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1. Introduction

Due to its physical applications and mathematical significance, the Oldroyd-B model of the incompressible
non-Newtonian fluids has recently attracted considerable interests. The Oldroyd-B model governs the motion
of viscoelastic fluids such as a solvent with particles suspended in it. More details on its derivation and
applications can be found in [1-3]. Mathematically the Oldroyd-B model consists of the equation for the fluid
(usually the Navier—Stokes equation for viscous fluids and the Euler equation for inviscid ones) with a forcing
term and the evolution of the non-Newtonian stress tensor. More precisely, the standard incompressible

* Corresponding author at: Geomathematics Key Laboratory of Sichuan Province, Chengdu University of Technology, Chengdu,
610059, PR China.
E-mail addresses: linhongxial8@126.com (H. Lin), weiyouhua@cdut.edu.cn (Y. Wei), jiahong.wu@okstate.edu (J. Wu).

https://doi.org/10.1016/j.nonrwa.2022.103513
1468-1218/© 2022 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.nonrwa.2022.103513
http://www.elsevier.com/locate/nonrwa
http://www.elsevier.com/locate/nonrwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nonrwa.2022.103513&domain=pdf
mailto:linhongxia18@126.com
mailto:weiyouhua@cdut.edu.cn
mailto:jiahong.wu@okstate.edu
https://doi.org/10.1016/j.nonrwa.2022.103513

H. Lin, Y. Wei and J. Wu Nonlinear Analysis: Real World Applications 66 (2022) 103513

Oldroyd-B equations can be written as

ou+ (u-V)u—pAu—VP =1V.-T,
W+ (u- V)T 4+ ar —n At + Q(1,Vu) = v D(u), (1.1)
V-u=0,

where u denotes the velocity field of the fluid, P the scalar pressure and 7 the non-Newtonian stress tensor,
represented by a symmetric matrix. The parameters p,n, o, v1, V5 are nonnegative constants and vy, vy are
called the coupling parameters. The nonlinear term Q(7, Vu) is typical in models for viscoelastic models and
is a bilinear form given by

Q =7W(u) — W(u)t + b(D(u)T + 7D(u)), (1.2)

where b € [-1,1] is a constant, W (u) = 4(Vu — (Vu) ") is the vorticity tensor and D(u) = 3(Vu+ (Vu)")
is the deformation tensor. If b = 0, the system is called corotational.

The first mathematical results were published in a series of papers starting by [4] in 1987, dealing with
general differential models for viscoelastic fluids, including the Oldroyd-B model. The wellposedness problem
is one of the most fundamental issues on Oldroyd-B model. The special coupling structure between the
velocity u and the symmetric tensor 7 in (1.1) makes the Oldroyd-B well-posedness problem significant
and challenging. The global existence and regularity for the 3D Oldroyd-B with general large initial data
is beyond reach at this moment. The 2D Oldroyd-B with full dissipation has been shown to always possess
global classical solutions by Constantin and Kliegl [5]. The global existence of weak solutions is known only
for the corotational Oldroyd-B [6]. Two earlier papers of Guillopé and Saut [7,8] establish the local existence
and uniqueness of strong solutions to the Oldroyd-B-type fluid in a bounded domain in 2D or 3D, and
the global existence of strong periodic solutions in the case of small coupling parameters and initial data.
The results described in [4,7] have been improved by Molinet and Talhouk [9], where it is shown that the
smallness of the coupling parameters for existence and uniqueness of solutions is not necessary. Moreover,
these authors show in [10] the existence and uniqueness of solutions to the full physical problem in 2D and
3D in the case of a small Weissenberg number (which means o large), on the same time interval of existence
of the solutions to the Navier—Stokes equation.

More recent efforts focus on the Oldroyd-B models with only partial dissipation, and with or without
damping in the equation of 7. Significant progress has been made on the small data global well-posedness,
stability and large-time behavior. One array of results are for the Oldroyd-B model without velocity
dissipation, namely (1.1) with 4 = 0. The work of Elgindi and Rousset [11] focused on the 2D Oldroyd-B
equations with damping and with stress tensor dissipation. Global solutions in the Sobolev space H*(R?)
with s > 2 are obtained for small initial data, and for general data when ¢ = 0. The 3D Oldroyd-B
equation without velocity dissipation, or (1.1) with g = 0, @ > 0 and 5 > 0, was shown in [12] to always
possess small global solutions if they are initially so. We remark that the damping term in the equation of
7 plays an important role in proving the global results of [11,12]. Constantin, Wu, Zhao and Zhu in a recent
work [13] considered the general d-dimensional Oldroyd-B model with only stress tensor dissipation (—A)%7
and without damping, namely 4 = a = 0. They established the global existence and stability of small
solutions in Sobolev space H*(R?) with d > 2 and 5 > 1 + % if the fractional power 3 satisfies % <p<L1
Wu and Zhao [14] were able to prove the global existence and stability of the same system as in [13] but in
the hybrid critical Besov spaces. Very recently Wang, Wu, Xu and Zhong [15] investigated the large-time
behavior of the global solutions of [13] and obtained sharp decay rates.

A list of results have also been obtained for the Oldroyd-B models without the dissipation in the equations
of 7. The work of Chemin and Masmoudi [16] dealt with the Oldroyd-B model (1.1) with gz > 0 and
a > 0, and established regularity criteria in the Sobolev setting and the local well-posedness for general
large solutions and the global well-posedness with small initial data and small v; and v,. Lei, Masmoudi
and Zhou [17] were able to improve the criteria of [16]. Zi, Fang and Zhang [18] and Wan [19] weakened the
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initial assumptions of [16]. Moreover, Fang and Zi [20] established the global well-posedness for a class of
large initial data. We remark that all these results require the presence of the damping term, namely « > 0.
The omission of the damping term poses challenges on the well-posedness problem. Several recent papers
have succeeded in obtaining the small data global well-posedness or large-time behavior without damping
(see, e.g., [21-25]). The work of Zhu [21] is the first one to prove the small data global well-posedness in
the Sobolev setting for the 3D Oldroyd-B system with only standard Laplacian dissipation, namely (1.1)
with p > 0, « = n = 0. Suitable time-weighted energy functionals are constructed to overcome the difficulty
caused by the lack of damping and dissipation in the equation of 7. Chen and Hao [22] obtained the small
data global well-posedness in a critical Besov space. A similar result to that of [22] was also shown by
Zhai [25]. A recent work of Wu and Zhao [24] was able to establish the small data global well-posedness in
critical Besov spaces when the standard Laplacian is replaced by more general fractional operator (—A)%u
with £ < 8 < 1. Wan [23] obtained sharp decay rates for the global solutions of Zhu [21]. In addition to the
results described above, there are many other important work and some of them are listed in the references
(see, e.g., [26-37]).

Two problems remain open. One is the small data global well-posedness in the Sobolev setting for the 2D
Oldroyd-B model with only velocity dissipation, namely (1.1) with g > 0 and 7 = a = 0, although the small
data global well-posedness problem in the Besov pace setting has been obtained [22,24], as aforementioned.
Zhu [21] dealt with the 3D Oldroyd-B model by constructing time-weighted energy functionals in Sobolev
spaces, but the approach of Zhu cannot be extended to the 2D case due to the criticality of the time weight.
It appears no suitable time-weighted functionals can be constructed to control the nonlinear terms in the
equation of 7. On one hand, it is natural to include the time-weighted norms

t
sup (1+ ) [|u(s) |71 ey + /O (1 + ) [Vu(s) 171 ey ds

0<s<t

in the energy functional, but on the other hand the terms associated with the nonlinearity in the equation
of 7 cannot be controlled by these time weighted norms due to the unboundedness of the integral

/ (1+t)"tdt = oo.
0

The time weight 1 + s is chosen according to the decay rate of ||u(s)|/ 2 when the initial data is in the
Sobolev space with negative index of order —1. The second open problem is to establish the small data
global well-posedness in the Sobolev spaces for the 3D Oldroyd-B model with fractional dissipation (—A)%u
for B < 1. The Besov setting result has been obtained in [24]. However, when the Sobolev spaces are used,
the fractional dissipation is not sufficient to control the nonlinear term Q(7, Vu).

This paper focuses on the initial-value problem for the 2D Oldroyd-B model with only velocity dissipation
in a periodic domain 2 = T?,

u+ (u-Viu—pAu—-VP =V -1, x €, t>0,
07+ (u- V)T 4+ Q(1,Vu) = voD(u),

V-u=0,

u(z,0) =g, 7(x,0) = 70.

(1.3)

The goal here is to establish the small data global well-posedness in the Sobolev space H?(§2). In addition,
we obtain explicit large-time decay rates for the derivatives of u and for PV - 7, where P denotes the
Helmholtz-Leray projection onto divergence-free vector fields, namely,

P: L3(2) — L2(2),

where
L2(2) ={ve L*(2)|V-v=0and v is a periodic function on £2}.

More precisely, the following theorem holds.
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Theorem 1.1. Consider (1.3) with u > 0 and 11 = va > 0. Assume (ug, 70) € H*(2) with V - ug = 0 and
To being a symmetric matriz. Then there exists a sufficiently small § > 0 depending on p, vy and vo such that
if

lwoll 20y + [boll 22y <9, (1.4)
then the 2D incompressible Oldroyd-B model (1.3) admits a unique global solution (u,T) € C ([0, 00); H*(12))
satisfying, for some uniform constant Cy and for any t > 0,

t t
)z + 0y + 200 [ IV )y s+ [ B9 7 9)asgapds < o (15)

Furthermore, the following decay rate holds,
IVu®) 110y + 1PV - 7(t)] 1) < Ce™ 1. (1.6)

for some constants C' > 0 and C7 > 0.

Remark 1.1. If we additionally assume ug has mean zero, i.e. f() updx = 0, then, by Poincaré inequality,
we also have the decay estimate on u,
-C
[u(t) 20y < Ce™ 1.

We now explain the proof of Theorem 1.1. Due to the lack of dissipation or damping in the equation of
7, direct H?-energy estimates would fail to bound the nonlinear terms in the equation of 7. To overcome
this difficulty, we need to employ time-weighted norms, which would help bound the nonlinear terms. For
example, when we estimate the H2-norm of 7, we need to bound the following integral associated with the
nonlinear term u - V7,

— ' 2u1»5. T(2x,8)) - 27‘.’£S T as
fg.f/o/gvu,)w,))v (2,5)dzd

As in the proof of Lemma 3.2, this term can be bounded by
¢ t
I <C [ IV (V7 Brds < sup [97(s)E [ 19u(s)nds

However, the time integral fg [V2u(s)||g1ds is not known to be bounded. Time-weighted Sobolev norms
would help. In fact,

t
[Iz| < C sup IIVT(S)IIin/ IV2u(s)l| 1 ds
0<s<t 0

1
2

< C sup [Vr(s) ( / <1+s>2||v2u<s>||§,1ds) , (L7)

0<s<t

which would be bounded if the time-weighed norm on the right is bounded. The natural issue then is to
control the time-weighted norm in (1.7). By the equation of w in (1.3) or

ou~+Plu-Viu—pAu =PV -1, (1.8)

we need to bound the time integral of time-weighted norms of PV - 7. This does not appear to be possible due
to the lack of dissipation and damping in the equation of 7. In order to overcome this difficulty, we make use
of the special structure for u and PV - 7 observed by Zhu [21]. By differentiating (1.8) and the equation of 7
in (1.3) in time, and making several substitutions, we find that v and PV - 7 satisfy the following nonlinear

wave equations
8ttu — uA@tu — %1/1 1720 Au = ]\]17
8,5,5(]P>v . T) — ,uAat(]P’V . 7') — %I/l 12) A(PV . 7') = ]\]27

4

(1.9)



H. Lin, Y. Wei and J. Wu Nonlinear Analysis: Real World Applications 66 (2022) 103513

where N7 and N, represent the nonlinear terms,

N1 = —8tIP(u . VU) — VﬂP’V . (U . V)T — yllPV . Q,
Ny = 7%V2A]P)((U Vu) + (=0 + pA)PV - (u- V)T + PV - Q).

Although the regularity of solutions to (1.9) depends on the initial data, (1.9) contains more regularizing
terms than its original counterparts in (1.3). These extra terms are due to the coupling and interaction in
(1.3). In particular, PV - 7 is indeed dissipative. By constructing energy functionals that suitably pair the
time-weighted norms of u with those of PV - 7, we are able to establish closed inequalities. More precisely,
we introduce the following energy functionals

) = sup (e + 7)) + [ (Il + 1PV - 7(5) [ ). (1.10)

0<s<

&(t) = sup (1+ ([ Vuls) 3 + 2PV - 7(5)3 )

0<s<t
+/Ot(1 + 2 (IV2u(s) |21 + VPV - 7(5) 22 ) ds. (1.11)
Our main efforts are devoted to proving that
E(t) :==&1(t) + &)

satisfies
E(t) < CE0)+CER(). (1.12)

A bootstrapping argument (see, e.g., [38, p. 21]) applied to (1.12) then implies the desired stability result in
Theorem 1.1. The proof of (1.12) is lengthy and accomplished by several lemmas. In particular, the damped
wave structure in (1.9) is exploited to control the time integral terms in (1.10) and (1.11),

t t
/ [PV - 7(s) I3 ds, / (1+5)*| VPV - 7(s)||72 ds.
0 0

In addition, Poincaré type inequalities are used repeatedly to facilitate the estimates. To establish the
exponential decay rate in (1.6), we include an inner product term to take advantage of the dissipative effects
in PV -7. This process allows us to simultaneously obtain the time integrability of [ V?ul|3, and |[VPV 7|2,
and thus leads to the desired inequality for exponential decay.

The rest of this paper is organized as follows. Section 2 puts forward several simple facts to be used in
the proof of Theorem 1.1. Section 3 proves the global existence and stability part of Theorem 1.1. The main
efforts are devoted to the proof of (1.12). To make the lengthy proof easy to understand, we divide the proof
into two main lemmas. Section 4 is devoted to the decay estimate (1.6) in Theorem 1.1. By establishing two
new estimates and combining with the global existence result part, we obtain the desired exponential time
decay rate.

2. Preliminary

This section presents several simple facts to be used in the proof of Theorem 1.1. First, we recall the
Helmholtz-Leray decomposition, for any V-7 € L?(§2), there exists a unique ¢ (up to a constant) such that

V.-1=PV. -7+ Vo (2.1)

Then the following two lemmas hold.
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Lemma 2.1. For any T € H?(92),
Vol ey < ClIVTI (o) (2.2)

for some constant C' > 0.

Proof. Due to the orthogonality of PV - 7 with V¢,
||V<P||iQ(Q) =V T||2L2(Q) — PV - THiQ(Q)' (2.3)
Applying the operator V- to the equality (2.1) and using V - P(V - 7) = 0, we have
V- (V-1)=Aep.
Then it is clear that
A0l r2(a) < IVl L2(0),
which, together with (2.3), implies (2.2). O
Lemma 2.2. For smooth u and 7, the following decomposition holds

PV - (u-V7)=PNVu- V1) +P(u- V)PV 7)) +P(Vu- Vo). (2.4)

Proof. To prove (2.4), we can write via (2.1)

V-(u-Vr)=NVu-V)r+ (uv-V)(V-1)
=Vu-V)7+ (u-V)P(V-7)+ (u-V)Ve. (2.5)

Then, applying the projection operator P to (2.5) yields

PV (u-V7)=P(Vu - V)1 +Pu-V)P(V-7)+P(u-V)Vp
=P(Vu- V)71 +P(u-V)P(V-7)+P(Vu-V)p,

where we have used PV (u - V) = 0. This completes the proof of Lemma 2.2. O

Throughout the rest of this paper, we assume p = v; = v = 1, without loss of generality. In addition, we
write [ f(z)da for the integral over £2 = T?. The norms ||g||rr(2) and ||k]|gs(o) are abbreviated as ||g||L»
and ||h|| gs, respectively. The constants C' > 0 in the paper are absolutely constants and may vary from line
to line.

3. The global well-posedness

This section proves the well-posedness part in Theorem 1.1. We apply the bootstrapping argument. The
main effort is devoted to establishing a priori estimate stated in the following proposition.

Proposition 3.1.  Let (u,7) be the solution of (1.3) with initial data (ug, 7o) satisfying divug = 0 and
(10)ij = (70)ji in £2. Define £1(t) and E(t) as in (1.10) and (1.11), respectively. Set

5(t) = 51 (t) + 52(t).
Then there exists a constant Cy such that for any t > 0,

E(t) < Cy (5(0) + 5%@)). (3.1)

6
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The global well-posedness part of Theorem 1.1 follows as a consequence of the bootstrapping argument
applied to (3.1) in Proposition 3.1.

Proof of the global well-posedness. We show that, if § in (1.4) is taken to be sufficiently small, then
the global uniform bound in (1.5) holds for all time. In fact, if ¢ satisfies

1
52 < —
= 48¢C3°

then (1.5) holds with Cy = 6C5. This is obtained by applying the bootstrapping argument to (3.1). We start
by assuming that

E(t) < M = (%)2

Then (3.1) implies that )
E(t) < CLE(0) + 5E(zt)

or

E(t) <2052 E(0) < 2C5 - 3(|luoll3z + [|7oll72) < 6C26% < =-M.
The bootstrapping argument then concludes that, for all t > 0,
E(t) < 6052,

which, in particular, implies (1.5). Combining (1.5) with the standard local well-posedness theory leads to
the desired global well-posedness. [J

Now we turn to the proof of Proposition 3.1. The proof consists of two main parts. The first part bounds
&1(t) while the second part bounds &;(¢). For the sake of clarity, we state each part as a lemma.

Lemma 3.2. For some constant C3 > 0.

3
2

E1(t) < CHE1(0) + CEX (1) + CHEL (DE (). (3.2)

Lemma 3.3. For some constant Cyq > 0,

==

Ea(t) < Cu&r(0) + Cu&i(t) + CLEF (t)E(1). (3.3)

There are two key points for the proof. One is that we will take advantage of the regularizing and
stabilizing properties offered by the wave structure of u and PV - 7. The other is that we will apply the
Poincaré inequality to ||Vu| 2 and [PV - 7]/, 2 based on the fact [, Vudr = 0 and [,PV -7dz = 0 to
overcome the difficulty of the weak decay of these terms. We now prove the two lemmas.

Proof of Lemma 3.2. The proof is divided into two steps.
Step 1. This step estimates the first three terms in & (¢). Applying the operator V¥ for k = 0,1,2 to
(1.3) and taking the L? inner product of the resulting equations with (V*u, V¥7), we find

1d

5 2 (W®le + I @O12) + [ Vu(t) 32 = z / VH(u- Vu) - Veuds
2

— Z/V’“(u-Vr)~Vkrdx—Z/VkQ-Vdex =11+ I, + I3, (3.4)
=0 _

7
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where we have used
/vk(vp) -VFudz = 0, /vk(v 1) - VEudz + /ka(u) -VErdz = 0.
In fact, by integration by parts and the symmetry of 7,
/ VE(V - 7) - VFudz + / VED(u) - VFrda
= /Vkajrijvkuidx—l— %/Vk(ajui + O;u; )V 7 dx
= 7/Vk7ijvk3juidx + % /(Vkﬁjuivknj + VkaiuijTji)dx
=— / VF7; VFOuda + / VF7; VR0 ude = 0.

We bound the terms on the right hand side of (3.4). We rewrite I; into three terms by integration by parts,
and then use Sobolev imbedding inequalities

[ol[a < Cllvllgs,  lvllze < Cllol g2 (3.5)
to obtain
I =— /(w -V)u - Vudr — /(v% -V)u - Vudr — 2/(Vu -V)Vu - Viudz

< Vull 2 Vull7a + 3l Vul oo [ V20l 7
< CVul 2 [Vullip + ClVul 2Vl 72 < ClVul g [ Vul 7o (3.6)

Due to [ Vudz = 0, the Poincaré inequality
IVull 2 < ClIVZul| 2 (3.7)
holds. By (3.7) and a similar argument as above,
I, =— /(Vu V)7 - Vrde — /(VQu V)7 - Virdr — 2 /(Vu V)V - Vrdx

< IVull 21Vl 7s + IV2ull all V7 o[V 12 + 2] V] oo [ V7172
< CIV2ull 2|V 5 + ClIIVull g IV g V27 g2 < CIVPull g V7] 70 (3-8)

Recalling the definition of @ in (1.2), and invoking (3.5) and (3.7), we find

I3:—/Q-de+/Q-Ade—/VQQ-VQde
< c/|vu| |T|2dx—|—C/|Vu| i7|| Ar|dz

+O/(|vu| V27| + V2| |V7| + V3 |7|)|VPr|de
< CIVullp2llTl7s + ClIVul 2| 7] oo [ ATl 2
+ C(IVullee V27l 2 + V20l V7l 2o + V20 2| 7]l o0 ) V27| 2
< CIVullp2llTl3 + ClIVull g2 |7l 2l A7l 2
+ C(IVull g2l V27 2 + V2 ull g [V 2+ V50 2|7 g2) 1 V27 2
< CIV?ull g2 (3.9)
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Inserting (3.6), (3.8) and (3.9) in (3.4), we obtain
5 7 ([u@®lz2 + I ONF2) + IVu@®lze < ClIVullg [Vulfe + CIVul g ll7] .- (3.10)
Then integrating (3.10) over [0, ¢] yields
t
(lu@®liZ2 + I (O172) + 2/0 IVu(s)|72ds
t
< (luollz + lIoll32) + C/O IVu(s)l g 1V u(s)|F2ds
t
+C [ IR () i (o) ads
< (luollFz + lI7oll32) +C S ||Vu ||H1/ IVu(s)|[2ds
+C sup |r(s) / ||v2 ) ards
< 51(0) + C’51 t)+C&(t )S (t), (3.11)

1
where we have used the fact fg V2u(s)|| y1ds < EF (t), which can be deduced by Hélder’s inequality,
t t
IVu(s) s < [ (14 ) Tu)p (1 +5) ds
0 0
t 1, gt 1 1
< (/ (14 87 9%u(s) 1ds) (/ (1+5)7s)” < £ (1), (3.12)
0 0

Step 2. This step estimates fot |IPV - T(S)H%ﬂds. Applying the Leray-Helmholtz projection operator P to
the velocity equation and the divergence operator V- to the second Eq. (1.3), we have

Ou+Plu-Viu— Au=PV .7, (3.13)
V-or+V:(u-V)r+V-Q(r,Vu) = 1 Au, :

where we have used V - D(u) = %Au. Applying V¥ (k = 0,1) to (3.13), dotting the resulting equations by
(VFPV - 7, VFu) and integrating over (2 yield

PV - 7%,

1

= Z(/ Vkat’kaPV~wa+/Vk]P’(u~V)U~VkIP’V~de— /VkAu~VkIP’V~de),
k=0
1

- §||Vu||in
1

- Z(/Vkv-aﬂ-vkudx—&-/vkv-(u-V)T-Vkudx—i—/Vk(V-Q)-Vkudm).
k=0

Adding two equations above leads to

1
d 1
IPV - 7|12 :Za/vku'VkPV-de—k §||vu|\fq1
k=

1
+ Z/ kIP’u V)u - VPV - rdz
k=0

9
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1 1
- Z/vau~kav-de+Z/vkv.(u~V)T-vkudx
k=0 k=0

1
+ Z/vkv.Q-vkudx
k=0
L4 1
k=0

Invoking PPv = Pv, Hélder’s inequality and Sobolev’s inequality, we have
I4:/(u-V)u-]P’V-de—/V(u-V)u-VIP’V-Tda:
< lullpoe [Vull 2 [PV - 7l L2 + (I|VUHi4 + IIU\leIIVZUHw)IIVPV -7l 2

< Cllull g2l Vull 2 [PV - 7l 2 + C (IVullys + ull 2| V20l 2 ) [ VPV - 7]l 2
< Cllull 2| Vel 11 [PV - 7 .

Similarly, Is and I7 can be estimated as
16:—/(u-V)T-Vudx—/V'(u-V)T~Audx
< lullpoe [Vl 2]Vl 12 + (”VUHL4||VT||L4 + HUHL‘X’HV2T”L2> | Aul 12

< C(||UHH2||VT||L2 IVl g [Vl + IIUHH2IIV2TIIL2) IV2ull 2

< Ollull g2 V7| g1 IVl 2,
I7:/V-Q-udx—/V-Q~Audx

< c/(|vf| (l + [r] [V2ul) (jul + | du])da

< (Il Vullga + [l 192l 2 o

< C(IVTlm IVullz + I7ll 2920 22 )l 1

< Oll7llgzz el 2 V2l 2,
where we have used the Poincaré inequality (3.7) in (3.17). Clearly, I is bounded by
1 2 1 2

Is = Sl Aulin + SIPV - 7]
As a consequence of (3.15)—(3.18), we derive

L d

PV -7l <2) pr /Vku VFPY - 7dx + 2|Vl
k=0

+ C(IVull i PV - 7llgzr + 7l 2 1Vl 2 ) ] g

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Integrating (3.19) over [0, ¢], combining with Hoélder’s inequality, Young’s inequality, |PV - 7| ;2 < ||V 7|12

and (3.12), we obtain

t t
/ I PV-r(s) |2 ds:2/ IVau(s)|%,2ds
0 0

10
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1
+2Z(/ v’“uv’“]}bv-mx—/vkuovkpv.mdx)
k=0

t
0 [ (90 s 1B - )l + (6 2| 9206 ) o) s
t
< 2/0 IVu(s)[F1ds + 2(|[ull g [PV - 7ll g1+ ol g2 [PV - 7ol 1)
t
+C sup HU(S)|IH2/ IVul(s)|| g2 [PV - 7(5)[| 1 ds
0<s<t 0
t
+C sup Hu(S)HH2”T(S)HH2/ IV2u(s)|| 1 ds
0<s<t 0

2(]lullZ + ||VT|\§{1>+2/ IVu(s)|1ds
L OER (1) + CEDES (1) + 261 (0), (3.20)

Therefore, multiplying (3.20) by 1 and then adding it to (3.11) yield the desired estimates (3.2). This
completes the proof of Lemma 3.2. O

We now turn to the proof of Lemma 3.3.

Proof of Lemma 3.3. We divide the proof into two parts: the estimate of the first three terms in &;(t)
and the estimate on the last term fot(l + 5)?|[VPV - 7(s) |3 2 ds.

Step 1. First, applying the differential operator V**! with k = 0,1 to (1.3); and the operator V¥PV- with
k=0,1to (1.3)3, and then taking the L? inner product of the resulting equations with (V**1u, VFPV - 1),
we have

Q.‘Q‘

1
53 (IVu@® 3 + 2BV - 7013 ) + IV2u(®) 22 = Z / V(- V) -V ud
1
- ZZ/V’“IPVo(waT)~V’“]P’dex72Z/VkIP’V~Q~V’“]P’V~de, (3.21)

where we have used

1
Z/v’@“(vzﬂ VR ude = 0,
Z/vk“ (V-7) Vk+1udx+22/vk]P’V )- V*PV - 7da = 0,

which can be proved by integration by parts, V- D(u) = %Au and PAu = Au. Therefore, multiplying (3.21)
by time weight (1 + ¢)? yields

1d
5L+ (Ve + 2PV - 7(®)ll1) + (1 + )2 VEub)| 3
1
= L+ ) (Va7 + 2PV - 7(t -3 1+t)2/vk+1(u-Vu)~Vk+1udx

k=0
1

- QZ(I—i-t)Q/VkIP’V-(u-VT)~Vk]P’V~sz
k=0
11



H. Lin, Y. Wei and J. Wu Nonlinear Analysis: Real World Applications 66 (2022) 103513

- 221:(1+t)2/V’“IP’(V-Q)~V’“IP’V~de
= J?:Ji Jo + Js + Jy. (3.22)
For .J, it follows from (3.6) that
Jo=—(1+ t)2</(Vu -V)u - Vudz + /(v% - V)u - Vudx
+2 /(Vu -V)Vu - VQudx)
< O+ 0| Vul| g V2l 71 (3.23)

The estimate of J3 is more subtle. By Lemma 2.2, we first decompose Js into the following three parts
1
Jz=—2(1+1)? Z(/ VFP(Vu - V)7 - VFPV - rda
k=0

- / VFP(u- VPV - 1) - VEPVY - 7da + / v’fP(Vu-V)gp.kav.m)
=Js31 + J32 + Jss.
By PPv = Pu, Holder’s inequality, Sobolev’s inequality and Poincaré inequality,

Js1 = —2(1 +1)? /((vu V)PV -7+ V(Vu-Vr)- VPV - T)da?

<201+ t)2<||vu”L4”VTHL4”PV T2 + [[Vullpoe [V27 ]| 2 [ VPV - 7| 2
V2] | V7 4 VPV - 72

<C(1+ t)2<||VUIIH1 VT2 PV - 7ll 2 + [Vl g2 | V27| 2 [ VPV - 7| 2
+ V2l i [ 97 11 [ VPV - 7] 2)

< COA+ 2|Vl g [ V2ul g1 [ VPV - 7 2. (3.24)

Here we have used the Poincaré inequality [PV - 7| 2 < C||VPV - 7|2 due to [PV - 7dz = 0. By the fact
PPv = Pv again together with the integration by parts and ||Pvl| 2 < ||v|| 2,

Jzo = —2(1 + t)? /(vu -V)(PV - 1) - VPV - 1dz

<201+ 1)Vl oo [ VPV - 7| 12| VPV - 7| 12
< C(L+t)*|Vull 2| V7| 2 [ VPV - 7| 12
< COA+ 02| V2ul| g1 || V27| 12| VPV - 7| 2. (3.25)

Invoking the estimate ||Vl y1o) < ClIVT[|g1(0) in Lemma 2.1 and following a similar argument as the
one for J31, we have

Jas = —2(1 4 1)2 /((Vu V)g BV -7+ V(Vu- V) VBV - 7)da
< 201+ 02 (IVul 4 IVl 24 [PV - 7l 22 + |Vl o V26l 2] VPV - 7] 12
+ V2l 4 |V £ [ VPV - 7 12 )

<O+ t)Q(HVUHmIIleIHlIIPV Tl + 1 Vull g2 V20l 2 [ VPV - 7] 2

12
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+ V2l i1 [V 1 [ VPV - 712 )
< COA+ VTl V20 g VY - 7l o (3.26)
Combining the upper bounds in (3.24), (3.25) and (3.26) leads to
I3 < CA+ 2|V g [[V2ull g [VPV - 7| 2. (3.27)
By PPv = Pv, Holder’s inequality, Sobolev’s inequality and Poincaré inequality, J4 can be bounded by

J4:2(1+t)2/(Q-VIPV-T—V(V-Q)~V]P’V-T)dx

<201+ (17 oo [Vl g2 + I7llzoe IVPull 2 + V71| L[Vl pa
VA7) L2 | Vul poo) [ VBV - 7] 2
< CA+ O (Ill2lVull 2 + 17l a2 IVl 2 + V7 2 V20l 2
IVl 2| Vull g2) [VPV - 7| 2
< CA+ 2l IVl g [ VPV - 7] 2. (3.28)

Inserting (3.23), (3.27) and (3.28) into (3.22), and integrating over [0, t], we get
4+ (IVu®) I + 2PV - 7()][F) + Q/Ot(l +5)2(|V2u(s) |5 ds
< | Vuoll3 + 2| Vrol|3 + 2 /Ot(l + 5)([Vu(s)[|31 + 2PV - 7(s) |31 ) ds
+ C/Ot(l +5)2([Vu(s) || g [ Vu(s) [ 31 ds
+ C/Ot(l + 827 (3) | 2 | Vu(s) | VPV - 7(s)| L2 ds. (3.29)

The integral terms on the right-hand side can be further bounded. By Poincaré’s inequality and Holder’s
inequality,

/(Hs)(llvu(s)\ﬁ,1 +2\|1P>V-T(s)||§,l)ds

0 t

< C/O (14 5)(IVul®) | g2 IV?u(8) | 12 + 2PV - 7(8) | 1 VBV - 7(s)]| £2)ds
<o( [ 1vu@ads)* (| 1+ 219 %ue R ads)

+ C(/Ot ||PV-T(S)”§11dS)%(/Ot(1+8)2|vpv,T(SMFLQdS)%
< CEFMEL (1),

(3.30)
Similarly,
t
| P IVa(s) i [Vl 3 ds
0
t
< sup [Vu()lp [ (1452 IV2u(s) Fuds
0<s<t 0
< EZ(t) Ex(b), (3.31)

13
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t

/0 1+ )27 ()2 V*u(s) |1 VPV - 7(s)| L2 s

\ \
< sup (o)l (| 1+ I 3ds) / (14 I VB - r(s) 2 ads)
< &2 &), (3.32)
Inserting (3.30), (3.31) and (3.32) in (3.29) leads to
L+ 02 (IVu®) 31 + 2PV - 7@)l3:) +2 / (14 92 Vul)ds
< CEZ(MEL (1) + CEZ (1E (L) + 261 (0). (3.33)
Step 2. This step establishes a suitable estimate for [ (1 + 5)2[|[VEV - 7(s)||?,ds. First, by (3.14),
VPV - 7|2, :%/Vu~v1pv-¢dm+ %HAuH%Q
+ /VP(u-V)u-VIPV-de—/VAu-VIP’V-de
+ /vv.(u.vT).vudx+/vv.Q.vudx.
Then we have

(L4 8)?|VPV - 7|2, = %(1 +t)2/Vu-V]P’V-Tdm+ %(1 + 1)) Au|?,
- 2(1+t)/Vu-VIP’V~Td:c+(1—|—t)2/V]P’(u-V)u~VIP’V-Td:E

— (1+t)2/VAu-VPV~de+(1+t)2/VV-(u-VT)-Vudx

+ (1+t)2/va.vudx

= %(1+t)2/VU~VIF’V~de+ %(1+t)2||AuHig +Jy+ Js + Jo + Jr + Js.

Next we estimate Jy — Jg. First, for the integrals of linear terms J4 and Jg, Holder’s inequality implies
Ji+ Jo <214 0)[|Vul| 2| VPV - 7|2 + (1 + t)?||VAu| 12| VPV - 7| 2.

Following the estimate (3.15) for Iy and (3.17) for I7, we have
s+ Js < C(L+6)?||ull 2 V2| 2l VEV - 7| 12 + (14 8)?]|7[| 2 [V Pul|7 2,

where we have used ||[Vu| < C||V?u|. Finally, we deal with J;. The estimate is more elaborate. We first
divide it into three terms according to Lemma 2.2,

J7:—(1+t)2/V~(u~V)T-Audx:(1+t)2/PV~(u-V)T-Audz
— +t)2</IP’(Vu~V)T-Audx—/]P’(u~VIP’V-T) - Audz
+/P(Vu-V)cp-Audm)
:(1+t)2</(Vu-V)T~Audx—/(u~V)PV-T-Audas

+/(Vu.V)ga.Audx).

14
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By Holder’s inequality, Sobolev’s inequality and Poincaré’s inequality,
Jr < U+ 2 (I Vulla V7] 2 + lull o | VPV - 7ll 2 + [Vl 24l Vel 4 ) | Aul 2
<C(1 +t)2(||vu||H1||VT”H1 +llull g2 VP - V7|2 + IIVUIIH1IIW)IIH1> [ Aullz2
< OO+ (971 + lull ) (IV2ull22 + VPV - 712,

where we have used ||[Vo|lg1 < C|| V7|1 by Lemma 2.1. Collecting all the estimates for J; — Jg and
integrating the resulted inequality on [0, t], we obtain

t t
/(1+5)2||v11mv.7(s)||§2dsg %/ (14 5)2)| Au(s) |22ds
0 0
+ ((1+t)2/Vu~VIP’V-de—/VuO-VIP’V~Tde>
t
+/ (2(1+5)HVU(S)HL2 +(1+s)2||VAu(s)||L2)HVPV-T(S)Hdes
0

t
+ C/O @+ )27 ()2 + lus) ] g2) (IV?u(s)l|72 + [ VBV - 7(s)][3)ds
=K + Ky + K3+ Kj.

By Holder’s inequality, Young’s inequality and [|[Pv|;2 < ||v]| 2,

Ky < (1402 Vull 2 [ VPV - 7| 12 + [ Vo 2| VPV - 70| 2
< LA+ 02(ITul + [VBY - 7l2a) + Vg2 V270l 2
< SO+ 02 (IVullZs + IVEV 722) + £(0),

Similarly,

Ko< 2 [ 19uoaas) 4 ([ 04 0219 o) ] ([ 1+ 92198 )

1
2

<2 (t)sé(t)+%(/0 (1+s)2|\v3u(s)||§2ds+/0 (1+5)2 | VPV - 7(s)|22ds)
and
Ky <C sup (752 + [u)l2) [ (1492 (1Tl 2 + VPV - 7()]2: ) ds
0<s<t 0

< CEE (D& (1).

Therefore, we conclude that

[0+ SPIVEV r(6) s < (140219l + VBV -r132)
+ / (14 92UVl s + ER(ER (1) + CEE ME(D) + 26,(0),
which, together with (3.33), implies
Ex(t) < CEZ(DEL (1) + CEZ (1)Ex(t) + CEL(0).
for some constant C' > 0. Consequently, there exists Cy > 0 such that
E3(1) < Cu&r (1) + C4EL (1)E:(8) + Cu&1 (0).

This completes the proof of Lemma 3.3. [
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We combine Lemmas 3.2 and 3.3 to complete the proof of Proposition 3.1.

Proof of Proposition 3.1. The estimates (3.2) and (3.3) together with Young’s inequality give the desired
a prior estimate
3
E(t) < C2£(0) + C2E2(1).

This completes the proof of Proposition 3.1. O

4. The decay estimates

The section is devoted to proving the time decay rate (1.6) in Theorem 1.1. The idea is to obtain a

self-contained inequality of the form

d
ZX(1) + CLX(1) <0, (4.1)

where
X(t) = ||Vu||§{1 +2|PV - T||§{1 — (Vu, VPV - 7).

Here (f,g) denotes the L2-product of f and g. The point of including the inner product term in X is to
extract the dissipation in PV -7(t) as revealed by the wave equations in (1.9). To make the proof simple and
easy to understand, we divide the proof of (4.1) into two lemmas.

Lemma 4.1. Let (u,7) be the solution of (1.3), as obtained by the first part of Theorem 1.1. Then, for some
constant C' > 0, we have

d
— IVu@ 7 +21PV - 7)) + 2 V2uOlzn < CUIVullm + 71 a2) (IV2ullzn + VPV - 7ll75). (42)
Proof of Lemma 4.1. It follows from (3.21) that

1
1d
5%(||Vu||§11 +2|[PV - r||§,1) + V)% = ,Z/Vm(u V) -Vl da,
k=0

1 1
- QZ/V'“IP’V-(u~V7)-VkIPV-de—2Z/VkIP’V-Q-VkIPV-Tdm
k=0 k=0
= K1 + K2 + Kg
Invoking the estimate (3.6) for I, we have
Ky < ClIVull g [ V2l
From (3.27) for Js,
K> < CIVrm (IV*ullf + VPV - 7][72).
Also, by (3.28),
K3 < Cllrll g2 (IV?ull 3 + VPV - 7][72).

Therefore,
1d
2dt

This completes the proof of Lemma 4.1. O

(IVullfn + 2PV - 717) + [V2ulf < CUVullgr + [17lla2) (IV?ull 0 + [ VPV - 7)1 72).

The second lemma bounds the inner product term.
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Lemma 4.2. Let (u, ) be the solution of (1.3), as obtained by the first part of Theorem 1.1. Then, for some
constant C' > 0, we have

d 1 1
= 5 (Vi VPV - 7) + S| VPV - 7(8)[[ 72 — 511 A3

< C(llull g2 + 171l 2) IV2u(®) 72 + VPV - 7]|72). (4.3)
Proof of Lemma 4.2. Counsider the functional (Vu, VPV - 7). Applying the operator P to (1.3); and PV-
to (1.3)2, respectively, we have

Ou+P(u-V)u— Au =PV - 1,
PV 0,7+ PV (u- V)T +PV-Q(r, Vu) =  Au,

Then a direct calculation leads to

O (Vu, VBV 1) + [ VBV 7] — 2| Aulls
:/V]P(U'VU)~VIPV'Td:L'7/VAU‘V]PV'Td:L'
+/Vu~V]PV-(u-VT)dx+/Vu-VIP’V-de
=Ky + Ks + K¢ + K7.
Invoking the bounds in (3.15) and (3.17), we have
Ky+ K7 < C([ullgz + [I7llz2) (IV*ullZ2 + [IVPV - 7[|Z2).

Clearly,

K5 < s (IVAu(t)|172 + VPV - 7[|72).

N

Ky can be similarly estimated as J7,
Ko < C(llull g2 + VT g0)(IV2ul72 + [VPV - 7]172).

In summary, we obtain

4

1 1
o (Vu, VBV 1) + 2 [ VPV - 77, — 2| Aul3

< C(llull g2 + 7l 2) (IVZull 72 + [ VPV - 7][72).
This completes the proof of Lemma 4.2. [

With the lemmas at our disposal, we are ready to prove the decay estimate.
Proof of the decay rate in Theorem 1.1. Adding (4.2) and (4.3) yields

d 1

- (IVullfp + 2PV - 7|30 = (Vu, VPV - 7)) + o ([V2ullF + VPV - 7] 72)
< C(lull gz + 17l ) (1Vull 3 + VPV - 7]|72)
< Co(IVullf + IIVEV - 7I72),

where we have used the global well-posedness result (1.5). If § is sufficiently small, then for some constant
C >0,

d
%(Hwnz1 +2||PV - 7|35 = (Vu, VPV - 7)) + C(||[V?ul[3 + [PV - 7[72) <0 (4.4)
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Due to the Poincaré inequality, we have

IVullf +21PV - 7l3n < C(IV2ulg2 + [ VPV - 7I|75).
In addition, by Hélder’s inequality, Young’s inequality and Poincaré’s inequality,

—(Vu, VPV - 1) < C(||[V?u|22 + | VPV - 7[|22).
Therefore, we obtain
IVulfp + 2PV - 7|3 — (Vu, VPV - 7) < O([V?ul 72 + [ VPV - 7][72).

Then by (4.4), there exists a constant Cy > 0 such that

4 (19ull2 + 2BV -~ — (Vu, VBV -7)

dt u H1 T Hl — u, T )

+ 201 ([Vull3 + 2PV - 7|31 — (Vu, VPV - 7)) < 0. (4.5)

We notice that

[Vull? + 2PV - 7|51 — (Vu, VPV - 7)
1

> [[Vullfn +21PV - 77 = S(IVullZz + VPV - 7] 72)

> C(||Vu|\12q1 + PV - 7'”2;{1)

Hence, by (4.5),
IVul|2: +2|[PV - 7|31 — (Vu, VPV - 7) < Ce 21t

Therefore,

V|21 + [PV - 7|2, < Ce 201,

This completes the proof of the decay rate in Theorem 1.1. O
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