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ABSTRACT. Whether or not classical solutions to the surface quasi-geostrophic
(SQG) equation can develop finite time singularities remains an outstanding open
problem. This paper constructs a class of large global-in-time classical solutions
to the SQG equation with supercritical dissipation. The construction process
presented here implies that any solution of the supercritical SQG equation must
be globally regular if its initial data is sufficiently close to a function (measured in
a Sobolev norm) whose Fourier transform is supported in a suitable region away
from the origin.

1. INTRODUCTION

The goal of this paper is to construct a class of large solutions to the surface
quasi-geostrophic (SQG) equation with supercritical dissipation. The SQG equation
concerned here is given by

00 +u-VO+r(=A)0=0, zeR%t>0, (1.1)
1 .
U = VJ_¢ = (_amgwa ax177Z)) ) <_A)§1/} = 97
where the scalar function 6 represents the potential temperature, u the fluid velocity
and £ > 0 and a > 0 are real parameters. Here the nonlocal operator (—A)® is
determined through the Fourier transform

(CA)F(E) = |6 o),

where fdenotes the Fourier transform of f,
fo) = [ et d.
]RQ

The SQG equation has attracted enormous attention recently due to its appli-
cations in modeling geophysical fluids and its significance in the theory of partial
differential equations (see, e.g., [1, 16, 22]). As detailed in the paper of Constantin,
Majda and Tabak [5], the behavior of its strongly nonlinear solutions are strikingly
analogous to that of the potentially singular solutions of the 3D incompressible
Navier-Stokes and Euler equations. The study of this 2D model may shed light on
the mystery surrounding the 3D hydrodynamics equations. Significant progress has
been made on the global well-posedness and related problems on the SQG equation.
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Our attention will be focused on the SQG equation with supercritical dissipation or
damping.

The level of difficulty involved in the global existence and smoothness issue on
the dissipative QG equation is dictated by the parameter «. In the subcritical
case o > %, the SQG equation has been shown to possess a unique global smooth
solution for every sufficiently smooth initial data (see [7],[23]). Furthermore, smooth
solutions are shown to be real analytic and their wave numbers are known to decay
exponentially [27]. When a < £, the issue of global existence and smoothness
becomes extremely difficult. The investigation of the critical case a = % started
with the paper of Constantin, Cérdoba and Wu [3], in which they proved the global
existence and uniqueness of classical solutions corresponding to any initial data with
L*>-norm comparable to or less than the diffusion coefficient x. The critical case
o = 3 was successfully solved by Kiselev, Nazarov and Volberg [19] and by Caffarelli
and Vasseur [2]. Important nonlinear inequalities involving the fractional Laplace

operator and several different proofs were also developed ([10, 6, 20]).

The global existence and smoothness issue for the supercritical case a < % remains
open. The two papers of Constantin and Wu [8, 9] assert that any Leray-Hopf
weak solution of the supercritical SQG equation is actually essentially bounded
and any weak solution in the Holder class C172 is actually a smooth solution of
the SQG equation. Dong and Pavlovic extended the Holder space C'~2% to more
general Besov setting [15]. Therefore, to completely resolve the global existence and
smoothness issue for the supercritical SQG equation, it remains to show that any
L*>-weak solution of the supercritical SQG equation is actually in the Holder class
C'722 There are substantial more recent developments on the slightly supercritical
SQG equation and the supercritical SQG equation (see, e.g., [11, 12, 13, 24, 25]).

This paper examines the open global regularity problem on the supercritical SQG
equation from a different perspective. Our goal here is to construct a class of large
solutions of (1.1) with « in the supercritical regime 0 < a < % The solutions
constructed here belong to the Sobolev space H*(R?) with s + a > 2, a natural
setup for the SQG equation. The requirement s > 2 — o appears to be the minimal
in order to insure the local wellposedness. When o = 0, the term x(—A)%0 is
reduced to the damping term xf. We remark that this process is also valid for the
cases when a > %, even though our focus is on the case a < % As can be seen from
the description below, the process of construction presented here actually states that
any solution of the supercritical SQG equation close to that of the corresponding
fractional heat equation with Fourier transform supported away from the origin must
be globally regular in time. The closeness is measured in the norm of the Sobolev

space H*(R?) with s + a > 2.

The large solution of (1.1) we are seeking has the form

0. =0+h (1.2)
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with © solving the linear part of (1.1), namely

8t@ + H(—A)a@ = O, (1 3)

O(x,0) = Oy(x). '

The initial data ©g is in the Schwartz class S and has the following properties
60(€) € C¥(R?),  supp©y C {€ € R 1 -6 < [¢] < 1+4},

where 0 < § < % is a small parameter depending on  only. More precise information
on ¢ will be specified later. A particular example of Oy is given by

Bo(§) = (074 log) 7(€) (1.4)
with v € C§°(R?) being a smooth cutoff, namely

0 if [l <1—0dor|>1+4,
7(5): 1 if 3 1
if 1 —356 <[¢] <1+ 30.

The norm ||Oy]

ms 18 not small. In fact,

180l

o= | [ax |§|2)s\@0(§)|2d§r

> 577 [log ] [/ <1+I£\2>Sd£]
1-36<¢|<14+46

> 5% [logd] [(2m8(2 — 8)]2

> C [logdl,

which can be really big when 6 > 0 is small. The solution © of (1.3) is given by
O(&,1) = e " B9(¢). (1.5)
which, due to the support of é\o, satisfies
B < e @ Ou(&)],  Co:=ra

We can easily find the equation of h by substituting (1.2) in (1.1),
oh+v-Vh+k(—A)*h=-U-Vh—v-VO —-U -VO,
v=V+A1h, (1.6)
h(x,0) = ho(z),

where A = +/—A and U is the corresponding velocity associated with ©, namely
U=V+Ate. (1.7)

The main effort is devoted to establishing the small data global well-posedness for
(1.6) in the aforementioned functional setting H*(R?). We are able to prove the
following theorem.



4 LIU, PAN AND WU

Theorem 1.1. Assume ©g, © and U are given by (1.4), (1.5) and (1.7), respec-
tively. Let 0 < oo < 3. Let s > 2 — a. Assume hy € H*(R?). Then there exists a
pure constant C7 depending on o only such that, if

|holl s < Chr,
then (1.6) has a unique global solution h satisfying

h € C([0, 00); H*(R?)) N L*(0, 00; H*(R?)),
IR ()]s < Car,

where Cy is a pure constant independent of k.

We make a remark on the possibility of replacing the functional space H*® with
s > 2 — o in our Theorem 1.1 by the scaling invariant space H22*. The Sobolev
space H® with s > 2 — « arises naturally from the energy estimates. When we
perform the L-based energy estimates on H*-norm of h (as in the proof of Theorem
1.1), the dissipative term becomes ||Aa+5h||%2(R2) and the bound for the nonlinear
term in general contains ||VA|| e 2). To bound the nonlinear term suitably by the
dissipative term, we need o + s > 2 or s > 2 — a. This is why we need H® with
s > 2—a. In order to lower the functional setting to the critical space H>~2*(R?), we
need to employ some heavy machinery such as the Littlewood-Paley decomposition
and Besov type space techniques (see [14]). We may have difficulty in implementing
this method here due to the presence of three extra terms involving © or U, in
addition to the standard nonlinear term v - Vh. These terms do not share the same
properties as v - Vh.

Coti Zelati and Vicol in [11] were able to establish the continuity of the solution
map of the supercritical SQG equation (1.1) with respect to o as a« — % Their result
involves a scaling invariant quantity and a natural issue is whether or not we could
replace the norm ||h| gs in Theorem 1.1 with the corresponding scaling invariant
quantity ||h]|%. HhH}I’Qa? After reviewing the estimates on the terms in (2.2), we find
that it would be extremely difficult to do so. The reason is that three terms in (2.2)
each contains U or © and it appears hard to bound them by the combined quantity

121122 IRl

In the proof of Theorem 1.1, the support of the Fourier transform of © is taken
to be near the unit circle. The construction process still works even when the unit
circle is changed to any curve away from the origin. Therefore a slight modification
of the proof presented here allows us to reach the following conclusion.

Corollary 1.2. Let 0 < a < % Let © denote a solution of the corresponding
fractional heat equation of (1.1), namely 0,0 + k(—A)*© = 0. Assume that the
Fourier transform of © is supported in a suitable region away from the origin. Then
any solution of (1.1) with 0 < a < % that is close to © in the space H*(R?) with
s > 2 — « is globally reqular in time.
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We remark that Theorem 1.1 and Corollary 1.2 can be extended to the generalized
SQG equation (see, e.g., [4, 21])

U= (Ul, Uz) = (_8x2w7aﬂﬁ1¢) ) (_A)Blb = 97

where a > 0 and f € [1,2] are real parameters. We omit further details due to the
similarities. The rest of this paper proves Theorem 1.1.

{ate+u-v0+ﬁ(—A)ae =0, z€Rt>0,

2. PROOF OF THEOREM 1.1

This section proves Theorem 1.1. To prepare for the proof, we state several

bounds for © and U.

Lemma 2.1. Assume © and U are given by (1.5) and (1.7) with O, defined by
(1.4). Then, for any b >0 and any 0 < 0 < %,

IAPO(t)|| e < C 6277 ¢=C0t
A O ()] 2 < C o7 e,
A (U = V2O) |2 < C 5177 e 01,

Proof of Lemma 2.1. By (1.4) and (1.5),
Ivel~ < [ el
54 ogsle @ [ e

1-6<[¢I<1+4

IN

572 [log 8| e 4xs(1 + )"
C 52 log §| e~ 0!
C 6277 ¢ Ot

where we have used the fact that §7|logd| < C. The proof of the second bound is
similar. In fact, we can show that

|APO]|2 < C |log 6] et < €67 e~ 0",
By (1.4), (1.5) and (1.7),
AU - V) = [A(VEATe - V),
= [ e B Ra - 1) de
< (1+0)®526 Hlogd|? e 2t 476

C 62 |log §|* e~2¢0!
< 052720 6720015'

IN N IA

This completes the proof of Lemma 2.1. O
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Lemma 2.2. Assume © and U are given by (1.5) and (1.7) with O, defined by
(1.4). Let b > 0. Let 2 < g < oo. Then, for any 0 < o < %,

IAPO) L0 < C 6270 7 e AU || o < €670 7 o,

The proof of Lemma 2.2 is very similar to that of Lemma 2.1. In addition, the
following commutator and bilinear estimates involving fractional derivatives will be

used (see, e.g., [17, 18]).
Lemma 2.3. Let s > 0. Let p,p1,ps € (1,00) and pa,ps € [1, 00| satisfy
1 1 1 1 1

p p1 P2 P3s b
Then there exist two constants Cy and Cy,

1A, flgllzr < Cy (A fllzen Ngllzes + 1A gllzes [V fllzea)
IA*(f )l < Co (1A fllon [lgllzos + (1A Gl Los [1f]|2oe) -

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. The local-in-time well-posedness of (1.6) can be obtained by
following a standard procedure (see, e.g., [28]). This proof focuses on the global
uniform bound via a bootstrap argument.

We estimate the H*-norm in two steps. The first step estimates the L?-norm
while the second step bounds the homogeneous H*-norm. Taking the inner product
of the first equation in (1.6) with h and integrating by parts, we have

1d
EEWLH%Q + k|| A“R|)7. = —/v-VGhdx—/U-V(ahdx
= Il + IQ.
By Holder’s inequality and Lemma 2.1,
0] < VO] [[vllz2l|hll 2 < € 6277 =" |[h]f3,
where we have used the fact that
[vllz2 = [IVEAT Al g2 = (B 2

Due to VO - V10O =0,
I = —/(U—vi@)-V(ahda;.

By Lemma 2.1,
| 12|

IN

IU = V=02 (VO o [| 2

C 52727 7200 ||| 2.

IN

By taking o0 = }L, we find

%HhH%Q + 2%||Aah||%2 S 05% G_Cot ||h||%2 + 056—20075 ||h||L2 (21)
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We now estimate the homogeneous H*-norm of h. Applying A* to the equation of
hin (1.6) and then taking the inner product with A*h, we find

1d

ianAshH%z —|—/€||Aa+sh||%2 =J1+ o+ J3+ Jy, (2.2)

where
J = —/Ash A(v - Vh)dz,
Joy = —/Ash A (v-VO)dz,

Jy = —/AShAS(U - Vh) dz,

Jy = —/AShAS(U -VO)dx.

J1, Jo, J3 and Jy can be estimated as follows. Using the fact that V -v = 0, we
rewrite the integral in the form of a commutator,

Jy = —/Ash [A®, v - V]hdz,

where [A®, v - V]h = A®(v- Vh) —v - VA®h. By Lemma 2.3,
[A] < CIAR] L2 (0] 2 VA Lo + [Vl oo |A%R]|2) -
By Gagliardo-Nirenberg’s inequality;,

ats—2 2—a
VA < Cl[A%R][ 27 AR5,
S « % a+s 1_%
A% ]2 < € AHIE AR 2"
Similar inequalities hold for v. Therefore,
s ap) TS | padsy | T2
il < CUAR| 2 [[A®R]| . " AT R[5

< ClA%hllze ([AAIZ: + [A™R]Z2)

where we have used the simple facts that ||[A%v||zz = ||[A%h||zz and ||[A*T5v||2 =
|A“*5h||z2. By Lemmas 2.1, 2.2 and 2.3, for é + % = 1 with p > 2 but close to 2,
[ ol < (A% ([A%0] 2 [V O] o + [Jv]|ze [A°VO]|2a)
fge 027777 o= Cht

< CIAh|22 8277 ¢t 4 C | AR 2 |[0]

where we have used the embedding inequality ||v||» < C'||v||gs. By setting ¢ = 8
and o = iv we find

| Ja| < C 65 et ||

2

Due to V- U =0,
Js = —/Ash[AS,U-V]hdx.

As in the estimate of J,, by Lemmas 2.1, 2.2 and 2.3,
sl < ClAKIL2 VUl + C AR g2 [ VA 1o |A°U | 2o
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< C6% e |h2..
By Lemma 2.1, 2.2 and 2.3,

[Jal < IAh] 2 [A°((U = V5O) - VO) |2
< CAR] 2 |IA*(U = V=O)| 2 [VO =
+C [Nl 2 [|[V(U = V=0) [ 1 A*VO| g
< C||A%h|| 2 52727 72000 4 O || AR 12 |[ V(U — V2O)|| g 627 e Cot

< C HAShHLQ 6%720 e—2C0t 4 ¢ HAsh”L2 5203370 ,—2C0t
By setting ¢ = 8 and 0 = }L, we have
| Ju| < C||A°h]| 12 65 e 260,
Inserting the bounds for J; through J; above in (2.2), we obtain
d S a—Ts S (0% a—TSs
prill hl[72 + 26[[A°T*R[[7. < ClIA*R] L2 ([[A%R]I72 + [[AF*h][72)

+C6% e [|h[3. + C 0% e 2P| A 1o (2.3)

Adding (2.1) and (2.3) leads to

d S (0% (0% ot}
T IBllE + (26 = Cs[IAR ] 12) ([A®R]Z2 + AT R]72)

< €y 85 €O |h||%s + Cs 6% e 29| A%h|| 2. (2.4)
We apply the bootstrap argument to (2.4) to establish that ||A(t)|| g remains uniform

bounded if ||hgl||zs is taken to be sufficiently small. The bootstrap argument starts
with an ansatz that ||h(t)|| gs is bounded, say

[P0l ss < M

s actually admits a smaller bound, say

ol

when |[|hg| - is sufficiently small. A rigorous statement of the abstract bootstrap
principle can be found in T. Tao’s book (see [26, p.21]). To apply the bootstrap
argument to (2.4), we assume that

2K
Hh(t)HHs S M = E or 2k — 03 HAS}LHL2 2 0.
3

and shows that ||A(t)]

1
HS§§M

It then follows from (2.4) that

2+ C5 6% e 200 A*h| .

t
s + / C5 5§ e 207 dT)
0

< M, ||hol|ms + M 6%, (2.5)

d 1
Sl < Cudt 6t o

By Gronwall’s inequality,

L oo
[Pl < 0% T (Hho|
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where

-1 1 1 —1 1
M, = max {60400 58, 50500_160400 o } .

If hy and 0 satisfies

K K 7
h s < 0 < 2.6
Iolle < IM,Cs’ = (lecg) ’ (2:6)
then (2.5) implies
K K K M
h/ t S < M . M _— = — = —,
@)l < My grmer + Mg e = 5 = 5

The bootstrap argument then implies that, for all ¢ > 0,
K
h(t)||gs < =
IOl < 7

when hy and ¢ satisfy (2.6). This completes the proof of Theorem 1.1. O
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