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UNIQUE WEAK SOLUTIONS OF THE NON-RESISTIVE
MAGNETOHYDRODYNAMIC EQUATIONS WITH
FRACTIONAL DISSIPATION*

QUANSEN JIUt, XIAOXIAO SUO%, JJAHONG WU, AND HUAN YUY

Abstract. This paper examines the uniqueness of weak solutions to the d-dimensional magne-
tohydrodynamic (MHD) equations with the fractional dissipation (—A)%®u and without the magnetic
diffusion. Important progress has been made on the standard Laplacian dissipation case a«=1. This
paper discovers that there are new phenomena with the case a < 1. The approach for a =1 can not be
directly extended to v < 1. We establish that, for a« <1, any initial data (ug,bo) in the inhomogeneous
Besov space BS,OO(Rd) with o> 1+%—o¢ leads to a unique local solution. For the case a>1, ug in

o144 . o144 .
the homogeneous Besov space B, ;° R?) and bg in B, ;2 “(R9) guarantees the existence and

uniqueness. These regularity requirements appear to be optimal.
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1. Introduction

The MHD equations govern the motion of electrically conducting fluids such as
plasmas, liquid metals, and electrolytes. They consist of a coupled system of the Navier-
Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism. Since
their initial derivation by the Nobel Laureate H. Alfvén in 1942 [1], the MHD equations
have played pivotal roles in the study of many phenomena in geophysics, astrophysics,
cosmology and engineering (see, e.g., [5,18]). Besides their wide physical applicability,
the MHD equations are also of great interest in mathematics. As a coupled system,
the MHD equations contain much richer structures than the Navier-Stokes equations.
They are not merely a combination of two parallel Navier-Stokes-type equations but an
interactive and integrated system. Their distinctive features make analytic studies a
great challenge but offer new opportunities.

Attention here is focused on the d-dimensional non-resistive MHD equations with
fractional dissipation,

Outu-Vu+v(—A)*u=—-VP+b-Vb, zcR% t>0,
Ob+u-Vb=b-Vu, zcR? t>0,

V-u=V-b=0, zeR%t>0,

u(z,0)=up(z), b(z,0)=by(z), x€R?

(1.1)

where u, P and b represent the velocity, the pressure and the magnetic field, respectively,
and v >0 is the kinematic viscosity and « >0 is a parameter. The fractional Laplacian
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[e3

operator (—A)® is defined via the Fourier transform,

(ZA) () = |6 Fe),
where

Fi&)= gmyra [ e "¢ e

When a=1, (1.1) reduces to the standard MHD equations without magnetic diffusion,
which models electrically conducting fluids that can be treated as perfect conductors
such as strongly collisional plasmas. When « >0 is fractional, (1.1) may be applicable
in some geophysical and astrophysical circumstances. One example is in the thinning of
atmosphere. Flows in the middle atmosphere traveling upward undergo changes due to
the changes in atmospheric properties. The effect of kinematic diffusion is attenuated
by the thinning of atmosphere. This anomalous attenuation can be modeled by using
the space fractional Laplacian. In addition, (1.1) may be used to model nonlocal and
long-range diffusive interactions. Mathematically (1.1) allows us to study a family of
equations simultaneously and provides a broad view on how the solutions are related to
the sizes of a. Fractional Laplacian diffusion has recently been applied to model many
real-world phenomena, ranging from quasi-geostrophic flows [8,17,31], flame propagation
[7] to jumping processes in probability and finance [16]. Several books and monographs
have been exclusively devoted to nonlocal diffusion (see, e.g., [6]).

One of the most fundamental issues on the MHD equations is the well-posedness
problem. Mathematically rigorous foundational work has been laid by G. Duvaut and
J. L. Lions in [21] and by M. Sermange and R. Temam in [40]. The MHD equations
have recently gained renewed interests and there have been substantial developments
on the well-posedness problem, especially when the MHD equations involve only partial
or fractional dissipation (see, e.g., [10-12, 15,19, 20, 22,29, 30, 45,49-54]). A summary
on some of the recent results can be found in a review paper [46]. Equations (1.1) with
a>1+ ¢ always has a unique global solution (see [46]). Yamazaki was able to improve
this result by weakening the dissipation by a logarithm [52]. It remains an outstanding
open problem whether or not (1.1) with a <1 —1—% can have finite-time singular classical
solutions. Even the global existence of Leray-Hopf weak solutions is not known due to
the lack of suitable strong convergence in b. In spite of the difficulties due to the lack of
magnetic diffusion, significant progress has been made on the global well-posedness of
solutions near background magnetic fields and many exciting results have been obtained
(see, e.g., [3,9,25-27,33,36-38,41,44,47,48,55]).

Another direction of research on the non-resistive MHD equations has resulted in
a steady stream of progress. This direction has been seeking the weakest possible
functional setting for which one still has the uniqueness. The results currently available
are for (1.1) with a=1. Q. Jiu and D. Niu [28] proved the local well-posedness of (1.1)
with a=1 in the Sobolev space H® with s>3. Fefferman, McCormick, Robinson and
Rodrigo were able to weaken the regularity assumption to (uo,by) € H® with s> 2 in [23]
and then to up € H*~1*¢ and by € H® with s > ¢ in [24]. Chemin, McCormick, Robinson

and Rodrigo [14] made further improvement by assuming only ug € BQ%_ n ' and by € BQ%’ 1

Here Bj , denotes an inhomogeneous Besov space. They obtained the local existence

for d=2 and 3, and the uniqueness for d=3. R. Wan [43] obtained the uniqueness for

d=2. J.Li, W. Tan and Z. Yin [32] recently made an important progress by reducing the
d

o d_1 o 4
functional setting to homogeneous Besov space up € By ; and by € By, with pe [1,2d].
The definitions of the Besov spaces are provided in the Appendix.
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The aim of this paper is to establish the local existence and uniqueness of weak
solutions with the minimal initial regularity assumption and for the largest possible
range of a’s. The case when a>1 can be handled similarly as the case when a=1.

We can show that, for ae>1, any initial data (ug,bo) with ug €BQ+1 2 (RY) and by €

B;Il “(R%) leads to a unique local solution.

However, when a < 1, the situation is different and there are new phenomena. The
approach for the case =1 can not be directly extended to a<1. We tested several
seemingly natural classes of initial data:

(Duoe BE 7> (RY) and by € B, (R); (1.2)
(2uoe BE T (RY) and bpe BE (R, (1.3)
(B)uoe B "(RY) and boe BETU(RY), (1.4)

but it appears impossible to prove the local existence and uniqueness of weak solutions
in these functional settings. Our investigation with these initial data leads to several
discoveries. First, we realize that, in order to attain the uniqueness, the regularity level
of the Besov space for by has to have at least %— «+ 1-derivative, which is more than %
for a < 1. Second, we discover that if the derivative of the Besov setting for by exceeds
g, then ug and by should have the same Besov setting in order to establish the existence
of solutions. Furthermore, one needs to combine the term of b-Vb in the equation of
u and u-Vb in the equation of b in order to generate the cancellation. More technical
explanations are given in Section 5. As a consequence of these findings, we choose the

following Besov spaces for a <1,
o d o d d
ug € By o (RY),  bo € By . (RY), a>§+1—a.

These functional settings appear to be optimal when o< 1. More technical evidence is
provided in Section 5. Our precise result is stated in the following theorem.

THEOREM 1.1. Let d>2 and consider (1.1) with 0<a < 1—1—1. Assume the initial
data (ug,bo) satisfies V-ug=V-by=0, and is in the following Besov spaces

odi1 94 od ] _q

fora>1, weBiTRY), beBITTURY, (1.5)
d

fora<l,  wyeB (RY), byeBI (R?), o>5+l-a. (1.6)

Then there exist T >0 and a unique local solution (u,b) of (1.1) satisfying, in the case
ofa>1,

weC(0,7); B2 P RY) N L 0,73 B2 (RY), be C([0,T]; B2 (RY)
and, in the case of a <1,

u€C([0,T]; B o R NL*(0,T; B5 L (RY)), b€ C([0,T]; BS oo (RY)).

Theorem 1.1 covers a full range of « €[0,1+ %) and includes o =1 and aa=0 as two
special cases. a< 1—1-% is imposed to satisfy a technical requirement in bounding the
high frequency interaction terms in the paraproduct decomposition. When « reaches
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this upper bound, the functional setting for ug is BQ_ i When a>1, the initial data
(up,bo) and the corresponding solution are in the homogeneous Besov spaces. For a <1,
the functional setting are the inhomogeneous Besov spaces. We may not be able to
reduce the assumption for <1 to the corresponding homogeneous Besov spaces.

As aforementioned, the regularity assumptions imposed on (ug,bg) in Theorem 1.1

may be the minimal requirements we need for the existence and uniqueness. We present
o dyq_

a detailed explanation in Section 5. Roughly speaking, when a>1, ug € 822;1 2 (R%)

o d
in (1.5) is necessary in order for the solution ueLl(O,T;BQZ’fl(Rd)), which is more

or less the regularity level for the uniqueness. The regularity setting for ug leads to
the corresponding choice for by, namely boeéifl_a(Rd). In the case when a<1,
(1.6) may be optimal due to our findings discovered in working with three other initial
Besov settings described above in (1.2), (1.3) and (1.4). Another hint comes from the
uniqueness requirement for the ideal MHD equations. When « is zero or o> 0 is small,
(1.6) is the regularity class that guarantees the uniqueness of solutions to the ideal MHD
equations.

The statement of Theorem 1.1 clearly indicates that the case a>1 is handled dif-
ferently from the case a<1. The existence part of Theorem 1.1 is proven through
a successive approximation process. Naturally we divide the consideration into two

cases: a«>1 and aw<1. In the case when a>1, the successive approximation sequence
(u(™,b(™) satisfies

u(l):§1u07 b(l):§1b07

8tu("+1) +V(_A)au(n+1) :P(_u(n) . Vu(n+1) +b(n) . Vb("))7

bt = gy (M) . yp(nt) 4 p(n) L7y () (1.7)
V-u(rth) = v . plntl) —

w ) (2,0)= S, 4 1ug, D (2,0) =S, 4 1bo,

where P is the standard Leray projection and 5']- is the standard homogeneous low
frequency cutoff operator (see the Appendix for its definition). The functional setting
for (u(™,b(™) is given by

2,1

M =2 (ol v ol )

Y_——{ b 1 oe <M b 1 <M

(U, )| ||U|| % (0,T} wzgj—l—za) — ’ || ||~ (0,7 czgj—l—m) —= )
u <4 U <5} 1.8
|| ||L1(O,T; a2g’1+1) >0, || ||~2(0, : aﬁrl—a) > ) ( )

where T'>0 is chosen to be sufficiently small and 0 <§ <1 is specified in Section 2. In
the case when < 1, (u("),b(")) satisfies

uM = S1ug, b =Sb,

Brum D) -y (= A)eu (D) — P(— (M) . Ty n+D) 4 pm) . D))

b+ = gy (M) (1) 4 p(n)  7q (nt1) (1.9)
V-urth = v . plntl) =,

uw D (2,0) = Spq1ug, b (2,0) =S, 41bo
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and the corresponding functional setting is

M= 2max{||<uo,bo>||3m r|<uo,bo>||3m}
Y ={ @) 10z 075 ) <M Iullago . sty <M (1.10)

where Cy>0 is a pure constant as defined in (3.1). The main effort is devoted to
showing that (u(",b(™) actually converges to a weak solution of (1.1). The process of
obtaining a subsequence of (u(™ b(™) that converges to a weak solution (u,b) of (1.1)
is divided into two main steps. The first step is to assert the uniform boundedness of
(u(”),b(”)) in Y while the second step is to extract a strongly convergent subsequence
via the Aubin-Lions Lemma. The strong convergence then ensures that the limit is
indeed a weak solution of (1.1). The uniform boundedness is shown via an iterative
process. We assume (u(™ b)) €Y and show (u(**+D p(+D) ey,

The technical approach to proving the uniform boundedness for the case a>1 is
different from that for the case when a<1. For a<1, we estimate w1 and p(+1)
in L°°(0,T; ;Bg ), and v+ in L2(0,T; ; B317) simultaneously. The purpose is to
make use of the cancellation resulting from adding the equations for ||A;u+|1> and
| A"V 2. The cancellation is in the sum

/R ) A (6™ - Tpm YAy (D g - /R , A (0™ - Tu D) A g

whose paraproduct decomposition contains
/ (Sjb(") VAT Au D 4555 T A ju D ~Ajb(”+1)> dz =0
Rd

as V-b("™) =0. This appears to be the only approach that allows us to show the existence
of solutions in functional spaces with the order of the derivative exceeding g. In the
case when a>1, by EB2+1 “(R%) and the order of derivative is d4+1—a<4g. The
desired norms of u(™*1) and b("+1) can be suitably estimated without the cancellation.

In addition, some upper bounds on products in Besov spaces are valid only for a>1
and break down when aw<1. When o> 1,

”b(n) _Vb(nJrl ”Bf_%_*_1 < ”b(n)®b(n+1 ” PR

(Rd) ™ B3, (R9)

<Cljpt™ I8 -at1 gay (LSl P
2

g Biy  (RY)

based on the following lemma (see, e.g., [2, p.90] or Lemma 2.6 in [32]).
LEMMA 1.1. Let1<p<oo, 51,5 < ; and s1-+ S >dmax{0 2—1}. Then

1/ gl

.51+sz—i(Rd) < CHf”B;}l (R4) ||9||B;?1 (R4)*

However, when a <1, Lemma 1.1 breaks down since s; = g —a+1 and sy = % —a+1
no longer satisfy the condition s1,s9 < %. This difficulty is overcome by performing a

detailed analysis on different frequencies of this product when o < 1.

The rest of this paper is divided into four sections and an appendix. Section 2
focuses on the proof of the existence part in Theorem 1.1 for the case when a>1
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while Section 3 is devoted to the case when o< 1. Section 4 presents the proof for the
uniqueness part of Theorem 1.1. We again distinguish between the case when a>1 and
the case when a < 1. Section 5 explains in detail why the regularity assumptions on the
initial data in Theorem 1.1 may be optimal. In particular, we describe the difficulties
when the regularity assumptions are reduced to those in (1.2), (1.3) and (1.4). The
Appendix provides the definitions of Besov spaces and other closely related tools.

2. Proof of the existence part in Theorem 1.1 for a>1

This section proves the existence part of Theorem 1.1 for the case a>1. The
approach is to construct a successive approximation sequence and show that the limit
of a subsequence actually solves (1.1) in the weak sense.

Proof. (Proof for the existence part of Theorem 1.1 in the case when
a>1.) We consider a successive approximation sequence {(u(™,b(™)} satisfying (1.7).
We define the functional setting Y as in (1.8) . Our goal is to show that {(u(™ (™)}
has a subsequence that converges to a weak solution of (1.1). This process consists of
three main steps. The first step is to show that (u("),b(")) is uniformly bounded in Y.
The second step is to extract a strongly convergent subsequence via the Aubin-Lions
Lemma while the last step is to show that the limit is indeed a weak solution of (1.1).
Our main effort is devoted to showing the uniform bound for (u(™ (™) in Y. This is
proven by induction.

We show inductively that (u(™,b(™) is bounded uniformly in Y". Recall that (ug,bo)
is in the regularity class (1.5). According to (1.7),

U(l):gluO, b(l)Zglbo.
Clearly,

1) <M b <M.
| HmeTBgH 20y SM, | H wTB2H<U_

If T >0 is sufficiently small, then

lut] < T Szuol, d+1<TC||Uo|| 44120 S0,

4
Ll(OTB2 B3,

nuumZROTBd+la)<Vf’cHud|d+12ag5.

Assuming that (u(™,b(") obeys the bounds defined in Y, namely

(n) <M, b <M
”U HL (OTBzg;rl 2u) || HZN(O,T;EQ%’:FFQ)* )
Humnl 4y <6, ™ di1oa <0,

LY(0,T;B2, ) L200,T;B2, )

we prove that (u(”“),b("“)) obeys the same bounds for sufficiently small 7'>0 and
suitably selected d > 0. For the sake of clarity, the rest of this section is divided into five
subsections.

2.1. The estimate of u("*) in L>(0,T; Bl+2_2a(Rd)). Let j be an integer.

Applying Aj (we shall just use A; to simplify the notation) to the second equation in
(1.7) and then dotting with A;u("*1) we obtain

AU A A3, = Ay 4 4, (2.)
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where

A1:—/Aj(u(”)~Vu("+1))-Aju(”+1)dx,

Agz/Aj(b(") V™Y Aju Y dy.

We remark that the projection operator P has been eliminated due to the divergence-free
condition V-u("+1) =0. The dissipative part admits a lower bound

VAT AT | > Co 2% | Aul" Y 2s,
where Cjy >0 is a constant. According to Lemma 6.2, A; can be bounded by

A SONAu Y2, ST 20+ D™ A

m<j—1
+C|Au D 2 | A g2 DT 20T Au Y
m<j—1
+C AU 227 S 28R Agu™ | 2 | Agu ™D | .
k>j—1

Also by Lemma 6.2, A5 is bounded by

|Ao| SC AU | 1227 A6 12 D7 28| AbM |12

m<j—1

+ O u V| 2 | A |2 YT 208 A6
m<j—1

O AU 227 ST 28R A2 | Ak 1.

k>ji—1

Inserting the estimates above in (2.1) and eliminating [|A;u(™*V| 2 from both sides of
the inequality, we obtain

d _
%||Aju<n+1>|\m +Co 2% | Aju™ Y || o < Ty + -+ s, (2.2)
where

Ji=ClAu D e ST 20Fm Ay,

m<j—1

Jo=ClAu™ |2 S 20FDmA, WD
m<j—1

J3:C2j Z Z%k”Aku(")HLzHgku(""'l)HLz,

k>ji—1
Ji=C2 A0 3 25 ALbM 12,
m<j—1

Js=ClIA0 e Y 20+ Dm AL b,

m<j—1

Jo=C2 > 255 | A | L | Apb™ || 2.

k>j—1
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Integrating (2.2) in time yields
1A;um D (1|2 < e 2 A jul T | 2

t ]
+/ e~ CoZ =) (J 4y Jg)dr. (2.3)
0

Taking the L°°(0,T) of (2.3), then multiplying by 2(1+& 23 and summing over j, we
have

a0

2a

Lo (0,T; 3”2 )

t .
< HUE)nH)HBH%—m+Z2(1+%_2a)1 / 6—0022uJ(t—T)(J1+...+J6)d7
2,1

Lo°(0,T) .

5 0
Applying Young’s inequality to the convolution in time yields
(n+1)
4N, gt
n+1) 2_2q)
< Jlug™ ) 1+§_2a+22<l+ 2907 ||Ty 4+ 4 Jo | o 0.1 - (2.4)

J

The terms on the right-hand side can be estimated as follows. Recalling the definition
of J; and using the inductive assumption on u("), we have

Z2<1+4*2a / Jydr

e / 22<1+a—2a>ﬂ||Au"“ lee D2 205D AU 2 dr

m<j—1

SOHU(H_‘—1 ” 1+§—2a H )H

) L(0,T; B1+2

(0,T;B, | )

<O§|lu™ D)

—2a

L(0,T; B1+2 )

The term involving Jo admits the same bound. In fact,

d T
22(1+§—2a)J/ Jydr
» 0

‘C/ DDA e 3 22 D2 A

m<j—1

T
<O [ WOy IO g e

2,1

<06 (n+1) ,
e I,
where we have used the fact that 2a(m—j) <0. The term with J3 is bounded by

D 20 / "3‘”‘/ D O
0

J k>5—1
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—C/ Z Z 2(2+ —2a)(j— k)2(1+ )k”Aku n)HL2

Jj k>j—1
2(1+%—2a)k”£ku(n+1)”L2 dr

< [ IO g 1Ny g

2,1

<Cs (n+1) ,
SOOI g

where we have used Young’s inequality for series convolution and the fact (2+gf
2a0)(j — k) <0. This is the place where we need a <14 %. We now estimate the terms
involving Jy through Jg. The term with Jy is bounded by,

d . T
Zzﬂﬁ—?aﬁ/ Judr
j 0

T
:Z/ 20572 A gz 3 28" Amb ™ |2
—Jo

m<j—1
o 3 e S
m<j—1
<CT b(" b
<CT™ 1 ~mB ) I “Loo(OTB1+2 Y
<CTM?,

where we have used the fact that «>1 and (1—«)(j —m) <0. The terms with J5 and
Jg are estimated similarly and they obey the same bound. Inserting the bounds above
n (2.4), we find

(n+1) (n+1 (n+1) 2
gt oony IS gk OOy O
(2.5)
2.2. The estimate of ||b("+1)|| st We use the third equation of

> (0,T; 3221 )
(1.7). Applying A; to the third equation in (1.7) and then dotting with Ajb(”+1), we
obtain

1d .
2dt”A b2, < By + By, (2.6)
where
Blzf/A]( ). wpm ). A 4,
BQ:/A]-(W) Vu™). A dg,
By Lemma 6.2,

B <CABD[3, ST 20+0m AL w™]

m<j—1
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+C (A2 At D 20D ALY 1

m<j—1

FO AT 227 ST 28R A | Lo | Agul™ | 12
k>j—1

and

i dm n
|Ba| <C A" V1227 A5u™ g2 D 28| A" |12

m<j—1

+C A2 |45 e > 20D A u™ |

m<j—1

+C| 255D [ 1227 7 28K AR 2 [ Agu™ 1.

k>j—1

Inserting the estimates above in (2.6) and eliminating ||A;6("*)|| .2 from both sides of
the inequality, we obtain

d
80| p2 S Ky K, (2.7)

where

Ky =Cl| A0 2 Y 20 9m A, 0l s,

m<j—1
Ko=Cl|Au™llge 7 20+8m || A, b+
m<j—1
Ky=C20 3" 258 Apb ]| 2 || Apu™]| e,
k>j—1
Ky=C2 | Au™ |2 > 28| A0 e,
m<j—1
Ks=Cl|AM |2 > 2058m [ ALul) .,
m<j—1
Ke=C2 > 2% Apb™ |12 | g™ e
E>j—1
Integrating (2.7) in time yields,
t
1860 (@) 2 < IIAjbé”“’Hm+/ (K1 +-+ Ke)dr. (2.8)
0

Taking the L>(0,T) of (2.8), multiplying by 2(2=2+1J and summing over j, we have

b(nJrl)
H HZ*(O,T;E&%;Q“)

T
gHby+nHé%in_F§:2@—a+n{A (K1 +---+Kg)dr. (2.9)
2,1 j

The terms on the right can be bounded similarly as those in the previous subsection.
In fact,

”u(n)” o144
L 2

10,7585, 2)

T
22(%—"“”/ Kidr<Cb" V) g
j o Lo (0,T3B2, )
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<C§|pnth
<Cd I )

Similarly,

b

T
22(%—a+1)j/ KZdTS C5||b(n+1)||~
. 0

d —a
L0182,

T
22%*0‘“)]'/ Kadr < Co|p™*V]_
0

1—a
- °°(0TB2+ )

The terms with K4, K5 and Kg are bounded as follows.
T
S a4t / Kudr
; 0

T
=0 2kt / PNAu gz Y 22" ARM |2 dr
X 0
J

m<j—1

T
:c/ S 2 I A M 3T 20-RGm g m A b0 dr
0 .
J

m<j—1

(n) (n)
SO o gty DV gtme

L°°(0TB )

<CoM,

where we have used the fact that & >1 and (1 —«)(j —m) <0. Similarly,
d ; T d . T
Z?<T“+1)J/ Ksdr<CoM, Z%ra“)ﬂ/ Kodr <COM.
. 0 » 0
j

Inserting the estimates above in (2.9), we find

b+ byt C5|ptn ) CoM.
I e oy IO g # QO ey

(2.10)

2.3. The estimate of |u(™t!)| We multiply (2.3) by 2(1+2)7

N da\ e
It <0,T;B:§2)
sum over j and integrate in time to obtain

T .
T, p(orey?) S / D 2B R At
2,1 .
J

T s )
+/ 22<1+g>j/ e=CoP™ =) (1 4o 4 Jg)drds.
0 j 0

We estimate the terms on the right and start with the first term.

T )
/o D 208 e CoF T Ay D |t
J
= 032020 (12T A

J
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oqpd_
Since ug € B;— 2 2a, it follows from the dominated convergence theorem that

Jim 7208720 (1 o2 A Y| —o.
;

Therefore, we can choose T sufficiently small such that

T .
/ > 2058 O A | et <
0 -
J

Applying Young’s inequality for the time convolution, we have

T 5 ,
/ D o2 / e~ G2 (=) I dr ds
0o 0
T s sad
zc/ Zg(H%)j/ e—Co2 “](s—r)||Aju(n+l)(T)||L2
[ 0
J

x 3 20D AU (7)|| 2 dr ds

m<j—1

T )
<C / Z?“* A ST 2D AL ] dr x / e~ Co sy
0

m<j—1

]

: C/ > 20T A (7) | 2
0 N
J

x Y 2 AL ) (1) | 2 dr

m<j—1

(n) (n+1)
S N

a

) LZ(OTB1+2 )

< C6|lumty .
g

The terms with Jy and Js can be estimated similarly and they share the same upper
bound with the term involving J1,

/ ZQ<1+ )y/ ~Co2(s=7) 1, drds < C§ |u™ V)| _ 1l e

L2(0,T;B,,% )

a -t

I2(0,T; B1+2 )

/ So2 1 [Ce e g ds < 0o
0 -
J

We now examine the terms involving J, through Jg. Again by Young’s inequality,

T E .
/ ZQ(1+%)j/ eiCOQZ@J(S*T)JéldeS
05 0

T S X )
:c/ Zz<1+%>ﬂ’/ e~ QTN A ()2 x> 28| AR (1) 2 dr ds
0 . 0

m<j—1

<c/ ZQ 222 A (1) D 25| Apb™ ()| L2 dr

m<j—1
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<C/ ZQ( g+1— a)JHA b(n) )2 Z 9(1=a)(j—m) 9(§+1- amHA b(")( M2 dr

m<j—1

<c / B2, dr
0 32,12

gCTHb(")H2 4. SCTM?
(OTB 2 )

where we have used the fact that a>1 and (1—a)(j—m) <0 again. The other two
terms involving J5 and Jg obey the same bound,

T S j
|32t [ aras< crar
0 = 0

T S N
|32 [fe e e gras < oA,
0 = 0

Here we have used a < 1 —l—% in the estimate of Js. Collecting the estimates above leads
to

1)
(n+1)H - < - +05||u(n+1)”~

CTM?2. 2.11
2 <0,T;B2 | > L2(0,T; B + ( )

Ju

2.4. The bound for ||u(™*|_ We multiply (2.3) by 20+~

20,18,
take the L?(0,T)-norm and sum over j to obtaln

1+2

o

_ _ 2] +1
Hu(n+1)||L2(OTB1+§7Q —22(1+2 a) He Co2 Jt”Ajug" )”Lz’

L2(0,T)
+ZQ(1+%—a)J‘ / e—COQQ“j(s—T)(Jl_,_..._|_J6)d7 (2.12)
; 0 L2(0,T)
The first term on the right is bound by
o(1+g§—a)j H —Co2*%t | A, (nt1) ‘
) N Il % (O

) 1
= 0320820 (1202 2 A

oy d_
Since ug € B;+1 2 QQ, it follows from the dominated convergence theorem that

lim, 2<1+%*2a>j(17e*20°22w) 1A u§ ) L2 =0.
J

Therefore we can choose T > 0 sufficiently small such that

ZQ(Hg—a)j
J

—(Cp2207¢ ||A u(nJrl

IN

1)
Iz ‘ 201~ 4°
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The other six terms on the right of (2.12) are estimated as follows. Applying Young’s
inequality for the time convolution, we have

22(14-——&
=C 22(14-7—0(

/ —Co 22“j(s—T)J1 dr
0

L2(0,T)

295 (s—7 n
e” T AU (7)) 2

X Z 2<1+%>m||Amu<”>(T)HL2dT]

m<j—1

d_ - _ 2ajs
< CZQ(1+2 @)j e Co2 L2 0.m)

L2(0,T)

<[l @ > 2D AU (7))o

m<j—1

<c/ 22<1+@*2a Au D e 3 205D AL W™ 2 dr

m<j—1

/ 22(1+7704 |A u n+1)( )HL2

x Y 2 AL ) (1) | 2 dr

m<j—1

< O™ (n+1)
1 g oy 18 e

< C6|lumty .
i

L1(0,T)

The terms with .J5 and J3 share the same upper bound,

nggfa)j / TG0 (=) 1 g <C5[u 144 -
_ 0 L2(0.7) LHOTB,2 )
22(1+ —a)j / —0022aj(S—T)J3dT < Cé||u("+1)||~ 1+ —a
0 L2(0,T) L2OTiB;% )

The estimate of the term with Jy is similar. Again by Young’s inequality,

S gt e / e~ Co2*(s=7) 1 41
- 0
J

=03 g0t | [t e )
- 0
J

L£2(0,T)

x> 28 A (1) 2 dr

m<j—1

<Oy 22 A (D)l Y 28| AR (7))
J

m<j—1

£2(0,T)

L(0,T)

T
<c [ YA o)
0 .
J
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x 30 UmemmgHimam AL (1| 2 dr

m<j—1

T
<c / B )2 dr
0 B2,12

<CT|p™)? 1+
Lo (0,158,127

<CTM?.

The other two terms involving J; and Jg obey the same bound,

S g /6—0022aj(5—T)J5d7-
0

J
ZQ(H%*Q)J‘
J

Collecting the estimates above leads to

<CTM?,
L2(0,T)

< CTM?.
L2(0,T)

/ TG0 (=) g
0

_9
[lum )| 4o S7+C0u (1)) 1+TQ)+C’TM2 (2.13)

L2(0,15B, ) L2(0,138,

2.5. Completion of the proof for the existence part in the case when
a>1. The bounds in (2.5), (2.10), (2.11) and (2.13) allow us to conclude that, if we
choose T > 0 sufficiently small and § > 0 suitably, then

(n+1) <M p(n ) <M
”u || % (0,T; Bzg;rl 2a) ) || || % (0,T; 3221+1 o= )
(n+1) <45 (n+1) <5,
N gt 0 N
In fact, if T and § in (2.5) satisfy
1 1
i< - CTM<-
4’ 4’
then (2.5) implies
1
D) M )] Y

Loo(OTB2+1 20“)_2 Lf-><>(0TB2+1 4

or

(n+1) < M.
[ -

Similarly, if C6 <1 in (2.10), then (2.10) states

Hb(n—H)” 410 <M.
0 T; B221 )
According to (2.13), if we choose C§< 1 and CT M? < 34, then
™D <9

L2(0,1:B2 g1
and consequently, if C§ <+ and CTM? <16 in (2.11), then

(n+1) <5,
N gt <
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These uniform bounds allow us to extract a weakly convergent subsequence. That is,
there is (u,b) €Y such that a subsequence of (u(™ b(™) (still denoted by (u(™,b(™))
satisfies

o™ Xy in Eoo (O,T;B%Q%,;rliky)’
. o d —a
b Xp in L™ (O,T§322,Ir1 )-

In order to show that (u,b) is a weak solution of (1.1), we need to further extract
a subsequence which converges strongly to (w,b). This is done via the Aubin-Lions
Lemma. We can show by making use of the equations in (1.7) that (9yu(™,8,b(™) is
uniformly bounded in

o d_9q ~ o d ]34
du™ € LY(0,T; B, N2 (0,T;B: ),

s dyq_
b € 12(0,T; B3 ™)

Since we are in the case of the whole space R?, we need to combine Cantor’s diagonal

process with the Aubin-Lions Lemma to show that a subsequence of the weakly con-

vergent subsequence, still denoted by (u("),b(")), has the following strongly convergent

property,

(u™,b™) = (u,b)  in L*0,T;83,(Q)),

where g +1-2a<y< % +1—« and Q CR? is any compact subset. This strong conver-
gence property would allow us to show that (u,b) is indeed a weak solution of (1.1). This
process is routine and we omit the details. This completes the proof for the existence
part of Theorem 1.1 in the case when a>1. 0

3. Proof of the existence part in Theorem 1.1 with a<1

This section proves the existence part of Theorem 1.1 for the case when v <1. The
idea is still to construct a successive approximation sequence and show that the limit of
a subsequence actually solves (1.1) in the weak sense. Some of the technical approaches
here are different from those for o> 1.

Proof. (Proof for the existence part of Theorem 1.1 in the case when
a<1.) We consider a successive approximation sequence {(u(™,b(™)} satisfying (1.9).
We define the functional setting Y™ as in (1.10). Our goal is to show that {(u(™ b(™)}
has a subsequence that converges to the weak solution of (1.1). This process consists of
three main steps. The first step is to show that (u(”),b(")) is uniformly bounded in Y.
The second step is to extract a strongly convergent subsequence via the Aubin-Lions
Lemma while the last step is to show that the limit is indeed a weak solution of (1.1).
Our main effort is devoted to showing the uniform bound for (u(™,b(™) in Y. This
is proven by induction. We start with the basis step. Recall that (ug,bg) is in the
regularity class (1.6). According to (1.9),

U(l) :SQUO, b(l) :Sgbo.
Clearly,

<M, |6

Hu(l)HZm(O’T;ng) < <M.

1
)||Z°C(07T;B§,x> =
If T >0 is sufficiently small, then
||u(1) ||Z2(07T;B;;0) < \/THSﬂ‘OHB;‘;" < \/TCHUOHB;w <M.
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Assuming that (u(™,b(") obeys the bounds defined in Y, namely
HU(")Hzoo(o,T;Bgm) <M, Hb(n)HEOO(O,T;B;x) <M, H“(n)Hp(o,T;B;Jgg’) <M,

we prove that (u(”“),b(”“)) obeys the same bound for sufficiently small 7> 0.
The proof involves inhomogeneous dyadic block operator A; and the inhomogeneous

Besov spaces. Let j>0 be an integer. Applying A; to the second and third equation
in (1.9) and then dotting by (A;u™*) A;b("+1) we have

% <||Aju("+1) 72 +[1A00 Y \\%2) +Co2% |Aju™ V|7 < EBi+ B+ B, (3.)
where Cy >0 is constant and
Ei= —Q/Aj (u™ - VDY A
Ey= —Q/Aj(u(") VO DY A D 4y,
E3:2/Aj(b<n>-Vb<n+1>)-Aju<n+1> dm+/Aj(b(”)-Vu("+1))~Ajb(”+1)dm.

According to Lemma 6.2, F; is bounded by

|Br] < Cau™ 3, 3 20 0m A o]

m<j—1
+O[Au V|2 [ Au™ [z 3T 20D A |
m<j—1
+OAu D227 ST 28F [ Au™ || 2 | Apu Y e
k>j—1

=L+ Lo+ Ls.
Fs is bounded by

|Bo| < Ol A3, ST 20 0m A, w2
m<j—1
O AV |2 | Au™ |2 ST 20D A D]
m<j—1
HONABTY 227 3T 288 ALY L | A e
k>j—1
::L4+L5+L6.

FE5 is bounded by

| B3] < CAu™ D2 [ A00 V]2 ST 20F0m A b2
m<j—1
+O[Au Y| 2 A6 [z Y 20 A b
m<j—1
HOAu D 227 ST 25F [ Ab™ | 2 | Agb" TV e

k>j—1
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+CJIAB |2 A g2 Y 20D A u ]

m<j—1
FO AT 227 ST 28F [ Apu Y| L[| AR ™| e
E>j—1
=L+ Lg+ Lo+ Lo+ L11.

Inserting these bounds in (3.1) and then integrating in time yield

t
12 ut" D [Ze 4+ [ A0 D 2o + Co 2% /O [

t
<AV 1A et [ (Lt L, (32)

0
When j=—1, all the nonlinear terms can be estimated similarly and the only difference
is on the dissipative term. When j = —1, the dissipative term no longer admits a lower

bound because the support of the Fourier transform includes the origin. This does not
cause a problem. Tt is easy to see from (1.9) that the L?norm of (u(+D p(n+1) ig
bounded uniformly,

™D @122 + [0V @12 + 20| A% WD (0) 1722 < luol|F2 + [[bollZe-

Since ||A_1u™ ) (#)|| 2 < |ul D (#)| 12 is uniformly bounded and the time interval on
which we are seeking the solution is finite, (3.2) remains valid for j=—1 if we add a
constant term on the right. Taking L>(0,7) of (3.2), then multiplying by 2297 and
taking the sup in j yield

002 I

L= (0,T;Bg . )JFCO||“("+1)||2

*(0,T;Bg ., L2(0,T;B5 1)

T
<Jluollsg _ + ol +sup227 / (Lo 4+ Loy dr. (3.3)
’ ’ J 0

We now estimate the eleven terms on the right. By Holder’s inequality,

T
sup 2297 / Lqdr
J 0

T
= C'sup 227 / 1A u™ D2, ST 205 m AW | L dr
J 0

m<j—1

T
n g—Ol og))m aT+o)m n
<O gy ysip 3 2 roIm [Coesm a0 e

T m<—1

n Qfa ag))m a+o)m n
SOl gy 2o 20TV OO A g2 2o,

m<j—1

<Ot VT sup|[ 2™ | Ay u™ | 2 207

> (0,T;B3 .,

_ n n+1)2
=CVT |lu! )H'E?(o,T;B;t;’)”“( )”Z‘”(O,T;Bz",m)

<OVTM[u™ DI g
1= 12 00

where we have used the fact that a+o>1 —l—% and we are working with inhomogeneous
dyadic blocks. The terms with Lo, Ls and L4 can be bounded very similarly and the
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bounds for them are

T
sup2” [ Ladr < VM ™ o5 16Dz om0

T
sup22”J/ Lydr <OVIM a2
J 0 7TT2,00

T
supz%ﬂ‘/ Lydr < CVT M|p"+) |12
j 0

; *(0.7:B5 ..)’

The term with Ls is estimated slightly differently.

T
sup 2297 / Lsdr
J 0

T
:Csup22‘7j/ A6 2 | A jul™ ]| 2 Z 20+ | A b || 12 dr
J 0

m<j—1

T
=C'sup / 277|860V 2 20F | Ay 2
Jj Jo

x 3 getm)gti—(atomaom A | L gr

m<j—1
(n+1)12 ! (ato) (n)
n+ a+to)j n
SO gy o0 [ 218 s
<OV e .55y VTS8O ol 0

n n+1) |2
:C\/THU( )||Z2(O7T7B2Ut:)||b( + )”NOO(O’T;BQU,OQ)

(n+1)12
S C\/TMHb ||ZOO(O7T;B20,OC),

where we have used the fact that m—j <0 and 1+ % —a—0<0. The estimates of the
other terms are similar,

T
sup 220’j/ Ledr < C\/TMHb(n-&-l)HQZoo(o T;Bg )’
J 0 -

T
Sljl'p 2 /o Lrdr <CVTM ”b(nﬂ) ||Z°°(0,T;B§’,oo) Hu(nﬂ) HP(O,T;B;’E’)’

T
sup27 [ Ladr < CVEMIB™ g 16 g0 1 10

T
SUTPQZUJ/O LngSC\/TMHZ’("H)HZOO(O,T;B;’OO)H“("H)HP(O,T;ng!)v
j : :

T
Sup 22LU/ Lygdr < CVT M [[p"+) Iz 0,785 ) a4 1Z2(0.7:5%2):
j 0 * ’

T
stjl_p 220’,]/0 Ly dr< C\/TMHb(nJrl)”Zoo(o,T;Bgm) ||U(n+1)||Z2(O,T;B§’Jg§)'

Inserting the bounds above in (3.3) yields

[ (u(nH)»b(”H))||%oo(0,T;Bg,m) +CoflutY ||2Z2(0,T;B;’,to”)
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< (to,bo) g _ +CVTM @D B2
+CVTMI|@™ D 5™ D)z o 7mg ) 10 20, 7img - (3.4)

We choose T'>0 to be sufficiently small such that
CVT M [(u™+V 0+ 0) 12

—|—C\/TM ”(u(nJrl 7b(71+1))H»E00(0 .8y ) ||u(’ﬂ+1) ||Z2(O,T;Bg::)

*(0,T;BS _.)

3 n n n
< T b D) 2 +7 C ™12

L*>=(0,T;BS ) L2(0,T:B3 L)

Then (3.4) implies

||(u(n+1),b(n-i-l))“ZOO(O’T;Bg’OQ) SQH(UOJ)O)HB;w :M7
. 2
[l +1)|\Zz(0,T;B‘2’,t§) < ﬁ||(uo»b0)||35,w <M.

These uniform bounds allow us to extract a weakly convergent subsequence. That is,
there is (u,b) €Y such that a subsequence of (u(™ b(™) (still denoted by (u(™b(™))
satisfies

u™ Sy i L%(0,T;B3 . )NL*(0,T; B3 L),
b™ b in L(0,T;B95..).

In order to show that (u,b) is a weak solution of (1.1), we need to further extract
a subsequence which converges strongly to (w,b). This is done via the Aubin-Lions
Lemma. We can show by making use of the equations in (1.9) that (9u(™,d,b(™) is
uniformly bounded in

~5 72 b
o™ e L*(0.T:B7 ), 0™ € L*(0.T:B3 ).

Since the domain here is the whole space RY, we need to combine Cantor’s diagonal
process with the Aubin-Lions Lemma to show that a subsequence of the weakly con-
vergent subsequence, still denoted by (u(”),b(")), has the following strongly convergent

property,
u™ Suin L*(0,T:B3.(Q)) for me(c—a,0+a)
b™ —b in L*(0,T;B3%,(Q)) for v:2€(d/2,0),

where Q C R is any compact subset. This strong convergence property would allow us
to show that (u,b) is indeed a weak solution of (1.1). This process is routine and we
omit the details. This completes the proof for the existence part of Theorem 1.1 in the
case when a < 1. O

4. Proof for the uniqueness part of Theorem 1.1

This section proves the uniqueness part of Theorem 1.1. The case a>1 is treated
differently from the case a < 1. When a > 1, estimating the L2-difference of two solutions
does not lead to the desired uniqueness due to the difficulty in suitably bounding one
of the terms. Instead we need to estimate the velocity difference # in a different setting
from that for the difference for the magnetic field b. More precisely, we combine the
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estimate of [[u]. .a with |[b]] .4 . . After invoking a logarithmic Besov-
B3 oo (RY) L B3 o (RY)

type inequality, we are able to obtain the desired uniqueness. The effectiveness of this
approach for the uniqueness was discovered in [43] for the 2D MHD equations with the
standard Laplacian dissipation and used in [32] for the 2D and 3D MHD equations again
with the standard Laplacian dissipation. The case a <1 is simpler. We can directly
work with the L2-difference to obtain the uniqueness.

Naturally this section is divided into two subsections. The first subsection deals
with the simpler case a <1 while the second subsection is devoted to the case > 1.

4.1. The case a<1.
Proof.  Assume that (u™),5™) and (u(®,b(?)) are two solutions. Their difference

(w,b) with
Teu® . F=p® )

satisfies

B+ v(—A) = —P(u® - Vi+i - VuD)+P(b® - Vb+b- Vb)),
dib=—u? . Vb—u- Vo) +53) .V +b- Vul),
V- 4=V-b=0,

u(x,0)=0, b(z,0)=0.

(4.1)

We estimate the difference (u,b) in L?(R?). Dotting (4.1) by (%,b) and applying the
divergence-free condition, we find

1d

5@(”?7”%2 +[[Bl[72) + [ AT 72 = Q1 + Q2+ Q3+ Qa+Qs, (4.2)

where
le—/ﬁ~Vu(1)-ﬁdx,
sz/b@).V'B.adH/b(?).vadex,
Q3=/3-Vb(l)~ﬂdm7
Q4=—/ﬂ-v1)(1>-5daz,
QSZ/E-VU(U -bdz.

As V-b® =0, we find Q2 =0 after integration by parts. We remark that Q3+ Q4 is not
necessarily zero. The operator A; in this subsection denotes the inhomogeneous dyadic
block operators and the Besov spaces are inhomogeneous. By Holder’s inequality,

Q< IVl @72, [Qs| < IVa |z 5]

To bound Q3, we set

D=
N | =
&v\Q
<
SR
N
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and apply Holder’s inequality and Sobolev’s inequality to obtain

Q3] <[[Bll 2 V6D |1l
< Cllbl| 2 VO™ o A 2
Vi~ ~
< 1A+ C VB [1b] 7.

Q4 obeys exactly the same bound. Inserting these bounds in (4.2), we find
d - ~ o~
2 (IlZe + Bl[72) + v AT 7
< CVul[[p= ([ll72 + [1Bl172) + C IV |70 [1B]1 72 (4.3)

By Bernstein’s inequality,

JRZEIPNTED o I L

j>—1
< Z/ 20497 || A;uV || L2 dt
j>—1
T
< Z 2(1+%—a—0)j/ 2(“+a)j||Aju(1)||det
j>—1 0

< Z 20144 ==V /T (120593 || A u ]| 2| 12 0,7
j>—

<< \fHu @) 720,554 (4.4)
where we have used the fact that o >1+ % — . In addition,
VoM e < > 14,960 o

jz—-1
<C Z 2+ G || AHD)]| 2
j>—1
<0 2t G=D AW
j>—1

=C Z o(l+5—a=0)jgoj ||Ajb(1)HL2
j>—1

<CbWpg .,

where again we have used the fact that o > 1+ g — av. Therefore,

/ ||Vb(1)Hqut<CTHb(l)HLoo(oTBff )’

Applying Gronwall’s inequality to (4.3) and invoking (4.4) and (4.5), we obtain
[l =6 2 =0,

which leads to the desired uniqueness. This completes the proof of the uniqueness part
of Theorem 1.1 for the case when a < 1. ]
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4.2. The case a>1. As we have mentioned at the beginning of this section,
the uniqueness for this case can no longer be established by estimating the difference
in L?. Before we give the proof, we explain why one of the terms can not be bounded
suitably in the L?-setting. @Q: and Qs can still be bounded as before. @3 has to be
bounded differently. By integration by parts,

ng—/Z~va-b<1>dx.

For p and ¢ defined by

we have, by Holder’s inequality,
|Qsl < I1Bll 2 || V7] £ 16X ] o
< C[bllzz A~ V]| g2 6D o
Vi o~ ~
< ZIATZ+ OO [ B
Q4 can not be bounded similarly as Q3. In fact, Q4 is the main trouble that prevents

us from deriving the uniqueness. In order to prove the uniqueness, we have to abandon
the L?-setting and combine the estimate of [l . a with || The
L

o Q—oc *
B3 o (RY) L B3 o (RY)
precise proof is given as follows.

Proof. Throughout the following proof, A; denotes the homogeneous dyadic block
operators for the simplicity of notation. As in (2.2), we have from (4.1) that

d, . il A~
@HAJ‘UHB +Co2°¥ (| A 2
<[I[A;,u® Vil 2 + (1A (@ Vu) | 2 + 1 A6 Vb) | 2 + 14 (b VD) | 2.

Integrating in time and taking into account the zero initial condition, we find

t )

I P A e ([PNRIER PR PNICA T
0
18, (62 TB)| 2 +118 (5 V) | 2 ) dr.

For 1 <¢g<oo, we take the L?-norm in time and apply Young’s inequality for the time
convolution to obtain

~ _ 2aj ~ ~
185l g2 < e o (18,6 Dl 2+ 18 @ Va2
18 (0 T8) |y 2+ 18 (- T 2.

Multiplying each side by PEEALS

have

2997 and taking the supremum with respect to j, we

~ d_90)j ~ ~
[, g-azp < Coup2 2097 (125 Ll e+ 12 @ Va0
t 2,00 J

185 (6P V)| 2+ 1185 (- VD) |y 12 )
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The four terms on the right of the inequality above can be bounded as in the proof of
the existence part. More precisely, the first two terms are bounded by

sup2(2 20 u? .V <Cu® U
et 1185, Villzy 2 < Ol oo Nl g e
sup2 £y VU g2 < OV g

The second two terms are bounded slightly differently,

t
sup2(5 =297 | A; (6@ Vb)|| s 12 < /0 szg2<%*2a>j 14, (6@ - VD)2 dr
J

JEL
<C [ WO g Bl g

oo

AR N FPEey BTN Y
Jez oo

Using these bounds and taking ¢ =00 and ¢=1, we find

i 1) (2) i
I, e H1T g (DN g+, g )T

t 2oo

(1) (2) 7
e / (10 oot P o) Bl g

Lt 2,30

Working with the equation of b in (4.1), we have

~ t ~
B, g <5027 [ (10,0 T 18, (5 95
J

2,00

186 T |12 + 18- VuD)|12 ) dr.

Estimating the four terms on the right in a similar fashion as in the existence proof, we

find that
7 (1) (2
1Bl == € (I g I g J B,

c( (1) b2 ) 5 . 47
OB, gt 2,y ), (@)

Using a basic fact from real analysis (stated as a lemma below), we can choose Tp
(smaller than the maximal existence time T') such that, for any 0 <t <Tp,

) (2)
€ (I, vt +

It then follows from (4.6) and (4.7) that

t
- ) (2) b
L A (G R L RS [T

L°°B2
<C( b 4 b2 g ) :
<O, yrog oI prcg )1l g

t 2,1

1~
S 4.
L®B

2,00
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Inserting the second inequality into the first one and invoking the fact that, for any
0<t<Ty,

(€] (2)
Hb ||Looé1+%7a+||b ||Lmél+%70¢ SC(T)7

t 2,1 t 2,1

we obtain

il .9 0/ fal,, 4 d
21

Invoking the logarithmic Besov-type inequality (see Lemma 4.2 below)

Hﬂ” 1+472a+”UH B+%
||U|| P <C’||u|| 58 log [ e+ 21~ )
e, 5. I, 55
we obtain
t ||~H 1+172a+H~HL1B1+2
@l 4 <c/||a||~ o olog e - "
LlB2 0 LIBZ__ Hu||~ 4
’ L%BZ’zoo

Due to the boundedness

u <
|||| +¢42u-%HuHLthﬁ4 0,

Osgood’s inequality then implies that, for any t <Tj,

la||. .« =0 and |l =0.
L%BQZ,OO 1B21
Therefore,
b =0.
[ ||L?B§;a

In particular, =b=0 almost everywhere for t <Tj. Repeating this process yields the
uniqueness on the whole time interval [0,7]. This completes the proof of the uniqueness
part of Theorem 1.1 for the case when o> 1. 0

In the proof above, we have used two facts stated in the following lemmas. The
first lemma can be found in [35].

LEmMMA 4.1.  Let (X,B,u) be a complete measure space. Let f be an integrable function
with respect to the measure . Then, given any € >0, there is § >0 such that, if A€ B
and p(A) <4, then

fd,u‘ <Ee.
A

The second lemma states a logarithmic Besov-type inequality, which generalizes
Lemma 3.1 of [43]. The proof is parallel, but we provide it for the convenience of
readers.



1012 THE MAGNETOHYDRODYNAMIC EQUATIONS

LEMMA 4.2. Let a>1. If F satisfies, for t >0,

F <
| ||L%B;+1Tza( +[|F ”L,,B % (gay <
then
||FH 1é1+%72a+||F”L1B1+%
IFll . a <C[F[_ .4 log|e+ e —
L%le tBZZ(x) || H

~ %
LtB2,oo

Proof. The proof relies on the definition of Besov spaces in terms of the Littlewood-

Paley decomposition. For an integer N >0 to be specified later,

191, 8 =D 22 18l

JEZ
d
S D >RED IES o) EEVCI
J<—N —N<j<N j=N
For a>1, the low frequency part can be controlled by

7 28| A F||pa= Y 2@emDig0HE 20T AR L
j<—N Jj<—-N

—(2a—1)N -N
<2 ”FHL}B;tg 20 <2 HF” B:;§*2°"
The high frequency part can be bounded by
> 288 Fllgga = 30 27 2 8y Flly1a <2V g
j>N >N 2,1

Therefore,

152
LiB3, 2,1

2,00

1P, 0 <2 (1P g ot U ooy ) +2V P

If we take N to be the integer part of
v L

LB,

1] ’

53
LiBs

log | e+

then we obtain the desired inequality. This completes the proof of Lemma 4.2.

5. Conclusion and discussions
We have established that, for o> 1, any initial data (ug,bp) with

we B TN RY, bye BETTU(RY,

and, for a <1, any initial data (ug,by) with

d
UOEBg,oo(Rd)v bOGBg,ooa(Rd)v O'>§+1*a

d
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leads to a unique local weak solution of (1.1). The purpose of this section is to explain
in some detail why these regularity assumptions may be optimal. The optimality for the
case a>1 can be easily explained. The index g—&— 1—2q is minimal for the velocity in

order to achieve the uniqueness. As we know, the velocity u should obey fOT IVl L dt <
oo or a slightly weaker version in order to guarantee the uniqueness. In the Besov setting
here, we need

— ,

<
LY(0,T;B, 1 % (RD))
which, in turn, requires that

~ o1 d_
we L=(0,T; By 2 2 (RY)).

This is how the index % 41— 2« arises. Once the Besov space for ug is set, the functional

setting for by is determined correspondingly.

We now explain why the initial setup for the case a <1 may be optimal. We have
attempted to replace (5.1) by several weaker assumptions, but we failed to establish the
desired existence and uniqueness. We now describe the difficulties associated with those
weaker initial data.

5.1. Can we replace (5.1) by UOEBiflﬂa(Rd) and bOGBil(Rd)? We

would have difficulty proving the uniform boundedness of the successive approximation
sequence in the existence proof part. If we assume that

diq_oq d
w€B3 T (RY) and bye By, (RY),

then the corresponding functional space for (u,b) would be

Y (uv )‘HU’H~ (0.T; 2%:172@) <M, ” ||~ (0.T; 2%1) <M,
u <d U <5}.
|| || 1(0,T; 2g’l+1) =0, || H~2(01 ; Zg,rl—a) I

Suppose we construct the successive approximation sequence by (1.7). We can obtain
suitable bounds for

(n+1)H~ di1_2q 9 ”b(nJrl)”

| _ 4 .
Lo (0,15B2 ] ) L (0,1:B2,)

We would have difficulty controlling ||u(™*1|| 4., due to the term b .Vp(™)
LY(0,T;B2, )

in (1.7). A quick way to see the difficultly is to count the derivatives needed and the

derivatives allowed,
d d d d
—+1 —4+1)—-2a=2(=-+1- 2-—.
<2+>—|—<2+> (o] <2+ a>> 5

We explain the meaning of this inequality. The left-hand side 2 (% +1-— a) represents the
derivative imposed and the right-hand side 20% denotes the derivatives allowed on the

two b(™)’s. The first %—l—l comes from BQ%, ;rl, the second g—l— 1 represents the derivative
when we estimate |6 -Vb(™|| > and —2« is due to the dissipation. When a <1, the
derivatives imposed are more than the derivatives allowed and we can not close the
estimates in Y.
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5.2. Can we replace (5.1) by ug € B2+1 2Q(Rd) and by € B2+1 “(RY)?  Even
though we increased the regularity of by to the level that would allow us to overcome one
difficulty mentioned in the previous subsection, we would still have trouble proving the
uniform boundedness of the successive approximation sequence in the existence proof
part. If we assume that

uoeBz“ **R%) and boeBQH *(RY),

then the corresponding functional space for (u,b) would be

U HluH % (0,T; 2+1 2a) ’ || || (0, 2+1 a) = 9
<4 U <5}
||U||L1(077 ;32%,?1) - || HLNQ(OJ ?Bzg,rlia) o

Suppose we construct the successive approximation sequence by (1.7). We can obtain
suitable bounds for

D) Jlu 0

lu 1
L1(0,T; B

dy1-2q 9
] )

L>(0,T;B2, 2“

)
But this new setup would make it impossible to control

b(n+1
B ptieey

The difficulty comes from bounding the term b(™.Vu(™ in the equation of btV in
(1.7). In order to bound [|A; (6™ - Vu(™)|| 12, one naturally decomposes it by paraprod-
ucts as in (2.7),

14,6 - Tu™)| 2 < C27 [ Au™ 2 > 287 A"

m<j—1

HO[A e ST 20D AWM
m<j—1

+C27 Y 22 58| ARd™ || 2 | Apul™ || 12

k>j—1

The trouble arises in the first term on the right-hand side. For o<1, we can no longer
bound

o(1-a)j Z 28| A b™|| 2

m<j—1

by

Z 2(%+17a)m||Amb(n) HL2

m<j—1

and, as a consequence, we are not able to control b .Vu(® by the desired bound

|l () I a6 441-0 - This problem arises when u and b are in dif-
LY( OT3221 ) L°°(OTB )

ferent functional settings. We can no longer estimate u and b simultaneously and the
good structure of combining the terms b- Vb and b- Vu can no longer be taken advantage
of.
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5.3. Can we replace (5.1) by ug EBQ%_fl_a(Rd) and by Eijl_a(Rd)? Even
ug and by are now in the same functional setting, but we are still not able to prove the
uniform boundedness of the successive approximation sequence in the existence proof
part. We now explain the difficulty. Naturally the corresponding functional setting for
(u,b) is

Y _—{ ,b ,b « <,Z\47
(U )“l(u )||L°°(O,T;B§11 )
L, <0, <5}
”uHLl(O,T;BQZ’{1 ) ”uHLZ(O,T;BEl1 a)

Suppose we construct the successive approximation sequence by (1.9). In order to make
use of the cancellation in the combination of b-Vb and b-Vu, we have to add the
estimates at the L?-level as in (3.1). However, if we add them at the L?-level, it is then

diq_
impossible to control the norm of (u,b) in B;jl “. This is exactly why we have selected
the functional setting BS ., with o> g +1—a when < 1, as in the proof in Section 3.

In conclusion, the regularity assumptions on the initial data in Theorem 1.1 may
be optimal.
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Appendix. Besov spaces and related tools. This appendix provides the defi-
nition of the Besov spaces and related facts that have been used in the previous sections.
Some of the materials are taken from [2]. More details can be found in several books
and many papers (see, e.g., [2,4,34,39,42]). In addition, we also prove several bounds
on triple products involving Fourier localized functions. These bounds have been used
in the previous sections.

We start with the partition of unit. Let B(0,r) and C(0,71,r2) denote the standard
ball and the annulus, respectively,

B(O,r)={¢eR:[¢|<r},  C(0,r1,r2)={E€R 1 r; <|¢[ <72},
There are two compactly supported smooth radial functions ¢ and v satisfying

supp¢ C B(0,4/3), suppw CC(0,3/4,8/3),

$E)+> v(277¢=1  forall¢€R, (6.1)
3>0

d @I =1  for (RN {0} .

JEL

We use h and h to denote the inverse Fourier transforms of ¢ and v respectively,

h=F'¢, h=F 'y



1016 THE MAGNETOHYDRODYNAMIC EQUATIONS

In addition, for notational convenience, we write 1;(£) = (277¢). By a simple property
of the Fourier transform,

hy (@)= F (1) () =29 h(2 ).

The inhomogeneous dyadic block operators A; are defined as follows

Ajf=0  forj<-2,

Aaf=hsf= [ ra=yhts)dy

Bif=hyef =28 [ fla-p)h@n)dy  fori>0.
The corresponding inhomogeneous low frequency cut-off operator S; is defined by

Sif= > Anf.
k<j—1

For any function f in the usual Schwarz class S, (6.1) implies

~

F©O=6©) O+ w278 f(©) (6.2)
Jj=>0
or, in terms of the inhomogeneous dyadic block operators,
F=Y"Aif or Id= Y A,

j>—1 j>—1

where Id denotes the identity operator. More generally, for any F in the space of
tempered distributions, denoted &’, (6.2) still holds but in the distributional sense.
That is, for Fe &',

F=> AF or Id=>» A; in &. (6.3)

j=-1 jz-1

In fact, one can verify that
SiFi= Y AF — F in §.
k<j—1

Equation (6.3) is referred to as the Littlewood-Paley decomposition for tempered dis-
tributions.

In terms of the inhomogeneous dyadic block operators, we can write the standard
product in terms of the paraproducts, namely the Bony decomposition,

FG= Y SiFAGH Y AFSaG+ Y AFALG,

li—k|<2 li—k|<2 k>j—1

where Ek =Ap_1+Ag +Ak+1.

The inhomogeneous Besov space can be defined in terms of A; specified above.
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DEFINITION 6.1. The inhomogeneous Besov space B, , with 1<p,g<oo and s€R

consists of f €S’ satisfying

1fllBs, = 1214 fll e llia < 00

The concepts defined above have their homogeneous version. The homogeneous
dyadic block and the homogeneous low frequency cutoff operators are defined by, for
any j€7Z,

Ajf=hysf=20 / f(x—y)h(27y) dy,
R
Sif= > Avf=21"| W(2y)f(z—y)dy.
k<j—1 Re

For any function f in the usual Schwarz class S, (6.1) implies

FO=>"v(2¢)f(&)  forall (e

JEL

when f satisfies, for any 2 in the set of all polynomials P,

/ 2P f(x)dx=0.
Rd
In order to write the Littlewood-Paley decomposition for F'€S’, we need to restrict to
the subspace Sj, consisting of f €S’ satisfying
lim S;f=0 in §.
j——o00
Any f eS8’ that has a locally integrable Fourier transform is in S},.
The homogeneous Besov space can be defined in terms of Aj specified above.

DEFINITION 6.2. The homogeneous Besov space E;q with 1<p,q<oco and seR
consists of f €S, satisfying

1713, = 1127145 ol <o,

In terms of the homogeneous dyadic blocks, we can also write the standard products
in terms of the paraproducts.

The following space-time spaces introduced in [13] have been used in the previous
sections.

DEFINITION 6.3. Let s€R and 1<p,q,r<oco. Let T €(0,00]. The space-time space
L"(0,T;B, ,) consists of tempered distributions satisfying

1Nz 0,755,y = 127 1A Fll o | 2 0.7 lia < 00

ET(O,T;B%ISW) is similarly defined.
By Minkowski’s inequality, the standard space-time space L"(0,T;B, ) is related
to ET(O,T;B;;,q) as follows

L"(0,1;B;,)CL"(0.T;B5,)  ifr<g,
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L'(0,T;B5,)CL™(0,T;Bs ) ifr>q,
L"(0,1;B;,)=L"(0,T;B;,)  ifr=q.

Bernstein’s inequality is a useful tool on Fourier localized functions and these
inequalities trade derivatives for integrability. The following proposition provides
Bernstein-type inequalities for fractional derivatives.

LEMMA 6.1. Let a>0. Let 1<p<qg< 0.
1) If f satisfies

suppf C{E€R?: ¢ < K27},

for some integer j and a constant K >0, then

idid(l_1

1(=2)* fll oy < C1 2299 =D | £ 1y zay.
2) If f satisfies
suppr {€eRY: K127 <[¢| < Ky27}
for some integer j and constants 0 < K1 < Ky, then
) witid(l 1
Ch 22a]||fHLq(Rd) <(=A) fllLo@ay < Co 92 +id(5 q)Hf”LP(]Rd)a

where Cy and Cs are constants depending on c«,p and q only.

We now state and prove bounds for the triple products involving Fourier localized

functions. These bounds have been used in the previous sections in the proof of Theorem
1.1.

LEMMA 6.2. Let j€Z be an integer. Let A; be a dyadic block operator (either
inhomogeneous or homogeneous).

(1) Let F be a divergence-free vector field. Then there exists a constant C independent
of 7 such that

Rd

e
<Cla;HI (27 28 [AwFlle Y 184Gl

m<j—1 li—k|<2
+ 3 JAFe Y 20D ALG e
li—k|<2 m<j—1
+ 3 P2 A 2| BiGlz ). (6.4)

k>j—1

(2) Let F be a divergence-free vector field. Then there exists a constant C independent
of 7 such that

Aj(F-VG)-A;Gd

Rd

4ym
<OUAGI (D 2 A F e Y AKG] e
m<j—1 l7—kl<2
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+ 30 AFl: Y 20 AL e

li—k|<2 m<j—1
+ 30 228 AP | AkG 12 ) (6.5)
E>j—1

(8) Let F be a divergence-free vector field. Then there exists a constant C independent
of 7 such that

‘Aj(F'qu)wAjC;dI4* zﬁj(F'Vu;)wAj}{dI
Rd

Rd
dym
§C||AJ'G||L2< D 2UFIMALF e Y | ARH] 2

m<j—1 li—k|<2

+ 3 ARF| e Y 200 A H| e

li—k|<2 m<k—1
+ > 2 24R AL e | Ak H]| 12 )
E>j—1

4ym
+Cl8;H e (Y 20D A F e Y 1AG e

m<j—1 l7i—k[<2
+ Y IAFlze Y 20 ALG e
li—k|<2 m<k—1
+ > 228 AF| | AG] ). (6.6)

k>j—1

Proof. The proof of these inequalities essentially follow from the paraproduct
decomposition. By the paraproduct decomposition,

Aj(F-VG)= > Nj(Sk1F-DVG)+ Y Aj(ALF-Si1VG)

l7—k|<2 li—k|<2

+ 3 AJ(AF-VALG).

E>j—1

By Hoélder’s inequality and Bernstein’s inequality in Lemma 6.1,

/fAAj(F’VN;)WAj}{dx
Rd

<I8H|e (D 2 ISk Pl [AkGlzz+ > 1Az Sk 1 VGl 1
li—k|<2 lj—k|<2

+ > Y IAFl 1 BkGll= ),

k>5—1

where we have used V-F =0 in the last part. Equation (6.4) then follows if we invoke
the inequalities of the form

I1Sk-1Fllp= < > 28" | Ay |z, (6.7)
m<k—2
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To prove (6.5), we further write the first term as the sum of a commutator and two
correction terms,

Aj(F-VG)= > [A;,Sk—1F-V]ALG

li—k|<2

+ > (Sk1F—S;F)-AjANVG

l7—kl<2

+8;F-VAG+ Y Aj(AF-Sp_1VG)
|7 —k[<2

+ 3 A(AF-VALG).

E>j—1

As V- F=0,

e S]FVA]GAJGCZI‘ZO

By Holder’s inequality, Bernstein’s inequality and a commutator estimate,

Aj(F-VG)-A;Gdx

9 <U2;Glz (Y2 IVSkoaF = ALGe:

lj—k|<2
+020F80 37 (| ALF 2 |86 e

li—k[<2

+ Y IARFz2 Sk VG Lo

li—k|<2

+ 3 V2t ALF 2 | AkG 2 ).

k>j—1

(6.5) then follows when we invoke similar inequalities as (6.7). The proof of (6.6) is very
similar. This completes the proof of Lemma 6.2. O
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