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ABsTRACT. In this paper we study the non-degenerate and partially degen-
erate Boussinesq equations on a closed surface ¥. When ¥ has intrinsic cur-
vature of finite Lipschitz norm, we prove the existence of global strong solu-
tions to the Cauchy problem of the Boussinesq equations with full or partial
dissipations. The issues of uniqueness and singular limits (vanishing viscos-
ity /vanishing thermal diffusivity) are also addressed. In addition, we establish
a breakdown criterion for the strong solutions for the case of zero viscosity
and zero thermal diffusivity. These appear to be among the first results for
Boussinesq systems on Riemannian manifolds.

1. Introduction. We consider the Cauchy problem for the Boussinesq equations
on a smooth, closed (i.e., compact and with no boundary) surface 3:

ou+u-Vu—vAu+ VP = fe in [0,T] x X, (1)
O +u-VO—kKAO=0 in [0,T] x X, (2)
divu =0 in [0,T] x X. (3)
The initial condition is given by
(4, 0)]i—0 = (u®, 6°) on {0} x 3. (4)

Throughout this paper, (3, g) is a closed surface, i.e., a 2-dimensional compact
differentiable manifold without boundary. ¢ is the Riemannian metric of X, i.e.,
a positive definite symmetric 2 x 2 matrix field. At times we shall write (,-)
for the inner product given by g; thus the length of a vector field v is given by
|v| := /{v,v). We denote by I'(T'Y) the space of tangential vector fields on 3,
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and T'(T*Y) the space of 1-forms; TY and T*Y are the tangent and cotangent
bundles of ¥, respectively. V denotes the gradient operator on ¥; equivalently,
it is the covariant derivative induced by the Levi-Civita connection on ¥. The
divergence operator (div) corresponding to V is obtained by taking the trace of V
with respect to g; it can be defined intrinsically on ¥. In addition, e € T'(TY) is
a unit-length, Lipschitz vector field on X. For a vector field v € T'(T'Y) we write
its components in some local coordinates by v*. The 1-form v” € T'(T*X) dual to
v" has components v; := g;;v7. Einstein’s summation convention is adopted unless
otherwise mentioned: the repeated upper and lower indices are summed over.

We denote by Rz‘emé- ; the components of the Riemann curvature tensor on X.
For the 2-dimensional manifold ¥, there is only one intrinsic curvature: Riem
and the Gauss, Ricci, sectional and scalar curvatures are all equivalent. We shall
simply refer to “the curvature of ¥”. For the simplicity of presentation (e.g., to
state the Ricci identity in Lemma 2.1), in this paper we shall use Riem for explicit
computations.

We observe that Egs. (1)—(3), as equations in T'Y, are formulated intrinsically,
i.e., independent of the choice of coordinates charts. Also, it is not necessary to
assume that the fluid domain ¥ is isometrically embedded into R3.

In the paper we impose one mild assumption on the geometry of ¥: the Lipschitz
norm of the intrinsic curvature is bounded. That is,

[|Riem||yy1.00 () < R < 00, (5)
On the other hand, notice that ¥ has a positive injectivity radius lower bound:
injs, > t9 > 0,
and a finite volume:
VOIZ::/ ldx <V < o0,
b

by the definition of the closed surface. Throughout this paper, a constant c is said
to be “geometric” (or “depends on the geometry of ¥7) if it depends on R, ¢ and V.
The bounds ¢y and V' will be needed for the Calder6n—Zygmund estimates (Lemma
2.3).

The physical variables in Egs. (1)—(4) are as follows: u(t,:) € T'(T%) is the ve-
locity vector field, 6(¢,-) : ¥ — R is the temperature function, and P : ¥ — R the
pressure of an incompressible fluid; » > 0 is the viscosity and x > 0 the thermal
diffusivity of the fluid.

As an example, consider ¥ = S2, the unit round sphere, with e equal to the
natural vector field tangential to the geodesics from the north pole to the south
pole (the latitudes). In the spherical coordinates, if

x = x(¢,0) = (sin¢cosf, sinpsinb, COS?)T,
for the azimuthal angle ¢ € [0, 7[ and the (z,y)-plane angle ¢ € [0, 27[, then
e(z) = (COS?COSQ, cos ¢sing, — sing)T.
Clearly one has (e(z),z) = 0 and |e(x)| = 1 for each z € ¥. This has been studied
by Saito [50].
To put things into perspective, we briefly survey the literature in connection with

this work. When ¥ is an Euclidean domain in R? and e = e; = (0,1) T, the unit
vertical vector, the qualitative behaviours of large-amplitude solutions to the 2D
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Boussinesq equations, such as well-posedness, blowup criteria, regularity, explicit
solutions, finite-time singularities, and long-time behaviour, subject to various ini-
tial and/or boundary conditions have been studied extensively in the literature. We
refer the readers to

e [5, 17, 18, 19, 20, 22, 27, 37, 51, 53] for local well-posedness, blowup criteria,
explicit solutions and finite-time singularities for the degenerate case (i.e.,
v=rk=0);

e [1,2, 3,4, 14, 15, 16, 21, 23, 24, 25, 32, 33, 34, 35, 36, 38, 39, 44, 45, 46, 48,
49, 62] for global well-posedness and regularity for the non-degenerate and
partially degenerate cases;

o [41, 42, 47, 52, 59, 60, 61] for well-posedness and regularity with critical and
supercritical dissipation; and

e [10, 26, 44, 54, 58, 62] for long-time behaviours.

There are also works dealing with the Boussinesq equations in the three-dimensional
space; see, e.g., [11] for long-time behaviour of small-amplitude solutions for the
non-degenerate case.

On the other hand, comparing with the magnitude of research conducted on the
Boussinesq equations on Euclidean domains, the qualitative behaviour of the model
on Riemannian manifolds has been investigated relatively little. To the authors’
knowledge, only the case of the two-dimensional round sphere has been studied, see
[50], in which the convergence of the average of weak solutions of the 3D equations
to a 2D problem is proved. The case of general Riemannian manifolds is widely
open. This is the fact that primarily motivated the current work. In addition, the
Boussinesq equations on surfaces may be potentially important in the modeling of
geophysical fluids. The Boussinesq equations model buoyancy driven flows, which
tend to become stratified. In fact, Earth’s atmosphere is divided into a series of
layers. The Boussinesq equations on surfaces become relevant for the dynamics of
the layered flows.

In passing, we remark that despite the lack of literature on the analysis of Boussi-
nesq equations on manifolds, various PDEs of hydrodynamic models have neverthe-
less been studied on manifolds, including the Navier—Stokes equations [40], the
rotating Euler equations [55], and the SQG (surface quasi-geostrophic) equations
[6, 7], even for critical cases without the smallness assumption on the initial data.

The goal of this work is to study the local/global well-posedness and blowup
criteria (depending on the specific values of the dissipation parameters) of large-
amplitude classical solutions to the Cauchy problem of the 2D Boussinesq equations
on general closed surfaces, i.e., 2-dimensional manifolds, with intrinsic curvature
bounded in the Lipschitz norm. We reach the goal by combining approaches in
Riemannian geometry and LP-based energy methods. We remark that although
the commonly utilized techniques, such as the Sobolev embeddings, interpolation
inequalities (Gagliardo—Nirenberg, Ladyzhenskaya, et al), and special estimates
(Brezis—Wainger, Calderén—Zygmund, et al) are still available in the Riemannian
setting, the problem considered herein distinguishes itself from the problems on
FEuclidean domains significantly, mainly due to the Ricci identity for commuting
covariant derivatives. In particular, the Ricci identity generates additional lower
order terms when taking the spatial derivatives to the equations, which complicates
the underlying analysis, especially for the global well-posedness of large-amplitude
classical solutions. We overcome the difficulty by applying various interpolation
inequalities and taking advantage of the dissipation mechanisms.



110 SIRAN LI, JIAHONG WU AND KUN ZHAO

The rest of the paper is organized as follows. In Section 2, we collect some
preliminary results, such as geometric identities, Sobolev embeddings, interpolation
inequalities and special estimates, which are frequently utilized in the proofs of
the main results. Section 3 contains the global existence of weak solutions to the
non-degenerate system (v > 0, k > 0), uniqueness of strong solutions to the non-
degenerate, partially degenerate and degenerate systems, and a Beale-Kato—Majda-
type blowup criterion for all the cases. Sections 4 and 5 respectively deal with the
global well-posedness of the partially degenerate system with either non-degenerate
viscosity (¥ > 0 and x > 0) or non-degenerate thermal diffusivity (v > 0 and
% > 0). In Section 6, we study the vanishing viscosity and diffusivity limits of the
global solutions to the non-degenerate system, and establish the consistency between
the non-degenerate and partially degenerate systems. The paper is finished with
concluding remarks in Section 7 and a proof of the Beale-Kato—Majda-type blowup
criterion in the Appendix.

2. Preliminaries. Throughout this paper, the geometric constant R depends only
on |Riem|ly1.(xy (may change from line to line). The constants K; = K;(t)
depend only on the parameters of the fluid, and can be bounded uniformly in time
by K;(t) < K;(T) for any ¢t € [0,T]. We write ¢ for geometric constants associated to
various classical inequalities, e.g., Gagliardo-Nirenberg-Sobolev, Poincaré, Brezis—
Wainger and so on.

For 2 x 2 matrices My, My, we write |M;| for the Hilbert—Schmidt norm of M,
and M, : My := tr(M; - My). Given vector fields a = (a',a?)T,b = (b',0?)T written
in local coordinates, the tensor product a®b denotes the 2 x 2 matrix with the (7, j)-
entry equal to a’?. Let Ty, T» be two tensor fields on ; the schematic notation
Ty T designates any bilinear combination of components of T7,T5. For a function
fon X, VVf denotes the Hessian matrix field {V;V,;f}1<; j<2. We shall always
use A to denote the Hodge Laplacian

A = —dd* — d*d,

where d is the exterior differential and d* its L? formal adjoint. That is, A is the
negative of the Laplace-Beltrami operator on ¥. For ¥ = R? we have the usual
A = 0%/0(z)? + 02/0(2%)%. By elementary geometry, d is interpreted as the curl
or rot and d* as the divergence operator (modulo signs or obvious duality). Note
that A maps differential r-forms to r-forms or, equivalently, from r-vector fields to
r-vector fields. The arguments in this paper also apply to the Bochner Laplacian;
see the end of §7 for discussions.
We define J as the space of smooth solenoidal vector fields on X:

J = {u € 0X(D;TY) : divu = o}, (6)

and
—I2
H=J |, (7)
the completion of 7 with respect to the L?-topology.

It is well-known that the Sobolev spaces W*P(X) can be defined globally on ¥
via the Levi-Civita connection V, the metric g and the differentiable structure of 2
(see, e.g., [31]). We write WP (X; TY) for the Sobolev space of W¥P-vector fields
on ¥, and similarly W*?(%; T*Y) for the space of W*P-1-forms on ¥. As usual
H* := W*2_ We use ||¢||wr.r(x) to denote the WHP-norm of ¢, where ¢ can be a
function, a vector field, a 1-form or a tensor field of any type. Moreover, one denotes
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the homogeneous Sobolev norms by ||¢HW,¢,,,(Z), which consists of the LP-norms of

the higher-order covariant derivatives of ¢. We shall also write [;, f(z)dz as the
integration with respect to the volume form on ¥; that is, dx denotes the volume
(area) measure on (X, g).

In the sequel, we introduce several geometric identities and inequalities. They
play a crucial role in our estimates.

First, we have the well-known Ricci identity on any Riemannian manifold (see
[43]), which tells us how to commute covariant derivatives:

Lemma 2.1. Let T be a covariant tensor field of rank m. Then
m
Vkvlz—%lilnim, - vlvk?]—‘i17;2-ui'rn = Z {El'ni(xflhiaﬁ»l“-lm Rlemfukl}'
a=1

For instance, for f : ¥ — R and u € T'(TX) we have
ViViVif = V;ViVif + Riem};, Vi f, (8)
and by raising and lowering indices using the metric tensor we get
ViV;Viu' — V;V V'
= gpi{(Vkuh) Riemzlj — (Viuyp) Riemzlj}7 (9)
as well as

V,;ViViViu' — V,V;V, V!
= gqi{(vpvkuq) Riemj ;; + (V5 Vpug)Riemy;, + (vakuh)Riemﬁjl}. (10)

Next, we remark that the usual Sobolev embedding theorems continue to hold on
the surface ¥ in our case. This follows from a more general result due to Varopoulos
([56]): Sobolev embedding theorems hold on complete Riemannian manifolds of
arbitrary dimensions with Ricci curvature lower bound and a strictly positive lower
bound for the volume of unit geodesic balls. As a consequence, any inequalities
obtained from the Sobolev embeddings via interpolation continue to hold; e.g., the
Gagliardo—Nirenberg and the Ladyzhenskaya inequalities.

Let us also state an inequality due to Brezis—Wainger; see [12, 28] on Euclidean
domains and [29] on closed manifolds. It is an end-point case of the classical Sobolev
inequalities. We write log, s := max{log s, 0}.

Lemma 2.2 (Brezis—Wainger). Let (X,g) be a closed Riemannian manifold. As-
sume f € L2(Z)NWYP(X). Then there exists a constant ¢ depending only on p and
3 such that

1l < e+ 1V F 21 +10g, (Vo) + el fllrze). (A1)

In addition, we have the following Calderén—Zygmund estimate on X.

Lemma 2.3. Let (X, g) be a closed surface with Lipschitz-bounded curvature. Then,
for each differential s-form ¢ on ¥ and any 1 < p < oo, there exists a constant
c=c(p,s, 5,0, V,||[Riem| o (x)) such that

1926 sy < e(1ADHLoes) + [1¥llzos) ).
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The proof follows from Wang [57] with slight modifications (e.g., using the
Green’s function on X; see [8]). In [57] it is proved that, in the above setting,
if ¢ is L2-orthogonal to the space of harmonic s-forms on ¥, then there exists a
constant ¢’ = ¢(p, s, %, vo, V, ||Riem|| . (x)) such that

V2| Loy < €N AY]| Lo (s)-
For the general case we include [|4)||»(s) on the right-hand side to control the non-

trivial harmonic part of 1. It follows immediately from the finite dimensionality of
the space of harmonic forms on X, thanks to the theory of de Rham cohomology.

3. Existence and uniqueness of weak solutions.

Definition 3.1. Let X be a closed surface with Lipschitz-bounded curvature. Let
(u°,0°) € L3(Z; TY) x L3(X) be initial data satisfying divu® = 0. (u,0) is a weak
solution to the Boussinesq equations (1)—(4) if
we L>(0,T; L*(3;T%)) N L*(0,T; H),
9 € L>(0,T; L*(X)) N L*(0,T; H'(X)),

and they satisfy Eqs. (1)—(4) in the distributional sense:

T
/E (0° (z), B(z)) dz + /0 //S {<u(t,x),at¢>(x)>+ (u(t,2) ® ult, )] : Vo(x)

(12)

—vVu(t,x) : VO(z) + 0(t, ) (P (z), e(:c)}} dzdt =0 (13)

for every test vector field ® € C°([0,T] x X) with div® = 0 and ®|;=7 =0, and

/00 dx—f—// 0(t, x)0pp(x)

Ol 2){u(t,2), Vo(a) — K{(V0(1,2), V(o)) } dedt =0 (14)

for each test function ¢ € C*([0,T] x X) with ¢|;=r = 0.

By standard methods of linearisation and Galerkin approximation, we can prove
the existence of (distributional) weak solutions to Egs.(1)—(4) under more stringent
regularity assumptions on the initial data, e.g., (u°,6°) € H3(2,T%) x H3(X). In-
deed, adapting the arguments in [30] by Guo—Yuan for 2D or 3D bounded Euclidean
domains, which in turn are based on the classical work [13] by Caffarelli-Kohn—
Nirenberg on the incompressible Navier—Stokes equations, it is possible to establish
the existence of “suitable weak solutions”; see the appendix in [13] for the proof on
compact surfaces-with-boundary.

It remains a major open problem regarding the uniqueness of weak solutions to
the Boussinesq equations, even in R? or bounded Euclidean domains. Nevertheless,
the uniqueness of strong solutions in the following sense can be easily established.
For the non-degenerate case, we have:

Theorem 3.2. Let ¥ be a closed surface with Lipschitz-bounded curvature. Let
u® € H, 6° € L*(X), and T > 0. Suppose k > 0 and v > 0. Then solutions (u,6)
to the system (1)—(4) on [0,T] with initial data (u®,0°) is unique in the following
space:

{u € L0, T;7) N CY0,T;H);

9 € L2(0,T; Hg(X)) N C°(0,T; L*(%)). (15)
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Proof. Let (u;,0;,P;), i € {1,2}, be two solutions in the indicated function spaces.
Denote v := u; — ug, # := 6; — 03 and P := P, — P,. The equations for the
hat-variables are

O — VAD + 0 - Vur 4+ us - Vo + VP = fe;
00 — KAO+ - Vb +ug - VO =0; (16)
V-9=0,
together with the initial data
(9,0)],—0 = (0,0) on {0} x . (17)

Now, standard energy estimates, Cauchy—Schwarz and the Ladyzhenskaya’s in-
equality

sy < B2 s IV A I sy + 1112y }

give us

[ btaa2 [ t [ 1¥etr azas
2/:{/E|VU1(T7x)||@(Tvx)|2dx+/E|é(7,x)||@(7,x)dx} dr

IN

t
<2 [ {106 M 19 Mooy + 10 a0 Mz | dr
t
< [ {415 a2 1950 2oy 9. s

+ 4AR[|O(7, )12 () I Ver (7, 20y + 200(7, )2y [0, ')||L2(2)} dr,

where we used the fundamental inequality: (a + b)? < 2(a? + b?). Here k is a geo-
metric constant depending only on the geometry of ¥. By the Cauchy inequalities
kabe < va?/4 + (kbe)? /v and 2ab < a® + b%, we deduce that

t
/\f)(t,z)|2dz+l// / \Vo(r, z)|? dedr
b 0 Jx
4]€2 t ) . ) t . )
< — [ IVu(r )iz | |o(r,2)]" dedr + |0(7, x)|* dadr
0 b 0 Jx
t

+/O (1—|—4k||Vu1(7-,-)HL2(E))/E|1§(T,a:)|2da:d7. (18)

On the other hand, similar arguments for the é—equation lead to

t
/|é<t,$)|2d$+21€/ /|Vé(7,x)|2dxd7
b 0 Js
t
gz/ /|91<17,Vé>|(7,x)dmd7
0 Js

t
< [ AHITRE sy 5 13 sy [l |

t . ak 7, . A N
< [ AR sy + 5 (150 a2 IV M + 1007 My )
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< (18207 Mz 1903 (7, Mz + 1010, sy )}

Applying the Cauchy’s inequality, one may infer
/ |é(t,x)2dx+m/t/ V6(r, )| dudr
) 0 >
< 4dkr! /Ot 007, M2y [IVO(T, ) L2(x) %
x (16107, )2y 19037, V2o + 1037, Vs, ) dr
t
207 [0 ey (1901 + 3l sy ) 0

t
v .
<5 [ 193 gz ar

16k2 k ~ 2 A 2 A 2 A 4
toa ] o0, s (1817, W3 ) 1901 (7, By + 103 ) sy ) A7
t
+ 2k / o0, Mgy (19027 )2y + 3101 (7, ) [y ) (19)
Now we add up Egs. (18) and (19) together. Denoting by
Y@ = [ (ot0) +10(0,2)) d, (20)
>
one has
t

Y(t) < / (14 190 () sy + V007 ) ) Y () A7, (21)

where X <Y stands for X < ¢Y for some constant depending on v, k, x and the
uniform (in time) estimate of |0y (7, -)|| r2(x)- Therefore, in view of the integrability
assumptions for wuy, 67, we conclude from Groénwall’s inequality Y (¢) = 0. This
completes the proof. O

Theorem 3.2remains valid on surfaces-with-boundaries under the following boundary
conditions:
(0,n) =0 or 9y0 =0 on 9%,
6=0 on 0%.
In contrast, to prove the uniqueness in the degenerate case, one needs more stringent
regularity assumptions on at least one of the solutions:

Theorem 3.3. Let X be a closed surface with Lipschitz-bounded curvature. Let
(us,0;, P;), i € {1,2} be two solutions to the system (1)—(4) on [0,T] with the same
initial data. Assume as in Theorem 3.2 that

u; € L2(0,T; J) N C%0,T; H),

6, € L2(0,T; HL(X)) N C°(0,T; L2(%)),

fori e {1,2}. Then (u1,01, P1) = (us, 02, Py) under the additional hypotheses below:
1. Whenv =0,k >0, assume 61 € L*(0,T; L°°(%)) and u1 € L*(0, T; W= (Z; TX));
2. When v >0,k =0, assume 01 € L*(0,T; W"*°(X)) and u1 € L*(0,T; L°°(3;TY));
3. Whenv =k =0, assume 01 € L' (0, T; W"*°(%)) and u1 € L*(0, T; W= (Z; TX)).

(22)
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Proof. Let us show (1) in detail and sketch the proof for (2) and (3).
Define (0,6, P) as in the proof of Theorem 3.2. The equations (16) and (17) for
the hat-variables remain valid. For v = 0, x > 0, standard energy estimate gives us

/E|{/(t,a:)|2dx
<2/Ot {-/Z|1A)(T,x)|2|Vu1(T,ac)|dx+/E

and via integration by parts,

t
/|9(t,a:)\2da:—|—2/£/ / \VO(r,z)|* dzdT
) 0 Js

SQ/O /Z|V9(T,x)||@(77$)\|91(7,x)|da:dT. (24)

Eq. (23) is controlled by

(o(7,2),e(@)| 07, 2) } d,  (25)

S/ (1—|—Hu1( w3y /|v7’x\2dxd7'—|—/ /|97’m|2dzd7'
0 0

For Eq. (24), thanks to k > 0, one utilises Cauchy’s inequality to get

. t . 1/t A
/ 10(t, z)|? dz + Ii/ / |VO(r, z)]? dedr < ;/ (161 (7, -)||%OQ(E) / |o(7, 2)|? dadr.
by 0 Jx 0 b

We can now deduce (1) from Grénwall’s inequality, by considering the quantity Y
as in (20).
When v > 0, k = 0, in place of Eq. (23) there holds

/|vtx|2dx+2u/ /|Vv7'x\ dzdr

gz/ {/ Vo(r, )| (r, 2)|Jur (7, 2)| dz
/\ ), o(u) (7, ) da | dr. (25)

and, in place of Eq. (24),

)(t,z)? dz t )(7,2)||0(T, x 1(7, )| dadT.
‘éwu,nd szﬁtéw<,n|<7mve< )| dad (26)

We apply Cauchy’s inequality to Eq. (25) and argue by Gronwall as before. This
proves (2).

Finally, if v = k = 0, then only Egs. (23) and (26) are available. We thus need
the L}W 21> bounds on both u; and 6; for the Grénwall inequality. This proves
(3). O

We also consider the strong solution (u,8) in the space:

ue C%0,T; H3(Z; TS) NH),
6 € C0,T; H3(D)).
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The subsequent two sections will be based on a Beale-Kato—Majda-type breakdown
criterion:

Theorem 3.4. Let ¥ be a closed surface with Lipschitz curvature. Let (u®,0°) €
H3(X;TY) x H3(X) be initial data satisfying divu® = 0. Assume that (u,0) is a
strong solution to the Boussinesq equations (1)—(4) on [0,T] x X. If

T
1900l < o, (27)
0
then the strong solution can be continued to [0,T + €| for some € > 0.

The proof is based on energy estimates and an end-point case of the Sobolev—
Morrey embeddings (Lemma 2.2). To avoid repetitions with the following sections,
we postpone the proof to the Appendix.

4. Strong solutions: Non-degenerate viscosity. In this section, we establish
the existence of global strong solutions of the Boussinesq equations on a closed
surface ¥ with non-degenerate viscosity. More precisely, let us prove:

Theorem 4.1. Let 3 be a closed surface with Lipschitz-bounded curvature, and let
T > 0 be arbitrary. Suppose that v > 0, k > 0, and u®,0° € H® with div(u®) = 0.
Then, there exists a unique solution (u, ) to the Boussinesq equations (1)—(4) on
[0,T] X X 4n the following space:

uwe CU0,T; H¥(S; TY) NH) N L2(0,T; HA(S; TY)),

0 € C0,T; H¥(X)).
Proof. The strategy of the proof is largely based on [16] by D. Chae, which made
use of energy estimates and the Brezis—Wainger inequality in Lemma 2.2. We divide

the arguments into nine steps.
1. First, we multiply p|0|P~260 to Eq. (2) for any p > 1 to get

d ~
10y + sl — 1) / 0(t,)P=2|VO(t, )2 da = 0. (28)
As a result,
10, ey < 10°Lr sy, (29)
and .
aolp—1) [ / 02, )2V 0(r, @) dadr < 6°]15, s, (30)
0

2. Next, multiplying u to Eq. (1), one obtains

i(/ |u(t,x)|2dx> +2y/ \Vu(t,x)|2dx:2/ (0(t, 2)u(t, 2), e()) de.
dt\ Jy ) )
As |e| = 1, the right-hand side can be bounded by

2] [ (0(t.ayu(t. o). e(e) da] < 16° sy +
Hence, the Gronwall’s inequality implies
M agsy < I gyt + 10 gy (e — 1) = Ko, (3)

for any t €]0, 7.
3. Now we consider the vorticity

w = rot u. (32)
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In any local coordinate {e,ea} of TY, we define
rotu ;= —Vou' + Viu? = V* - u, (33)

where u = u'e; + u?es. Let us emphasize that w is a scalar function on X.
We claim that w satisfies the vorticity equation below, which shall be used fre-
quently in the subsequent developments:

Ow +u - Vw — vAw + Riem * |u|? = rot (fe). (34)
To see this, we take rot to Eq. (1); thus
0= 0w+ V* - (u-Vu) —vV™+ - Au —rot (fe)
= yw +u-Vw — vAw + v[A, VEJu — [V u - V]u — rot (fe),

where [-,-] denotes the commutator of two differential operators. The first com-
mutator vanishes: recall that the Hodge Laplacian is A = —dd* — d*d where d* is
the L?-adjoint of d, namely the co-differential operator. Also, let u” be the 1-form
canonically dual to u € I'(T'Y) via the metric; then

rot u = g [d(u”)],

where xpy is the Hodge star operator on differential forms. Thus, the 2-form
*xg[A, V- ]u equals

*p{[A, V- ]u} = d(d*d + dd*)u — (d*d + dd*)du = 0,

as dd = 0 and d*d* = 0. For the second commutator term one may compute
directly:

VE - (u-Vu) = Vs (ulvlul + u2V2u1) -V (U1V1u2 + u2V2u2>
= (Vou")(Viu') = (Viu!)(Viu?) 4 (Vau?) (Vau') — (Viu?) (Vau?)
+ulv, (Vgul — Vluz) + uV, (V2u1 — V1u2)
+u'VoViu! —u'ViVau! + 0’V Vi — u’ Vi Vou?
= (divu)(rot u) 4+ u - V(rot u) + u'Riem % u’,

where the last line follows from the Ricci identity (Lemma 2.1). Hence the claim
follows.

4. To resume, multiplying p|w|P~2w to Eq. (34), one gets
0 = By(wl?) +u- V(lwl?) — vA(w]?)
+p(p — DrjwlP~?|Vw|?
+ pr{w, Riem * w)|w|P~2 — p|w|P~2(w, rot (fe)) + pw|w|P*Riem « uxu. (35)

Integrating over ¥, we thus get

d _
G My + 00— D [ [Vstt, )Pl )2 da

< Rpv|w(t, Mo + 0o — 1) / lw(t, @) [P~V (t, 2)[18(t, )| da
by

+ pR/ |w(t, :L')|p_1 lu(t, x)|2 dz,
N

where R only depends on || Riem|| oo (5.
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By Holder’s inequality, we have

/EIW(t,x)\p*IW(tvaﬂzdx < Nt M sy lualts N Z oo sy (36)

Then, by the Gargliardo—Nirenberg interpolation inequality, there is a constant
¢ = ¢(p,X) such that

et M encsy < e (1Vult Mwwllutt, )2 + [ult ) Fze) -
But by Calderén-Zygmund (Lemma 2.3) and an obvious interpolation there holds
IVu(t, )lze(s) < cllw(t, e + cllullze ().

To estimate the L°°-norm of u, we notice that by the Calderén—Zygmund es-
timates (Lemma 2.3), the Gagliardo-Nirenberg interpolation inequality and the
Young inequality, there are constants ¢ = C(p, %) for 2 < p < co and § > 0 (to be
determined) such that

P
2p 2 2p—2
fu(t, ) oo sy < ellult, )12 m{nw(t, e + lult, ->||Lp(z)}

< clfult. ) gy ot My + ellult, Vo i e, ) B

2p—2
< cl|u(t, )H;z ;»Hw( )Hzp ;1) 2 — 2 (5) '
p—2 _2p—2
02 t,- oo .
J,. 2p7 ( 9 )HL (E)

By choosing 6 > 0 sufficiently small (depending on p), the final term can be absorbed
to the left-hand side. Thus, for another constant ¢ = ¢(p, ), it holds that

=2
Jut ooy < {1 + (e 1 et R b (37)
Hence, we can continue Eq. (36) as follows:
[t utt o) do
b
< oty x e/t Vo) + 1+ (o) 35 ot )y + Vo

< (|lwt MY ey + 1) (38)

The constant ¢ depends on X, p, T and Ky (hence on [[u®||z2(x and l|6° ||L2 =)

Here it is crucial that p > 2,

the term in the parenthesis on the second hne
Using (38) we deduce that

d _
Ty 0= 10 [ 1Velt )Pl 2)P 2 da

< Rovlllt, ), + [ o(t. o) *{ Tt ) 9(t, )| dz

+e(lwt 8w +1)- (39)
As a special case, when p = 2 there holds

d
&H"J(t’ Wiz + 20 Vot )72
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< 2Rv|w(t, )2, +2/Z |Veo(t, 2)[16(t, )] dz + ¢ (w(t, ) IF2es) + 1) -

For the second term on the right-hand side, we apply ab < %aQ + %b2 and the
conservation of [|6(t, )| z2(x) to infer that

d Lo
&Hw(t, Wiz + VIVt 72y < 2Rv[lw(t, )72 + ;||9 1Z2(s)

e (llolt, Mz +1) -
By the Gronwall inequality, we get
t
ot My + [ IV sy dr < Ka) (40)

where K1(t) = C(R, v, v 1, [|6°|| 2(x), [[w°]| L2(s), B Ko(2))-
5. To proceed, let us take the gradient of the temperature equation (2). Note
that
V(u-V0)=u-V(VEO) + (Vu,V0),

as well as
VAO = AVEO — Riem » V0.

Hence
0 (VO) +u-V(VO) + (Vu,Vl) — kA(V0) + kRiem x VO = 0. (41)
Now, taking the inner product with p|V6|P=2V6 to (41), we get

0= 8,(|VOP) + pdiv ((u : v9)|v9v>*2w)
+u-V(|VOP) + p|VOP2Vu: VO @ VO
— gpndiv (IVOP2V(V6P) ) + pal V0P| VTP
+p(p = 2)K|VOPH(VVE, V) |?
+ pr|VOP~2(VH, Riem V), (42)
where V'V is the Hessian matrix of 0. Thus, for any & > 0,

d _
GV i+ [ (9900902 da
oo = 2)n [ V02 (VO 2), T8 ) da
P

< p/ IVO(t, 2)|P~2|Vu(t,z) : VO(t, ) @ VO(t, x)| dz + prR||VO(t, )HLP(E
b

< PVt ) ey VO, By + PRRIVO(E, ] s

For ||[Vu(t, )| (), by the Brezis-Wainger inequality (Lemma 2.2) and Calderén-
Zygmund estimate (Lemma 2.3), it holds that

[Vul|po(z) < e(l+ ||Vw||L2(z))\/1 +log, ([[Vwllzr(sy) + cllwllLz(s)- (43)
By plugging (43) into its preceding estimate, we get

d _
GIVO N sy + [ (99000190 ) da

+plp— 2k //S VOt )P~ |(VVO(t, 2), VO, )2 da
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< pRIIVO(E Y sy + pellw(t, M2y IVOE ) [0 s,
+pe(1+ Vo lt, ez (s)) ¢1+log+<||w<t Mee@)IVOE I sy

< pkR||VO(t,- p(z) +pC\/FHV9 (t,-) LP(E)
—|—pc(1 + ||Vw( , " ||L2(2) \/1 +]og+(||Vw( 7')||LP(E))||V9( )”LP (=) ( )

where the estimate (40) was applied.
6. Now let us bound ||Vw(t, )| rr(x) and [[VO(t, )HLP(E To this end, we take

the gradient of the vorticity equation (34) to get
0:(Vw) + V(u - Vw) — vVAw + V(Riem % {w + |[u|*}) — Vrot (e) = 0.  (45)
Commuting V and A yields a curvature term as before; hence,

h(Vw) +V(u-Vw) —vA(Vw)
+ vRiem x w + v(VRiem)  (w + |u/?)
+ vRiem * (Vw + u - Vu) — Vrot (fe) = 0. (46)

In the above we have utilized the Ricci identities (Lemma 2.1).
Let us now take the inner product with pVw|Vw|P~2 for p > 2. Then

0= 0,(|Vw|P) + u- V(|Vw|P) + p|Vw|P2Vu : Vw @ Vw
1
i i p—2 2
Spvdiv (Ivwl2v(vwP))
+ vp|Vw|P 2| VVw]|?

T p(p — 20| Vel (T Ve, Vi) ?

+ vp|Vw|P~*(Vw, Riem * w + VRiem * w + Riem » Vw)

+pdiv (W|vw|p*2rot (ee))

+ prot (0e)|Vw|P"2Aw + p(p — 2) 1ot (fe)| Vw[P~*VVw : Vw ® Vw

+ pv|Vw|P~?VwRiem * (u - V). (47)

Integration over ¥ gives us
GV ey + 0 [ 1Dt )P Vst ) o
+0lp =2 [ [Vl a) PV Vislt, ), Vstt, )P do
<p| /E Veo(t, )P 2Vu(t, ) Vio(t, ) © Veo(t, ) de|
wop {R [ [t ol 0) s + BRIVl s
+p(p—1) /2 |rot (0(t, z)e(x))||Vw(t, )P 2| VVw(t, z)| da

—i—puR/Z |Vw(t, )P~ Hu(t, 2)| | Vu(t, z)| dz. (48)
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Estimates for (48), Step 1. Let us first bound the third line in Eq. (48). It is
less than or equal to

p2/ (\W(t,xn%wwu,xﬂ)(\u(t 2)||Vw(t, )| )dx

As v > 0, we utilise Cauchy—Schwarz and ab < va® + &= ® to bound it by

pv - P
5 |Vw(t,x)|” 2|VVW(t,Jj)|2 dz + 7llvw(t7')||ip b)) Hu(t")H%‘”(Z)'
2 /s 2w ()

To continue, we need Eq. (39) to bound the LP-norm of w. The second term on
the right-hand side of (39) can be estimated as follows, via Holder inequality:

/ lw(t,2) P2 |Vt 2)[18(t )| da
>

1/2 1/p =2
</|wtx|p 2|Vw(tw|2dx) (/|9tx\pdx) </|wtm|pdx)

(p— _ 1

T g w(t, )|P~2|Vw(t, z)[* do + m”e(t’ WMoy llw(t, )”Lp(z]
As [|0(t, ) r(z) < 10°]|2r(x), We may infer that

d p(p—1)v _
Gty + P52 [ Vet )Pt ) da

< Rpw ot M sy + 10 s (1 Nt ) sy )

+e ([t 5w +1) -
Now, the Gronwall inequality implies

llw(t, Moy < Ka(t), (49)

where K depends on Kq(t),p,v, Vol X, v1, lwllLe(sy and [|0°]|pr(s). It grows ex-
ponentially in t. Substituting into Eq. (37), we get

IN

Juatt, )z
p—2
(14 Ko7 (e By + (e — DI ey} 77 ) = Ka(t), (50)

where we applied (31) for the estimate of ||u(t,-)||z2(x)-
To sum up, the third line in Eq. (48) can be bounded by

D ’/ |Vw(t, z)[P~2Vu(t, z) : Vw(t,r) ® Vw(t, ) dx‘
)

3
v - p 2
<3 /E\Vw(t,x)lp 2\vVoJ(t,g;)|2da:+—ZV(Kg,(t)) IVt sy (51)

Estimates for (48), Step 2. We can bound the fourth line in Eq. (48) using the
Holder inequality, a"7 br < prla + % and Eq. (49):

p R [ Vel )P ol 0) o + RIV () s |
b

-1
< vRE() + (L= R+ R) Vet )|}, ) (52)



122 SIRAN LI, JIAHONG WU AND KUN ZHAO

Estimates for (48), Step 3. For the fifth line in Eq. (48) we estimate as follows:

% / [V (t, 2) P2V Vw(t, x)|* de
P
_1)\2
+ 20 / Veolt )P 2(190(t, )2 + S10(t,2) ) da
P

< %/ IVw(t, z)|P~2|VVw(t, )| dz
b

2p(p — 1)2
4 2Oy, V00, sy + SV, 100 ) s
2(p—1)%(p—2)(1
<2 [ Va0 P29Vt a + 220 g ),
b
4(p —1)2 4(p —1)28 o
+ 9p, y + e, (53)

where S = ||e[|yy1.0(x). In the first inequality we utilised the Hélder inequality and

ab < 4 1) + v* (p ) , and in the second the Young’s inequality ab < %aﬁ + %b%.
Estlmates for (48), Step 4. The estimate for the last line in Eq. (48) is as
follows. By Holder inequality

/ZIVW(t,I)I”’l\U(t,I)IIVU(t,z)Idx <t Y poe ) V@t ) i IVl )| o s

where |lu(t,-)||z(s) is bounded by K3 in Eq.(50). Moreover, by Lemma 2.3 we
have

IVu(t, )lzey < ellwlt,)loe ) + ellult, L=

for some ¢ = ¢(p,%). But the LP-norm of w is bounded in Eq. (49). Therefore, by

P
(p—1)aP—1

bp
» + s we can get

the above estimates and the Young’s inequality ab <

poR [ Vet uta) [Vat, o)l de < P (19606 s ) + Kalt),

where
(cpz/RKg (t) { [K2 (t)] » + K(1) })p

p
Estimates for (48), Step 5. Thus, combining the estimates in (51), (52) and

(53), we arrive at

K4(t) =

d
SVt sy + / Veo(t,2) P2V Va(t, @) de

< Ks(t) + K[ VO(t, )% ) + Kr (O V(t, )2 s (54)

where for notational convenience we defined the constants:

4
= A0S e vRK(D) + K

Ka(t) = {p; L, 2p = 1)2(py— 2(+5) . Vp— DR+ w}



DEGENERATE BOUSSINESQ EQUATIONS ON SURFACES 123

7. By combining the estimates (44) and (54), we see that the quantity
X (1) = V00 sy + IVt ) [y + 1 (55)
satisfies the differential inequality
d 1
) < <Ks(t) +pe(+ [V (t, L2y /1 + ,log Xl(ﬂ) Xi(t),  (56)

where
Ks(t) := max { K5(t) + K¢ + K7(t) + pcy/ Ka(t) + prR}.

It is crucial that the bound is still valid for x = 0. Moreover, by letting
1
Xa(t) =1+ » log X1 (t),
we get

d

X0) < (Ks(t) + et + | Ves(t, ) 1) X (1)

Then Gronwall’s inequality implies for any 0 < T' < oo and ¢ € [0, T,

Xo(t) < exp {C/o (1+ ||Vw(r, ')LQ(E))dT} (]1)/0 Kg(r)dr + XQ(O)) =: Kyo(t),

where Kg(t) is finite for any ¢ € [0, T, due to the Holder inequality and (40). Hence,
X, () < ePFo® —: K0(2). (57)

Notice that Kio(t) < Kio(T'), where Kio(T) depends on p, T, v, &, [|0°[lwir (),
lu®|lwrr(sy, |lellwie(s) and the geometry of ¥, and it does not blow up when
k = 0. In particular, Egs. (43), (55) and (57) imply that

[Vult, )lres) < Kinlt), (58)

where K71(t) depends on the previous time-dependent constants and all of which
are evaluated at some fixed p > 2, e.g. p = 3. Moreover, K;1(t) is finite for any
finite ¢ > 0.

8. To proceed, notice that the estimate right before Eq. (43) leads to
d
SIVOE M sy < p(Kaa(t) + RR) VO s,
which implies

d
SNV o) < (Kua(®) + 5R) V() 1o(s):
Thus, by Gronwall inequality,

t
||V9(lf7 ')”LP(Z) < ||v0°||Lp(2) exp {K)Rt + / K11(7') dT} . (59)
0
Since K11 (t) does not depend on p, we may send p to oo to get
t
||V9<t7 -)HLOQ(Z) < ||V9°||Lm(2) exp {KRt + / Kll(T) dT} . (60)
0
Thus, for all ¢ €]0, 7], there holds
IVO(t, )| ooz < [1V0° poe (s e#FHFRTIT < o0, (61)

9. We are now ready to conclude. First, in view of the remark ensuing Defini-
tion 3.1, the strong solution exists on [0,7}] for some 77 > 0. Then, suppose that
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the maximal lifespan T of the solution is finite. In view of the breakdown criterion
in Theorem 3.4, we can extend the solution up to time (7" + ¢€) for some e > 0, thus
contradicting the maximality of T'; hence, the strong solution exists globally. The
uniqueness of solutions follows from Theorems 3.2 and 3.3. Finally, all the above
estimates are valid for both x > 0 and K = 0. So the proof is complete. O

5. Strong solutions: Non-degenerate thermal diffusivity. In this section we
consider the case v > 0 but x > 0 (non-degenerate thermal diffusivity).

Theorem 5.1. Let 3 be a closed surface with Lipschitz curvature, and let T > 0
be arbitrary. Suppose that k> 0, v > 0, and u°®,0° € H* with div(u®) = 0. Then,
there exists a unique solution (u,6) on [0,T] in the following space:

{u € C(0, T, H* (S TE) NH),

6 € CO(0,T; H¥()) N L2(0,T; HA(S)). (62)

Proof. We divide the arguments into eight steps.
1. First let us summarise some estimates from the previous section which carry
over to this case. By setting v = 0 in Egs. (31), (28) and (44), we obtain

lult, MEa(s) < MlulZeemye’ + 10°0172 (s (e = 1) = Ko(t), (63)

d _
S0 sy = —plo — D / 6(t,2)|72V6(t, ) da, (64)
and

d .
GIVOC sy + o [ (9900908 da
+p(p— 2k / VOt )P~ |(VVO(t, 2), VO, )2 da
>

< p‘ / IVO(t, z)|P2Vu(t,z) : VO(t,z) @ VO(t,x)dz
)
—|—pHRHv0(t, ')ng(z)a (65)

for each p > 2 and ¢ €]0,T7.
In addition, taking v = 0 in the vorticity equation (34) and applying the LP-
energy estimate as before, we get

d _
Gy <oR [ fulta)Ptt o)~ da

+p/2|w(t,x)|p_1<|V9(t,x)|+S|9(t,x)\)dx. (66)

Again, R depends only on the Lipschitz norm of the curvature of X, and S depends
only on the Lipschitz norm of the vector field e.

2. When p = 2, we derive from (66) by using the Holder, Ladyzhenskaya and
Cauchy inequalities and the Calderon—Zygmund estimates (Lemma 2.3) that

%Hw(t, WMizes) < 2R[w(t, ) L2 ult, )T
+ 2[|w(t, M2y (IVOE 2y + SN0, ) 2 (sy)
< 2Rcljw(t, )[|L2(s) (Hu(t, Mz llwt, Lz + ul, ')||%2(2))
+ w2y + IVOE T2y + S210(E )25
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= 2Reflw(t, )22 llults M 2 + 2Rellw(t, 2 lult, )1 s
+llwt, )2y + VO ey + SO )32
< Rel|w(t, )2 (It )32y +1)
+ Re (||lw(t, )32 +1) lult, )32
+ w2y + IVOE )20y + SZN0E )2 ()
= [lw(t, |32 (x) (2ReKo(t) + Re + 1) + Ko(t)
+ VO )32y + S0 132 (5, (67)

where we also applied (63) for the estimate of |ju(t, )HLQ(Z In addition, by (64)
with p = 2, we can get that

t
166t ey + 20 [ [ 19000} do e = 167 (68)
Then by applying Gronwall inequality to (67) and using (68), we have

o, 12 s

< exp {2Rc/ Ko(r dT+RCt+t}

(/ Ko(r dT+< +52)||9°|§2(2)> = K1a(1). (69)

3. We deduce from Eq. (65) that

d _
GIVOE o+ [ (99000902 da
<5 [ fult, )982 [V VOt 0)| do -+ R [T0(E ),
P
pr p—2 2
< 5 [VO(t, )P~ *|VVO(t,x)|* dzx
P

3
p
+ / [ult, 2) PV0(t, )P A + prRIVO(E, 2. (70)
via integration by parts, Holder and Cauchy inequalities. Hence,

d 3
V&N L) < 5- 2, Moo () VO () + PERIVOE, )T 0 sy- (T1)

The |lu(t, )| (x) term can be controlled by Brezis-Wainger inequality (Lemma
2.3), Calderon-Zygmund estimate (Lemma 2.4), Egs. (63) and (69) as

lult, Moy < e (14wt llzacs) + [ult, )lres)
x /14 log, ([wt, )| Loes) + lult, ) Los)) + ellult )| 2
< (14 /Kia(t) + /Ko(0))

x 1+ log (ot )| o(s) + ult, )| oos) + e/ Ko(t). (72)
By substituting (72) into (71), we have

D000ty < 2 (14 Ka(t) + Ka(0)IV000. s *
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x [1+1og, ([[w(t, )lLes) + llult, )|l rs))] }
+ &RIIVO(E, )| Lo ()- (73)

Moreover, from (66) we deduce that

d
St M sy < PRI, ) sy o0t ) s,
ol )iy, (IV0CE ) ocsy + S0 1o ss) -

which implies
ot oy < Bt oy (VO 2V + V0, ey + 5100, Moo
< Re(VolX)# { (1+ Kia(t) + Ko(t))
x [1 4 log (o, Mz + (e, zwey)] }

+IVO(E ey + SIOE, )l Les)- (74)
4. By combining (73) and (74), and using (64), we have

d
& (190 o) + It o)
2 1
< max {};n Re (VOIE)E} (IVO(t, M zezy +1) x

x {(1+ Kaa(t) + Ko(®)) [1 +log (Io(t, ) lzocs) + lult, Mens)] }

R+ D)[V0( ) o) + S0 Lo (75)
Due to the Sobolev embedding H!(X) < LP(X), and the Calderén-Zygmund esti-
mate (Lemma 2.3), we know that [|u(t,-)||zr(s) S lw(t, )l z2(s) + |lu(t, -)||L2(s) for
any 2 < p < oo. According to (63) and (69), we deduce that |[u(t,-)| zrz) < Ki3(t).

Hence, for any 0 < T' < oo and any t € [0, T}, it holds that ||u(t, )| zrx) < K13(T).
Let us define for any ¢ € [0,77],

Z(t) = IVt Mo sy + It o) + Kis(T)-
Then we derive from (75) that

gZ(t) <C[1+log, (Z(t)] Z(2),

where C' = C(p, ¢, k, R, Vol 3, S,0°,T), from which we may deduce

Z(t) < Ki4(t) < K14(T). (76)
5. Next, we derive the LP-estimates for VV6, the Hessian of §. We adopt
Einstein’s summation convention for 4, j, k,,... € {1,2}.
Taking two covariant derivatives to Eq. (2), one obtains
ViV i0+ V,V,;(uF Vi) — kV,;V;A0 = 0. (77)

We then utilise the Ricci identities (Lemma 2.1) repeatedly to deduce
ViV;A0 — AV;V ;0
= Vi(Riem;;; V,,0) + V;(Riem}}; V,,0) + Riem;}; V., V ;0. (78)
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Thus, multiplying p|VV|P~?V;V ;6 to Eq.(77) and taking >°,; .,, we get
at(|vv9\p) - mvva\p—?(Avve : vve)
+ pr|VVOP2 {vva : [vmem % V0 + Riem * vva] }

—p|VVeP2 (vve VY- vo]) = Jy+ o+ T, (79)

In what follows we estimate Ji, J2 and J3 one by one.
First, due to the Leibniz’ rule, there holds

Jy = pk div{\vwv’-?vvva : vve} —p(p— 1)K|VVVO?|VVOP2.
Second, it is clear that
|Jo| < me{anV’ + |vv9\P—1|va\},

where R depends only on || Riem||yy1,(x) as before.
Third, we note that J; = J31 + J32 + J33, where

Ja1 = pvi{\vvev’*(vivje)vj [u’“vke]}

is of the divergence form,
Jza = —p(p — 2)|VVOP~(ViV10)(ViViV00) (Vi V;0)V, [u" V0],

and

Ja3z = —p|VVOP~(V,V,;V;0)V;[u"V,0).
Clearly we have

|32 + Jss| < p(p — 1)|VVO|P 2| VVVO|[V[u - VO];

thus, we may deduce the following by integrating Eq. (79) over space-time:

t
/|VV9(t,x)\pdx+p(p—1)fﬁ/ /|VVV9(T,J;)|2|VV9(T,a;)|p_2dxdT
b> 0 Js
t
< p/iR/ / {|VVO(T, x) [P +|VVO(r, )P~ Ve(r, x)\} dzdr
0 Js
t
er(p—l)/ / {|u(7’,x)HVVG(T,xﬂp*l\VVVG(T,x)\} dxdr
0o Js

tplp—1) /0 /E {|Vu(7', 2)IV0(r, )| [V V(7 2) P2V VVo(r, x)|} dzdr

= Jy+ J5+ Js. (80)

6. We continue the estimate ||VVO(t, )| 1»(x) by bounding Jy, J5 and .Js in order.
Indeed, by Holder and Young inequalities, one can bound

t t
Jy < (pKR +(p- 1)/£R) / / |VVO(r,z)|P dedT + KR/ / |VO(T, x)|P dedr,
0o Jx 0 Jx

p(p— 1)K
2
p(p—1)

2K

t
Js < / / \VVVO(T,z) 2| VVO(r, )P~ % dedr
0 JE

+

t
/ / lu(r, )| VVO(r, 2)|P dadr,
0 )
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and

_ t
Js < w / / |VVVO(r,z) 2| VVO(T, z)|P~2 dadr
0 3

—1) rt
+ = T 9utr )P (9007, 9 V0(r, )P iy =2 o + o
0 Jx

For Jgo, one applies the Holder inequality, Gagliardo—Nirenberg interpolation
inequality, and Calderén-Zygmund estimate (Lemma 2.3) to deduce, for any ¢ €
(0,77,

- t 2/p 2=2
Joa < w/ ||ve(T,.)||2Lm(E>(/ |vu(r,x)\f’dx) (/ \VV@(T,xﬂpdx) " dr
0 b )

p?—p+

2 p—2
t 5 ==
<ot [ Ivu )t ([ vvomora) T [lomaras) T ar
0 ) >

p—2

t 5
ot [ Ivutr e (L1990 a) " 10, or

p2—pt2
pZ

p—2 t
< or 0] B, / (It Moy + e, M) / VYO de) T dr

p—2

t P
e 10T [ (6 MEses + lur s ([ 1990 da) 7 ar

p2—p+ p—2

< cn_l/ot (L |VVo(r, z)|P da:) 2 + (/E |VVo(r,x)|? dac)T dr,

where we applied (76), and the constant ¢ = ¢(p, 2,0°,T). For p > 2, by applying
the Young inequality, we have

t
Jo2 < c#fl/ / \VVO(r,2)|P dodr + ck ™' T.
0 Jx
Substituting the above estimates into Eq. (80) and using Eq. (64), one has

_ t
/|VVO(t,x)|pdm+w/ /|vvv9(7,x)|2\vv0(7,x)|1’*2 dzdr
2 0 JX

t t
SQpRIi/ /|VV9(T,1‘)|pdxdT+KR/ /|V9(T,x)|pdmdr
0 Jx 0 Jx
plp—1) [
222 e sy [ 19900 ) doar
0 p

t
—l—cm_l/ /|VV9(T,.Z‘)|pdxdT+CH_1T.
0 Jx

Applying the Sobolev embedding WP (X)) — L>(X) plus (76) to ||u(r, Nz,
we obtain the differential inequality

t
/ [VVO(t, z)|P do < C/ / \VVO(r,2)|P dedr + cx T, (81)
b 0o Jx
for each ¢ € [0,T)]. Therefore, we conclude from Gronwall inequality that
/ |[VVO(t,z)|P de < K15(T) for all t € [0,T7. (82)
b

Here K5 depends on 3, T, k,p,u® and 6°; note that K15(7T) — oo as k — 0.
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7. Again, in view of the breakdown criterion (Theorem 3.4), the Sobolev—Morrey
embedding W2P(¥) < W1°°(X) for p > 2 and the uniqueness Theorems 3.2 and
3.3, the proof is now complete. O

6. Vanishing viscosity and diffusivity limits. In this section we study two
singular limits of the Boussinesq equations on surfaces.

Throughout, we let (u, 8, P) be the strong solution to the non-degenerate Boussi-
nesq system (1)—(3) on [0,7] X X, (un,0n, Pn) be the strong solution to the same
system with degenerate viscosity (v = 0), and (ug, 0k, Px) with degenerate thermal
diffusivity (x = 0). That is, on [0,7] x ¥ there hold

Owuny +uny - Vuy + VPy = 0ye,

00N +u-VOny — kAONy =0, (83)
divuy =0,
and
Owug +ug - Vug — vAug + VP = Oke,
00k +ug - VO =0, (84)
diVUK =0.

We impose the same initial conditions:

(u,0)|t=0 = (un, ON)|t=0 = (ur, 0K )|i=0 = (u°,0°), (85)
where divu® = 0 for the sake of compatibility. Let us emphasise that we require
k> 0in (83) and v > 0 in (84).

We first establish the vanishing viscosity limit:

Theorem 6.1. Let ¥ be a closed surface with Lipschitz curvature, and let T >
0 be arbitrary. Let (u,0) be the strong solution to the non-degenerate Boussi-
nesq equations (1)—(3), and let (uy,fn) be the strong solution to Eq.(83) with
zero wviscosity, with the same initial data (u°,0°) € H?(3;TY) x H3(X) satis-
fying divu® = 0. Assume u € C°(0,T; H*(Z;TX) NH) N L*(0,T; HA(X; TY)),
uny € C°0,T; H3(Z;TX)NH)) and 0,0n € C°(0,T; H3(3;TY)).
Then u — un,0 — O in C°(0,T; HI (X)) as v — 0T for each j < 3.

Proof. Define

vi=u—up, ¢:=6—0y. (86)
Taking the difference between the non-degenerate and zero-diffusivity Boussinesq
equations, we obtain the following system on [0,T] x X:

Ov+u-Vv+uv-Vuy —vAv — vAuyny + V(p — pn) = e, (87)
Ol +u-V¢+v-Viy — Al =0, (88)
divv = 0. (89)

Multiplying ¢ to Eq. (88), one gets
1 1
50(C?) +Cv- Vo + |VC[ + div<§u§2 _ Hgvg) _0.

Thus, by the Stokes’ theorem and integration by parts, we have

3w arar) o [ 1vcemPas =
—Q/EC(t,x)v(t,x)VeN(t,x) da. (90)
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Similarly, the standard L? estimate for v gives us

(i(/z|v(t,x)2dx) +21//E|Vv(t,x)\2dx

= 2/Z {< (t,z),e(x))C(t,z) —vVu(t,z) : Vun(t, x)
— Vuy(t,x) : (v(t, z)® v(t,x))} dz. (91)

Adding Egs. (90) and (91) together, we find that the L?-energy

B() = [ {uto) + 10| ds (92)

verifies the differential inequality
E'(t) + 2/1/ |V¢(t, x)|? da + 21// |Vo(t, z)|? dz
b b

< (L4 2VOn () o)) 0 ) 2 IS E )l 22
+ 0| Vun (t, )2 IVOt, )z + [Van () s [0 )2 s,)
Applying the usual Cauchy’s inequality to the penultimate term, we deduce

E/(t)§(1+2||V0N( o) +HIVun(t, )HLOO(E)) (t)+ *||VUN( Wiz (93)

Now let us invoke Theorem 5.1 to establish the existence of strong solutions
(un,fn) to the limiting system. Indeed, we have uy € C°(0,7; H3(Z;T%)) N
L2(0,T; H*(Z;TY)) and Oy € C°(0,T; H3(X)), where, in particular, the indicated
norms are independent of v. Let A denote a generic constant that depends only on
these norms. Then

E<t) S AV7
by the Gronwall inequality and E(0) = 0. Sending v — 0T, we obtain the conver-
gence of the L? energy.

For higher energies, by interpolation one has

1 3 3
lo(t, M ai =) < Kisllo(t, -) Hy{é v (t, )H]/ = T Kisllo@t, )2y,

where K15 = K(X,j). Let us bound the H® norm of v by |lu(t,-)|ms(x) and
lun (t, )| x (s, following the arguments in §5, this bound is independent of v.
Therefore, for every ¢ € [0,T],

ot Mms sy < Kiv' o + Kig(Av)? — 0 as v — 07, (94)

with the constant K17 = K(j,X,A,k). The same convergence result holds for
IC(t, )|l s (). Hence the assertion is proved. O

Next, we prove the vanishing thermal diffusivity limit:

Theorem 6.2. Let X be a closed surface with Lipschitz curvature, and let T > 0
be arbitrary. Let (u,0) be the strong solution to the non-degenerate Boussinesq
equations (1)—(3) and let (ug,0k) be the strong solution to Fq.(84) with zero ther-
mal diffusivity, with the same initial data (u®,0°) € H3(3;TX) x H3(X) satisfying
divu® = 0. Assume that u,ux € C°(0,T; H*(X;TS) NH) N L2(0,T; H4(Z;TX))
and 0,05 € CO(0,T; H3(;TY)).

Then u — ug,0 — O in C°(0,T; H (X)) as k — 0% for each j < 3.
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Proof. The arguments are analogous to the proof of Theorem 6.1 in the large, hence
some details are safely omitted.
First, define

wi=u—ug, X :=0-—0k. (95)
These variables satisfy
Ow+u-Vw +w-Vug —vAw + V(p — pr) = xe, (96)
Ox+w-VOg +u-Vx — kAx — kAl =0, (97)
divw =0 on [0,7] x X, (98)

which can be seen by subtracting Eq. (84) from Egs. (1)—(3).
Standard L? energy estimates lead to

%(/Z|w(t,x)|2dx) +2V/Z|Vw(t,x)\2dx

< 2/): {|w(t,x)|2|VuK(t,x)\ + x(t, 2)||w(t, z)

} dz,

together with

G (/E () de) + 2 /,: Vx(t,2) da
< 2/2 {\X(t,x)\|w(t,x)||V9K(t,x)| +/‘E\V9K(t,x)||VX(t,x)|} da,

where we have applied integration by parts and the Stokes’ theorem. Denoting the
total L? energy by

P() = [ {lool + xR} . (99)
)
one obtains
F'(t) + 21// |Vw(t,z)* dz + 2/&/ |Vx(t,z)|? dz
b )
< (1 +2[[Vug (t, )l L) + [[VOK (2, ')HLoo(z))F(t)

2 / V0 () ||V x(t, )] da.
Hence, we infer from Cauciy’s inequality that
F'(t) < (1 +2[[Vug (t, )l e (s) + VO (2, ')HLoo(z))F(t)
+ 71905 (8, )7 . (100)

Similarly as in the proof of Theorem 6.1 above, we may now invoke Theo-
rem 5.1 to deduce the existence of strong solution ux € C°(0,T; H3(3;TX)) N
L2(0,T; H*(3;TY)) and 0k € C°(0,T; H*(X)). Let A’ denote an upper bound
for the indicated norms, modulo a uniform constant. Then, Gronwall’s inequality
implies

F(t) < A'k.

By an interpolation argument, for each ¢ € [0,7] and j < 3 we may now infer
.
w(t, M eiesy + IxEmis) < Kisk o + Kis(A'k)2 — 0 as & — 07, (101)
Here K15 = K(j,%,A’,v). Hence the assertion follows. O
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7. Conclusion. We have studied the Cauchy problem for the Boussinesq equations
on a closed surface. By utilising energy methods, we established a group of results
concerning the global well-posedness and breakdown criteria of large data classical
solutions to the Boussinesq equations with non-degenerate and partially degenerate
dissipation. The results appear to be among the first ones concerning the Boussinesq
equations on manifolds. The proofs adopt classical approaches for the 2-dimensional
Boussinesq equations in Euclidean space, yet are considerably more involved due
to the geometric complications which appear in the energy estimates for the higher
order derivatives of the solutions.

In passing, we remark that the theorems of this paper appear to remain valid if
we take the Bochner Laplacian in place of the Hodge Laplacian in the equations,
namely

A= -V*V
in Eq. (1), where V* is the adjoint of the Levi-Civita connection. This is because
Au — A'u = Riem x u

due to the Bochner—Weitzenbdck formulae ([43]), hence the only extra terms are of
lower order in the energy estimates.

We would also like to remark that the long-time behaviours of the global-in-
time solutions constructed in this paper have not been studied. Technically, the
proofs for the case of Riemannian manifolds are significantly different from and
more difficult than the case of Euclidean space (cf. [26, 54, 62]), again due to the
geometric complications appearing in higher order energy estimates. In addition,
the Boussinesq equations on Riemannian manifolds with fractional dissipation (i.e.,
fractional Laplace-Beltrami operators Aju, AJ6) are also of considerable interests.
We leave the investigation for the future.

Appendix. In the Appendix we prove Theorem 3.4. The strategy for the proof is
similar to that for the breakdown criterion of the Boussinesq equations on R2. We
adapt the arguments from Chae-Nam [18]; also see Chae-Kim-Nam [19]. These
works were motivated in turn by the classical paper [9] due to Beale, Kato and
Majda. We need more delicate estimates to account for the non-trivial geometry of
Y. The heart of the matter is the commutator identity (110).

Indeed, we shall establish a more general result:

Theorem 7.1. Let 3 be a closed surface with Lipschitz curvature, and let T > 0 be
arbitrary. Let (u°®,6°) € H™(X; TX) x H™(X) be initial data satisfying divu® =0
for some m > 2. Assume that (u,0) is a strong solution to the Boussinesq equations
(1)=(4) on [0,T] x 3:

we o (O,T;Hm(Z,TE) N H), 0P (O,T; Hm(Z)).

We allow either k > 0 or v > 0 to degenerate. In addition, assume that the
W™=2:_norms of the curvature and the vector field e are finite (cf. Assumptions
7.2, 7.3 below).
Then, if
T
| 190t e e < o, (102)
then the strong solution can be continued to [0, T + €[ for some € > 0.

Theorem 3.4 corresponds to the special case of m = 3 in Theorem 7.1.
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Proof. We divide the proof into eleven steps. The generic constants A; depend on
the geometry of ¥ and the lifespan T', and they remain finite when v, x — 07.

1. We consider the Boussinesq equations on [0,7] x ¥ for a fixed T' > 0. It is
clear that ||V0| 10,1, (x)) = 00 is necessary for the blowup of the strong solution
in H™, m > 2+ ¢ for any 6 > 0. So, we assume that |[V0| 11,75 (x)) < oo and
prove that the strong solution does not blow up before the fixed time 7.

2. Let us first recall the L?-estimate (31) for u:

Jutt, Mz sy < Ko(T) = e (6 32y + 16°132(s)

for any t €]0, 7.
Next, from the vorticity equation (34), reproduced below:

Oiw 4 u - Vw — vAw + Riem * |u|? — rot (e) = 0,

we may estimate
d -
ot M2y ng/E\w(t,x)V? Ya(t, 2)2 dz

erS/E (lVG(t,x)|+|9(t,x)|>|w(t7x)‘p—1dx. (103)

As before, R, S depend on the Lipschitz norm of the curvature and the vector field
e, respectively. The estimate of the first term on the right-hand side is the same as
(38):

/z: |lw(t, z) [P~ Hu(t, z)]* de < Ay (||w(t, -)H’ip(z) + 1) , (104)

where the constant A; depends on X, p, T and K. On the other hand, the last
term in Eq. (103) can be treated by Holder:

/E (IV0(t, 2)] + 100t 2)] ) ot 27~ dae < ot ) sy 10 lwrosy.

Thus, by Young’s inequality

[ (90201 + 10002, d

p—1 1
< THM(ta Moo + I;W( Wivros (105)
Therefore, putting together Egs. (104)—(105), we can deduce from Eq. (103) that
d
et 2y < Ao (14 1t Wy + 10 My )- (106)

The constant Ay depends on X, S, p, T, |[u®||r2(z) and [|6°]/z2(s). Note that
Eq. (106) remains valid for v = 0.

3. Now we derive the differential inequality for the W'P-norm of #. We have
proved (see Eq. (28)) that [|0(t,-) rr(x) is non-increasing in time:

d
S0t )y < 0. (107)

Moreover, taking the covariant derivative of the temperature equation (2) and
utilising Lemma 2.1 again, one gets

0 (VO) + VO -Vu+u-VVO— kAVEH + kRiem x VO = 0.
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Hence, for any p > 1,

d
IOt
< pIValt, )l o) VO, | () [IVOE ) sy + £RPIVOE, I o s3)-
By Eq. (37) we may loosely bound
[Vult, ey < cllw(t, e + cllult, )llpe =)
p=2
< cllw(t, )lzrs) + K5 wlt, )Ilz{z) +ec

for ¢ = ¢(3,p). By Young’s inequality, we thus deduce for p > 2 that

d
EHV@(L ')Hip(z)

< A1t 1t Iy + 1900, Iy 19000 Ve

+ HRpHVe( )HLP(Z (108)
where Az = A(Ko,p,X). Again, p > 2 is crucial since we need 55 < 1.
4. Consider the functional
B(t) i= [0t )y + ot ) By + 1, where p > 2.
Adding up Eqgs. (106), (107) and (108) together, we get
d
< oo .
B0 < A (14 V01 ) BOO)

The constant Ay depends on 3, ||le|[w1.(x), p, T, [|[u®|z2(s), 10°l22(x) and &, v.
Therefore, by Gronwall’s inequality, for all ¢ € [0, T ] there holds

T
E(t) < A5(H“°||Hm ) 0% zrm (), 5, v, T, p, / IVO(T, )L (s) dT)» (109)

whenever m > 2 4+ §. Here, for the initial data we utilised the Sobolev—Morrey
embedding H™(X) — W1P(X).

In particular, A4 (hence As) does not blow up as x,v — 0.

5. Next we deduce the energy estimates for higher derivatives of u. For our
purpose we only need |[u(t,-)||gm(x) with m = 3; nevertheless, let us tackle the
case of general m, which is of independent interest. It requires higher regularity
assumptions for the curvature than ||Riem||y 1.5y < R. In this step we introduce
a crucial geometric identity (Eq. (110) below).

Let I € {1,2}/l be a multi-index of order |I|. By an abuse of notations, we
sometimes write V7l = V7. Denote by V! a generic covariant derivative iterated
for |I| times. For instance, VIu is an (|I| + 1)-form (or equivalently, a multi-vector
field of the same valence).

Applying the Ricci identity (Lemma 2.1) for |I| times, we get

Vi Viu=" > V™4V (Riem). (110)
0<5<| 12
Here the bracket [-, -] is the commutator of differential operators. This identity also

holds if we take a scalar function on ¥ in place of the vector field u. Therefore, it
is natural to require:

Assumption 7.2. ||[Riem/|ym-2.05) < Ry < 00.
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6. Applying V/ to Eq. (1), we get
OV u4u- (Viu) —vAVIu+ VIVP
=Vi(be) + vV, Alu — [V!, u- V]u. (111)
Taking the inner product with V/u and integrating by parts, the left-hand side of
Eq. (111) becomes
1d

§E||Vlu(t,-)||2Lz(Z) +/ (Vu(t,z),VIVP(t,z))dz.
b

For the second term we first move the innermost derivative on p to the outside (i.e.,
obtaining VV!P), then move it to divV/u via integration by parts, and finally
get V1div u, which vanishes due to incompressibility. The error for this process is
quantified by the identity (110):

’/E<V1u(t,x),VIVP(t,x)>dx

< CR?,L{ Z HvlJlu(ta)HLz(E)}{ Z ||V‘K|P(t")||L2(E)}’

0<|J|<||—2 0<|K|<[T]-2

where |I| <m and C is a combinatorial constant depending only on |I].
To proceed, we need to estimate the H*-norm of P, where s < m — 2. This is
postponed to the next step. We further assume

Assumption 7.3. [le|lyym-—2.0(x) < Sy < 00.
Then, in view of the right-hand side of Eq. (111), we need to bound

C’Sm/ ‘Vlﬁ(t,x)HVIu(t,x)} dz + C’Rmu/ ‘Vlu(t,x)’ Z |V‘]u(t,x)’ dz
) )

0<|7I<|T]-2
FCRy [ Y V()] do
2 0<|K|<|I]+1

Again, C' = C(|I]) is a combinatorial constant, and |I| < m. The terms involving
(|I| + 1) derivatives of u come from the nonlinear term [V, u - V]u.
To summarise, we have the following estimate:

d
IVl Moy < OB 0 [Tl ) gy |

o0<|JI<|I|-2
AT IR}
0<IK|<|I] -2

+CSm/ ‘Vle(t,x)HVIu(t,x)‘ dz

b

+ CRmu/ }Vlu(t,a?)‘ Z ‘VJu(t,x)| dz
> 0<|JI<I1]-2

+(7Rm/Z S [VIFu(t,x)| da. (112)

0<|K|<|1]+1
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7. Now we control the L?-norm of the derivatives of P. This is done by the
Poisson equation:
AP = —ViVj(uluj) + Vl(He’)
Thus, using the standard elliptic estimates for closed manifolds, we have
K
Iv=p My + Smll 0 s
< CHU( ) ')”H‘K‘(E)”u( ’ ')”LO"(Z) + SmHa(ta ')||H|K\—1(Z)'

The second line follows from an interpolation result due to Morrey; C' depends only
on |K|. However, the L>°-norm of u is estimated by Eq. (37) once more:

ey < llult) @ult

pP=2
Ju(t. Maey < {1+ utt, IEEE ot VS b

In addition, we have already obtained the uniform bound for ||w(t,)||zs(x) in
Eq. (109), as well as [|u(t, )| r2(z) < v Ko. So, for some Ag = A(T,p, X, v, K,0°,u°)
we have
lu(t, )|l Lo () < Ag for all t € [0, 7. (113)
Therefore, for each |K| < |I| — 2, |I| < m, we can bound the L?-norm of |K|
derivatives of the pressure by lower order energies of v and 6:
Hlelp HL2(E) < O\KlAfi““(t’ ')”H‘K‘(E) + SmHH(tv .>HH\K\*1(E)'

The constant Ag remains finite when x,v — 07. We can continue the estimate
Eq. (112) by

d
SNt gy <R S 10l oy}

o<|JI<|I]-2
X { Z CIK\A6||u(ta')|‘H|K\(E) +SmH6(t")HH|K\—1(E)}
0<|K[<|T]-2

+ C’Sm/ ’VIG(t,ac)HVIu(t,x)’ dz
)

+ C’lez/2 ’VIu(t,x)’ Z ’V‘]u(t,xﬂ dz

0<|JI< 7] -2
+CR/ > [Vt 2)| da. (114)
0<|K|<|T]+1

8. Next we derive the higher order energy estimates for 6.
Taking V! to Eq. (2), we get

VIO 4 u-V(VI0) — kAVIO = [u-V, V)0 + k[A, V6.
Thus, by the identity (110) again, we obtain the following energy estimate:

GV
<C’R/ > VVult )| da
1<|J|<|1)
+C:‘£R/ > VROt x)| da. (115)

0<|LI<|I|-2
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Once more, the constant C' depends only on |I].
9. Let us denote by

E,(t) :=1+ Z / IV u(t, z)|? + V16, x)|2}dx (116)

Egs. (114)-(115) yield the followmg‘: for any |I| < m (where m > 2 + ¢ as before),

we have
d
&Em < CR%A6E|[|_2 + CR%S%\/E‘I‘_Q\/E']‘_?) + CSmEm
+ CR,vy/ E|[| \/ Em_g + C’Rm||Vu(t, ')”L‘”(Z)E\I\
+ C'Rm\/Volem + CﬁRmVVOlEEm,Q.

Here we use Cauchy-Schwarz, and C' depends only on [I|. The [[Vu(t,-)|| ()
term comes from [g; 370« <|r)41 |VIElu(t, z)| dz in the final line of Eq. (114).
Thus, there is a constant

Ay = A, 3T, By Sy v, 86 [ 11 ), 16 1)
such that
d
B < Ar (14 1Vt )= ) By (6): (117)

This can be seen from a simple induction; notice that E; = E is already bounded
in Step 4 (with p = 2 therein).

10. It thus remains to bound ||[Vu(t,)|[fe(x). This is done by the Brezis-
Wainger inequality (Lemma 2.2). From now on we restrict to p > 2; then

[Vu(t, )L (s
< o1+ ot Vs ) (1+logy ult Y@ ) + el Veow).  (118)

for a geometric constant ¢ > 0. The LP-norm of w is again already bounded in Step
4. Moreover, a bound for the L>°-norm of w can be directly obtained from Eq. (103)
above, reproduced here:

d _
St M sy < PR / w(t,2) P fult, @) da

+ps/Z (|V0(t,x)| e x)|> lw(t, )P~ da.

Indeed, noting that

d
ot My = Pl Mty <t Ve

and invoking the L°°-bound for u, one obtains
d
0 M) < ellutt, Moo (z) +ellOt, )lwres), (119)

where ¢ depends on R and S. We have already bounded |[u(t,-)|[z~(x) < Ag in
Eq. (113). There Ag depends on some index p’, but we can fix p’ once and for all.
Sending p — oo in Eq. (119), we obtain

d
St i) < Ar (14 1900 llzes) ).
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Here we used [|0(t, )| o (s) < [|0°||(x) for all t; A7 is a constant independent of
p (and has the same dependence as Ag apart from p).
Therefore, integrating this differential inequality, we get

T
oot o sy < As (S0, T, / 190t )l ) At [0 sy, 16° )

(120)
for all t € [0,T]. Here Ag does not blow up as v,k — 0.
As a result, we deduce from Egs. (118) and (120) that, for arbitrary p” > 2,

IVt e sy < Ao (1+log, [lut, ey ) (121)

where

T
Ag = A(pl/, Z,U, R, T,/O HV@(t, ')HLW(E) dt, HU’OHHm(Z)7 ||00‘|Hm(2)>

We can also fix p” once and for all.
11. Finally, by Eqgs. (121) and (117), for any 0 < |I| < m we have

%Em(t) < Ao 1+ log, By (1)) B (1), (122)

where Ay depends on %, v, &, Ry, S, T, m, ||[u® || gm(sy, [10°]|5m(s), and
fOT [VO(t, )| o (x) dt, and it remains finite even if we send &, v to 0.
Integrate this differential inequality, one obtains:

E,.(t) < exp { (1 +log, Em(O))eAwt} < 0. (123)

Thus we can further continue the strong solution in time. The proof is complete. [
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