) K (1,6, W ig agnllP<iflez,
+ [An(@e + A2 K (8.6 0)|| e (4 |(V) 71,
St >-*||f||L2 + O Al e,
SO UV -
Similarly, by (3.54) (¢ = 2), (3.58), and Sobolev’s inequality,
V0, (0 — A0) K (0 f]] .
S P<aV0, (9 = A KO []| 1 + [[P21V0y (0 = AR) K () f]| .
S [14n(@n + A20) Kt & m)| 2 (azy) 1P 2,

+ ||A77 (On + A28t) (t,&n HLoo(A>1)HfHL°°

SO, o

~

803
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Proposition 4.7. For any smooth function f, p € [2,00], 8 € [0,2 — %],

1
7

V17 A Bs — A0 K (W) p, S ()77

~

_g H<V>%+B+f‘

1 -
Lay

Proof. From Lemma 3.10 and Lemma 3.14, the operator A(@tt — Aat)K (t) obeys the
same estimates as A(A + /Ad,, ) K(t). Hence the lemma follows from the same way as
in the proof of Proposition 4.4. O

Proposition 4.8. For any smooth function f,

8@ = 20 = MEMF] 5 S & min {1V 3 fllusz, V) s, }-
Proof. From Lemma 3.16 and Lemma 3.2,
||A(8tt — A0y — A)K(t)fHLgy

S|P A0y — A0 — A)K () f| . + Z | PnA(Oy — A8, — A)K () f]] .
Ty No1 Ty

(147 @ + A0, + AR (60 2 o (4 | P sz

+ Z ||A2(8tt + A%, + A2)k(t’§v77)HL§Lg]o(A~N)HPNfHL;Lg
N>1

_1 1

S () H<V>2+fHL;L§‘
Further, by the Sobolev inequality, H(V)éJerLle S KV fllzs,, we prove the
zly

lemma. O

Proposition 4.9. For any smooth function f, 2 <p < oo, and g > %,

() (000 — A0 = YK 1 SO F D2 llp,

~

3

(ii), [|[VOr(9e — A — A)K(t)fHLgy SO f e

~

(i), [[1V1°00(0 — 20 = A)E(O)f |5 < 07K s,
(iv), H|V|ﬁag:(8tt — A9y — A)K(t)fHng;

S (O min {1V g, + VB ags b

Proof. From Lemma 3.17 and Lemma 3.8, we find that £(0; + A%0; + A%) and A&n obey
the same L? estimates. Hence, the parts (i) and (iii) in the present proposition can be
obtained by the same way as Proposition 4.2 (i) and (iii). For part (ii), by (3.69), (3.70)
and Lemma 3.2,
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HV@I(% - Aat - A)K(t)fHLgy

S [1P1V 0 (0 — A0, — MKW ]|,

+ Z | PNV, (0 — Ay — A)K(t)fHLiy
N>1 )
S HAg(att + Azat + A2>[/€<t7£7 77)HLgL;o(Aél)HpglfHL;Li

+ Z HAf(att + A%0, + AZ)IA((tang)HLgL;o(A~N)HPNfHL;Lg
N>1 )

3

STV fllrare.
Similarly,

1IV1°0, (00 — A8, — A)K (t) f|

Lo

zy

S P<ulVIP0a(0 — 20, = ME D) S]]

+ Z ||PN|V\Bax(3tt — A0y — A)K(t)fHng

N>1

S | APE(0n + A%0, + AP K (8, €, n)"LéL%(Agl)Hpﬁlf”L,}vLi

+ Z ||AB§(8“ + Azat + AQ)I?(t’g’n)HL%L%(ANN)||PNf||L;L§
N>1

SO Fllna e

~

At last, we use the Sobolev inequality, [|g[lz1r2 < ||<V>%+g||Liy, to complete the proof
of the lemma. O

Proposition 4.10. For any smooth function f, 8 € [%, 1],

0, (10w (@ — 20, = A)E@|| 0 < min {6 TP Fllugag, (0T fllas,

B+1

(i), |1V 00z (0 — AD; — A)K(t)fHLgy SO VY £z, ;

~

(111), Ham:v(att - Aat - A)K(t)fHL;c{l S <t>_1||<v>1+f||Liy'

Proof. From Lemma 3.18 and Lemma 3.9, we note that (0 + A%0; + A?) and A&%y
obey the same LP estimates. Thus, the same way in the proof of Proposition 4.3 (i)
gives part (i) in this proposition. Moreover, for part (ii) from (3.74) (¢ = 00), (3.76) and
Lemma 3.2,
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19182 (0 = A0 = MK D15
S 1Pl V17000 (D — 20, = MK (1)),

+ Z ||PN|V|Bamc(att — A0 — A)K(t)fHLiy

N>1

S (147 Ou + 420 + A E (61| e (4 | P f 2,

+ > NP0 + AP0+ AR (6| e g | PV F 1,
N>1 '

148
SO IV fllee,-
Similarly as (i), and using (3.74) and (3.74) (¢ = 2) instead, we get (iii). O

Proposition 4.11. For any smooth function f, B1 € [3,2], 82 € [0,2],

191 @ = 20— 2o KO ]|, S O F D) Ty,

. IV — A0, — fHLz SO F U= s,
(ili), [|V(0y — A, — fHLoo SO fllzy,;

o AG ~ 20, = 0 KO oo < 07V S22, -

Proof. From Lemma 3.19 and Lemma 3.2,

19174 (8 — AD, — fHLz
< ||P<1|V|Bl(8tt — A9, — fHL2
+ 2 B[V 0 — 80, — 000) K (1) f] 1.
N>1

HAﬁl 8tt +A28t +£ ) t g n HL2 A<1)||P<1f||L1

+ Z N H(att +A%0, +£2)K ) HL%U(ANN)HPNJ[HL;y
N>1

SO FNUD T s,
By (3.83) and (3.85) instead, we have
1917V (@ — A9, - fHLz
S 1P<a V17 (0 — A0, — f||L2

+ HP>1|V|B2(8tt — A0, — fHL2
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AP O + A%0, + )R (€| e 4y P12,

+ || A28y + A0, + E2)K (1, €,m HLW A>1)HPZI V)2~ 1fHLgy

B

SOTENU=2 T e,

Similarly,
IV(0n = A8, = 0u) K(®)f |
5 HA(att +A2at +§2) tafan HLl (A<1 ||P§1fHL1
+ Z NH 8tt+A28t+£ ) (t.&n ||L1 ANN)HPNfHLl
N>1
SO Fllzz,
and

1400 = A = 0 ) KO F || .
S )| A0 + A0, + €K (1,6, HL2 (A<1)”P<1f”L2

+ Z N? H 8”"’”42675"'5 ) (t,&:m HL2 (ANN)HPNfHL2
N>1

SO T flle,; O
Proposition 4.12. For any smooth function f, 5 € [0, 2],
|IV1°0,(0sr — 2O, — A)K(t)fHL?
< min {<t> mn(4 5 >ﬂ S Pl A0SO s, b
10:(0ur — AD, — f||Lx SO Flles,;
(iil), ||VO:(Br — AD; — fHLoo SO fllzz,;
14019 — A = MK () || . S min {<t>‘3 (V) Fllzz, <t>‘1||f||L;~;}
Proof. From Lemma 3.20 and Lemma 3.2,
19170100 — A0, = M)E O f] .2
S |1P<1 V1P 0 (0 — DO, — A)K(t)f”Liy

+ 0 [1PVIVI0@ — A0 = ME(D)f]| 5.

N>1
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< ||AP0u(0n + A%0, + A2)f{(t,§,n)HLgn(ASl)HPglfHL;y

+ Z Nﬁuat(att + A28t + 142)[/(\'(757é.v"7)”]@77(14,“1\[)HPN.]CHL;H
No1 Y

§<t> min{2, [+1}||P<1f||L1 + ZNB 1HPNfHL1
N>1

min 5 /&+1 —
S ()W) T

~

Similarly, using (3.91),

19170000 — 20, = M)E(D)f]] 2.
<l (AY2 7P AP D, (D + A%0; + AP K (1€, 77)HL:£0 ||<V>2_ﬁf||Lgy
_B _
SOV T f I, -

Moreover, by (3.86) and (3.88) (¢ = 1),

9400 — 80, ~ MK,
g Hat(att + A28t + AQ)I?(t7§7n)|‘Lén(A§1)||P§1f||L:1cy

+ Z Hat(att + A%0; + A2)[?(t7£7n)“Lén(A~N)HPNfHL}W
N>1 )

SO flley,-
Using (3.87) and (3.88) (¢ = 2) instead, we have (iii). While using (3.88) and (3.90)

(¢ = 2), we have HA@t(att — A0y — A)K(t)f||L99 < @)TEH |V >1+f||L5y. At last, by the

special estimate (3.91), we have

| A8, (0 — A, — fHLoo < ||A%0: (0w + A%8; + A)E(t,€n ||Loo [ fllegs,
SO s
This finishes the proof of the lemma. 0O

Proposition 4.13. For any smooth function f,

| A0, (0 — DDy — A) fHL2 SO ge, -
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Proof. From Lemma 3.21 and Lemma 3.2,
| A8,0,(0y — A, — A)K(t)fHLiy
= H<V>‘1A8$6t(8tt — A9y — A)K(t)(V)fHL2
< |[(A) "1 A2%0,(0r + A%0, + A)K (t.6,1 HLWII Mz,
SOV ez, O
Proposition 4.14. For any smooth function f, B € [0, 2],

B11

@), (V>IN 0 (0 — DDy — A = 3y K f||L2 SO fllee,s
Hatt((')tt—Aat—A—ﬁw fHLOQ ~ 1||f||L2 .

zy’

Proof. From Lemma 3.22 and Lemma 3.2,

(V)P IV 1P 04 (0r — DOy — A — 8yy)K(t)fHL§y
S A7 A0 (01 + A0, + A% + )R (1, € )| o 11122,
SO M ez,
and
|06 (Ore — Ay — A — é)yy)K(t)fHLfy
< |00 (re + A0, + A? + ) K (8, €, TI)HLgn 12z,
SO es,
This proves (i) and (ii). O
Proposition 4.15. For any smooth function f,
@), B OV £,
3

|0 K1 (O f]] 1, < min {6V T fllag, . 07 FI(T)** Flluy, |-

Proof. From Lemma 3.23 and Lemma 3.2,

1@ F N, S [PB @ N, + D0 IPNELOS 1z,
N>1

5 H[/(\l(ta5777)HL§L30(A§1)”PSlfHL}L,LZ
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+ Z Hl/{\l(t’5’n)||L§L;°(A~N)||PNf||L;L§
N>1

< O TEHNYYEHVIE Sl

~

and

v
[0: K00 ], S 1P =5 0eKr(D) -V, + D [PNOKADS ],
N>1

SNAT RN E Mz (acy) 1PV Iz,

+ 2 B &M 2 amn 1PN Fs,
N>1

<OVl

~

Similarly, using the third estimates in Lemma 3.23, we also have
_3
02K () f |2, S (8) 7 KV)** flley,- O
5. Local theory and energy estimates

This section presents the local (in time) existence and uniqueness result for (2.2),
which can be deduced from the work of Kawashima [6,7]. More importantly we obtain
an energy inequality needed in the proof of Theorem 1.1.

Proposition 5.1. Let 1+ X > 0. Assume that (ng, o, Vibo) € H° (R?) with o > 3. Assume
pZzpp=1+ng=p

for two constants p > p > 0. Then there exists To = To(||(no, do, V¥bo)||zo) > 0, and a
unique smooth local solution (n, @, Vi) € C2([0,Tp]; HO (R?)) to (2.2) with

p=p=1+n=>p. (5.1)
Furthermore, for € and M given in the definition of X in (1.3),
(0~ (90 (0,7, V) (O], < (V) (mo, o, )|, + QUITIx),  (5:2)
where Q(r) represents a polynomial of r with the lowest order at least quadratic.

Proof of Proposition 5.1. The existence of the local solution (n, i, Vi) with the prop-
erty (5.1) follows from [6,7]. The main effort of this proof is devoted to the bound in
(5.2).
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For any o > 0, we have, from yn +V -4+ V - (ni) =0,

%at / [(V)7n|? dz = 7/ ((V)7V - @) (V)" n da — / ((V)7V - (nid)) (V)7 n dz.
Using the commutator notation
[(V)V-, dn=(V)’V - (nd) —u-V(V)'n

and integrating by parts, we have

/ ((V)°V - (nid)) (V)" da = / (V)7 V-, ) (V) dar — /(v L@)((V)°n) de.
Tt then follows from the commutator estimate
I(V)?V-, dnlla < lnlleo (V)T V|, + V]| (V)02
and Holder's inequality that
20, (1w ni3) < - [ (9798 (9)7nde + Clnle (937, 1917V
+ vl I{V)7nll;

—/ (V)7V - @) (V) ndx

IN

) P
+O(Inl +1val ) [9)nl3+ 9y vals (53)

where C' is a large constant which may depend on p,p and may vary from line to line,

and A = 1 + \. Applying (V)? to (2.1) and then dotting with (V)?#, we have, after
integration by parts,

1
§8t / |<V>JU‘2 dr =J1 + Jo+ Js + Jy + J5,

where
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T = [(9)7 (71 V6rd) - (v ida
We bound the terms on the right-hand side. Writing
Ji= —/[<V>",ﬁ~ Vi (V) ide o+ /(v D)V da,
we have, by a commutator estimate,
1] S 1980 [ (9) 7 5

After integration by parts,

’/(W”(nVn) A(V)Tada| S V)7 (02)]|2 [{V)7 (V- @) 2
S Inllos V) nll2 (V)7 (V- @) [|2-
That is,
Ja < /<V>°n (V)7 (V- @) dz + |[n]| (V)02 [ (V)7 Vi,
o o — o X o —
§/<V> n(V)7(V @) dz + |[n]% (V) n|\3+5—BII<V> vil3.
To estimate J3, we write
Js = —/(V}U(/flVﬁ) - <v>0vadx+/<v>0(wp*1) Vi) (V)i da

_ —/[<v>a,p—1]w. (V)7 Vit da — /p_l (V)7 Va2 da

Therefore, by a commutator estimate,
Js < f/p71 (V) Vii|? dx
+ C||Vid]loo IKV)7 (0~ 2 INV) 7 Vill2 + CIIV (0™ ) oo (V) |2 [[(V)7 V2.
Invoking (5.1) and using Sobolev’s inequality,

V)7 (0~ D)ll2 < Clo, IV 12,
IV(p™lloe < C(p) [Vlsc (5.4)
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we obtain, by Young’s inequality,

Jy < —/pfl (V)7 Val* do + C|| Vil [(V)nll2][(V)7 V]2

+ ClIVnlleo [{V) 7l (V)7 Vil

< [V d -+ €IVl () 7wl
2 o2 5\ o772
+ CIVn[lS (V) 7|z + — (V)7 Va5
10p
Jy is similarly estimated as Jz. Writing J4 as
Jy = —A/,fl V)V -l do — A/[<v>f’,p*1]v - (V) Vi dx
[V V1) - (v,

we obtain, after similar estimates as for Js,

<= [ ) da o+ T (V)

A

A vata v ES
10£”<> ill5

+ClIVal3 (V)7 a3 +
Since |[(V)°V - @|? < [{V)?Vii|?, for any A+ 1 > 0, we have
Js+Jy < f/;fl (V) Vi) do — A/pfl |[(V)OV - ]2 da
— o o~ 5‘ A wivd
+ C|IVal%, (V)7 nll + ClIVnlZ (V) 7@])3 + 5—p||<V> Vi3
5\ o772
< —— | V) Viu|* dx
4
— o o~ 5\ A wivd
+ C|IVal%, (V)7 nll + ClIVnlZ (V) 7@])3 + 57)||<V> Vi[5
To bound J5, after integration by parts and using ¢ = ¥ + y, we write
Js = /(V)”Vw (V)*Voudr — /p_l<V>”(Vz/)Aw) (V) udx

- / (V)7 p (V) - (V)7 it da — / ()7 (Ea0) (9) v do.

813
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Since ViAY = V - (VV) — 1V(|V[?), we have
| / U) (V) - (V)T da| < IVl |[(9)7 V|, ||(7)7 V],

< ClIVYIIZ (V) Vell3 + FIK )7 Vi[5

By a commutator estimate and (5.4),

‘/[<V>",pl](vm¢) (VY iddz

< ClIV(e™ oo VY lloo [{V)T V2 (V) V|2
+ CIVVYIZ (V)7 (e~ D2 [[(V)7 V|2
< C(IVall% + 1Vel%) IKV) V3

o A o rd
+CIV)VYIIS I1(V) nll§+gp\l<v> vi3.

Since (V)7v = (V)7 P<1v + (V)7 P>v,

' [ Ean @

< ] [ G av) @ Pavas

+| [ Can @) Parvda
< Cllella 1 A1 + Ol (9790 ()79
+ OV, IKV) V| 1(9)7 Perol,

< O (Iolleo + 10V + KR)THI,) (170l + 1(9)7T913)

A vil2
35, |97Vl

Therefore,

Js < C(Illoo + I(VInlZ + (D) V2, ) (IK7)7nl3 + (V)7 VI3)

Ao
+ 5 V)l
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From 041 + v + 4 - V¢ = 0, we have
1 2
50 / V)7V da
=— /<V>UV”U (V) Vi dx — /(V)UV(’E[« V) - (V) Vi da
=— /(V}"Vv V)V dx — /(V}"(Vﬁ- V) - V)7V da
1

+§/(V~ﬁ)]<v>"vw}2daz—/[(V>",U~V]V¢-(V)"de:v.

Similar as above, we obtain

%@/|(V>"V¢|2da:§ —/<v>0vu-<v>0wda¢

_ - DNy
+ (IValloo + IVEIZ) KV VI3 + 5o 1V) vi3.

Adding the estimates above, and taking o = M as in the definition of X in (1.3), we
have

t

< (V)M (o, @, V)| + / (s) "1+ dsQ(U]|x)

< ()M (o, @o, Vo) ||, + () QUIU|Lx),

which gives (5.2). This completes the proof of Proposition 5.1. O
6. The estimates on n

In this section, we shall prove that there exists some small constant ¢y > 0, such that

VY0022, S &7 (10ollxo + €olUllx + QUUIx)):; (6.1)
(V) 200z, S ()72 (100l x, + ol Ullx +QUIUX)); (6.2)

1(¥)en(®)llz2, S &% (100l xo + ollUllx + QUUIx))- (6.3)

zy ™~
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Moreover, it follows from Nash’s inequality, that

1 1
17l S 1921, 109) 7l
Using this inequality,

3

1) (D)l S 1V 17200 s

Thus, we only need to show (6.1) and (6.3). The rest of this section is divided into three
subsections. The first subsection recasts the integral representation given in Lemma 2.3,
which we call “reexpression” of n. This new representation further reveals the structure
of the model and is suitable for the desired estimates. The second subsection estimates
the linear parts while the third section bounds the nonlinear part.

6.1. The reexpression of n

This subsection recasts the representation given in Lemma 2.3. More precisely, we
prove the following proposition.

Proposition 6.1. The unknown function n obeys the formula,
’I’L(t, z, y) = (Ln + Bn)(t’ no, 607 go) + Nn(t’ n, /L_L'v "/})7 (64)
where (L, + By,) is given by

L (t; no, i, bo) + Bn (t; 10, o, bo)
= K (1)[0,A%0] + 0K (£) [Ady o] — (9 — A, — A)K (1) [Dyuo)
— (B~ DOVK(0)[Dy00] — SAVATL K (Fmo + K (t)mg (6.5)

and Ny (t;n,d, 1) is defined as

t
Ny (tn, @, 0) = /8t(8tt — A9y — A)K(t — s)No(s) ds

0

A(@tt — A@t — A)K(t — S)NQ(S) ds

8$(8tt — A(?t — A)K(t — 8)N1 (8) ds

o O~
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+ [ 8,(0y — AD)K(t — 5)Ny(s) ds

+ [ A9y(0r — A)K(t — s)N3(s)ds

S . O~

— A [ (Ou — ADy — Dy ) K (t — 5)(0pAu + 0y Av) ds. (6.6)

o —

Now we begin to prove this proposition. According to (2.39), (2.43)—(2.46) and (2.56),

¢
n(t,z,y) = L,(t; ng, do, 50) + /K(t — 8)Fy(s) ds,
0

where
Ly (t; no, @, bo)
= K(t) [(att — Ad; — A)atn(())] (6.7)
T (9 — A, — A)VK (1) [9im(0)] (6.8)
— %A\/Aany(t)[no] + K1 (t)[no] (6.10)
and

Fols) = (0s — A) (Dss — ADy — A)Ny — 0,(9ss — Ay — A)N,
— 0y(Bss — ADy)Na + AD, (D5 — A)N3
— AM(Oss — Ay — ) (00 Au + 0, Av).

To prove Proposition 6.1, we essentially replace dyn(0) and dyn(0) in L, by the terms
in the equation of dyn. The terms in B, (t; ng, Uy, 50) are the boundary terms that come
from integration by parts in the time integral fot K (t—s)Fy(s) ds. The details for deriving
the expressions of L,, and B,, are given in the following two sub-subsections.

6.1.1. Ln(t, no, 17:0, EO)
Since 9yn(0) = —0u(0) — d,v(0) + Ny(0), by (2.21) and (2.23) we have

(6.7) = =K (t)(Orr — A0y — A)(0u(0) + 9yv(0)) + K(t) (9 — Ady — A)No(0)
= —K(t)( = Duyyu(0) + Daayv(0) + 0,0, N1 (0)
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— 022 No(0) + A0t (02221 (0) + 0224v(0))
- K( ) (Byyyv + Oayytt — Oyy No + 010y Na — A0y N5 + Ai(Oryytt + Oyyyv))
K(t )(8tt — Ady = A)No(0)
[AN — 0;0;N1(0) — 0:0,N2(0) + ayANg(O)]
K(t) [(3& — A9, — A)N(0)]
K (t) [0, Av(0) + AD,0, Au(0) + AD,9,Av(0)].

Moreover,
(6.8) = (9 — AJy — A)K () [9,n(0)]
— (O — Ad, — A)K (1) — 0,u(0) — 9,v(0) + No(0)]

(
= —0,(0u — AJy — A)K (£)u(0) — 8, (8 — ADy — A)K (£)v(0)
+ (B — A, — A)K (£) [No(0)].

)
)

Further, since by (2.19),

AK (1) [(8y — A — A)n(0)]
= AK(t)[Ad,¢(0) 4 9;No(0) — ANy (0) — 9, N1(0)
— 8y N2(0) — (8- Au(0) + 0, Av(0))];
K (1) [0 — A, — A)n(0)]
= 0, K (t)(Ady¢(0) 4+ 9, No(0) — ANo(0) — 9. N1(0)
— 3y N2(0) = A9, Au(0) + 9, Av(0))),

we have

(6.9) = QK () [(O — A0 — A)n(0)] — AK()[(0he — Ay — A)n(0)]
= (9, — A)K(t)[0;No(0) — ANy(0) — 0, N1(0) — 8, N2(0)]
+ (0 — A)YK()[Ad,(0) — A(DxAu(0) + 8, A0(0))].

Collecting the equalities above, we have

Ln(t;no,ﬁo,go)
= K(t)[(0n — AO, — 0)] - A)AK (t)No(0) (6.11)
— K(t) [0, ANo (0 )+ata Nl(O) +ata N»(0)]
K(t)[ANy(0) + 9, AN1(0) + 0, AN2(0) 4+ 8,AN3(0)]
+ 0K () [0:No(0) — 95 N1(0) — 9y Na(0)] + (9 — Ady — A)K () [No(0)]
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— K(t)[0,Av(0) + 0,A%¢(0)] + 0, K (t)Ad,¢(0)

— (8 — Ady — A)K (t) [0,u(0) + 8,v(0)]

— MK (t)[020,Au(0) 4 8,0, Av(0) — 0, A%u(0) — 9, Av(0)]
— MK (t) [0, Au(0) + 8, Av(0)]

1
— §A Aﬁny(t)[no] + K (t)[no] (612)
6.1.2. Bn(t; no, ﬂ,’o, 50)

Now we consider the boundary term Bn(t;no,ﬁ’o,go). Since K(0) = 0;K(0) =
0: K (0) =0, we have

t
/K (t—s) — Ads — A)Ny(s) ds
0

t

:)} - /85K(t —5)(0ss — Ads — A)No(s) ds

0

— K(t—s) [(ass — A9y — A)Ny(s)

t

=~ —K(1)[(9 — A, — A)N, /at (t = 5)(Oss — A0, — A)No(s) ds
— K ()0 — A0, — A)No(0)] — 4K (B)[(2) — A)No(0)]

- /atK(tf $)ANy(s) ds+/8ttK(t— $)(8s — A)No(s) ds
= —K(0)[(0 ~ A, — A)No(0)] — K (1)[(0 ~ A)No(0)] ~ 0K (1) [No(0)]

+ /8t(8tt — A@t - A)K(t — S)No(s) ds.
By a similar treatment, we have
t
/K (t—s) — Ads — A)Ny(s) ds
0

= K (t)[(8r — A)AN(0)] + 8, K (t) [AN(0)]

- / A(Dy — Ay — A)K(t — 5)No(s) ds;
0
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/Kt—s — AJs — A)N4(s) ds
K(1)[(80 — A)9: N1 (0)] + 0K (1) [0, N1 (0)]

- /ax(att — A9, — A)K(t — s)Ny(s) ds;
0

/Kt—s — Ads)Na(s)ds
0
K(t)[(9: — A)3yN2(0)] + 0, K (£)[0, N2(0)]

_ /ay(att ~ AO)K(t — 8)Na(s):
0

/K(t — 5)A0y(0s — A)N3(s)ds
0

= —K(t)[Ad,N3(0)] + /Aay (0r — A)K(t — s)N3(s) ds;

0

/ (t = 8)(Dss — DDy — D) (B Auu + 0y Av) ds
0

K (1)[(0 — A)(0 Au(0) + 8, A0(0))] + A4 K (8) 0, Au(0) + 9, Av(0)]
)\/ (O — AOy — K(t — s)(0zAu(s) + 0y,Av(s)) ds
0

Collecting the estimates, we obtain that

B (t; no, o, bo)
= —K(t)[(0 — Ay — A)No(0)] + K (t) [(9 — A)ANo(0)]
+ O K(t )[ANO( )] K(t )[@8 N1(0) + 3t8yN2(0)]
K(t )[3 AN1(0) + 9,AN>(0 )+8yAN3(o)]
— 0, K () [0:No(0) — 9 N1(0) — 8, N2(0) — ANo(0)] — 0w K (t) [No(0)]
+AK(t )[( — A) (9, Au(0) + 8yA'U(O))]
+ ALK (t )[(9 Au(0) + 9,Av(0 )] (6.13)
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The recasting above allowed us to cancel some of the troubling terms from (6.12) and
(6.13) to get (6.5). This property is also valid for @ and v, which is important in analysis.
The rest of this section is split into two subsections to estimate the linear and nonlinear
parts, respectively.

6.2. Estimates on the linear parts L, + B,

In this subsection, we prove that
Lemma 6.2.

(V)3 (L + Bn)(t;n0, o, b0)| 12 S (87| Uollxo (6.14)
H<V>81(Ln + Bn)(t;no,ﬁo, 60)||L2 S <t>_% ||UO||X0 (615)

Now we estimate the terms in (6.5). First of all, we consider K (t) [0, A%t]. By Propo-
sition 4.1, we have

(V)P K () [0,8%%0] ||, = [|A%K (£)[0,(V)*to]

Izs Izs
L2, L2,

SB[V Ve (6.16)

(.
L,

Moreover, almost the same as (6.16), and using Proposition 4.2 (i) (8’ = 3) instead, we

have

(7)0. K(8) [8,2%0] | 2. = ([ AV, K (1) - [(V) Vo]

HLgy HLiy

SO Vol - (6.17)

Now we consider 0, K (t)[Ady1o]. From Proposition 4.5 (i) (8 = 1), we have

KV 0K @) [A0, 0], = [[VO,0E (W) - (V) Vibo]ll
<OV Vool - (6.18)
Similarly, by Proposition 4.5 (i) again (3 = 2),
(V)00 K (B)[Adyvo] | 5 = A0, 0K ) [(V)O=tio] ||,
SEORE [\ R L0 P (6.19)

Now we consider the term (8 —Ad; — A) K (t) [0y uo|. From Proposition 4.9 (i) (p = 2)
and Proposition 4.10 (i), we have

(V)2 (0 — ADy — A)K (1) [Ozuo] HL?W <S(): H<V>3+UOHL%§ (6.20)
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(V)0 (0 — DOy — A)K (t) [Opuo] ||L2 SOV uOHLéy. (6.21)
Now we consider the term (0 — Ady) K (t) [0vo]. From Proposition 4.6 (i) (8 =0,1),

|| <V>3(8tt — A@t)K(t) [8y7.10] HL2 ~ T2 || 'UO ||Liy; (622)
H 8tt — A@t) ( )[8y110] HLiy S >—1H<V> +U0HL;y' (623)

At last, we consider the terms (6.10). For the first term —1A/Ad,, K (t)[no], from
Proposition 4.1, we have

(V)2 A\/Ad,, K (t) noll 2 S =5 ||(v ] P (6.24)

Similarly, by Proposition 4.2 (i) (8’ = 3),

[(V)0e A/ Adyy K (B)[nol . S (07 v n0||L;y. (6.25)

For the second term K7 (t)[ng], by Proposition 4.15,

7

(V)2 K1 (8)[n (H~T|[(V)E ”OHL;y? (6.26)

noll[ s, S

(V)0 K1(t)[n “H(w) 3t n0||Liy. (6.27)

nolll 1, S

By the estimates (6.16), (6.18), (6.20), (6.22), (6.24), and (6.26), we have
|| <V> (L'fl + Bn)(tv o, ﬁ07 EO) HL2
,; .
S OO V0ol + (V) o]l + (9 nol,, )
S 75 Vol x,
Similarly, by the estimates (6.17), (6.19), (6.21), (6.23), (6.25), and (6.27), we have
L op _3
(V)02 (L + Bu)(t; 120, o, bo)[| 12 < (8) [Vl x,
6.3. Estimates on the nonlinear parts N,
By Proposition 6.1 and Lemma 6.2, we are left to prove that

022N (1, @) S (07 (ol Ulx + QUITIL) ) (6.28)
(0Nt @) [, S 07 (eollUlx + QUIUIX)): (6.29)
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First of all, we split each of the nonlinearities N;,j = 0,1,2,3 (which were defined in
Section 2.1) into the low frequency part and high frequency part, which reads as

Nj (’IL, u, v, QZ}) = N]l (TL, u, v, ’l/}) + N]h(na u, v, 1/’)7 (630)
where

N]l (n,u,v,¥)(t) = N; (TLS(t)o.(n s U< (1)0-01, U< (4)0.01, 1/1§<t>0.01) (t).

Here we use the notation f<y = P<py f. That is, each term in NJh contains at least one
high frequency part and the terms in IV Jl involve only low frequencies. Then we have

Lemma 6.3.

|KVWATOLUJM¢XﬂHL%:S<®*LMHUH§ J=0,3; (6.31)

IU1%

Arrh —1.03
KON (oo ) O, 07 T

! j=1,2. (6.32)

Proof. We only give the corresponding estimate on Ny, since the others can be proved
by the same standard way. By the definition of Ny in (2.3), and choosing M large enough
and e small enough, we have, for any 2 < p < +o0,

[69)° NG (. w0 0) ()]
v (@1, + @2 )
@], (V) Pogoonu®)] .+ [V Pogoorv®)] )
S OO @), (e, + O]s)
@, (IO a0, + Moz, )]

5@”%@ﬂ%x@”ﬂﬂh+@”ﬁWh@ﬂmh}

SOTONUIE-

< H <V>6PZ (t)0-01 Tl(t) ’

~

This proves the estimate on Ny. O

This lemma provides explicit decay rates for the L'-norm of the high frequency parts
in the nonlinearities. Since the decay rates in the estimates are smaller than —1 (—1.03 in-
deed), the corresponding nonlinearities are time integrable in the light of kernel estimates
in Section 3. See Section 6.3.1 as an example.



824 J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888

6.9.1. [} 9,(8y — A, — A)K(t — 5)No(s) ds
In this subsubsection, we will prove that

V)P [ 00 - 80 - MKt - N as|, SO U (639
0 i
V)o. [ 00— 80~ )K( - s)No(s)as| £ @ UK (030

First, we consider the piece of N2. By Proposition 4.12 (i) (3 = 0) and (6.31), we have

H(Vp/@(@tt ~ A8, — A)K(t — s)NI(s) dsHLi
J )

ds
L2,

S [ oo - s0 - ayr (e = s)w a0
0
S [te= 9 POy, ds

0
t

< / (t— ) (s) 198 ds U7
0

_1
SO U
By the same way, from Proposition 4.12 (i) (8 = 1) again, we have

t

H<v>am/at(att ~AO, — A)K(t — $)NI(s) dsHLay

0

ds
Lz,

S [ ||[vouou - s0, - a)r (e - s)v) NG (0|
0

t

</<t—s TN (S]], ds

A

/ {t —s) M) 103 ds||U||%
0

SO7UIA.
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Remark 6.4. In the following context, we focus our attention on the low-frequency parts
most of the time, since the high-frequency parts can be treated standardly as N2 above,
by using the energy estimates. To simplify the notation, we only write n,u, v, for
N< (5)0.01, U< (5)0.01, V< (5)0.01, < (y0.01 in the low-frequency parts, if there is no confusion.

Now we consider Né piece. By Lemma 3.20,

Ty

)2 /at(att — A9, — A)K(t — s)N{(s) ds‘
0

N / HV@(% — Ady — A)K(t — ) - (V)? Pe gy0.01 (nid) (s)

ds
L2,

5 <t - S>_1H<V>3P5<S>o.01 (nﬁ)(s)} ds

1
L,

AN

O — Lo —__°

(t — 5>_1<3>0‘04H”HL5y ||77HLgy ds

A

/t—S 004 0.25— O5d5||U||2
0

SO0k
Also, almost the same, and using
[0z (nad) | L1, < (IIamnHLzyHUIILgy + HnlngyHV-ﬁlngy) S ()7 IUN%,  (6.35)

we have
t

[10. [au0n — a0, - Ayr(e — )N s

0

Yy

L2

Yy

S [ [[voon - a0, - 2K - ) - Pepomn (D)0 ni)5)

t

< / (t — 5) "1 ()00, (n?) | 1,

A

t
/t—s 003 125dSHUH2

0
SOHU-

Therefore, we give the estimate (6.33) and (6.34).
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6.3.2. fo (O — ADy — A)K(t — s)No(s) ds
This is one of most tricky terms. Indeed, regardless of the loss of regularity, the best
estimate one may get is

HNO ||L1L2 S(s)” 1||U||X>

which is critical for integrable (and it is not integrable). We need some new argument to
prove the estimates followed,

V) [ A - 80 - K- N as| <@ OB (030

zy

<71 U. (6.37)

Y

0, / A9 — Ay = A)K (= )No(s)ds| |
0

According to the frequency, and the definition (2.3): Ny = 9;(nu) + 0, (nv), we have

No = N + N}
= N + 0u(n< (5001 Uz (sy0.01) + Oy (< (59000 U (50.01)
=N + Oz (< (sy0.01 U< (sy0.01) + Dy (< (5)0.01 V< (5)—10) ds
+ Oy (g (5001 Visy-005 <. <(s)o.01) + Dy (Mg 5)0.01 Vsy-10 <. <) -0-058)-

Similar as before, we denote f>ny = P>nf and fy<.<m = Pnv<.<um f here. Then by the
fourth equation in (2.2): v = —9tp + N3, and the product rule, we further have

No = N + 05 (nesy0.01 Ue (sy0.01) + Oy (1< (5y0.01 V< (5)-10)
+ 0y (g0 v 00s << (sy001)
+ 0y (n< (5001 Play-10<.<(s) =005 N3) + 0y (n (o0 Poy-10<.< () -00059)
= NG + 0o syo0 ts(syo0r) + Oy(ng (o1 v(s)-10)
+ 0y (g0 g -o0s << (sy00)
+ 0y (n<(syo0r Pls)i0<.< (=00 N3) + 00y (n<(s)0.01 Plsyi0<.<(s)-0.059)
— 0y (9sn<(s0.: ()~ 10<.<(5)-0.051) + other parts, (6.38)

where the other parts include the terms which 05 hits P< (4001 or Prgy-10<.<(s)-0.05. By
(6.38), we split the term into several parts as follows,
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A(@tt - A@t - A)K(t - S)No(s) ds

o .

t
- / A(Oy — AD; — AYK(t — )N (s) ds (6.39)
0
t
+ / A@r — Ad, — A)E(t — )9, (nesyom e syon )(s) ds (6.40)
0
t
4 / A@u — Ads — AYK(t — )9, (ne gyon v<(y)-10)(s) ds (6.41)
0
t
+ / A(@tt — A9 — A)K(t . S)ay(n§<s>(1‘01 'U2<s)—0-05)(5) ds (6.42)
0

t
+ / Aay(att — Aat — A)K(t — S) (7’L§<S>0,01 P<s>—1og,§<s)—vo5N3) (S) ds (6.43)
0
t

+ / Aay(att - A&t - A)K(t - 3)86 (’I?,S<S>0.01 P(s)710§-§(5)70405¢) (S) ds (644)
0

t
- / Aﬁy(att - A@t - A)K(t - S) (8sn§<s>0.01 P(S)’IOS'S@)*O‘OM/)) (S) ds (645)
0
+other easy terms, (6.46)
where the other easy terms is the corresponding terms from other parts in (6.38).

The high frequency piece (6.39) can be treated standardly as in Section 6.3.1, and
thus we obtain (the details of the proof are omitted)

STV

Ty

H<V>3(6.39)’ )

H<v>ax(6.39)

<~ 1U)%.
L. ST

Now we consider the part (6.40). By Proposition 4.9 (ii) we have

HLgy ds

H<V>3(6'/10)HL3 < / || P< ay0.01 VO (B — Ady, — A)K (t — 5) - V(V) (nur) (s)
Y0
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S <t — S>_% ||P< (s)0-01 <V>4+nu||L‘1w ds

o —__

A

t
/"t—s )~ =0 ds U]
0

S U
By the same way, and using (6.35) we have

t

(V)0 (6.40)| < [ ()00t — 5) 75 [0 (nw) |y, ds
Lzy

(=)

t

< /<8>°'03’1'2‘r’<t —s) 1ds|[U]% < )75 U
0

Next, we consider (6.41) and (6.42). First, by Bernstein’s inequality, we have

< <S>—4‘9||n||L3y ||v||L§,y

||’U<<S —10

S (87 5||U||x~

Hn<<s>0 01 U< —10
v

Then by Proposition 4.8,

H<V>3(6.41)‘

2
Lz,

< / A — A8, — AYK(t — 5)0y (ne ey ve(sy-10)(3)]l13, ds
0

t

< / (6= )V (n g0 w1 |15 4

AN

/t—s*% ()09 ()5 ds|U %
0

S OTHUN-
On the other hand, since
Inll 2, loz sy -oosll o) S ()0l 2 1V0lle2, S ()7 21U

by the same treatment we also have



J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888 829

|72, s @tk

ry

Therefore, we get

Ww%muﬂﬂmmmégarWWQ (6.47)
By using Proposition 4.9 (ii) instead, we also get

<72, ((6.41) + (6.42) HLi SO Uk, (6.48)

Now we turn to consider the part (6.43), by Proposition 4.8,

||<V>3(6-"13)||L§y S / | A0y — A9, — A)K (L — s)
0

Xay(n <(s)0.01 Fgy—1 §§<5>70'05N3)(S)HL2 ds

t
< /<t — S>7i<8>0 O5||77,<<S>0.01 P<S>71 <.<(s)— 005N3||L1 ds
0
¢
S [0 =94 ol 9],
0
< / 0515 (¢ 5) 4 ds|[U%
0
S O~ Uk (6.49)
Also, using Proposition 4.9 (ii) instead, we obtain
[maneas)| s o ok (6.50)
Ty
To prove (6.44), we integrate by parts to get
(6.44) = —Ady (9 — Ady — A)K (t) (P<ym0 Pertho) (6.51)

+ / Ay (0 — AD; — A)

x@tK(t - 8) (TLS<S>0.01 P(s)*10§-§(5>*0»05 w) (8) ds. (652)
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By Proposition 4.8 and Proposition 4.9 (ii), the boundary term (6.51) can be controlled
as following,

1 1
H<V>3(6~51)\|Lgy S ()7 T(V)? P<ing Poaollry, S )" " llnollrz, [[Vollrz,;
_3 _3
102(6.51)][ 2, S (8)71(V)* Pgano Paathollzy, S (8) %lInollzz, [ Vebollzz,
To prove (6.52), we need the following estimate, for any € > 0,
HPS> 10<.< (s 005¢||Lw S H|V‘1_ (s)— 10§‘§<5>—0.05¢HL%2’

(s)7"*"|U|lx.  (6.53)

~ ~

< <8>70.02H|v|§+e¢HL§y <
Then using (3.88), (3.91) and (6.53), we have
||<v>3(6~52)||L5y < / HAQ(’?t(att + A9, + AQ)I?(t - 5,¢, 77)HL2<7>7
0
. H<V>3(n§<s>o,01 P<S>710S,S<s>70.05¢) HLiy ds

< [t =79 . |Pr-mssgonmii] 5 ds

A

o O~

<S>—O.27+0.03—0.25<t _ S>—1 dSHUH,ZX

—~

SV

Similarly,

1{V)8(6.52) | 2

zy

t
/ | A%0 (0 + A%0; + AHE(t - 3v§’77)Hng;
0

V)0 (g goon Proyro<<isy-0009) ||, ds

t
S [te= 571000 (founll gy 1Py r0<io-00
0

Il o 0¥ ) ds
t

5/@W“*@f®”dﬂw&

0
_3
S U
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For the term (6.45), since Oyn = —0,u — Oyv + Ny, we have

t

(6.45) = — / ADy (8 — ADy — A)K(t — )
( <(s) 0018 uPS> 10<.<(s 005¢)( ) (654)
t
/Aﬁy 8,575 — A@t — A)K(t — S)
0
X (P§<S>o,o1 Byv P<s>—10§,§(s)—005¢) (S) ds (6.55)
t
+/A8y(8tt — Ad, — A)K(t — s)
0

X (P§<S>0A01 N() P<S>’1OS'S<S)’0'05 1)[)) (S) ds. (656)
These three terms can be treated by the similar way. Now we consider the term (6.54).
By Proposition 4.8, Sobolev’s and Beinstein’s inequalities, we have

t

V6502, S [ 1A - 20~ MK (2 - 5)

0
X (9y (P§<s>o.018xu P<s>710§.§<5>70,051/)) (S)HLzy
t

S /<t = 5) 71D Pego.mn B Proy-to g y-00s9 | 1y 5 ds
S

(t — S>,%<8>0.06H81u”L2y HP<S>71OS.§<S>—0,05¢HLngc ds

(t =573 8) " 0sul o (191274, ds

A

A
— ., O O~ _ ©

(t—s)73 (s)" 01702 ds|| U5

T U %

—~ o

S

Almost the same, we have the estimate on the term (6.55),

t

V655022, < [ 6= 56 0y0ll s, NITIE0 ds
0
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t
5/<t—s> (0071035 g 17)1%
0

Also, for the term (6.56), we have

t

2, S [0

(5)°97(t — 5)~%||n

I(V)?(6.56) ] 2

S

(=) (=)
o~

A

/ 008—0.25—0.75—025@ _ S>—i d3||U||§<
0

S 73U
Combining these three estimates, we obtain
. 1
I(V)2(6.45) 12, S BT (IUN% +IUN%)- (6.57)

Replacing the operator A(9y — Ady — A)K(t — s) by A0, (s — A0y — A)K(t — s), and
using Proposition 4.9 (ii) instead, we also get

_3
(V)02(6.45) ]2, < (&)~ % (IUII% + UII%)- (6.58)
At last, we estimate (6.46). Since for any g € R, 1 < ¢ < o0,
105 Pegsya fllza S ()7 I Pgsys fllza (6.59)
see Appendix A.3 for its proof) it is easy to prove that
A dix A.3 f f h
i _1 i _3
{V)2(6.46)[1 2, S O 1UI%;  1102(6.46)]1 22, S (O~ 1NU|%- (6.60)
Collecting the estimates above, we establish (6.36) and (6.37).

6.3.5. fO Ott A@t — A)K(t — S)Nl(s) ds.
We shall prove that

w2 / 000 = 80, = MK (t = s)Ni(s)ds| , < HTHQ(IUIx):  (6:61)
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t

H /ag%(amt — A9, — AVK(t — 5)Ni(s) ds‘ ,

zy

SMHTIQ(IUIx).  (6.62)

0

As before, the estimate for the high frequency part is standard and can be obtained by
Lemma 3.17 and (6.32). Thus we only consider the low frequency piece N!. We first split
N7 it into two parts,

Ny = N1 + Nig,

where

—Vn - Vu + nA(0zztt + Ogyv) n n O Y AP
p p

Ni1 = —(u0pu + vOyu) —
Nig = =0, A% —ndyn — V - (nVu),

and write N} = N, + NI, respectively. Then

/8x(8tt — A@t — A)K(t - S)N{ (S) ds
0

= /az(att — Ay — A)K(t — s)Ni,(s) ds (6.63)
0
- / D2(0pt — DOy — A)K (t — s)Niy(s) ds. (6.64)
0

First, we have
Lemma 6.5.
[Ny, S 07 QUIUx).

Proof. By Holder’s inequality and Bernstein’ inequality, we have

17)nllzz, (I9ullz2, + 1AP<(o001 (Daate + Bry) 122, )

1—nllg

zy

ING Il S IVullzs, iz, +

Ty

Inllzz, 10:1l 2 || P<(so0r Al 2,
1= [Infl g

Ty

S IVullzz, lldllzz,

(V)nllez, (IVullzz, + (s)*IV il L2, + () 10n9ll 22 VYl 22,)
1—[|n]lzg,

Ty

I
_|_
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(1)~0-25-0T5 IU1% + IU1%
1—||U[lx

S®7QUUIx). o

A

For (6.63), by Proposition 4.9 (i) and Lemma 6.5,

t
</‘
L2,
0

00 (Ous — A0, — A)K (t = 5)(V)* N}y (s)|

H<v>3(6.63)]

2
L:l:t

SOTEQUUN ). (6.65)
Replacing 0, (0 — A0y — A)K(t — s) by Ope (O — Ay — A)K(t — s), and using Propo-
sition 4.10 (i) instead, we get
t

[mou6es)],, < [tt-9 o el £ @7 ULy (660)
0

xt

Now we consider the part (6.64). Since
1 1
Niz = =V - (%Y + nVu) + 50: (|VY[*) = 50:(n?),

we have,

(6.64) = — / 0. (0 — A0y — A)K(t — 5)V - (0,90V) + nVu)(s) ds (6.67)
0

/ 0s(Ou — Ay — A)VK(t — )0, (V]2 — n2)(s) ds, (6.68)

0

+

DN | =

where ¢ and n lie in the low frequency. For (6.67), by Proposition 4.9 (ii), we have

[w@eon],, s [190.00 - 200~ 2~ 5)
B

. P§<S>0,01 <V>3(ax’(/)vw + nVu)(s) HL2 ds
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(t =) ()° (|00 V11, + [In Vg oo [[13, ) ds

Ty

(t _ S>—§<S>0.06—0.5—0.25 d3||U||§<

t
!
t
S [= 9 1 (0utllz, IV lsz, + lnllz, Jullz,) ds
0
/
0

SO (6.69)

Moreover, by Proposition 4.10 (ii) (8 = 1),

[(ma.667)] | < / V050 (0 — A0, — A)E(t — s)

L2

xt

. P§<S>0,01 (V) (81¢V’(/J + nVu)(s)HLiy ds

A

L O— L O —

<t _ 5>_1<S>003(H8$wv,¢”]‘3y + ||n VUS<S>0.D1 ||Liy) ds

A

(t = )7 Hs) " (109 L2, VYl + lInllzz, lullrs ) ds

A

/tfs 004 0.5— 05d||U||X
0

SO U% (6.70)

For (6.68), by Proposition 4.10 (i), we have

H<V>3(6.68)‘

th

t
5 [ o - 20~ A )
0
Peayoo (VP (IVUIE = n)(5)]| ., ds

< [t - s)_1<s>0'05|||V¢|2 - "2HL;y ds

N

o, O~

{t =) ) P (IVllzz, IVelLe, + lInllzz, InlLs, ) ds
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_8—180.058—%8 2
50/@ )7 1s) 005 ()~ ds|UI%

S O7HUN% (6.71)

Moreover, Proposition 4.10 (ii) (8 = 1) again,

H(V)@x((j.GS)’

S / V02 (0 — AOy — A)K (t — 5)

L2,

x

-P5<5>001< >(‘V’Lﬂ|2—n (S)HLEde

t
< /<t — )" (s) O'°3<1|V¢s<s>°»01 VOppe (ol + ||3w””||Lgy) ds

(t =575 (10wl 22, IV g + [19anllrz, Inl s ) ds

A
\

A

0
t

/t—S 003 0.5— OSdSHUHX

0

SO (6.72)

Collecting the estimates in (6.69)—(6.72), we have

[w6o0]|,, <@ tequix); 673)

H 664‘

_3
, SO QIVx)- (6.74)
Therefore, we finish the estimates in this subsubsection and thus give (6.61) and (6.62).

6.3. 4 fO 8tt A@t)K(t — S)NQ(S) ds.
This term is at the same level as 0,,(0y — Ady — A)K (t — s)N1(s) ds. Indeed, the two
symbols have the relation

n(Op + A26t) ~ % €O + A2%9, + AQ).

Therefore, by the same way as Section 6.3.3 (details are omitted here), we have

t

[ [oy0n - 00K (- Nateas], < FQQWIN): (679

0
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t

H<v>am/ay(att — A8)K(t — s)Na(s) ds‘ ,

zy

<H71Q(IU]x). (6.76)

0

6.3.5. [, DDy (9, — A)K (t — s)N3(s) ds.

This term is at the same level as fot (0 — A) (O — A0y — A)K (t — s)Ny(s) ds. Indeed,
the operator A(J; —A)K (t) has the same decay estimates as (0; — A) (O — A0 —A) K (t).
Moreover, we shall show that the nonlinearity d, /N3 has the same estimates as Ny. Indeed,
as the part Jy(nu) in Ny, the part dy(udy®) in N3 is subcritical in integration (decay
rate larger than —1), so it is easy to treat. For the other term

0y (VO Y) = Oyv Oy + VO,

the first piece is easy since it is subcritical in integration again. So one may find that the
trouble is from the piece v0,,1. However, by the third equation in (2.2), one may find
that

Dyt + Oyn = —0upth — 040 + Av + MDzyu + Oy v) + No.

Since the right-hand side in the identity is decaying faster than the each piece of the
left-hand side, we roughly obtain that

Oyyt ~ —0Oyn.

Thus, the estimates on v0y,1 can be reduced to the ones on v9yn, which the most trouble
piece in Ny and we have dealt with it as before. So by the same way, we establish that

[0 [ 20,0 - (- amawas| , <@ iequiy: )
0. [ 48,00~ 85 - Mo as], sty ©7)

0

6.3.6. X [1 (84 — A8y — 0,0) K (1 — )(9Au(s) + 8, Av(s)) ds.

This indeed is a linear term, to use the continuity argument, we need some small
bound. To do this, we set Ty = €, 6 and assume that ¢ > 2Ty, otherwise it is concluded
in the local theory. Then from Proposition 4.11 (ii) (82 = 2), we get



838 J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888

t

(i / (O — A0, — D) K (= ) (D Du(s) + Dy Av(s)) ds|

0

< [ [aV@n - 20, - 0K (t - 5) - (V) i(s)|

L2

zyY

< (- 8>_1H(V 44 S)HLgy ds

A

S, S Y——_ .

(t— )M (s) 75 ds||U|x

_1 e
SWOHUIx STy ()" 1|U]x
= eo(t)7T|U]|x,

where we have used (by choosing M large enough)

2@, S el )Y as) | S 63Ul

Similarly,

[10. [ (@ - 20, ~ 0.0) Kt~ 5)(0.80(5) + 8, A0()) ds|

S [te= 97 90u05) . ds S ol HIUx
0

zy

2
th

(6.79)

(6.80)

Now collecting the estimates obtained in Section 6.3.1-Section 6.3.6, we obtain (6.28).

Combination with (6.14), gives us (6.1).
7. The estimates on u

In this section, we shall prove that

t*%ww&+mwmu+Qnmw%
(0ol + A IUllx + QUIUIx));
“1(I1U6l1x, + A U1 x + QUIU X))
nwwwtm@st “(I1Wollx, + A IUx +QUIUIx)).
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7.1. The reexpression of u

Similar as the expression n in Section 6.1, we give the reexpression of u and prove
that

Proposition 7.1. The unknown function u obeys the formula,
u(t,z,y) = (Lu + Bu)(t;ng, @0, bo) + Nou(t;n, @, 1), (7.5)
where (L, + By,) is given by
Lu(t:no, 1o, bo) + Bu(t; no, o, bo)
= —K(t) [aﬂfyAwO} — 0K (8)[0yyuo — Ozyvo]

(B — DDy — AYK(8)[05m0] + %A(aﬁ A8 (1) [uo]
- %A(A /BBy K (1) [uo] + 84D — AD, — AVK (1) [uo], (7.6)

and N (t;n, @, 1)) is given by

t
Ny(t;n,d,v) = —/am(att — A — A)K(t — s)No(s)ds
0

t
+ /é)t(att - A@t A 8yy)K(t - s)Nl(s) ds
0
t t

+ /8my8tK(t — 8)Ny(s)ds — b/(’“)xyAK(t — $)N3(s)ds

.\ / (O — D8, — AYOK(t — 5) (Bnu(s) + Dugo(s)) ds.  (7.7)
0

The proof of this proposition will occupy the rest of this subsection. First, according
to (2.39), using (2.57) and integration by parts (see details in Section 7.1.2), we have

u(tal'vy) :Lu(t;n()vﬁngO)—’_ K(t_s)Fl(S)dS

= Lu(t;no, @0, 00) + | K(t —s) [ 9,0 — Ay — ANy

o O —_
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+ 05(0ss — ADs — A — Dy ) N1
+ OpyOs No — Oy AN3 + M(Oss — A5 — A)Ds0(0pu + Oyv) | ds

= Lu(ta n07ﬁ07 50) + Bu(ta n07ﬁ07 50) +Nu(t7 n7ﬁa 1)[})
Here

L..(t; no, o, bo)

= K(t) [(att —Afy — A)&tu(O)] (7.8)
+(O0p — A0y — A)K (1) [atu(O)] (7.9)
—AK (1) [(04 — A, — A)u(0)] + 0K (1) [(0 — Ay — A)u(0)] (7.10)
—%A Ay, K (t)ug + K1 (t)uo, (7.11)

and By (t; ng, do, 50) is the boundary term given below. Now we give the explicit expres-

sions of L, and B, respectively.

7.1.1. Ly (t; no, o, bo)
By the equations (2.2) and (2.19) at ¢t = 0, we have

(Dot — ADy — A)Dyu(0)
= [(0n — A, — A) (Au(0) + A(0zzu(0) + 9uyv(0)) — 9zn(0) + N1(0))]
= (Dyr — Ay — A)AU(0) + (dy — A, — A)N,(0)
— 0, [0, A(0) + 0N (0) — ANo(0) — 8, N1(0) — 9, N2(0)
— N0z Au(0) + 9, Av(0))]
+ M8 — A3y — A) [Du(0) + Dy v(0)]
= (O — ADy — A)Au(0) 4 (9yt — Ay — AYN1(0) — 9y Arh(0)
+ [ = 0:0:No + Ay No(0) + 95 N1(0) + Oy No(0)]
+ A0 — Ay) [032u(0) + Opyv(0)].

Thus,

(7.8) = K (t)[(9he — A, — A)Au(0)] + K(£)[(B — Ay — A)N1(0)] — K (t) [0y Ath(0)]
+ K (t)[ — 0,0:No(0) + 0, ANp(0) + 9 N1(0) + 9y N2(0)]
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Similarly, by the equations (2.2) and (2.21) at ¢t =0,

(7.9) = (B — Ay — A)K (£)[Au(0) + mu( ) + D2y 0(0)) — D2m(0) + Ny(0)]
= (att — A@t [AU(O )] ((9tt — A@t — A)K(t) [Nl (0)]
+ )\(aft — Aaf (t)[ TT’Z,L + 8Tyv( )]

(7.10) = —AK(t )[(att — A0y — A)u(0 )] + O K (t )[(att — A0y — A)U(O)}
= —AK(t)[(0n — A8 — A)u(0)] — 0y 0, K ()[u(0)]
+ 0, K (t) [02yv(0) + 9y N1(0) — 9N (0) + A0y (052u(0) + Opyv(0))].

Then collecting the estimates above, we have

Ly (t; 10, o, bo)
= K()[(8y — A0, — A)N1(0)]
+ K (t)[ = 0,0:No(0) + 0; ANy (0) + 9 N1(0) + 9y N2 (0)]
+ (O — A9y — A)K () [N1(0)] + 0, K (t)[8;N1(0) — 8, No(0)]
— K (1) [0y A%(0)] — 8K (1)[Dyu(0) — Dy0(0)]
+ (O — A0 — A)K () [Au(o) - azn(o)} + AK(t) [(c’)tt — ADy)(0zru(0) + amyv(O))]
F X0 — DOy — AVK () [030u(0) + 0pyv(0)] + A0, K (£) [04(reu(0) + Dy (0))]

——A\/FWK )[uo] + K1(t)[uo].

7.1.2. Bu(t, no, 11'0, 50)
Now we consider the boundary term B, (t;ng, @, bo). By integration by parts, and
arguing similarly as in Section 6.1.2 we have

/K (t — 5)[02(0ss — ADs — A)No(s)] ds
K ()[(0r — A)0:No(0)] + 9K ()[02No (0)]

- / 02 (Dss — Ay — A)K (t — s)No(s) ds;
0

/ K(t — 5)[0,(0es — A, — A — 8,)N1 (s)] ds

= —K(t)[(0n — A0y — A — 8y )N1(0)] — 0, K () [(8; — A)N1(0)]
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t
t
/ K (t — 5)[0sy 0 Na(s)] ds
0
= —K(t)[02yN2(0)] + /axyatK(t — 5)Na(s) ds;

/ (t — 5)[(Bos — 2By — A)0,(Duati(s) + Duyv(s))] ds
0

= —AK(t)[(0y — ADy — A)(032u(0) + Opyv(0))]
- )\atK(t) [(at - A)(ammu(o) + 6a:yv(0))] - AattK(t) [8a:zu(o) + 8zyv(0)]

t

+A /(att — Ay — A K (t — 5)(Opau(s) + Ozyv(s)) ds.

0

Therefore, we obtain the boundary term B,,(t; ng, o, 50) as

By (t;no, o, bo)
= —K()[(0n — A9 — A — 0y )N1(0)] + K (t) [0:05No(0) — 03 ANo(0) — Dy N2 (0)]
+ 0K (t) [0: No(0) — 8;N1(0) + AN1(0)] — 9 K (t) [N1(0)]
— AK () [0 — A9y — A)(9zzu(0) + 04y v(0))]
— MK (1) [(8 — A)(Op0u(0) + Dpyv(0))] — A0y K () [022u(0) + O4yyv(0)].

Together with the result obtained in Section 7.1.1, we have

L (t; o, o, bo) + Bu(t; no, o, bo)

= —K()[0sy A¥(0)] — 0K (£)[0yu(0) — Dzyv(0)]

- %A A8y, K ()[uo] + K1 (1)[uo). (7.12)
The terms can be further simplified. Indeed, by (3.23),
(D — MO, — A)E (1) [Au(0)] - lA Adyy K (£)uo + K1 (H)uo
- [ Ay — AD; — ——A\/@K }[ 0)]
+ 5800 — 80— A)K () + Ki ()] [u(0)]
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= SA@ — AJ)K (W) [u(0)] ~ A(A + /BB, K (1) [u(0)
+ 04(0y — Ay — A)K (1) [u(0)]. (7.13)

Using (7.13) and (7.12), we have (7.6). Now we split into the following two subsection
to consider the linear parts and nonlinear parts separately.

7.2. Estimates on the linear parts L, + By,
In this subsection, we prove that

Lemma 7.2.

< (75| Uo | xo;

|| Lo (520, o, o) + Bu<t§n0>770750)HL£y S

(V) Lu(t; 10, o, bo) + Bu(t: o, @0, bo) ||, . S ) Uoll x0;

0o~
Lgs,

_3
Mz, < 07 Vollxo:

(V)0 Lu (t; mo, o, bo) + Bul(t; no,ﬁo,go)HLgu < (MUl x,-

|IV17 L (t; no, @o, bo) + Bu(t; no, to, bo

To prove this lemma, we will show that each term in (7.6) obeys the estimates claimed
in the lemma. Since it is quite direct by the same argument in Section 6.2, we only give
the sketch of proof. For example, the first term K () [3zyA¢o] can be proved by using
Proposition 4.2 and Proposition 4.3 as follows,

1@ Dy Aibo] [ ) = VO K (1) - [Voo] |15,
< @IV VYol (7.14)

VK@) [0y o] || o = (VO K (1) - [(V) V0] |

SOVl (7.15)
(197K (0 [0y Mvio][| 5 = (197 V 02y K@) - [Vebo] ],
SOV V|, (7.16)
(V)0 K (8) [0y Atbo] | 12 = |V Dz K (1) - [(V) Vo] 1
<O Vol (7.17)

Similarly, the estimates on the term 0; K (t)[0yyuo — Ozyvo] follow from Proposition 4.5.
The estimates on the term (9 — Ad; — A)K (t)[dzn0] can be obtained by using Propo-
sitions 4.9 and 4.10. The estimates on the term A(dy — Ady)K(t)[uo] follow from
Proposition 4.7. The estimates on the term A(A 4 \/Ady,)K (t)[uo] can be proved
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by Proposition 4.4. At last, the estimates on the term 8;(8y — A9, — A)K (t) [ug] can be

shown by Proposition 4.12.
7.8. The estimates on nonlinear parts Ny,

In this subsection, we establish that

[Watts @) S 0 F (IWollx, + A IVILx + QUIUIX):
[V NGt 0) e S (07 W0l + A IV ]1x + QUIT)):

);
IV Nattin, @)l o <67 (1Wsllxe + N U Lx +QUITIX)):
(V)0 Nu(tin, @ )| 12 S (67 (1Tollx + A I1T]1x + QUIVIx))-
By the definition of N, (t;n,4,), we estimate it terms by terms in (7.7).
7.3.1. fo (O — Ay — A)K (t — s)No(s)ds

In this subsubsection, and we prove that

O (01t — DD, — M) (t = 8)No(s)ds| ,, < (6) 2 QUIULx):

I
[(¥) [ 0001 — 20, = D) (¢ = 5)No(s) ds . S (07 QUII);
[V [ 000 — 20 = A)K (= 9)No(s) ds]] 2. S QT

(V)00 [ 020 = A0, = A)K(t = 5)No(s) ds| 1, S )" QIU|x)-

o\“ S L O O~

The treatment is similar as what in Section 6.3.2. First, we rewrite

/am(att — A9, — A)K(t — s)No(s) ds

(‘31;(8” - Aat ) (t - S)NSL(S) ds

o\N

t
+ /&m(aﬁ — Aat - A)K(t — S)(n§<s>0.01 u§<s>o,o1)(8) ds
0

(7.18)
(7.19)
(7.20)

(7.21)
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t
+ /(%;y(att — A@t - A)K(t — S)PS<S>—0.04 (n§<s>o.01 U§(5)0~01)(5) ds
0
t

+

o —

Furthermore, by (6.38), we also split it into several parts as follows,

Oy (O — Ay — A)K (t — s)No(s)ds

o

00 (e — AD, — AVK(t — s)N}(s) ds

Il
o

+ 311((9” - Aat — A)K(t — S)(TLS<3>0.01 u§<s)o.01)(8) ds

+ 8my(8tt — A0 — A)K(t — S)P§<s>—0.o4 (n§<s>0,01 U§<S>o.o1)(s) ds
+ 83%,(8” - A(’)t - A)K(t - S)P2<s)*"'04 (7’L§<S>0,01 US(S)*“’)(S) ds
+

6,4,(8“ — ABt — A)K(t — S)PZ<S>70.04 (n§<s>0.01 1}2<S>70405)(8) ds

+ axy(ﬁtt — A@t — A)K(t — S)

\'/TJ S L O O O °~—

X (s)—0.04 (n§<s>0,01 P<s>—1o§§<s>—o.o5 Ng) (S) ds.

Oy (O — Ay — A)K (t — 5)

X (s)—0.04 (33n<<5>0.01 (s)—10<.<(5)—0.05 ¢) (8) ds

+ 6wy(att — Aat — A)K(t — S)

o\ﬂ ‘\;U o\“

813,(8“ — A9 — A)K(t — S)PZ<S>70.04 (n§<8>0.01 ’US<S>0,01)(S) ds.

845

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)
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+ other easy terms. (7.30)

Again, the other easy terms is the corresponding terms from other parts in (6.38).
As before, the high frequency piece is standard, and thus the estimates on (7.22) are
omitted here. Now we consider the term (7.23), by Proposition 4.10 (i) and interpolation

estimates,
t
H<723)|‘L§y S / ‘ 811(8” — A&t - A)K(t — S)(TL§<S>0.01 u5<5>0.01)(8)‘ L2 ds
b zy
t
5/<t—8 H N< (5)0.01 U< (g )001)(8) ds
A Y
t
_3
S [te= s (o) lez, )] o - ds
0
t
_3 1 1-
S [te= 710 n(e) ez, Ju 2, 1914 (o) 53, ds
) :
S/tfsi% 002 0.25— 075d8||U||§(
0
S U
Similarly, by Proposition 4.10 (iii) instead,
t
[)723) sy 5 [ [0uel@u — 201~ D) (¢ = s)nggpon uggpon)0)], ds
0 zy

N/ t— s 71<8>O.03||(n§<s>0.01 u§<5>0'01)(8)HL§y ds
0

s!@—@lwwmw@WQJM@mﬁw

N

/tfs 003 0.25— ldSHU”X
0

SEON oS

and by Proposition 4.10 (ii), for any 8 € [% 1],
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Ty

KNV (723)]| s
t
< / H\Wﬁam(@u — A0 = A)K(t = 5) (V(ng(poor us(gon)(s)]| | ds
0

t

_ 148
< /<t —s) = <S>O‘O2H(TLS<S>0.01 ’LLS(S)o.m)(S)HL?W ds
) :
t

S [te— s F o s il

~

0

_ 148
SOTF VIR,

where § = and 8 = 1 (which turns to 9,(7.23)) are the estimates we want.
Now we consider (7.24). By Beinstein’s inequality, and Proposition 4.9 (ii), we have

VP2,

ds

2
Lz,

t
S / H|V|58$y(8tt — A@t — A)K(t — S) PS(3>70.04(’N,S<S>0.01 ’U§<S>0,o1)(8)|
0

A

<S>_O'O4’6 HV&E(@” — A0y — A)K(t — S) PS(S)—0.04 (n§<s>o.01 ’U§<s>0.01)(8)’ ds

2
Lz,

N

S O O~ o~

<t — s>_% <S>_0‘O4’8||(n§<s>0.01 v§<5>0’01)(8)“L;L§ ds

3
4

N

{t—s)"

(5)"%In(s)|l 2

zy

v(s)HLiLzo ds

(t—s)73(s)" 0 Lds|U %,

N

if 8 =0, we obtain
1
J720]l,2 < B HIUIR,
if B =+, we obtain

IV (T29)],, < @Y
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By using Proposition 4.9 (iii) instead, we have

(V) (7.24)]

Lo

Ty

Lo

Ty

t
5 / HV@E(&% - Aat — A)K(t — 8) P§<s>70.04(nS<3>0.01 US(S)U-‘H)( )’
0

t

< /<5>70‘02|||V|%8m(3tt — A0 — A)K(t—s)

0
X P§<S>7o,04(n<< ;)0.01 ”U<< )0.01 S)HLOO ds
t
§/<t75>71< 002” (5)0-01 V< (s >001 S)HL1L2 ds

0

t
< / (t =) ) (o) e, [[v()] e ds
0
t
S [ie=s) 10 as|ul
0
<0~ Ul

By using Proposition 4.10 (ii) (5 = 1) instead,

[(7)0(7-24)][ 2.

5 / Hvam(att - A@t - A)K(t — S) P§<S>—0.04 (’I’L§<s>0.01 U§<S>0.01)(S)HL%1’ d

§ <t — S>71 Hn§<s>0.01 U§<8>0.01 ||Lgy dS

o

(t =) HIn(s)llzz, lv(s)llzs, ds

O\H

A

t
/t—s —0.25- 1ds||U||X
0

S @MU

ds

S
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We consider the terms (7.25)—(7.28) together. First, we show that the nonlinearities
in these terms satisfy the following same estimates. Let

H(S) £ ‘(’I’LS<S>0.01 ’US<3)—10)(8)’ + ’(n§<s>o.o1 U2<s>7o,05)(8)’
+ ‘(n§<s>o.o1 P<S>710§,§<5>7o.05N3) (s)| + ‘(6Sn§<8>0.01 P<s>710§,§<3>7o,05'(/)) (S)|

Then,
[T 1o S 5) QMU x) (7.31)
L1L2 ~ : :
Indeed, by Sobolev’ and Beinstein’s inequalities, we have
[(n<(syoor ve(sy-10)llrrre S lInllrz, lv<(s)-1ollrzree
S () nllee, Iollzz, < () HIUN%
[(n<(syoo v (sy-005)(s)llrrrz S lInllrz, [vs(s)-0.0s L2 ree
S ()P lnllre, IVollz, < ()7 2V
also, recall N3 = u - V),
[(n<syoon Proy-ro<.<ay-000N8) ()| 11 12 S Inlliez, 1l ez g Vel e

S (5)70 0TSO 17, < ()12 U

~

Since Oyn = —0u — Oyv + Np, we have

||8sng<s>001 P<S>—10S.§(s>—0-05w||LiL§

[ - ] F

~

- - 1 _
S &2V - dllez, + Inllez, @l ) IV 2 S 72 A01 + 1U1%)-

CY

< <S>0.01(||V . ﬁ”LEy + ”PS(S)O'OINollLiy) H|V|%+,¢)HLgy

Thus we have (7.31). Now from Proposition 4.9 (ii), we have

V) (7.25) + -+ (7.28)) | .

t
,S / Hvam(att — A@t — A)K(t — S) P§<S>0.01 <V>H(S)||L%y ds
0

t
S [t= 9 10 )0z ds
0
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t

5/@—$%@WW*2@QNWM>

0

S H71QIUIx).

This estimate concludes the estimates what we want on H(?.Qo) + -4 (7.28) HL2 and
zyY

|1V ((7.25) + -+ + (7.28)) . Similarly, by Proposition 4.9 (iii), we have

I
Lz,

V) ((725) + -+ (7.28))|| ..

t
,S / H@Iy(att — A@t — A)K(t — 8) P5<5>0’01 <V>H(S)||L3cy ds
0

t

S [te= 9 0 s ds

Now by Proposition 4.10 (ii) (8 = 1) instead, and by Beinstein’s inequality we have

(V)0 ((7.25) + -+ - + (7.28))

t
< / V020 (B4t — A, — AYK (£ — 5) Pegagoon (VITI(8)]| 12, ds

0
t
< / (t = 5)71()09 | Peyapon TI(8)l| 13, ds
0
t
S [te= s 0O s s
0
S

/tfs ()12 dsQ(|U | x)
0

< O7QUIUx).

Similar as (6.60), it is easy to treat the term (7.30), so we omit here. At last, we
consider the term (7.29). Integration by parts, we find
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(7.29) = [“)my((?tt - ABt — A)K(t)PNl (Psl’no P~1¢0) (732)
t
- /@,(&t - A@t - A)(‘?tK(t - S)Pz<s>—0.04

X &v (n§<s>o.01 P(s)flog,g<s>fmsw) (S) ds. (733)

By Proposition 4.9 (ii) and (iii) and Proposition 4.10 (i), the boundary term (7.32) can
be controlled as following. For 2 < p < oo,

(V) (7.32)llz, < ()73 (V) (P<ino Peatho) Iz, S (87 % [Inollz2, | Vool 2z, ;
(V)02 (7.32)llz2, < () 1Y) P<ino Peathollzy, S (8 lnollzz, 1990l e,

zy "
The first estimate gives the desirable estimates on [[(7.32)|rz ,[[[V|"(7.32)[|r2, and
1(7-32)1| e -

Now we consider (7.33). By Proposition 4.12 (i) (8 = 2) and (6.53), we have

Ty

t
||(755 HL2 / HA@t (8” - A&t — A)K(t - S) (n§<s>0.01 (s)—10<.<(s)—0- 05¢) (S)HL?“J ds
0

A

<t B S>_1<S>O'01HnS 0.01 P(s) 10<.< () =0 05’(/J||L2 ds

(t = )7 ()" Inl| 2

xy

P(s) 0<.<(s)—0- 001/)||Loo ds

A

N
S . O— . S~

<t _ 5>71<$>0‘0170.2570.27||UH§<
1
SOz Uk
Moreover, since v > %, by Proposition 4.13 and (6.53), we have
t
VI (7:33)]| 2 < / V740, (9 — AD — A)K (t - 5)
0
X 81 (nS(S>°'01 P(s>—10§ <(s 005’(/J)(S>||Liy ds

t
/t—S _H?— ||6w(n§< )0.01 P(s) 10<.<(s 005¢)||L2 ds
0
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(t =) (0wl 2

xy

P(s 0. <(s)~ 000¢HL°°

o\W

+lInllzg 10:¢ 22, ) ds

Ty Ty

14

{t—s)" = () asllUIIX

N
o\w

_3
S O7HUI-

For ||(V)(7.33)]] =+ We need some special treatment (which will be used frequently

below). By Beinstein’s inequality and Proposition 4.12 (iv), we have

t
|@)33)] . < / 1Pa sy 000,04 (8 — A, — A)
0

X K(t — S) 8x<V> (n§<s>0.01 P(S)’IOS'S@)’O‘OS#}) (S)HLgCy ds

t
0y(V
S [ 18000 - 20— DK (= 5) Pagg-ons 2T
0
X O (nS<s)o.01 (5)—10<. < (s)=0. 05¢ S)HLZZ ds

t

Oy (V
< /<t — S>71HPZ(S)’U'O4 y_<A>8x (n(s>_0-04S»§<s>0-01

0

X P<s>—1og.g<s>—0.051/}) HLOO ds.

Now we claim that

0y(V
HP><S —0.04 <A>a (n<8>_0'04S'S<S>0'01 P<S>710S.S<3>70.05/¢))HL0C
SOOI (7.34)

Indeed, by Littlewood—Paley’s decomposition and (6.53),

0y (V
HPZ<S>_O'O4 y_<A>5‘m(n< 5)—0.04<. < (5)0.01 P<S> 0<. §<S>—o.05”(/})‘

oo
L,

< Z N*IH&C(HN Prsy—10<.<(s)- °°5w)HLg<;

(s)=0-04<N<1

+ [[P21(V)°7 s (< <gpoor Psymio<<isy-oos) ||
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S ) N0y o 1 Prsy-r0<.< (50059 s
(s)"004<N<1

+ Innll Lo | Prsy-10<.< (5005 02| L2 )
+ (H <V>O+8xn§<s>o.01 ||L;c:l ||P<5>710§.§<5>70.051/)||L;<1;
+ || <V>O+’n§<s>o.01 ||L‘oo

ry

S N0l 1P -og e nont g

oy
(s)=0-04<N<1

Proy-10<.<(s)-0.05 ‘”w”Lﬁ)

_ 14 1_
+ N7l 100122 1VO1 22 )

+ () (V)0 12, | Ps)-10<. < (sy 0059 | 1 + (5) ™" In s 10290 22, )
S O UIA.

This gives (7.34). Using (7.34), we further obtain that

t

()33l 5 [ = a7 o asU
0
< 0701

For || (V)0,(7.33) ||L2 , similarly, by Proposition 4.13 instead and the same treatment

to ||(V)(7.33 we also have

1.
||<V>3z(7433)||L5y SOHUIR-

Collecting the estimates obtained above yields the claimed estimates in this subsubsec-
tion.

7.8.2. [1 0y(0 — Ay — A — Dy ) K (t — 5)Ny(s) ds
This is the most troubled term in this section. Indeed, we take one of the terms in
N1, 0,9 Ay for example. We have the estimate

10 A 11, < 10x9llze, A L2, < ()7 |U[%

But this is far from integrable, even weaker than the term in 6.3.2. Therefore, some
special techniques which heavily depends on the structure and the Fourier analysis, shall
be employed to deal with it. The main estimates we state in this subsubsection are the
following

t

| [ 010 — 20, = A= 0, (e = )Nu(s) ds| 1y S ) HQUIV )
0
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t

(V) /&(@t — A% = A= 0K (t = s)Ni(s)ds| . S (O QUIUIx);
0

1917 [ 0100 = 201 = & = 0, Kt = )Ma(s)dsl] ., < (0 1QUIT )
0
t

H<V>3z/8t(0tt — A0y = A = 0y ) K (t = $)Ni(s) dsl| 1, S ()7 Q(IUIx)-

According to the frequency, we also split N; into N! and N pieces. The estimates
on the high frequency piece NJ is standard and we omit the details. Now we continue to
estimate the low frequency piece N!. However, one may find that direct estimate fails.
To overcome the difficulties, firstly, by using the first equation in (2.2), we rewrite Ny as

Ni = —(u0zu + vOyu) — n[Au + A(Ozgu + Opyv) — an] —2n0,n — O YAy

N n?Au + n*N(Ozzt + Opy) n ndy YAy
p p

= n(Gu— N2) — V- (090) + 0, (5|V0l — n?)

n n?Au + 12 A0zt + Ozyv) n nOy Y AY
p p

= —0(nu) + Onu—V - (OhV) + 8x(%|v¢|2 — nz)

— (u0yu + voyu)

N n2Au + n?X(Opzu + Oyv) n nOy YAy
P P

+ nNy — (u0zu + vOyu)

Let

n n2Au + n2A(Ozzu + Ozyv) n nd P AY
p p

Nig = =0(nu); Nis = -V - (0:9V); Nig= 5’x(%\v¢\2 - n?), (7.35)

Niz = Onu+ nNy — (u0yu + voyu)

and write N} = Ni; + .- + Ni4. Similar as Lemma 6.5, we have
1INl S ()72QUIU ). (7.36)
Remark 7.3. Note that
Ot — A0y — A — By = (O — Ay — A) — Dy,

and Oy + A%0; + A? has almost the same estimates as Aln|, so one may regard 9y —
AQy — A — Oy, as Oy — AJy — A with no differences. Thus the linear estimates concerned
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Oy — AJy — A also hold for 0y — Ady — A — O0yy. Accordingly, we will not mention the
difference below.

Hence by Proposition 4.12 (i) (8 = 0) and (ii), and (7.36), for p = 2, 00 we have

1(9) / 04(Dhs — DD, — A — 0, K (t — 5)Nly(s) ds|
0

t
S / 10(8ie — DDy — A — Dy ) K (t — s)(V)Nfg(s)HLgy ds
0

gt
< [{t-s) 1+”||<V>N{3‘|L;yds

N

o, O~

(t— s) 715 (s) L2 45 QU x)

SO Q(IUx).

—~

By using Proposition 4.12 (i) (8 = v, 1) instead, we also get the following estimates,

t
97 [ 0101 = 80, = &= 8, K (¢ = )Niy(s) s, S 0 F QI
0
t

H<V>3x/5t(3tt — A0 = A =9y )K(t = 5)Nia(s) ds|| ;. S () QUUIIx).
0

For the piece N14, we integrate by parts, to get

— / 0t (0 — AOy — A — 0y ) K (t — 5)0s(nu)(s) ds
0
= 8t(8tt — A@t —A - 8yy)K(t) (nouo) (737)
- / att(att — Aat - A - ayy)K(t - S)(TLU)(S) ds. (738)
0

For (7.37), as in Proposition 4.4, we have

1737, S @3RIk (V)37 S 7 QUITRl x, )

91737, S QU (98737, S 7 QUIollx,)-
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For (7.38), we find

I(nu)(s)llzz, < In(s)llz, lus)llzz, < () *QUIU|x)- (7.39)

Ty

Now by (7.39) and Proposition 4.14 (i), for 8 = 0,+, 1, we have

||<V>|V|5(7.38)|‘Lgy

S / (V) V|70 (O — DOy — A — Dy ) K (t — s)(nu)(s)|rz, ds
0

5 /(t — )75 [ (nu)(s) | 2, ds

<7 EQ(IUx).

IV[(7.38 (V) (7.38

This gives the desired estimates of H(738) HLiy’ )HLgy’ )HLgy

thermore, from Proposition 4.14 (ii),

|@) 9],

zy

s / 100D — 2D, — A — ,,) K (t — 5)(V) (nuu) (3)] 2, ds
0

< 0/<t —s)7! || P<syo.01 <V)(nu)(s)||Liy ds

(t =)~ (s)7 122 dsQ(U]|x)

N
o

< 07 QUIUx)-

Thus we finish the estimates on the piece Nyg4.
Now we continue to consider the piece Ni5. First we write

0 YV = aw¢2<5>70.05 Vi + 8w’(/)§<5>70,05 Vihe (gy-0.04
+ Pz<s>70,04 (am¢§<s>—o.05 V¢Z<S>—o.o4),

and thus

. Fur-
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t
/Bt(att - Ac?t —A - 8yy)K(t — S)N15(S) ds
0

t

- /atV(att CAD — A -0, K(t - s)
0
: (3z¢z<s>—0-05 Vih + Opth< (5y-0.05 V¢g(s)—0-04) ds (7.40)
t
+/8tV(6tt S AD — A -0, K(t—s)
0

. PZ<5>*0»04 (aw’(/)§<s>fo.05 V¢Z<S>70.04) (8) ds. (741)

Since the first two parts have the estimates

19245 (5) 005 V| 2
< 1orsy-vonll e 99, S (90,99 9],
S ()P S ()TN

|0nt0< (s)-0.05 Vip< (5)-0.04 ||Lg,y

S 0wl [0rcqnonll s, S 900 ot NI91E ¥,

S () THOETORTOMHUE S ()UK

~

we can treat them together. Therefore, by Proposition 4.12 (i) (8 = 1) and (iii), for
p = 2,00, we have

|(V)(7.40) ||L£y
</
0

(V) (atr2(s) 005 Vo + Oatoc (005 V() -o000 ) (5)]

('“)tV(att - Aat — A - 8yy)K(t - S)

ds

L%,

A

(t—s)"1F%

‘ ds
L2

Ty

(V) (0005 (s5y-0.05 Vb + Oyt (5)-0.05 Vih gy —0.04)

A

S O~

(t _ s>71+% <3>0'01_1‘02+HUH%( ds

ST UIR
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By the same way, and using Proposition 4.12 (i) (8 =1+ 7, 2) instead, we also get
_3 _
VP a0 S @0 19840, S 67T

For (7.41), we use the argument to treat H<V>(7'33)HLW before. Indeed, by Proposi-
Ty
tion 4.12 (i) (8 =2) and (iv),

|71, < [ 4000 — 20~ A= 0,,)K (¢ - 5)
0

(V)V

j . (azlﬂS(s)—o.os V1ZJ2<S>—0A04)(8)|

Pz<s>7o.04

Lz,
/ V)V

g/t—s 1HP>(S 004< > ( Oyth< (sy-0.05 v¢2(8)‘°'04)(s)”L§y'
0

Similar as (7.34), we have

<v>v

||P> (s)=0.04——— ( xw< —0.05 V¢Z<S>7O‘O4)(s)||Lgy ds

S <S>0'05|| (8$1/1S<5>70,05 V1/)2<5>70.04) (S) dS,

Iz,

and thus it is less than (s)~99||U||% when p = 2; less than (s)~2%||U||% when p = co.
Hence, we obtain that

174D . SOV VP TAD] L S @72V

(V) (74| o S (6 V-
For || . (7.41) HL? , we use Proposition 4.13 instead, to get
||<V>5m(7-41)||L3y SOV

Thus we finish the estimates on the piece Nis.
Now we consider the estimates on the piece Nig. To do this, we swap the places of
the operators 0; and 0, via integration by parts, and get

t
/at(att CAd — A —8,,)K(t - s)ax(%|v¢|2 —n?)(s)ds
0

—0, (O — NGy — A — 8yy)K(t)(%|V1/JO|2 —n2) (7.42)
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/ 1
+ / 02 (0 — A0y — A — 0y ) K (t — 5)85(§|V1/1|2 —n?)(s)ds. (7.43)
0

For (7.42), as in Proposition 4.4, we have

|72, SO QUTsIxY  (742)] e S B QUTslxo):

VP (7a2)] 5 (6 1QUIUollx,); 10:(742)][ 2 S 7' QUITollx, ).

For (7.43), by the first and fourth equations in (2.2), we have

1
at(§|vw|2 —n?) =V (—=Vo+ VN3) —2n(=V - i + No)
=-—V¢ - -Vu+2nV . i+ Vi VN3 — 2nN.

Thus similar as Lemma 6.5, and using interpolation, we have

||<V>33s(%lv¢l2 =)y, < ()7 QU x)- (7.44)

Then by Proposition 4.9 (i), we have

(8= )7 (90, IV ), s

ds

p
zy

1@)743) 15, 5 [ (00 — 20— A = 8, Kt~ ) ()0, (5P — 2)(5)

S

AN

S, O~ °o—

(t—s) " Tels) T dsl|UI%

J
SO U

—~

By using Proposition 4.9 (iii) (8 = +) instead, we obtain
IV (Ta3)] . < 671U

While by using Proposition 4.10 (i) instead, we obtain
1{¥)0:(743)][ 5 = &) MUK

Thus we finish the estimates on the piece Njg. Now collecting the estimates obtained
above, we finish the proof of the claimed estimates in this subsubsection.
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7.8.3. fo OryOr K (t — 5)Na(s) ds
This term is in the same level as fo 0¢(Op — A0y — A — 0yy) K (t — s)N1(s) ds, so we
just give the sketch of proof. Indeed, similar as above, we rewrite Ny as

N = —(udyv + v0yv) — n[Av + N(Opyu + Oyyv) — Ap — dyn] — 2ndyn — dypAvp
n?Av + n?A(Opyu + Oyyv) — n2Av n nOy Y AY
p p
1

—n (0w = Na) = V- (9,9 V) + 0, (5| V[* — )

n?Av + n2X(Opyu + Oyyv) — n? Ay N ndy Y Ay
p p
1

= —0¢(nv) + Onv —V - (0,9 V) + 8y(§|V1/)|2 —n?)

— (u0zv + vOyv) +

n2Av + n2XN( Oyt + Oyyv) — n2 A n nOy YA
p P

+ nNy — (u0zv + vOyv) +

Let

n?Av + n2X(Opyu + Oyyv) — n2Ag n ndy YAy
P P

N24 = —8t(nv); N25 = —V . (ay’l/va) + ay(%lvw‘g — n2). (745)

Na3 = 0yn v + nNy — (udyv + vOyv) +

By the same arguments to treat the piece N13 and Ny4 respectively as above, we obtain
the disable estimates on Nag and Nay. Moreover, the piece Noj is similar as Nyg. Indeed,
we change the places between J, and V, then

/8myatK(t — S)Ngg,(s) ds

/3 V- 0K (t — 5)05 (0,0 VY)(s ds—i—/ayy@t )8z(%|vw|2—n2)(s)ds.

Since the operator d,, VK (t) obeys the same decaying estimates as 9,(0; — Ay —
Oyy) VK (t), we can obtain the disable estimates by the way to treat Ny. Therefore, we
get that

| [ onoust ~s)Na(e)dsll, 5 0 EIUL )
0

V) [ 0kt = )Nas)ds] . S QU )



J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888 861

¢
Ivr / Oy O (t = )Na(s) ds|| ;o < (07T QUIUx);
0
t
1910, [ ok (t = s)Na(o) ] < @)U
) :
7.8.4. [} oy AK (t — 5)N3(s) ds
The same reason as in Section 6.3.5, we find
8zyV ~ 81((% — A@t - A), and VNg, ~ N().
Therefore, the term fg Opy AK(t — s)N3(s)ds can be treated by the similar way as

fot 0. (0 — Ay — A)K (t — s)Np(s)ds, and thus we get the estimates (the details are
omitted here)

[ / Ouy AK (1 = 5)Ns(s) ds|| 1, < ()72 Q(IU 1 x);
0

1(v) / ey AK (t = 5)N3(s) ds|| .. < ()" QUIUI1x);
0

Ivr / Ouy MK (1 = 5)Ns(s) ds| 1, < ()7 QU x);
0

1(¥) . / Ouy AK(t = 5)N3(s)ds| 5 < ()" QUIUIx).
0

7.3.5. X [y (9 — A0y — A)OK (t — 5)(puus(s) + Dryv(s)) ds
We will prove in this subsubsection that

t
N[ @ = 80, = MO (¢~ 5) Duwas) + 0yols)) dil] S (07 HA IV
0

||<V)/\/(8tt — Ay — A K (t — 5)(Opau(s) + Dzyv(s)) dSHLgCy SO WU x;
0

19PN [ @1 = 80, = MO (t = 5) Orru(s) + Duyo(s)) s S (07N Vs
0
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||<V>8x)\/(8tt — NGy — A)OK (t — 8)(Dzauu(s) + Opyv(s)) dSHLiy < @O U x-
0

To do this, we first write

A / (O — A8, — MK (t — 5) (Duguls) + Duyv(s)) ds
0

t/2
0
A / (O — A8, — AYOK(t — ) (Bru(s) + Duyo(s)) ds. (7.47)
t/2

By Proposition 4.12 (i) (5 = 2), we have
t/2

||(7.46)|{Liy S IA / | A0 — ADy — NI K(t — s)ﬂ'(s)HLiy ds
0

t/2 t/2

S [t 9 ) o, ds SN [ -7 dslU]x
0 4 0

S NGO

By using Proposition 4.12 (i) (8 = 2), (iv) and (iv) respectively, we also get

VI (7.46)[| < N H IV 1L
Y (7A46)[ e <IN I L
1(9)0x(7.46)]| ;< IAKB T IUx-

While by Proposition 4.12 (i) (8 = 1),

|| (7.47)]

t
; 5|)\|/]|V(8tt—A6t—A)8tK(t—s) V- a(s)|

zy
t/2

ds

2
Lz,

< / (t— sy~ () ds||U]|x

t/2

S A2 U]l x-
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Thus, we give that

t
Bl /(att — 80, — D)AK(t = 5)(Dusu(s) + Duyo(s)) ds] 15 S I HU]x.
0

Similar argument, we obtain that

t

IV / (Ohe = DD, = D)t = 5) (Duu(s) + Day(s)) dsl| , < A0V x-

0
However, to estimate H<V>(7'47)HL°° and H896(7.47)||L2 , they are much difficult. The
reason is that we do not have . h
t
/<t — ) Hs)Hds|[U|lx < C@)7HU|x, (7.48)

/2

due to the unboundedness of the integral on the left-hand side as ¢t — oo. It is also
worthing to note that f:/2<t — 5)7179(s)"1ds||U||x is bounded by the right-hand side
for any positive . However, we have such a d-loss in (7.48). To overcome the difficulties,
we split the operator K (t) into two parts,

where K,, K} are defined by

Ka(tafﬂ?) = X|£|§A2I?(t7€777); Kb(taé-?n) = XlilZAzI?(t?ga 77)
Therefore,

(7.47) = A / (D — DG, — ALKt — 5)(Buwtu(s) + Duyo(s)) ds (7.49)
t/2
A / (O — Ay — N)DEy(t — ) (Dusuls) + Boyo(s)) ds.  (7.50)

t/2

In the following, we only consider ||(V)0,(7.47)|| ., . The estimate ||(V)(7.47 an
Ty

be treated by the same way, or one may get it by interpolation directly.

)HL;@ ¢
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By (3.8), we have

|ALO, (01 + A%, + A% Ko(t,&,1)]

< Xjejeaz (xas1e™ + Al¢|xacie 147 + j_ze_%t)
§XA21% et Ay pcqe 1A +j_ze—£§t
S0
Therefore,
[(¥)0x(749)] 5.

t
S / 1480, (010 + A%0, + A°)Ka(t = 5.€.0) . [(VIV - i), dis
t/2

< / t— 5% (s) "V ds|U | x

t/2

S AU x- (7.51)

Now we consider the term (7.50). To this end, we give some analysis on K (¢) first. By
(3.23), we have

01 (0 + A%0, + A% Ky (1,6, m)

1 ~ ~
= *§A2 (att + AQat + AQ)Kb(ta 5; 77) + X|§|ZA2K1 (ta '57 77), (752)

where K7 is defined in (2.48) at the beginning of Section 2.4. Therefore, we have

t

(7.50) = %)\ / Ay — D8y — N)D Kt — 8)(Onu(s) + Opyv(s)) ds  (7.53)
/2

4+ / Kq(t — s) (&mu(s) + &Cyv(s)) ds, (7.54)
t/2

where 1?1\,17(1575,77) = X‘E‘ZAJ{:(t,g,n). By (3.7), we have

643 (O + A0, + A)Ri(1,6,m)] S Axazae™H470 S (1) E,
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It obeys the same estimate as A£0; (3” + A%0, + A2)I/(\a(t, &,n). Thus, we have the same
estimates on (7.53) as (7.51). By the definition of K ;, we have

= 1 120 1A pzqagpe 1 —1A% 1l aa a2y At
K1,b(t,§,77)=ZX|§|ZA2€( A+ 1 [n]) +ZX|§|ZA26( 2 1 +A[nl)

1 _ 142 L Ad_ A2 Alp|)t 1 12 [Tai_ a2 A
+ L gpane AV 4 L ane AV nl)e.

It includes four parts, and each part has the bound of e~ 14° S0 we may only consider
one of them. In particular, let the operator K.(t) be defined by

—~ 1 _142 Tl Az A
Kc(t7§7’r}) = ZX‘5‘2A2€( 2 +piy/ 1 + 2 |7]|)t

)

for p1, e = £1. Then we have

K.(t—s) = K.(t)Kc(—$).

Since K, is bounded from L? to L?, we have

(V)0 A / Ko(t — 5)(0pau(s) + Oayv(s)) ds|

t/2

2
L3y

=~ WI)0: [ Ko=) (0nsu(s) + Dry(s)) s
t/2

SN [ K00 K=9) (99 - 5) | 5,

t/2

L2

zy

S [ o0 Kl =5)(9) (7 (o))

/2

S [ 2R sl |7 (7 u(o) 5 s

Therefore, we prove that

(V)02 (7:54) | . S M U
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Now collecting the estimates obtained in Section 7.3.1-Section 7.3.5, we obtain
(7.18)—(7.21). Combining with the estimates in Section 7.2 gives (7.1)—(7.4).

8. The estimates on v

In this section, we shall prove that

lo®)llzz, S ® 72 (10ollxo + N TN x + Q(IUIx)); (8.1)
V)o@ llzs, < @ (10ollxo + A IUllx + QUIUIIX)); (8.2)
@ lzzzz < @75 (10ollxo + N 1Ulx + QUIUIX)); (8.3)
V1 0@z, S &7 (1Uollxo + N ITllx + QUIUx)); (8.4)
V) Vo@)llze, < 7 (10ollx, + M 1U]lx + QUIUIx)).- (8.5)

Note that by Nash’s inequality, and Sobolev’s inequality, we have
1 1 1 1
lo@lzzeg S @Ik, 19,0012, < lo@IE 19Vl
H|V|”v(t)||Lgy S @Iz, V)Vo@l 2 -

Thus (8.3) and (8.4) can be established by (8.1) and (8.5), and we only need to prove
(8.1), (8.2) and (8.5).

8.1. The reexpression of v
Now we give the reexpression of v as
Proposition 8.1. The unknown function v obeys the formula,
ot z,y) = (L + By)(t;no, o, bo) + N (81, @, ), (8.6)
where (L, + B,) is given by

Lv(t; no, 170, g()) + Bv(t; no, ﬁo, g())
= atK(t)[any() + 8yy’00] — (8tt — A@t — 8xx)K(t) [A’(l)o]
+ (O — A0y — A)K (t)[Av(0)]
— (B~ BOVK(1)[Dym0] — JA(A + /BBy K (1) o]
+ Ot (Ott — A@t — am)K(t) [Uo], (87)

and Ny, (t;m, 1, ) is defined as
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0, (O — AB)K(t — 5)No(s) ds

=

=¥

S

\.:l

&

||
o\N

¢
+ / 010y K (t — $)N1(s)ds + /at(att — ADy — Oy ) K(t — s)N2(s) ds
0

t

- / A(@tt - A@t - Qm)K(t - S)Ng(s) ds

0

+A / O (O — AO) K (t — ) [Ouyu(s) + yyv(s)] ds. (8.8)
0

Now we begin to prove this proposition. Again, using (2.58) and integration by parts
(see below for the details), we have

t
v(t,x,y) = Ly, tno,uo,bo —l—/Kt—s Fy(s)ds
0

t
=L, t ’I’LQ7’U,()7b() +/K t—S (655 —Aas)No(S)-‘rasaxle(S)
0

+ 0y(Dss — ADy — Dy ) Na(s) — A(Bus — Ay — D) N3 (5)
+ (s = D83)0, (Dryuls) + Dyyv(s)) ] ds

= Ly (t;n0, @0, bo) + Bu(t; no, @o, bo) + Ny (£, @, ).
Here according to (2.39), we denote

Lv(t; no, ﬁ07 bo)

= K(t)[(8i — A8, — A)d,0(0)] (8.9)
By — AD, — A)K (1) [0,0(0)] (8.10)
—AK(t)[(0r — A0y — A)v(0)] + 0K (t) [(Or — Ay — A)v(0)] (8.11)
——A\/Aany ’U() + Kq(t )[ ] (8.12)

and B, (t; ng, Uy, 50) is the boundary term given below.
Next we will simply L, + B,. To do this, we give the explicit expressions of L, and
B, respectively.
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8.1.1. Lv(t;no,ﬁo,go)
By the equations (2.2), (2.19) and (2.25) at ¢ = 0, we have

(O — AB;, — N (0)
— (D — A, — A)(A0(0) + A(Dayui(0) + Byy(0)) — yn(0) — Ah(0) + N5(0))
= (0 — ADy — A)Av(0) + (D — A, — A)N(0)
— 0, [0, A0(0) + BNy (0) — AN, (0) — 9, N1(0) — 9, N5(0)
=~ A(@:Au(0) + 8, A0(0))]
— A[9,n(0) = N5(0) + (9 — A)N3(0) — A(Duyu(0) + 3yyv(0))]
+ A0 — Ad, — A)[Dryu(0) + Byyv(0)]
= (D4 — DDy — A)AV(0) + (y — Ay — A)YN3(0) — By Arh(0) — 9, An(0)
+ [ = 810, No + A0, Ny (0) + By N1.(0) + (A + 0y ) Na(0) — (9 — A)AN(0)]
+ A0 — A0y + A)[Dzyu(0) + 9y v(0)].

Thus,

K(t)[(0u — A3, — A)Av(0)] + K (1) [ — A, — A)N(0)]
K ()[04, Av(0) + 9,An(0)]

+ K (t)[ — 0:0,No + 0, AN (0) + 02y N1(0)

+ (A + 8y )N2(0) — (8; — A)AN3(0)]

+ MK () [(Dp — AD; + A)(0uyu(0) + Dyyv(0))].

Now we consider (8.10) and (8.11). Similarly,

(8.10) = (O — ADy — A)K (t) [Av(0) + A(Opyu(0) + dyyv(0))
— 8,n(0) — Agh(0) + Na(0)]
= (O — A8, — A)K (1) [Av(0) — 9,n(0) — A(0)]
+ (9 — A, — A)K (1) [N2(0)]
+ X0y — Ay — A)K (1) [05yu(0) + dyyv(0)];
(8.11) = —=AK (t)[ (0 — DOy — A)v(0)] + 9, K () [(Ds — ADy — A)v(0)]
= —AK(t)[(3i — Ad; — A)v(0)] + 9y 0K (£)[0(0)]
+ 04K (t) [0zyu(0) — 0y No(0) 4 0 N2(0) — AN35(0)
+ A0:(0zyu(0) + 0yy(0))].
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Then collecting the estimates above, we have

Ly(t;no, o, bo)
= K(t)[(0x — A0y — A)N2(0)] + (0r — A9y — A)K (t)[N2(0)]
+ K(t)[ — 0:0yNo + 9, ANo(0) + 0y N1(0) + (A + 9y )N2(0) — (3¢ — A)AN3(0)]
+ 0K (t)[ — 9yNo(0) + 9:N2(0) — AN3(0)] + (8 — AOy — A)K (t)[Av(0)]
1 00y DK (£) o] — (D — AG K (£)[Byn0] — (e — Ay — 0ua) K (1) [Atio]
4 B,y (Dlvo] + MK () [(9rr — 28,) By u(0) + Dyyo(0))]
1 MO — AG)K () [Dyu(0) + 0,y 0(0)] + A (1) 04Dy (0) + Dyyv(0))]

- *A\/Aany ’UO +K1( )[ }

8.1.2. Bv(t; no, ’L_L'07 50)
Now we consider the boundary term B, (t;no, @y, bp). By integration by parts, and
arguing similarly as in Section 6.1.2 we have

/K (t—s)| — Ady)No(s)] ds

= K(1)[0,(8 — A)No(0)] + 8K (£)[0,No(0)]

t

- /8y(8tt — A K (t — s)No(s) ds;
0

/K(t —s) [agarle(s)] ds

0

= —K(t)[02yN1(0)] + /3t5xyK(t — 5)N1(s);
0

/K(t —5) [35(355 — AQs — 811)N2(s)] ds
0

K(t)[(0n — A3y — 02a)N2(0)] — 8 K (£) [(9y — A)N2(0)] — 84 K (t) [ N2(0)]

t
+ /Bt((“)tt - Aat — 8II)K(t - S)NQ(S) dS;
0

K(t — ) [(0ss — ADs — Oaw) AN3(s)] ds

o
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= K(t)[(0: — A)AN3(0)] 4 9, K (t)[AN3(0)]

t
- /A(@tt - A@t — &M)K(t - S)Ng(s) dS;
0

t

A / K(t — 5)[(8ss — ADs) s (Ouyu(s) + dyyv(s))] ds

0
— MNOLK (1) [(8r — A) (Dzyu(0) + 0yyv(0)) ] — Ay K () [0y u(0) + Dyyv(0)]

+ A / O (O — AO) K (t — s) [&cyu(s) + 3yyv(5)] ds.
0

Therefore, we obtain the boundary term B, (¢; ng, @o, 50) as

B, (t;n0, 1o, bo)

= —K(t)[(0 — DOy — 020) N2(0)]
+ K(t)[0:0yNo(0) — 9yANo(0) — 82y N1(0) + 9 AN3(0) — A*N3(0)]
+ 8K (t)[9y No(0) — 0:N2(0) + AN5(0) + AN3(0)] — 9K (t) [N2(0)]
— MK (1) [(3tt — Aat)(azyu(()) + ayyv(()))}

— MK () [(9r — D) (Dryu(0) + Dyy(0))] — AD K (£)[Dayu(0) + Dyyv(0)].

Now combining with the result obtained in Section 8.1.1, and by the same argument

in (7.6), we have (8.7).

Again, we split into the following two subsection to consider the linear parts and

nonlinear parts separately. Most of the terms are in the same level as the corresponding

ones in Section 7, and can be treated similarly, so we only give the sketch of the proof.

8.2. Estimates on the linear parts L, + B,
In this subsection, we shall prove that

Lemma 8.2.

(Lo + Bu)(t;m0, 0, 50) || 2 S (82 |Uollx0;

ez,
(V) (L + Bu) (850, 0, Bo)| e < 6) 1T

[(V)V (L, + Bv)(t;n0760750)HL§?/ S (67 Uollx,-

(8.13)
(8.14)

(8.15)
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Now we show that the each in (8.7) obeys the estimates in (8.13)—(8.15).

The estimates on the term 0, K (t)[0yyuo + Oyyvo] can be obtained by Proposition 4.5.
Also, for the term (9 — Ad;) K (t)[0yno], we use Proposition 4.7 to obtain the desirable
estimates. For the term (8y — A0, — 0,4 ) K (t) [Athg |, we use Pr opo%ition 4.11 to obtain the
desirable estimates. The estimates on the terms —A(A + \/Hyy) [vo} and 0 (Op —
A, — A)K (t)[vo] are obtained by Propositions 4.4 and 4.12 (i) (ii) respectively.

8.3. Estimates on the nonlinear parts N,

In this subsection, we shall prove that

Lemma 8.3.

IVt 0,50, Bo) | 2 S (1) Ul (8.16)
H<V>Nv(t;n0,ﬁo,50)HLg% < (6 MUollxo: (8.17)
H<V>V(Nv)(ta no, 607 EO)HLEW 5 <t>71||U0||X0' (818)

We estimate N, (¢;n,d, 1) in (8.8) terms by terms.
8.8.1. fO 8tt - A@t) (t — S)NQ(S) ds
The hlgh frequency piece N[' can be treated standard, so we only treat N}. Recall
that Ng = V - (n@). First, we have
||(mT)(S)HLgy S lns)llzz, @)l < ()72 IU 1 - (8.19)

Then by Proposition 4.6 (ii), for 5 =0, 1, and (8.19) we have

t
H|V|a/ay(att — AOYK(t — s)Ni(s) dsHLgy

< / H|V|ﬂvay(att —AO)K(t — ) - (n@)(s) ds‘

L2

=Y

148

5 <t_5 __||P< (s)0- 01(V>ﬁ(nﬁ)(s)| ds

2
Lz,

A

o\W o\W o

_ 148
(t—s)" 7 {s) 2O U|% ds

148

S U
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Similarly, using Proposition 4.6 (iii) instead, we have

t

H/ay(att ~ MO (&~ 5)N}(s) ds|

oo
L&,

<t—8>_1||P£(3>0,01 (V)1+(nﬁ)(s)| ds

2
L3,

Thus, we obtain the claimed results.

8.3.2. [y 00y K(t — s)Ni(s) ds

We use the same argument as in Section 7.3.2, and decompose V7 into four parts as
(7.35). Then all the desirable estimates on the terms Ny3, N14, Ni5, N1g can be obtained
by the corresponding ways. More precisely, since

01050y ~ Oy(O — Ay — A — Dyy)); V01020, ~ 004(0 — ADy — A — By),

here ~ means that the two operator obey the similar decaying estimates presented in
Section 3, the details are just mimicked there and so are omitted here.

8.3.3. [y 0Oy — DOy — Duy) K (t — 5)No(s) ds
Also, using the argument in Section 7.3.3, and noting that

0i(Ou — ADy — Duy) ~ D,0,0y; VO (O — ADy — D) ~ 020,00,

(indeed, the former behaviors slightly better than the latter), we can obtain the desirable
estimates here. The details are omitted again.

8.3.4. [y A(By — DOy — 0,0) K (t — 5)N3(s) ds
By Lemma 3.13 and Lemma 3.19, we note that

v(att - Aat - ax;c) ~ ay(att - A@t)

Moreover,

zy

Ve -dllzz, S IVElee, ldlles S () IUI%-

Therefore, by the same way as in Section 8.3.1, we obtain the desirable estimates.
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8.3.5. N[5 0y(8 — AB)K(t — 5)[(Duyu(s) + Dyyv(s))] ds

To prove this term, we use the similar precess as in Section 7.3.5. Indeed, we rewrite
at(att - Aat)Kb(t) = at(ﬁtt - A@t - A)Kb(t) + 8tAKb(t)

Moreover, by (3.19), we have

A
Ro(t) + K (h)

Therefore, we have the similar structure as the first part. Then by the same way as in

0 A2K,(t) = -5

Section 8.3.1, we get the claimed estimates.
Collecting all the estimates in Section 8.3.1-Section 8.3.5, we obtain Lemma 8.3.
Together with Lemma 8.2, we establish (8.1)—(8.5).

9. The estimates on

In this section, we shall prove that there exists some small constant € > 0, such that

KAV ez, < 07 (IWollx, + ellUllx +QUIUx)); (9.1)
9P| S 67 (100llx, + eollUllx + QUITIX)); (9:2)
10:0@)lzz, £ (072 (10ollx, + collUllx + QUIUILx)); (9.3)
10V ®) 12, < )5 (100l x, + eollUllx + QT x)) (9-4)
Again, it follows from Nash’s inequality that for any 3 <5 <1+ 3
V7 (000) g, S VLB %gyuvwwn (9.5)
(see its proof in Appendix A.4). Thus, we only need to show (9.1), (9.3) and (9.4).
9.1. The reexpression of 1
Now we give the reexpression of 1 and obtain
Proposition 9.1. The unknown function v obeys the formula,
Y(t2.y) = (Ly + By)(t:no, o, bo) + Ny (t:m, @, ), (9.6)

where (Ly + By) is given by
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Lw(t, no, 17;0, 50) + B';[; (t7 no, ’L_[O» 50)
= —K (1) [Dpyuo + 0 Ano] + 0y O, K (t)[no]

— (Ou — DOy — Oy ) K (t) [00] — —A\/ Adyy K (t)[tho] + K1(t)[20), (9.7)

and

Ny (tsn, d,¢) = /8y6tK(t — $)No(s)ds — /8yAK(t — s)No(s)ds

—/a JK (= s)Ny(s) ds — /(att —AD, — ) K (E — $)Na(s) ds
0
/ 0tt — A@t ) (t — S)Ng(s) ds
0

Y / (O — DOVt — ) (Duyuls) + Dyyo(s)) ds. 9.8)

The proof of this proposition is similar as the one in the previous three sections. Again,
using (2.59) and integration by parts (see below for details), we have

lb(t,f,y) :L¢(t;n07ﬁ0350)+ K(t_S)FB(S) ds

= Ly(t;no, o, by) + | K(t— s) [6y65N0(s) — 9,AN(s) — 05y N (s)

o O~

— (0ss — AOs — Oz )Na(8) + (05 — A)(0ss — ADs — A)N3(s)
— MDs = D) (Dyu(s) + Oyy0(s))] ds
= Ly (t;no, @0, bo) + By (t; no, o, bo) + Ny (t; m, i, ).
Here according to (2.39),

L’l/)(t’ No, ﬁOv bO)

= K(t)[(0n — A0y — N)0:(0)] (9.9)
+(0r — DOy — A)K () [8,(0)] (9.10)
—AK(t)[(0u — A9 — A)p(0)] + 8, K (t) [(Dr — AD, — A)p(0)] (9.11)
**A v ADyy K (t)[to] + K (t)[1ho], (9.12)

and By (t; no, do, 50) is the boundary term given below.
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Next we will simply Ly + By. To this end, we give the explicit expressions of L, and
B, respectively.

9.1.1. Ly (t;no, @, bo)
By the equations (2.2) and (2.23) at t = 0, we have

(O — DDy — A)0p(0) = [(Dn — ADy — A)(—v(0) + N3(0))]
= —(8yyv(0) + 9zyu(0) — 9y No(0) + 0, N2(0) — AN3(0)
+ A0 (8pyu(0) + yyv(0))) + (9 — A, — A)N3(0).

Thus,

(9.9) = —K(t) [0y, v(0) + 95yu(0) — 9y No(0) + 0, N2(0) — AN3(0)
+ A04(05yu(0) + Oyyv(0))] + K (£)[(0se — AJ; — A)N3(0)].

Now we consider (9.10) and (9.11), similarly,

(9.10) = (O — AD, — A)K(t)[ — v(0) + N3(0)]
= —(0u — A3 — A)K (1) [0(0)] + (8 — DO — A)K () [N3(0)];
(9-11) = (3 — A) K (t) [(0n — Ay — A)(0)]
= (0 — A)E(£)[9,1(0) — Na(0) + (8 — A)N3(0) — A(Dayu(0) + Dyyv(0))].

Then collecting the estimates above, we have

Ly (t;no, @, bo)
= K(t)[(8u — A8y — A)N3(0)] + (8 — Ay — A)K(t) [N3(0)]
+ K (t)[0,No(0) — 9;N2(0) + AN2(0) + AN3(0) — (0, — A)AN3(0)]
+ 0K (t)[ — N2(0) + (8; — A)N3(0)]
— K(t)[04yu(0) + 9,An(0)] + 0,0,K (t)[n(0)]
— (01t = A0 — 0a) K () [v(0)] = AK (8)[ (0 — A)(zyu(0) + Dyyv(0))]
— MO, K (t) [02yu(0) 4 Oyyv(0)] 4 (9.12).
9.1.2. By(t;no, o, bo)

Now we consider the boundary term By, (t; no, do, 50). By integration by parts, and
arguing similarly as in Section 6.1.2 we have
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/Kt—s )[0,05No(s)] ds
0
= —K(t)[9,No(0) /aat (t — s)No(s) ds;

/ (t—s) — A0s 3m)N2(s)] ds
K(t)[(0 — A)N2(0)] + 9K (1) [N2(0)]

— /(8” — ADy — Oy ) K (t — $)Na(s) ds;
0

/ K(t — 5)[(0s — A)(0us — AD, — A)N(s)] ds

= —K(t)[(0n — AD; — A)N3(0)] — 0K () [(8 — A)N3(0)] — 9p K () [N3(0)]
+ K(t)[(0; — A)AN3(0)] + A0, K (t) [N3(0)]

+(8t ﬁtt—Aat /Kt—SNg

/ (t = 5)[(Bu — A, Duyuls) + Byyv(s))] ds
0
= AK (1) [(9¢ = A)(Dyu(0) + yyv(0))] 4 A0 K (t) [0y u(0) + Dyyyv(0)]

- A /(3“ — AO)K (t — 5)(0pyu(s) + Oyyv(s)) ds.
0

Therefore, we obtain the boundary term By (t; ng, @y, l_;o) as

By (t;no, o, bo)
= —K(t)[(0 — AD, — A)N3(0)]
+ K(t)[ = 0yNo(0) + (3 — A)N2(0) + (9 — A)AN3(0)]
+ 0K (t) [N2(0) — (9 — A)N3(0)] + AJ, K () [N3(0)] — 3 K () [N3(0)]
+ AK(t) [(@ — A)(Ozyu(0) + 0yyv(0 ))] + MO K (t) [&wu(O) + ayyv(O)}.

Combining with the result obtained in Section 9.1.1, we have (9.7).



J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888 877

Again, we split into two subsections to consider the linear parts and nonlinear parts
separately.

9.2. Estimates on the linear parts Ly + By
In this subsection, we prove that

Lemma 9.2. For v > %,

(V)4 V7 (Ly + By)(t 10,0, b0) || 12 S ()~ |Uol x0 (9.13)
182(Lyy + By) (&m0, o, b0) || o S (8) 21 Uoll xo - (9.14)
V8, (L + By)(t: 0, o, b0) || ;2 S (84 1Uo]l xo (9.15)

Now we estimate the terms in (9.7). For the term 0., K (t)[uo], by Proposition 4.2 (i),
we have

KAV Oay K (D)[wo]l| 2 = [V 0y KE)(V) el 12 S <t>’%||<V>4uOHL;y;
10200y K ()0l | 2 S |V Oy K () [uo]]| 12 S <t>—%H<v>o+uOH%;

992000 K Ol . % VP00, KWl S (6 H9) o,
Now we consider the term K (t) [0,Ang]. By Proposition 4.1 (i) and Proposition 4.2 (i),
for =0 or 1, we have (since v > %),

UAVPE @) [0,800] ||, < ([IVFF K@ [(V) 00]]| o < @73 [(V) 0],

s,

19190, (0)0,8m0] 3, % 1912200, K 6) ] 5, (617291,

s,
Next, we consider the term 0,0, K (t)[no]. Similarly, by Proposition 4.5 (i), for 8 = v,

L2,

_B

SO 5 [(9) o,

KV IV 0K (@) [Dyno]l| 2 S (V170,00 K () [(V) o] [ S

Iza
Lz,

Choosing 8 = 7, 1,2, we have the claimed estimates.
Now we consider the term (9 — A8y — 9p) K (t) [vo]. From Proposition 4.11 (i),

B

()Y P (0 — ADy — D) K (t) [00] ||L2y < ()2 ||<V>4+UOHL3W'

Again, letting 8 = v, 1,2, we have the claimed estimates.
At last, we consider the terms in (9.12). The same as the term K (t) [8,Anq], for 5 =0
or 1, we have
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YV AVAD, K @)kl o S 07T Vo 5

19170, Av/A8y, K (D)ol 2, < ) H (V) Vo,
Similarly, using Proposition 4.15, we have
(9P @il <404 [9) Vol
I91°0. 51 () [woll| o, < )72 ¥ [[(V)* Vo] .,
Collecting the estimates above, we give the proof of Lemma 9.13.
9.8. Estimates on the nonlinear parts N,

In this subsection, we shall prove that

Lemma 9.3.

H<V>4|V|7Nw(f;novﬁovgo)HLiy SO (Ul x, + eollUllx + QUIUx)):

H%Nw(t;novﬁmgt))HLgy S O (10l x, + eollUlx + QUIUIX));

102V (M) (t: 70, o, bo) [ 2 < (8) 7 (10l + ol Ul + QUIULx)).-

We estimate Ny (t;n, @, 1) in (9.8) terms by terms.

9.3.1. [} 9,0,K (t — s)No(s) ds

(9.16)
(9.17)

(9.18)

The estimates on this term are much similar as the ones in Section 6.3.1. Since the
estimates on Ngb are standard, we only consider Né. Then by Proposition 4.5 (iii), for

B =7,1,2 we have

zy

(MUVIP [ 0,0,K(t — s)N(s)ds
191 [ oo

ds
2
L2,

t
S [|IVPva,01 0~ 5) - () ncggpaiicggoon (o)

A

o\w o\& o

_B 7
<s>0'04<t _ S> 2 ||TL(S)||L§y||u(S)”L;’Z ds

A

(t—s)"7 ()7 21U %
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_8
SO IU%-
Letting § = v, 1,2, we have the claimed estimates.

9.3.2. [, 9,AK(t — s)No(s) ds
Note that the operator 9, VAK (t) has the similar estimates with (0, —AJ—A)AK ().
One just repeats the precess in Section 6.3.2, to get the following estimates,

(V)97 [ B85~ 5)No(s)ds]| < () (1ol + QIUIx));
0

02 [ 0,8kt = 9Nals)ds] o, S (6 (Wil + QUITIx)):
0

0. [0,aK(t = )No(s)dsll . < () (ollx, +QIUIx)).
0

9.3.3. [y Duy K (t — 5)Ny(5) ds
Using (7.35), we have

Ny = Nig + Nig + Nis + Nis.

Again, we only consider N{;,j = 3,---,6. N{3 and N{, behave well, we just give the
sketch of the estimation. By (7.36), HN{BHL}W decays faster than (s)~1, it is easy. By
using the corresponding way in Section 7.3.2, we can get the desirable estimates. For N{,,
similar as (7.37) and (7.38), and by the corresponding ways there, we also easily get the
desirable estimates and thus the details are omitted here. Now we focus our attentions
on the terms N!y and Ni,.

For Nis, by Proposition 4.2 (ii) (8’ = 7) we have

2
zy

|91 [ onrte = )59 s
0

ds
2

zy

t
< / H|V\7V6xyK(t — ) - Pe (oo (V)4 (0,0V ) (s) ds’
0

~

<t — S>_5 H <V>4P§<S>0A01 (811/JV’(/J)(S) HLiy ds

A

A

o O~

(t - S>_g <5)0'04H5m¢||L§y||V¢HL2‘§ ds



J. Wu, Y. Wu / Advances in Mathematics 310 (2017) 759-888

880

t—s 2

t
/ 1 004 1||U||2 ds
0

1
SO UK

Moreover, from Proposition 4.3 (i)

t

/a:cyK N15( )dS‘B 5/‘

Ty 0

Oray VK (t = 5) - (0.699)(5)|| |

pr
Sea

(t—s) __H

./ V)0V s)],

Vollis (V)19 ds

s/@—$%m a0z,
0

t
s/a—ﬂﬁwr%%%wmﬁw
0

S 72U

Similarly, by Proposition 4.3 (ii) instead

t
5/\
Lﬁy
0

Opay VVK (t — 5) - @WWS)HLQ ds

Hva /&WK )N, (s )ds‘

ds

<t—8 1HP<<8001< >(3m¢v¢)(3)”/:3y

o\ﬁ

Hs)* U ds

< fi-s"

S—__

_3
SO7EUIA.
by Proposition 4.2 (i) and (ii)

For N!g, we need some special handling. Since v >
(in low and high frequence cases respectively), and Bernstein’s inequality,
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2
zy

(SR e SR
0

t
1
S [[|Palvron - o.GIvo — (o)
0

ds
L,

ds
L2

Ty

1
+/HP21|V\7+18WK(t—s) Pe oo (V)20 (V0 = n?)(s)|
0
t
S [te= 5 HaGITeP - )6,
0
ds

1
(t = 5)7 2| P oo (V)0 (50 = n)(8)]] s

+
o\ﬁ

Ty Ty

t
§/<t—8> 2(IVellz, V02, + Inllzz, 10:nl 22,
0

0

Further, we use the argument in Section 7.3.5, and write

0, / OuK (1~ 5)Nio(s)ds|
t/2
< /8myK t —s)Nig(s dsH + H/Omyl( t —s)Nig(s dsH
t/2
t)2
_ /8zmyK(t—s)(%|Vz/1|2—n2)(s) as| (9.19)
0
t
—|—H/3myK(t—S)3x(%|V@/1|2—n2)(3)d8’ . (9.20)

zy
t/2
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For (9.19), using Proposition 4.3 (i),

t/2
1
(9.19)§/HVBMyK(t—S)(§|V1/J|2—n2)(3)’Liy ds
0
t/2
1
S [t W) GITUE = n2))y, ds
0
t/2
S [t =8 V2Tl + 1V Pnls, ) ds
0
t/2
<) / ()~ U ds
0

S UN%.

While by Beinstein’s inequality, and Proposition 4.2 (i) (8 = 1,% in the low and high
frequence cases respectively),

t
(9.20) / HPgV@myK(t—S) 3m(%|v¢|2 _"2)(8)’ 2, %
/2
i
+ / |PAIV IR 0uy R (= 5) Ps<s>°4°18m(%|W|2 ~n)(s)| %

t/2

t
S / (t— )3 1V 2, V0.0 2, + Inllzz, [9an]zz, ) ds
t/2

t
+ / (t— 51O (1] 2, VOl 2, + [llse, [Benll sz ) ds
/2

t

t t
< [tt= s b Ul + [ (-7 e asl