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Abstract

This paper studies the global (in time) regularity and large time behavior of solutions to the 2D microp-
olar equations with only angular viscosity dissipation. Micropolar equations model a class of fluids with
nonsymmetric stress tensor such as fluids consisting of particles suspended in a viscous medium. When
there is no kinematic viscosity in the momentum equation, the global regularity problem is not easy due
to the lack of suitable bounds on the derivatives. The idea here is to fully exploit the structure of the sys-
tem and control the vorticity via the evolution equation of a combined quantity of the vorticity and the
micro-rotation angular velocity. To understand the large time behavior, we overcome two main difficulties,
the lack of kinematic viscosity and the presence of linear terms. Classical tools such as the Fourier splitting
method of Schonbek and Kato’s approach for the decay of small solutions do not apply here. We introduce a
diagonalization process to eliminate the linear terms and rely on the uniform bounds for the first derivatives
of the solutions to generate suitable decay rates.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The micropolar equations were first introduced in 1965 by C.A. Eringen to model micropolar
fluids (see Eringen [9, Sections | and 6]). Micropolar fluids are fluids with microstructure. They
belong to a class of fluids with nonsymmetric stress tensor (called polar fluids) and include, as
a special case, the classical fluids modeled by the Navier—Stokes equations (see, e.g., [4,8—10,
16]). The system of the micropolar equations is a significant generalization of the Navier—Stokes
equations covering many more phenomena such as fluids consisting of particles suspended in a
viscous medium (see, e.g., [16,17,19]). The micropolar equations have been extensively studied
and applied by many engineers and physicists.

The 3D micropolar equations can be written as

o —(v4+k)Au —2«kVxw—+u-Vu+Vr =0,
BDMP) V.u=0, (1.1)
ow —yAw+4kw — uVV-w —2kV xu+u-Vw =0,

where u = u(x, t) denotes the fluid velocity, w(x, t) the field of microrotation representing the
angular velocity of the rotation of the particles of the fluid, 7 (x, #) the scalar pressure, v de-
notes the Newtonian kinematic viscosity, « the micro-rotation viscosity, and y and p the angular
viscosities. The 3D micropolar equations reduce to the 2D micropolar equation when

u=(ui(xr,x2,0), u2(x1,x2,1),0), w=(0,0,w3(x1,x2,1)), 7 =m(x1,x2,1).
More explicitly, the 2D micropolar equations can be written as

o —(W~+r)Au —2«kVxw—+u-Vu+Vr =0,
2DMP) V-u=0, (1.2)
oow—yAw+4kw —2«Vxu+u-Vw =0,

where we have written u = (u1, #2) and w for w3 for notational brevity. It is worth noting that,
in the 2D case,

Q=V Xu=0yup—0y,Ui

is a scalar function representing the vorticity, and V x w = (3xZw, —0y w).

The micropolar equations are also mathematically significant. The well-posedness problem
on the micropolar and closely related equations such as the magneto-micropolar equations has
attracted considerable attention recently from the community of mathematical fluids (see, e.g.,
[2,5,12,16,21,22]). Generally speaking, the global regularity problem for the micropolar equa-
tions is easier than that for the corresponding incompressible magnetohydrodynamic equations
and harder than that for the corresponding incompressible Boussinesq equations.

More recent efforts are focused on the 2D micropolar equations with partial dissipation. In [7]
Dong and Zhang examined (1.2) without the micro-rotation viscosity, namely y = 0. The global
regularity problem for this partial dissipation case is not trivial due to the presence of the term
V x w in the velocity equation. Dong and Zhang in [7] observed that the combined quantity
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obeys a transport-diffusion equation, which allows the extraction of a global bound. Another
partial dissipation case, (1.2) with v =0, y > 0, ¥ > 0 and « # y, was examined by Xue, who
was able to obtain the global well-posedness in the frame work of Besov spaces [20]. We remark
that the requirement « # y in [20] is not crucial and it is not difficult to see that the global
well-posedness remains valid even when k = y.

This paper aims at the partial dissipation case when (1.2) involves no velocity dissipation.
More precisely, we study the existence and uniqueness of classical solutions to the 2D micropolar
equation with only angular velocity dissipation

oru+ku—2kVxw+Voe+u-Vu=0,
V.u=0, (1.3)
otw —yAw+4kw —2kV xu+u-Vw=0.

We remark that the term xu does not play any significant role in the global regularity problem. It
is kept in (1.3) simply to reflect the fact that the micropolar fluid motion requires the presence of
the micro-rotational effect and micro-rotational inertia, namely « > 0. We establish the following
global existence and uniqueness result for (1.3).

Theorem 1.1. Assume (ug, wo) € HS(R?) (s > 2) and V -ug = 0. Then (1.3) has a unique global
solution (v, w) satisfying

(u,w) € C([0, 00); H*(R?)), we L*0, T; H*t'(R?)), VT > 0.

We remark that the global regularity problem on (1.3) is not trivial. The difficulty is due to
the dynamic micro-rotational term V x w in the velocity equation. This term prevents us from
obtaining the global L°°-bound for the vorticity £ = V x u directly from the vorticity equation,

HQU+KQ+u-VQ+2kAw =0, (1.4)

where we have used V x (V x w) = —Aw. The bound ||2(?)|| .~ relies on Aw, namely,

1
120 L= < [1$2(0) ][ +2/c/ [Aw(T)|L=dz.
0

To overcome this difficulty, we make use of the angular viscosity dissipation y Aw to balance
out the bad term 2« Aw in (1.4). More precisely, we consider the sum of the vorticity and micro-
rotation angular velocity

2
Z:Q—}——Kw,
14

which satisfies
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42 83 62
atz+u-vz+(x—L)ZJr(LerL)w:o. (1.5)
y y2 'y

This equation of Z serves our purpose to obtain a global bound for 2 via the global bound for Z.
To bound || Z|| e, we need a global bound for ||w]|; 1, according to (1.5). To obtain the global
bound for ||wl| Lire> We first establish the global b(t)uﬁd for ||w|| LIH! via energy estimate and
then the global bound for || Awl|| 1212 via the maximal regularity of the heat operator. More details
can be found in Section 2.

The second purpose of this paper is to obtain explicit time decay rates for the following 2D
micropolar equation

oru+ku—2«kVxw+Vre+u-Vu=0,
V-u=0, (1.6)
oow—yAw —2«V xu+u-Vw=0.

(1.6) is obtained by removing the term 4« w from (1.3). It is not difficult to understand that
solutions to (1.3) decay exponentially. We ignore this term and consider (1.6) instead. We remark
that Theorem 1.1 remains valid for (1.6).

We aim at developing an effective approach on large-time behavior for systems involving
linear terms and with mixed damping and dissipation. As we know, linear terms are usually
obstacles in the study of large-time behavior and in obtaining explicit decay rates. The diag-
onalization process presented here eliminates the linear terms in (1.6) and leads to an integral
representation in terms of the nonlinear terms only. This representation allows us to derive the
desired decay rates. This practice may be useful for more general decay problems.

We remark that, when the micropolar equation has full dissipation, namely (1.2) with v > 0,
k > 0and y > 0, effective approaches such as the Fourier splitting method of Schonbek [18] and
Kato’s method for small solutions [ 14] have been developed to obtain explicit decay rates. In fact,
the L? time decay rate was obtained by Dong—Chen [6] for global solutions of the 2D micropolar
equation (1.2) via the Fourier splitting method and by Chen—Price [3] for small solutions of the
3D micropolar equation (1.1) via Kato’s method. However, when the velocity equation has no
dissipation, the Fourier splitting method which relies on the dissipation in order to decompose
the whole space into two time-dependent sub-domains does not apply. Furthermore, without
smallness assumption, Kato’s method [14] does not work due to the difficulty of constructing an
iterative procedure. Some more recent new time decay methods such as the one by Guo—Wang
[11] involving Sobolev space of negative indices and the one by [13] for dual equation technique
do not apply to our circumstance.

In order to derive the decay estimates for (1.6), we make the assumption

y > 4k.
As we explain below, this condition is sharp and necessary. It allows us to derive uniform (in

time) bounds for both the solution and its first derivatives. Especially we are able to show that,
forany 0 <s <t < o0,

IVu@® |2, + IVw®)3, < C (||Vu(s)||iz - ||Vw<s>||iz) :
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where C is a constant depending on the L?-norm of (ug, wo) only (see (3.4) in Section 3 for
details). This inequality leads to the large-time behavior for Vu and Vw,

(1 +0)2 [ (Vu(t), Vw2 — 0, 1 — oo,

which also serves as the first step in seeking the decay rate for ||u(¢)|/;2. To obtain the decay
rate, we take the inner product of the velocity equation with u and then represent ||u(¢) ||i2 in an
integral form, which leads to the decay estimate

A +02 lu(®)ll 2 — 0, ast— oo.

To summarize, we have obtained the following decay rates for [|[Vu|;2, |[Vw(#)|l;2 and
lu@)llg2-

Theorem 1.2. Assume (uq, wo) are sufficiently regular, say, (g, wo) € H* (R?) with s > 2, and
V -ug=0. Let (u, w) be the corresponding global solution of the system defined by (1.6). When
k and y satisfy

y >4k, (1.7)

then we have the following decay rates, as t — 0o,
1 1
A +0D2(Vu@), Vw(@®) 2 — 0, A+02lu@ll > — 0.

Due to the presence of the linear terms in (1.6), any direct approach such as energy estimates
and the integral representation of w does not lead to the large-time behavior for ||w(¢)] ;2. This
forces us to eliminate the linear terms of (1.6) via a diagonalization process performed on the
system of equations for the vorticity €2 in (1.4) and of w in (1.6), namely

Q2+ xkQL+u-VQ2+2kAw =0, (1.8)
ohw —yAw —2kV xu+u-Vw=0. '
To do so, we rewrite (1.8) in the Fourier space as
|:3t§(§)i|=|:—/< 2x|s|2}[§(s>}+ - V2($) .
3, W (&) 2% —ylEP [ 0E) —u-VwE) | '

where F denotes the Fourier transform of F. To diagonalize the coefficient matrix, we seek the
eigenvalues and eigenvectors. The eigenvalues satisfy the characteristic equation

At (k4 yIEPA+ (ky — D) E> =0,

which is solved by

_ ety EP) £V —yIEP)? + 16k 7€
. .

Al2 (1.10)
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When the condition (1.7) holds, both eigenvalues A1 > < 0. If (1.7) is violated, the larger eigen-
value is zero or positive and even the solution of the linear part of (1.9) does not decay in time.
This explains why (1.7) is necessary and sharp. This diagonalization process with the condition
(1.7) allows us to eliminate the linear terms and obtain an integral representation of (1.9) in terms
of the nonlinear terms only. More precisely, we obtain the following proposition.

Proposition 1.3. The system in (1.8) can be represented in the following integral form (in the
Fourier space),

Q& 1) =M (D(£) Q&) — Da(&) Wo(8))
+ MO (D3(8) Qo(8) + D2(§) Wo (&)

t
+/6M<f)<f—t> (_Dl(g)u/.v\sz(g,z)+Dz(S)u/-V\w(é,r)) dt
0
t

+/eh<f>(f—t> (—D3($)m(§,1) _ Dz(é)u/-V\w(é,r)) de, (111
0

W(E, 1) = MO (—Dy(€) Q&) + D3(§) Wo(8))
+ MO (Dy(£) Q(8) + D1(§) Wo(§))

t
+/e/\1(é)(t—f) (D4(E)u/~V\Q(E, 7) — D3(<§)u/-V\w($, r)) dt
0
t

+/e’\2(é)(’_f) (-m(g)f.v\sz(g,r) - Dl@m@,f)) dr, (1.12)
0

where A denotes the eigenvalue in (1.10) with the negative sign in the front of the square-root
sign and Ay with the positive sign, and D1, Dy, D3 and D4 are given by

(k —VIEP) + V(K — yIEID)? + 16K 2[E |2

Di(§) =
1 2/ —7EP? 1 166252
2ic||?
Dy(§) = ,
26 Ve —y|E)2? +16K2E 2
_ _ 2 _ 2)\2 2 2
Dy(e) = — = VIER) £V — yIEP) + 167[E]
2/(k — y €112 + 16x2|E|2
2K
Dy(§) =

S —yEPDE+ 166 2E]2

This representation may appear to be complex, but it does not involve any linear terms and
is suitable for extracting the desired decay rate for ||w(#)||;2. Since A1 and A, depend on &,
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we need to distinguish their behavior in different regions of & when estimating the terms in w.
Nevertheless, we managed to obtain the following decay rate for ||w ()]l 2.

Theorem 1.4. Assume (uq, wo) are sufficiently regular, say, (g, wo) € H* (R?) with s > 2, and
V-ug=0. Let (u, w) be the corresponding global solution of the system defined by (1.6). Assume
(1.7) holds, namely

y >4k,

Assume the initial data wq satisfies
12
wo € L' (R?). (1.13)

Then we have, as t — 00,

(1+ 02 Jw(®)ll 2 — 0.

The condition (1.13) can be replaced by more general ones such as

e woll 2 < Ct72 fort > 0. (1.14)

To provide a more complete picture on the current status of the regularity results on the mi-
cropolar equations, we also present in the appendix the global existence and uniqueness results
for the micropolar equations with full dissipation. The well-posedness result for the 3D mi-
cropolar equation extends the work of Fujita and Kato on the 3D Navier—Stokes equations to
a nonlinearly coupled system. In the 2D case, we show that, any ug € L? and wo € L? gener-
ate a unique global solution. The result for the 2D micropolar equation involves the weakest
initial data for which one can still deduce the uniqueness. We remark that Lukaszewicz in his
monograph [16] studied the well-posedness problem on the 3D stationary as well as the time-
dependent micropolar equations. The regularity assumptions on the initial data are different from
ours.

Finally we remark that one can consider the global regularity and large-time decay problem
for the 2D fractional dissipative micropolar equation

hu—+ W +K) (=AU —2kV X w+ Vo 4+u-Vu=0,
Vou=0, (1.15)
w4y (—A)Pw+ 4w — 2V xu+u-Vw=0,

with
O<a,p<1, a+B=1.

This may not be an easy problem and is in our future study plan. We may need to fully explore
the structure of this system.



B.-Q. Dong et al. / J. Differential Equations 262 (2017) 3488-3523 3495

The rest of this paper is divided into three sections and one appendix. The second section
details the proof of Theorem 1.1 while the third section proves one of the decay theorems. Sec-
tion 4 carries out the diagonalization process and establish the decay result for ||w(#)||;2. The
appendix provides the global existence and uniqueness results for the micropolar equations with
full dissipation.

2. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1, the global existence and uniqueness of
classic solutions for the 2D micropolar equation without velocity dissipation, namely (1.3).

The key component of the proof is the global a priori bound for (u#, w) in H* with s > 2. For
the sake of clarity, we divide the estimates into several regularity levels.

2.1. Global H' estimate

We prove that any classical solution of (1.3) admits a global H'-bound, as stated in the fol-
lowing proposition.

Proposition 2.1. Assume ug and wy satisfy the conditions in Theorem 1.1. Then the correspond-

ing solution (u, w) obeys, for any 0 <t < 00,

t t
||u<r>||iz+||w<t)||iz+y/||Vw<r)||izdr+8x/||w<r>||izdrSCeCﬁ 2.1)
0 0

t
Ct
IVu@l7, + IVw®) 7. + v / lAw(T) 7,1 < CeC'eCe, (2.2)
0

where C’s are constants depending on «, y or ||(uo, wo) |l g1 only (their explicit dependence can
be found in the proof).

Proof. Taking the L? inner product of (1.3) with (u, w), it is easy to verify

1d

o (uu(t)uiz + ||w(t>||’iz) +rlu®7, + yIVw®) 17, + 4k llw@) |17,

= / {26(V x w) -u+2k(V x u)w}dx
R2
2

8k y
<ducllull 2 Vw2 < 7||u<r>||iz + IV I,

where we have used the following fact due to the divergence free of u

/(u-Vu)-udx:O, /(u~Vw)wdx=0.
R2 R2
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Applying Gronwall inequality gives, for 0 < ¢ < oo,

t t
w7, + lw®)7, + y/ IVw (D)l .d7 + 8K/ lw(D)|7,dT
0 0

162
<e 7 (llnols + lwoll3, ).
which is (2.1). Taking the L? inner product of (1.3) with (—Au, —Aw) leads to

1d
2dt

= / 2 (Vxw) - (—Au) + 2« (V x u)(—Aw))dx + / u-Vw (—Aw)dx
R2 R2
=L+ 1D,

where we have used the fact

/(u~Vu)-Audx=0.
R2
To estimate /7, we integrate by parts and apply Holder’s inequality to obtain
/ 2r(V xw) - (—Au) +2k(V x u)(—Aw))dx
R2

16> 2 Y 2
<4c|Vu@l 2l Aw@®ll 2 < TIIVM(I)IILz + 7 1Aw®I.

By Sobolev’s inequality,

/u -Vw (—Aw)dx

R2

IA

fw.Vw Vwdx| < | Vull 2[[Vw|3,

R2

IA

y 1
IVull 2 Vw2l Awll 2 < S 1AwOIZ, + ;uwniznwniz.

Inserting the bounds for /1 and I in (2.3) gives

(||W<t)||iz + ||Vw(t>||iz) + | Vu®)7, + v IlAw®) 17, + 4k Vw®) 17,

(2.3)
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d
= (Ivu®I3: + 1Vw ) 13:) + 18 wol

322 +2
= S (Ve 12 + Ve 12,) (1w, +1).

Gronwall inequality implies, for 0 < ¢ < oo,

t
IVu@®Il7: + IVw®7, + y/ lAw(T)|7,7
0

326242
<exp T/(Ww(r)nizﬂ)dr (IVuoli2, + 1Vwoli3, )
0

32242 162 3262 42
sexp{Te ' t(”MO”iz‘i‘”wO”%z)}exp{Tt} (IVuoli2, + 190113, )

Ct
L CeClele .

This completes the proof of Proposition 2.1. O
2.2. W24-bound for w and L1-bound for 2 =V x u with g € (1, 00)

This subsection presents the global bound for ||Aw||Ltsz and ||Q||LTOOL;1 with ¢ € (1, 00). To
obtain these global bounds, we combine the maximal regularity property of the heat operator and
energy estimates. We remark this step does not allow us to obtain the global bounds for g = oo.
Proposition 2.2. Assume that uo and wq satisfy the conditions in Theorem 1.1. Then the cor-

responding solution (u, w) admits the following global bounds, for any q € (1, 00) and any
0<t<oo,

Ct
IAWI 20020y, Q01,00 < CeCleC e, (2.4)
where C’s are constants depending only on q, k, y and ||(uo, wo) || z2.

To prove this proposition, we recall the maximal regularity property for the heat kernel (see,
e.g., [11, [15, p. 64]).

Lemma 2.3. The operator A defined by

t
Af(t)z/AeA“—”f(r)dr
0

maps L?(0, T; L4(R%)) to L?(0, T; LY(R%)) for any T € (0, 00] and p, g € (1, 00).
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We are now ready to prove Proposition 2.2.

Proof of Proposition 2.2. We write the second equation of (1.3) as

t
w(t) = ey —l—/eVA(’*’) 2kV xu—4kw —u-Vw) dr.
0

Applying Lemma 2.3 with p =2 and 2 < g < o0 yields

t

t
/ |Awl|?,dt < C / (llV xullq+ lwliy + llu- leliq)df-
0 0

By (2.1), (2.2) and Sobolev embedding inequalities,

C 16k
Y

1 1
fnw(r)niqdrscfnw(r)nizdrs e (Nuoll3: + llwoll?, ) = € €
0 0

and

! 1
2 2 2
/Ilu-lequ dt S/IIMIIquIIVWIIqu dt
0 0

0<s<t

t
scf||w||iz||Aw||izdr§c sup ||Vu(s)||32/||Aw||izds
0

Ct
Sceclece

’

2.5)

where we have invoked the global bound in Proposition 2.1. Inserting the two inequalities above

in (2.5), we have

t t
/||Aw||’§qu5c/||qu||§qu £ CeCleCe,
0 0

(2.6)

Since we do not have a global bound for fot IV x u||iq ds, we need to estimate V x u simulta-
neously. Writing 2 = V x u and applying the operator V x to the velocity equation in (1.3), we

obtain
QL+ kQ+2kAw+u-VQ=0.

Multiplying by ||97%Q and integrating on R? lead to
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1d q g
;EIIQ(UIIM + il L
=2 [Cawierady <2ciaullelg’
R2
where we have used the fact
/(u V) 121772Q dx = 0.
R2
Integrating the inequality above in time and invoking (2.6), we have

t

t
||sz<r>||%q+K/||sz(r)||%qdzs||szo||%q+C/(||Aw(r)||%q + 121, ) dr
0 0

t
<CeCrele 4 C/nsz(r)n%q dt 2.7)
0

where we have used the fact that, for s > 2,

[1€20llLs < C lluollas-
Applying Gronwall’s inequality gives

t
sup ||sz(z)||%,,+/</||Q(r)||%qdrSCteC’eC"C' for 2 < g < oco.

O<t<oo
0

This global bound, together with (2.6), yields W24 -bound for w

Ct
CteCe

IAwlz200,s Lawey <Cte for 2 <qg < o0. (2.8)

This completes the proof of Proposition 2.2. O
2.3. L®°-bound for the vorticity V X u

This subsection makes use of the structure of the micropolar equation to obtain a global bound
for the L°°-norm of 2 = V x u. As a consequence, we obtain the global H*-bound for u and w.

Proposition 2.4. Assume that ug and wq satisfy the conditions in Theorem 1.1. Then the corre-
sponding solution (u, w) admits the following global bounds, for any 0 <t < oo,

Ct
Q <C Ct CeCt , <C eteCteCE
Q)| <Cre®"e™ lu@®llgs, lw@®las <Ce
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Proof. We set Z =Q + 27Kw. By combing the equation of €2

and that of w, we find

42 83 6k?
0 Z+u-VZ+\|lk—— )2+ —5 +—

Multiplying (2.9) by | Z|P~2Z with 2 < p < oo and integrating in R?, we have

/ |:< 4/(2) <8K3 612
< kKk—— ) Z2+(—+—
14 14 14
RZ

1d

—1ZO07,
pdt” O

where we have used

and set

0Q4+u-VQ+kQ=—-2kAw

14 14

P p—1
<cllZlly, +e2llwle 21z, s

/(u VZ)|ZIP72Zdx =0

R2

42

8k3 k2
K — — -

1= y 2= |75
4

7/2

We simplify (2.10) and then integrate in time to obtain

t t
IZOlLr = I1ZO)lzr +C1/I|Z(T)IILPdT +02/ lw(llLrdz, 2<p <oo.
0 0

Gronwall’s inequality then implies

t
12Ol < [ 1200 + e / lw(@)lLrde
0

Since ¢ and ¢, are independent of p, we obtain by letting p — o0,

t
IZ@) )L < e [IZO0)llz + CZ/ lw(T)llLedT
0

By the Gagliardo—Nirenberg inequality, (2.1) and (2.2), we obtain

) w] |Z|1P"2Zdx

2.9

(2.10)

@2.11)
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2
2

t t
/ lw(@)llp=dt < / lw@5 I Aw (D)5
0 0

Ct
dr <Cte€tefe’,

Consequently,
1Z@®)| L < C1eCtoCeC!
and
12 Lo <N Z@) Lo + lw@E) Lo < C1eCtoCeC!

To show the global bound for (u, w) in H*, we start with the energy inequality

1d
57 (103 1wl ) + llaliys + 1915
=2k /{(V xw) - (=AY u+ (Vxu) =AY ’w}dx
R2

—}—/[As,u~V]u-Asudx+f[AS,u-V]w~Aswdx,

R2 R2

where A = (—A)*/ 2 and [a, b] is the standard commutator notation, namely [a, b] = ab — ba.
The first two terms on the right can be bounded by

: , 8k
26 109 % w)- <AV U+ (Vs =8) w) di < ==l + LIVuly

R2
Invoking the commutator estimate
1A%, f1glie < CIV fllza 1A gl + CIVE fllzar gln
where s > 0, p,r,q1 € (1,00),q,r1 €[l,00]and 1/p=1/g+1/r =1/q1 + 1/r1, we have
/[AS, u-Viu- Audx + f[AS, u-Viw - ASwdx

R2 R2

< C IVl + 19wl (el + i)

Combining these estimates yields

d
= (1l + Tl ) + 20l + y 1 V01

= C U+ Vull o + IVl (el + iy ).
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Invoking the logarithmic interpolation inequality

Vullee < C (14 [lullp2) + [[$2]| oo log(e + [lullas)

and applying the global bounds for the time integral of || Aw] s (as in Proposition 2.2) and for
||€2|| Lo, we obtain the desired global H* bound. This completes the proof of Proposition 2.4. 0O

With the global bounds in the previous propositions at our disposal, we are ready to prove
Theorem 1.1.

Proof of Theorem 1.1. The proof is achieved via a standard procedure. One starts with the reg-
ularized micropolar equation, for small & > 0,

oruf —eAu® +xu —2kV x w8 +Va® +uf - Vut =0,
V-uét=0,
dw® — y Aw® +4dkw?® — 2«V x u® +u® - Vw® =0,

(u®, w8 (x,0) = (uo * ge, wo * Pe) = (ug, wp)

2.12)

where ¢, is the standard mollifier, namely

1
0< gox) = ;q&(%), ¢ € CO(R?), suppo C (xl|x] < 1), /¢<x)dx _1.

Following the lines as those in the proofs of Proposition 2.1, Proposition 2.2 and Proposition 2.4,
we can establish the global bound, for any ¢ € (0, 00),

Ct
1eC1Ce

t
e 112+ 1w (|3 +y/ IVwe |13 < Ce® . (2.13)
0

A standard compactness argument allows us to obtain the global existence of the classical so-
lution (u, w) to (1.3). The uniqueness can be easily established. In fact, we show that any
two solutions (u1, wi) and (uo, wy) to (1.3) must be the same. The difference (U, W) with
U=u; —up and W = w; — wy satisfies

04U +kU —2kV X W+Van+U-Vuy+uy-VU =0,

vV.U=0, (2.14)

oW —yAW +4xkW —2kV x U 4+ U -Vw; +ur - VW =0.

Taking the L? inner product of (U, W) with (2.14), we have
d 2 2 2 2 2
S (I + IWIE2) + 260U + 27 VW, + 8el W1

=4K/(V><W-U+V><UW)dx

R2
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—2/(U~Vu1) -Udx —2/(U~Vw1)de
R2 R2
<8klUN2IVWI 2+ 20 Vurlli= U 12, + 20U || 2 Vwill o W 2
<yIVWIZ, +2(IVur o + [Vwillze) (U1, + W3 2)
<yIVWIZ, +2lurllas + lwillgs) AU + W13 2)
< YIVWIZ, +cte e (|UI13, + IW]2,).

Gronwall’s inequality then implies

IO +IWO 12, < (10l + 1 Wol 2, ) e,
which yields the uniqueness. This completes the proof of Theorem 1.1. O
3. Proof of Theorem 1.2

This section proves Theorem 1.2, which provides large-time decay rates for ||Vu(t)l 2,
IVw(®)|2, and [lu(®)]] 2.
The following L? — L type estimate for the heat operator will be frequently used.

Lemma 3.1. Let | < p < g < 00. Let B be a multi-index. For any t > 0, the heat operator e™!

and Bfem are bounded from LP to L9. Further, for any f € LP(R%),

_dcl_ 1
e £llaqay < C1t™ 25| Fll 1o ey

and

_1Bl_d1_1
188eA fll paggay < C2t™ 2 270 £l Loy
where C1 = C1(p, q) and Co = C2(B, p, q) are constants.

Proof of Theorem 1.2. We take the L>-inner product of (1.6) with (1, w) to obtain

1d
2dr (””(f)”iz + Ilw(t)lliz) @2, +y Vw2,
=/{2K(V x w) - u+2(V xu)w)dx

RZ

82 Ytk
t
g Ol +

2
< dicllull2IVwllp2 < IVw (@)l

which yields

2k (y —4xk)
K

d 2 2
= (I3 + lw)132) + o

w72 + (v —4) [Vw(@) |7, <0.
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Since y > 4k, we obtain by integrating in time,

t

+ 4k
/nu(r)nizdrsm(||u<s)||iz+||w<s>||iz), 0ss<r=oo ()
s

and

(@12 + lw@12,), 0=s=r <o (3.2)

t
2
fIIVW(T)IIdef =< —r
s

We further take the L2-inner product of (1.6) with (—Au, —Aw) to obtain
l1d 2 2 2 2
> 7 IVu@lly, + IVw@) Iy ) +xlIlVu@ll;. + v IIAw@)l; 2
= / Ce(Vxw) - (—Au) +2k(V x u)(—Aw))dx — f u-Vw (—Aw)dx
R2 R2
:4K/(V X u)(—Aw)dx —/Vu -Vw (Vw)dx.
R2 R2
By Young’s inequality,

6K + 12«
IVul + 1=

4K/(v ¥ u)(—Aw)dx| < y‘ I Aw@2,.

+ 12«
R2

By Sobolev’s inequality,

/Vu - Vw (Vw)dx | <[|Vul 2 [Vwli7s < [Vull 2 IVl 2]l Aw] 2

RZ
< Aw) s + IVul?, |Vl
Therefore,
d 2 (y — dic)
2 (IVuOIZ: + 1Vw)13 ) + = L2 1900 3 + (7 = 40 [Aw ()|
2 2 2
< IVl (Valy, + 1VwiGy). (3.3)

Applying Gronwall’s inequality and using (3.2), we have
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IVu @)1, + IVw(®)|?,
L L

e / IV @I32dr § (IVa@I3, + Vw613, )
t
Sexp ) f IV @I32dr § (IVa@I2, + Vw13, )
0
2
< eXP{m(Huoan + ||w0||Lz)} (IVu@ I, + Vw612, (3.4)
for 0 <s <t < oco. Integrating (3.3) in time and applying (3.2) and (3.4), we have
o0
/ IVu(o)||3,dt
y + 12«
S / Vw37, ||W(r>||iz+||Vw(r>||iz)dr
12 T
Yy + 12k 2
= m/||vw(f)||deT
0
xexp] —— o (luols + lwol2o) | (a0l + 1Vg22)
()/ —4K)2 L L L L
y + 12« 2 2
S A (Nuol3 + lwoll3, )
x exp{%wuoniz + ||wo||’iz)} (IVuoli2 + Vw012, ). (3.5)
(y —4k)

Thus combining (3.2) and (3.5) gives

o0
/ (IVa@ 122 + 1V @12 ) dr < (ol + lwoll2,)
0

2 2
y + 12 2(lluoll7 > + llwolly,) ( s ) 1
v v ) '
:K<V—4x>3 = { (y — )2 IVuolifa + Vol +——

A special consequence is that
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t

/ (||W(r)||§2 4 ||Vw(r)||§2) dt—0 as 1— oo (3.6)

t

2

Furthermore, by (3.4),

t
—~ exp

: S(luoll2, + ||wo||iz>} (Va2 + IV wo12,)

{ -2

(y —4x)
t

< / (IVu@12: + Vw2 ) dr.
%

which yields the desired decay rate
(40 (IVuOI3 + 1Vw@®)]2,) >0 as 1> oo, 3.7)

We now make use of this decay rate in (3.7) to derive the decay rate for |lu(f) 2. Taking the
L2-inner product of the velocity equation in (1.6) with u gives

(122 + il :fzfc(v x w) - udx < e ull 21Vl 2.

R2

1d |
2dt
Integrating in time yields

w72 < e > fluoll7, +4x | e > u(s)ll 2 Vw(s)| 2ds

= e *ugll3, +4x | e I Nu(s) | 2 I Vw(s) | 2ds

Cft— o T —

t

+ 4k / e U=y ()| 2 Vw(s)]| 2ds. (3.8)

I3

2

The first time integral decays exponentially in time, more precisely,

5
4i / e XNl 2 IVw ()l 2ds
0

t

2
§4Ke_'“[ ()2 [IVw(s)ll2ds
0
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L 2

1
3 2/ 3
< die™v! f IVw(s)|7.ds / lu(s)117ds
0 0

y +4« 2 2\ ,—wt —kt
< C\5etr =gz (lollfa + lwolf) e < €™,

where C depends on k, y and || (ug, wo)|| ;2. (3.8) is then reduced to

t

lu@)7, < Ce™ +2¢ / e I Nu() | 2 [Vw(s) | 2ds. (3.9)
t
2

Multiplying (3.9) by (1 + ¢) yields

A+0)[u@®ll7, <C A +ne ™

t
+2c(1 +t)/e—2“f—”(1 +5)7! ((1 )2 u(s) ] 2 (1 +5)2 ||Vw(s)||Lz) ds,
17

which would allow us to show that
A+02 lu®)l 2 — 0 as t— oo. (3.10)

‘We first show that (1 + t)% llu(t)|l;2 < C for all t > 0 and then show (3.10). Writing

M@ = swp {1+ ue)l )

0<s<t

and using the uniform bounds (1 +)e™*’ < C and (1 + t)% Vw(t)|l;2 < C, we have

t
M2(t) < C 4+ 2c(1 +1)M(t) fe*M’*S)(l + )" 'ds

2

1
<CH+CM@< 5/\42(:) +C,
which implies the uniform bound M (t) < C for all + > 0. We then show (3.10). If we use this

uniform bound, we have

t
A+Du®7, <CA+0e™ + 21+ M) N(1) /e*MH)(l +5)"ds

<C+t)e ™ +CN(@t)—0 ast— oo,
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where we have used the fact (see (3.7)) that

N = sup {A+03IVw®l 2} >0 ast— oo

S<s=<t
This completes the proof of Theorem 1.2. O
4. Proofs of Proposition 1.3 and Theorem 1.4

This section is devoted to the proofs of Proposition 1.3 and Theorem 1.4. We first explain why
it is hard to derive a decay rate for ||w(#)||;2 via the standard approach. In fact, if we write the
equation of w in (1.6) as

t t
w(t) = e’ Pwo + 2 /e”(tfs)AV x u(s)ds — / e’ I (. Vw)(s)ds
0 0

and estimate ||w(t)||;2 directly, we would have trouble extracting an explicit decay rate for the
linear term

t
/ey(’_S)AV X u(s)ds
0

if we only know that (1 + t)% IV xu(t)||;2 — 0as t - oo. In order to obtain a decay rate for
llw()|l;2, we need to diagonalize the system in (1.8), namely

{atsz+m+u.vsz+2mw=o, @

hw—yAw —2«V xu+u-Vw=0

to remove the linear part. The process appears to be complex, but it offers a general framework
for handling similar and more general situations. The details are in the proof of Proposition 1.3.

Proof of Proposition 1.3. We rewrite (4.1) in the Fourier space as

0QE) ] _[—« «EP[Q® ], | -1 VR
— = 2 ||~ + — , 4.2)
dw(§) 2 —yl8l w(&) —u-Vw(§)
where we have suppressed the ¢-variable for notational brevity. The corresponding characteristic
equation

A4k yIEPA+ (ky —4cH)E> =0,

whose roots are given by
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=+ yEP) £V +yIEP)? — Ay — 4D E?
2

—(k +VIEP) £V — yIEID? + 16x2|E 2
. .

X1 denotes the one with the negative sign in the front of the square root sign. It is easy to check
that, if y > 4k,

A2 <O.

Otherwise one of the eigenvalues may be zero or positive. The associated eigenvectors are given

by
e[0T [ 2eer
MAx |’ Mt |’

f and g are independent and

—k  2k|E)? A1 O
[2: —';||§s||2}[fg]:[fg][d M]

The inverse of the matrix [f g] is given by

_ 1 M+ =2kl
fg = [ 2 } 43
(el 2162V (k — yEP)? + 16k2E]E L— (M +K)  2cIE @
If we define
i1 .. %
[g}—[fg] [@] (4.4)
Then A and B satisfy
6A® ] _[m 0 [A® | e VR
[&B(E)}_[O AJ[B(&)}“fg] [_m@]
Invoking (4.3), we have
9 A®E) =11 AE) + F1(5),
3 B(§) =22 B(E) + Fx(£), (4.5)

where
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(M 4 VQUE) 4 2¢|E 21 - V(&)

Fie) =
1) 26|E 12/ (k — y|E2)? + 16K2E |2
e & U VQE) — 2P u - VwE)

2cl€ 2V (e — y [E12)? + 1612 €]
We further write (4.5) in the integral form,

t

Ag, 1) =M A(E,0) + / MO (g, 1) dr, (4.6)
0
t

B, 1) :e“@)’ﬁ(s,O)+/e*2(5><f*f> P (&, 1) dr, 4.7)
0

where, according to (4.4),

(A2 +K)Q0 () — 21> Do (£)
2 £/ (= y €1+ 1662[E 1
— (1 +6)Q0(8) + 2 || o ()
26(8 12/ — yIE1D* + 16x2[E 2

We can then find Q and ¥ via 4.4),

8] _ g [A]o[  2BPA+B)
[@]_[fg][B]_[(M—FK)A—i—(Az-HC)B]' (4.8)

To obtain a more explicit representation for /S/:Z and w, we give more explicit representations of
Atk 2 +k, A, 0), B(§,0), Fi(§) and F2(§),

AE,0) =

B(,0) =

Y
O T

_ 2
N ;m

+ 2~y PR+ 162EP,

X@’O): 1 K- vIEP +1) Q0
4clE1 \ /(i — y |E2)? + 162 (€2

- Do (&)
S —yEPDT+ 16k 2E]2
= -1 K — & _
B(&,0)= —1]1Q
€0 4"|5|2(x/(K—VIS|2)2+16/<2I$|2 ) o®
Wo(§)

Ve —yIER)2 +16k21E 2
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—_ —_ 2 — =
R = e, e ve®
dicl&1> \ /(e — y1€12)% + 16K 2)E)2
- Vw(E)
+ F)
Ve —yEP)? + 16k2(E?
. 1 K — yl&|? e
o) = —1)u-vQ
2(8) 4K|E|2 (\/(K—V|f|2)2+16’<2|§|2 >M ©)
- Vw(E)

S — yEPE T+ I6ER

Combining the formulas above and (4.6), (4.7) and (4.8), we are then led to the desired represen-
tation in Proposition 1.3. This completes the proof of Proposition 1.3. O

We now prove Theorem 1.4.

Proof of Theorem 1.4. We now use (1.12) in Proposition 1.3 to extract the decay rate for
lw(®)|l;2. To do so, we note the following uniform bounds,

D1 =1, [D3) =1, [Ds(§)|=Clk,y),

where C(k, y) is a constant depending on « and y only. The bound for D; and D3 is obvious
and the bound for D4 can be seen as follows,

4, if y|£]% < /2,
D“Sf{v7ﬁﬂ1 iy E[2 > /2.

We now estimate the terms in the representation of w in (1.12). We start with the first term. Using
the fact that

_k+yIEP

A< ,
I= 2

we have

H MO (—Dy(€) Qo(&) + D3(§) Bo(8))

L2

K 2 o~
<Cle.y)e 3 e T (1Q0(&)] + o)1)

L2

<C(k,y) (luollz2 + llwoll2) e 2",
where we have used the fact that

1Q0(6)] < |&] [0 (€)].

To estimate the second term in (1.12), we note that
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—(k +YIEID) + V(e — yIE)?2 + 16x2E|2
2

2k (4k —y) €]
K+ yIER+/(k — yIE1D2 + 1622

_ Kk —y) EP
K+ yIEI?

A (&) =

)

where we have used the following facts in the last inequality,

de<y, ket yIER = - yIED)? + 16€2E P

Therefore, for small |£]|, A, behaves like the heat operator, and for large |£], it behaves like the
exponential decay operator. More precisely,

T — g2, ifylE? <k,
)\2(5) S K (dk—y)

2y ’

4.9
if y|€|* > «. “3)

Therefore,

128 Dy(£) Qo (&)l 2

<12 Qo) 2 ((e: y g2 ey + 1629 QoE 216y e

Kk(4k—y)

5162(““ VIEPL ] () +le 7 "1Q0®)]

L&y IER =) L2((&: y [ >k)
<CrH flugllz + Ce™ TRl 2 < CrF ull
for t > 1. We can bound [|*2)" Dy (&) ()|, > similarly. In fact,
1”@ Dy (&) Dol .2
<12 Bo@l 2 (e: y1p <epy + 172 Do L2te: y g2

Qt ~
e 7 wo(§)l

Lgpe— 24~
3D 5y ) |

L2({&: v 1€ =k}) L2({&: y1€P>k))

for t > 1. When the initial data wg € L! (Rz), or more generally, wq satisfies, for ¢ > 0,

1

le® woll 2 < Ct712, (4.10)
we can easily show that
~ _1
€*2® Dy (&) Wo(€)ll2 < C172.

We now turn to the third term in (1.12). Splitting the time integral into two parts, we have
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t
/exl(S)(H) D4E)u- VQUE) dT
0

L2

5/ Hem(é)(t—r) M/V\Q(E, T)HLz dr

5/ He—%(fc-i-y\gﬁ)(t—r) u/V\Q(é, T)HLZ dt
0

=/+/ @11
0

The first time integral decays exponentially. In fact, by Lemma 3.1,

3

2
[ [ rerremen Va0
0

dt
L2

t
2
—hkt —vERPC-D U0
<o d /He : VR )| |, dr
0

%
<Ce v /(z o @) 12@)] 2 de
0

<Ce (140" In(l +1), (4.12)
where we have used the uniform bounds
L 1
(T+D2u@®ll2<C and (1+1)2 Q2|2 =C.

We now estimate the second time integral in (4.11). For any € > 0 small, by Lemma 3.1,

t
/ eI I VR )|, de

NI~

t
<C /e—%<f—f> t—1) " u) Q(’)”L% dt

L
2
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t

<C / e 207D (1t — )Y 13 u ()l dT

I~

where C = C (e, k, ) is a constant. The estimate for the part

t
fexl<s>(r—r> D3(&)u - Vw(#)dr
0

is very similar, although the decay rate is not as fast. As in (4.12), we have

1

2
/ M O Dy V()2 de = Ce 3 (14172,
0
Asin (4.13),

t
[ 1640 by Tue)i,»ax
t

2

t
<C /e—%“—” (t — O @2 IV 2 dT
t
2

t
<c /e—%“—” (=) (1 +1)"dr
:

We now estimate the last term in (1.12). We start with

t
/ 12€ Dty it VR 2 dr.
0

Realizing the bound for X, in (4.9), we divide the integral above into two parts,

(4.13)
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/ 12200 Dy(E)u - VRUE)| 2 d
N f 14200 Dy(e)u- VRE 2.y e <epy AT
+ [ 142000 D) TRy e
< / o3 PIER (=0 G0 6) | 2 e
f le™ 5 0 Dy RE 2o 2n AT (4.14)
Asin (4.12) and (4.13), we have, for any € > 0 small,

/ 2 GeIER =0 Q@) 2 dT < C(1+ 1)~ In(1+1) + Cle,k, ) (1 + 1)~ 1F€,

To estimate the second part, we invoke the bound, for y|£|> > «,

D4(8) |E]* < C(k, p).

For any € > 0 small, by the Hardy—Littlewood—Sobolev inequality,

/ ™5 0 Dy @)l P2 16T U RE 2 e e AT

K@r—y) i —
<c / T D 162 TR | ey ey AT
¢ [ umaml 1 d

gc[e 20 (@135 1@ de
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<ce" " /nu(r)ul SN, 3 dr

t
kK(@k—=y) 4
+C/e o Tl

t

2
K(4k—y)

<Ce o '+cCt7!,

where we have used the facts that

dic <y, I%IIM(I)IILZSC, I%IIQ(I)IILZSC,

o o
/nu(z)nizdrs c. /nsz(r)nizdzs c.
0 0

The L2-norm of the term

2O Dy Vw(E) dr

S—_ .

can be similarly bounded. As in (4.14), we have

/”ems)w)m@)m(@||L2 dt

Ef||e%(4l<—7)|§|2(t—f)u/,v\w(%-)”deT

/||e 2D D) V)l 2 e n AT

Asin (4.12) and (4.13),
t
/ 2R =0, @) | pdT < C (L +1) 72

Finally we show that, for any small € > 0,

v)
f||e 3 (=T Di(E)u-Vu VwE) 2 yjepaep dT < Ct~ Ite,

4.15)

(4.16)
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Due to the fact that |[D1| < 1 and by Plancherel’s theorem,

Kl=y) () —
lle 2 D) u- Vw2 yjgp>ep dT

K (dic—
5/”6 D V0O 2 gy e 4T

I3

»((4»( 12)
g/e - Vw2 dr.
0

3517

We choose r; = ; and rp = 75, 2 Clearly = + = % By Holder’s inequality and Sobolev’s

inequality,

t

K(4K Y)
/e O Vw2 de
0

t
K@k=y)
5/ ¢ T IV wl e dr
0

t
-y -z -5
scfe = ”uun ||Vu|| ‘||Vw|| ||Aw||
0

3

K(4k—y) 'l r22
<Ce ¥ flu || IIVMII IIVwII [Awll,,* dt
0
t

K(4f< 2] _1 ]7%
re [EFm javw ) de

DI~

K(4k—y) _
<Ce o "4 CrMe,

which verifies (4.16). Here we have used the facts that

4 <y, t2u@®lp<C. 12| Vu@)le < C.

o0
12 [Vw()2 < C. anw(r)niz dr < C.

Collecting the estimates for the terms in (1.12), we conclude that, for ¢ > 1,
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lw@)l 2 <CU+172

if the initial data wq satisfies wo € L' or more generally (1.14). This completes the proof of
Theorem 1.4. O
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Appendix A. The micropolar equations with full dissipation

This appendix includes the global existence and uniqueness results for the micropolar equa-

tions with full dissipation. For the 3D equations, any small initial data uo € £ 2 and wo € H2
lead to a unique global solution. The solution in this functional setting is stable. In the 2D case,
any ug € L? and wo € L? generate a unique global solution. The well-posedness result for the
3D micropolar equation extends the work of Fujita and Kato on the 3D Navier—Stokes equations
to a nonlinearly coupled system. The result for the 2D micropolar equation involves the weakest
initial data for which one can still deduce the uniqueness.

We start with the 3D result.

Theorem A.1. Consider the 3D micropolar equations (1.1) withv > 0, k > 0 and y > 0. Assume
that ug € H% (R3) with V - ug = 0 and wg € H% (R3). The following results hold:

(a) There exists a constant Cy > 0 such that, if
IlGeo, wo)ll . 4 = Comin{v, y}, (A.1)
then (1.1) has a unique global solution (u, w) satisfying, for any T > 0,
w,weC(q0,T]: H2) N L2([0, T]; H?). (A.2)

01,2
As a special consequence, u, w € L1([0, T']; H2+q) with

2

(1-2) 2
2 < @wl 7 w,w)]l? 3 (A.3)
L9(0,T;H2"9) L>®(0,T;H?2) L2(0,T;H?2)

[ G, w)l

(b) The solution given by (a) is stable in the sense that any two solutions (u™", w™) and
@@, w?®) obey the estimate
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1P @), wP @) — @® @), w?)I? ,
H2

t t
+<K/2+v)/ luV(7) —u® (@), dr+y/ lw®(r) —w@ ()| ; dt
H?2 H?2
0 0

t 1) 4 )4
<16, wP©) — @@ ©, w O, ¢ OV
H?2
(A4
Note that, due to (A.3) with q = 4, the right-hand side of (A.4) is bounded.

Proof. For the sake of conciseness, we shall just provide the key component of the proof for (a),
namely the global a priori bound for || (u, w)||ﬁ 1 To obtain the desired global bound, we per-

form the energy estimate to obtain

1d 2 2 2
——\lll” y Flwll? )+ +lVull”
2dt H2 H2 H2

+yIVwl? | +delwl®, + 1V -wl?
H2 H?2 H?2
=2K/A%Vxw~A%u+/A%(u'Vu)‘A%u
+2K/A%(VXu).A%w—/A%(u.Vw).A%w (A.5)
The terms on the right can be bounded as follows. By Holder’s inequality,

1 1
‘/szXw.mu < w1 [Val ..
H2 H2

s ‘/A%qu-A%w

Therefore,

2K + 2k

fA%wa-A%u

/A%qu-A%w

<dclwl® , +x ) Vul? ;.
A2 A2
By Holder’s inequality and Sobolev’s inequality,

1 3 1
’/A%(u.W)-Afu <IAZull 2 A2 - Va2

3
<ClAzullp2lu-Vull 3
L2
3
SClIAZull 2 lullps IVull L2
3 2
<ClA2ull2 IVull;2

1 3
! 30
<ClA2ullp2 1AZull;,.
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Similarly,
1 1 3 _1
AZ(u-Vw) - ATw| <C|lA2w|2 [AT2(u- Vw)l 2

3
= ClIAdwl e -Vl
3
<ClAzwlp2 lullgs Vw2
3
<ClAzwp2 [[Vullg2 Vw12
11 3 1 1 1 3 3
> 2 5 2 > 2 5 2
<ClIAbulZ, IAulE, 1A S wlE, A 3w,

1 1 3 3
<C(IA2ull 2+ IA2Zw] ) (IA2u]7, + | AZw]7,)

1 1 3 3
< c\/nAzuuiz +IAZwIZ, (A2 ull7, + 1A Zw]|7,).

Combining these estimates yields

4 lull> |, + llwl? )+ 1 IV - wl?
dt s I’ L2

. 3
+<2mm{v,y}— [l + 1wl )(nmuu +lA2w]|2,) <0.

This inequality indicates that, if the initial data (u#¢, wo) satisfies

2min{v, ) — c\/nuon{l +llwol, >0
H2 H2

the corresponding solution will remain so for all time.
To show the stability estimate, we consider the difference (i, w) between two solutions
D, wDy and @@, w?), which satisfies

Qa4+ Vu +u® VI + VP —2«V x O = (k + ) AT,
Qw41 VD ++u® VI 4+ 4k — 24V x T = y AW,

where p denotes the corresponding difference between the pressures. Therefore,

——|| || 1+(K+v>||wn =—@@-VuD, T’y 1 +26(V x @)

m\
m\

1d ~ 1 ~
Ed—llwll 1+)/||le| 1+4K||wll =—(u-Vw ,w)ﬁ

-
=
| —

where

(F.G)p /|$|2A(F(E)G(§)+F(S)G(E))dé:
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We estimate the terms on the right-hand side as follows.

~ 1) ~
(u-Vu ,u)ﬁ%

<IA~2G - Va2 Il 3

N

< .

<cCl@-vuD) 5 1l s
~ 1 ~

< Cllill s 1VuD|l 2 I3 3

1
< C|IVill 2 IV 12 Il 5

I\)

3
2

<Clil .y I PR Tl

o3
H?2

K+v

IIMII

~2 (1) 4
u Vu .
K+V|I IIﬁ% l ;2

The term (@ - VoD, ﬁ)ﬁ | can be bounded similarly,

Vo~ K+v ~2 1) 4
<
(u-Vuw w)g% < 2IIWIII;,% [l || +C||u||ﬁ% Vw7 ,.
In addition,
~ ~ K ~12
2K(wa,u)g%, 2k(V X u, w) ., %5_6”14” %+16K|Iw||g%

Therefore,

d
7 (IIMII Bl >+(K/2+V)|Iu|| 3 +)/||w||

<12|@) , +CAvuP T, + Vo DYt,) Wn% |
H?2 H?2

Gronwall’s inequality then implies (A.4). This completes the proof of Theorem A.1. O

We now turn to the 2D micropolar equation given by (1.2). The result presented here states
that any L? data (1o, wo) yields a unique global solution.

Theorem A.2. Assume ug € L>(R?) with V - ug =0 and wo € L*(R?). Then (1.2) has a unique
global solution (u, w) satisfying

(u, w) € L*®(0, 0o; L2(R?)) N L%(0, 00; H'(R?)). (A.6)
In addition, for any ty > 0,

(u, w) € C®(R? x [tg, 0)).
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Proof. The proof of this theorem follows from standard approach. (A.6) is a consequence of
a simple energy estimate. We briefly indicate the uniqueness. Consider the difference (&, W)
between two solutions (u", w®) and ?@, w®?),

Qa4+ Vu') +u® VI + V= (k +v)AT+ 2V x W,
oW +u- Vol +u® . V& =y Al +2cV x 0.

Due to the divergence-free condition and integrations by parts,

d (i~ ~ 2 ~2 ~ 2 ~2
(112 + 15152 +20c + ) IVl 2 4+ 27 1 Vi3I, + 4l B

=3

=—/’J-Vu<“-L7+2K/(vxw)-ﬁ—/ﬁ-vw<1>.w+zxf(va.
The terms on the right can be bounded as follows.

’/;z.wﬂ).ﬁ

1 ~n2
< IVu 2 13,

< IVu Ol 2 [l 2 1 ViE]| 2
1 ~ ~
< S WIVEIL + CIVuDIZ, 1717,

Similarly,

Vﬁ-w“)-w

In addition,

1 - Yo~ ~ ~
< S0+ IViTlE + SNV +C Vw1, (1 + 1313

~y o~ ~ Kk ~ ~
ZK/(V X w)~u+2x/(V XU)-w=< 5||Vu||iz+C||w||iz.

Combining the estimates above and applying Gronwall’s inequality yield the desired uniqueness.
This completes the proof of Theorem A.2. O
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