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ABSTRACT. The Boussinesq system for buoyancy driven fluids couples the mo-
mentum equation forced by the buoyancy with the convection-diffusion equation
for the temperature. One fundamental issue on the Boussinesq system is the sta-
bility problem on perturbations near the hydrostatic balance. This problem can
be extremely difficult when the system lacks full dissipation. This paper solves
the stability problem for a two-dimensional Boussinesq system with only vertical
dissipation and horizontal thermal diffusion. We establish the stability for the
nonlinear system and derive precise large-time behavior for the linearized system.
The results presented in this paper reveal a remarkable phenomenon for buoyancy
driven fluids. That is, the temperature actually smooths and stabilizes the fluids.
If the temperature were not present, the fluid is governed by the 2D Navier-Stokes
with only vertical dissipation and its stability remains open. It is the coupling
and interaction between the temperature and the velocity in the Boussinesq sys-
tem that makes the stability problem studied here possible. Mathematically the
system can be reduced to degenerate and damped wave equations that fuel the
stabilization.

1. INTRODUCTION

This paper intends to reveal and rigorously prove the fact that the temperature
can actually have a stabilizing effect on the buoyancy-driven fluids. As we know,
buoyancy driven flows such as geophysical fluids and various Rayleigh-Bénard con-
vection are modeled by the Boussinesq equations. Our study is based on the follow-
ing special two-dimensional (2D) Boussinesq system with partial dissipation

QU +U-VU =—-VP +vdpU +0Oey, xR t>0,
V.U =0,

where U denotes the fluid velocity, P the pressure, © the temperature, v > 0 the
kinematic viscosity, and 7 the thermal diffusivity. Here e, is the unit vector in
the vertical direction. The dissipation in the velocity equation is anisotropic and
is only in the vertical direction. The partial differential equations (PDEs) with
only degenrate dissipation are relevant in certain physical regimes, and one of the
most notable examples is Prandtl’s equation. Another reason for including only
partial dissipation in the velocity equation is to help better reveal the smoothing and
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stabilization effect of the temperature. More precise explanation will be presented
later.

The Boussinesq equations for buoyancy driven fluids are widely used in the mod-
eling and study of atmospheric and oceanographic flows and the Rayleigh-Bénard
convection (see, e.g., [14,22,42,45]). The Boussinesq equations are also mathemat-
ically important. The 2D Boussinesq equations serve as a lower dimensional model
of the 3D hydrodynamics equations. In fact, the 2D Boussinesq equations retain
some key features of the 3D Euler and Navier-Stokes equations such as the vortex
stretching mechanism. The inviscid 2D Boussinesq equations can be identified as the
Euler equations for the 3D axisymmetric swirling flows [43]. Fundamental issues on
the Boussinesq systems such as the global well-posedness problem have attracted a
lot of interests recently, especially when the systems involve only partial dissipation
or no dissipation at all (see, e.g., [1-5,7,9-13,15,17-19, 24, 26-35, 37-41, 44, 46, 49,
54,55,57-64]). The study on the stability of several steady states to the Boussinesq
system has recently gained momentum due to their physical applications. More
details will be described in the later part of the introduction.

The main purpose of this paper is to understand the stability and large-time
behavior of perturbations near the hydrostatic equilibrium (Up., ©.) with

Uhe - 07 @he = T3.

For the static velocity Uy., the momentum equation is satisfied when the pressure
gradient is balanced by the buoyancy force, namely

1
—Vphe + @he €y = 0 or Phe = 51’%

(Unes Pre, ©One) is a very special steady solution with great physical significance. In
fact, our atmosphere is mostly in hydrostatic equilibrium with the upward pressure
gradient force balanced by the buoyancy due to the gravity.

To understand the desired stability, we write the equation of the perturbation
denoted by (u, p,0), where

UIU—Uhe, p:P—Phe and 9:@_@he-
It follows easily from (1.1) that the perturbation (u,p, ) satisfies
O+ u - Vu=—Vp+ v xpu + ey,
0t9 +u- Vo + Uus = 778119,
V-u=0,
u(z,0) = up(x), 6O(x,0) = y(z).

(1.2)

The only difference between (1.1) and (1.2) is an extra term wus (the vertical com-
ponent of u) in (1.2), which plays a very important role in balancing the energy.
In order to assess the stability, we need to establish that the solution (u,b) of (1.2)
corresponding to any sufficiently small initial perturbation (ug, by) (measured in the
Sobolev norm H?(R?)) remains small for all time. This does not appear to be an
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easy task when there is only vertical velocity dissipation and horizontal thermal
diffusion.

The lack of horizontal dissipation makes it hard to control the growth of the
vorticity w = V x u, which satisfies

Ow+u-Vw =vdpw+df, ek, t>0. (1.3)

We can obtain a uniform bound on the L?-norm of the vorticity w itself, but it does
not appear possible to control the L?-norm of the gradient of the vorticity, Vw. If 6
were identically zero, (1.3) becomes the 2D Navier-Stokes equation with degenerate
dissipation,

Ow~+1u-Vw=1v0pw, xR t>0. (1.4)
(1.4) always has a unique global solution w for any initial data wy € H'(R?), but
the issue of whether ||Vw(t)||z2 for the solution w of (1.4) grows as a function of
t remains an open problem. When v = 0, (1.4) becomes the 2D Euler vorticity
equation

dw+u-Vwo=0, zeR, t>0.

As demonstrated in several beautiful work (see, e.g., [21,36,66]), Vw(t) can grow
even double exponentially in time. In contrast, solutions to the 2D Navier-Stokes
equations with full dissipation

Ow+u-Vo=vAw, xR t>0

have been shown to always decay in time (see, e.g., [47,48]). The lack of the hor-
izontal dissipation in (1.4) prevents us from mimicking the approach designed for
the fully dissipative Navier-Stokes equations. In fact, when we estimate ||Vw(t)|| 1z,
the issue is how to proceed from the energy equality

1d
2 dt
It appears impossible to control the term on the right. In order to make use of

the anisotropic dissipation, we can further decompose the nonlinearity into four
component terms,

/Vw -Vu-Vwdr = /81u1 (Oyw)?* dx + /81uz 01w Ohw dx (1.5)

IV (t)|22 + v]|0e Ve (t)|2. = —/w Vu- Vwds.

"—/82’&1 81w82w dl’-'-/agUg (82w)2 dx.

However, the first two terms in (1.5) do not appear to admit suitable bounds due
to the lack of control on the horizontal derivatives in the dissipation. Whether
|Vw(t)]| g2 for the solution w of (1.4) grows in time remains an open problem.

When we deal with the stability problem on (1.2), we encounter exactly the same
term in (1.5). How would it be possible to deal with the same difficulty when we now
have a more complex system like (1.2)? It is the smoothing and stabilization effect
of the temperature through the coupling and interaction that makes the stability
problem on (1.2) possible. We give a quick explanation on this mechanism. Since
the linear portion of the nonlinear system in (1.2) plays a crucial role in the stability
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properties, we first eliminate the pressure term in (1.2) to separate the linear terms
from the nonlinear ones. Applying the Helmholtz-Leray projection P = [ —VA~!V.
to the velocity equation yields

Owu = vOsu + P(fey) — P(u - Vu). (1.6)
By the definition of P,
—010,A710
P(fe,) = fe, — VATV - (e :[ ey } 1.7
(9es) = b, (Be2) = | 5 g (17)

Inserting (1.7) in (1.6) and writing (1.6) in terms of its component equations, we
obtain

(1.8)

8tu1 = l/aggul — 8182A_16’ + Ny,
Opug = v Opguig + 0101 A0 + Ny,

where N; and N, are the nonlinear terms,
Ny =—(u-Vuy — AV - (u-Vu)), No=—(u-Vuy—hA™'V.- (u-Vu)).
By differentiating the first equation of (1.8) in ¢ yields
Oty = v0a20iuy — 0102 A1 0,0 + O, N,.
Replacing 0,0 by the equation of €, namely 0,0 = 10110 — us — u - VO gives
Optty = V099041 + 0100 A g — 1 0110100 A0 + 010,A™H(w - VO) + O, Ny
By further replacing 9;0,A~160 by the first equation of (1.8), namely
—010,AT0 = Oyuq — v Ogouy — Ny,

we obtain
0ttu1 = l/aggatul + 0162A_1uQ + n@ll(atul — 1/022u1 — Nl)
+ 0102A_1(u : V@) + 8tN1,
which leads to, due to the divergence-free condition Osus = —0 uq,

Oy — (011 + v0a2)Ouy + vndi1 Oy + oA uy = Ns. (1.9)
Here N3 contains the nonlinear terms,
N3 = (0, — n011) Ny + 010,A (u - V6).
Through a similar process, us and 6 can be shown to satisfy

0ttuQ — (77811 + l/agg)atUQ + 1/7’]011822’&2 + 011A_1u2 = N4, (110)
0tt9 — (77811 + 1/822)@9 + 1/778118229 + 011A_19 = N5

with
N4 = (8t — n@ll)Ng — 8181A_1(u . VH),
N5 - —(8t - V&Qg)(u . VH) - NQ.
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Combining (1.9) and (1.10) and rewriting them into the velocity vector form, we
have converted (1.2) into the following new system
{&gtu — (7]811 + 1/822)8tu + V’/]811822u -+ 811A_1u = N6,

1.11
0tt9 — (7’]011 + 1/022)@9 + 1/778118229 + 011A‘19 = N5, ( )

where

Ng = (N3, Ny) = —(0, — n011)P(u - Vu) + VEO,A™ (u - V)
with V+ = (0,,—0;). By taking the curl of the velocity equation, we can also
convert (1.11) into a system of w and 6,

8ttw — (7]811 -+ V822)8tw + V’/]811822(A) -+ 811A_1w = N7,
0tt9 — (77811 + 1/822)@9 + 1/778118229 + 011A‘19 = N5,

where
N7 = —(8t - 7]811)(1,6 : V(A)) — 81(u . V@)

Amazingly we have found that u, 6 and w all satisfy the same damped degenerate
wave equation only with different nonlinear terms. In comparison with the original
system (1.2), the new system of wave type equations in (1.11) helps unearth all the
smoothing and stabilization hidden in the original system. The velocity in (1.2)
involves only vertical dissipation, but the wave structure actually implies that the
temperature can stabilize the fluids by creating the horizontal regularization via the
coupling and interaction.

How much regularity and stabilization can the wave structure help create? Our
very first effort is devoted to understanding this natural question. We focus on the
linearized system

Ouu — (nO11 + vda2)Oyu + vndy Oaou + 01 A u = 0,
8tt9 — (7]811 -+ V&Qg)ate + V’/]811822¢9 -+ 811A_1¢9 = 0, (112)
u(z,0) = ug(x), 6(z,0)=0(x).
To maximally extract the regularity and damping effects from the wave structure, we
represent the solution of (1.12) explicitly in terms of kernel functions and the initial

data. The two components u; and wuy of the velocity field have slightly different
explicit representations.

Proposition 1.1. The solution of (1.12) can be explicitly represented as

ui(t) = Ki(t) wio + Ka(t) Oo, (1.13)
Ug(t) = Kl(t) U20+K3(t) 90, (114)
9(1&) = K4(t) UQ()—I—K5(t) 90, (115)
where Ky through K5 are Fourier multiplier operators with their symbols given by
Kie.t) = Gale) —8Gi6.0). Kol t) == LEGi(En0), (1.16)

_ &

- |£|2 G1(£7t>7 Ky = -G, K5(£7t> = G2(£7t> - nngl(gvt) (117)

K3(£7 t)
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Here G1 and G5 are two explicit symbols involving the roots Ay and Xy of the char-
acteristic equation

2
N+ (16 + vEDA+ i + e = 0
or
A\ = _l 2 2y 1 2 2)2 _ ¢y 2¢2 i
1= 2(7751 + V&) 5 (néi + vé3) vnéi&s + BEA
Ny — _l 2 2 1 2 2)2 _ ¢4 2¢2 i%
2 — 2(7751_'—7/62)_‘_2 (77§1+V€2) V77§1€2+ |§|2 :
More precisely, when \y # Ag,
e}qt - e}\zt )\16)\2t - >\2€)\1t
_ — 1.1
G1(€7t) )\1 _ )\2 ) G2(€?t) )\1 _ )\2 ( 8)
When )\1 = )\2,
G1(&,1) = teM!, Go(&,t) = Mt — At (1.19)

In order to understand the regularity and large-time behavior, we need to have
precise upper bounds on the kernel functions K; through K5. The behavior of these
kernel functions depends crucially on the frequency ¢ and is nonhomogeneous. In
addition, the bounds for these kernel functions are anisotropic and are not uniform
in different directions. The details of these upper bounds and how they are derived
are provided in Proposition 2.1 in Section 2.

We are able to establish the precise large-time behavior of the solutions to (1.12)
using the upper bounds for the kernel functions K; through K5 in Proposition 2.1.
To reflect the anisotropic behavior of the solutions, we need to employ anisotorpic
Sobolev type spaces. For s > 0 and ¢ > 0, the anisotropic Sobolev space H;" ?(R?)
consists of functions f satisfying

1f1

e = ([l e IROR de) " <o

Similarly, IEIQS’_”(IW) consists of functions [ satisfying

1f1

e = ([ €16 IROR ) <.
In addition, we write H*~7(R?) = H{7(R?) N H5 ™ (R2) with the norm given by
11l oo 2y = Il /]

Theorem 1.1. Consider the linearized system in (1.12) with the initial data uy and
Oy satisfying V - ug = 0 and

up € B0 E0 B0 gy € O 0 Foo e,

i@y Il ag—e @)
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where s > 0 and o > 0 satisfy s + o > 2. Then the corresponding solution (u, ) to
(1.12) satisfies, for some constant C' > 0,

_Lishs —3
la @l < €35 sl oo+ 1% fusol -
+ C 2| o + C 275 6
e S O g | oo+ C'1% [uzoll
F O3 G| oo + C I 6]
_l S+0 -5
s < CE2F P fusol oo+ CHF [t oo

+C 2 0| oo + CEF (B0l oo

[Z[sfl,fow

lua(1)]

f{s,fa 9

16(t)]

where H* denotes the standard homogeneous Sobolev space with its norm defined by

= 1E1 17 ()l 2qe2)-

Next we further exploit the effects of stabilizing and regularization of the wave
structure through the energy method. By forming suitable Lyapunov functional
and computing their time evolution, we are able to show that the frequencies away
from the two axes in the frequency space decay exponentially to zero as t — oco. To
state our result more precisely, we define a frequency cutoff function, for a; > 0 and
o > 0,

Oa if |§1| S ap or |€2| S a2,

1.20
1, otherwise. ( )

P(&) = (&1, &) = {

Theorem 1.2. Let v > 0 and n > 0. Consider the linearized system in (1.12) or
equivalently

Oyuy = v 0oy — A710,0:0,

Oy = v Oaotts + A710,0,0,

010 = 1 0110 — sy,

(uy,us,0)(z,0) = (uo1, uoz, 0o)-
Let (u,0) be the corresponding solution. The Fourier frequency piece of (u, ) away
from the two azes of the frequency space decays exponentially in time to zero.

More precisely, if (ug,0y) € H*(R?) with V - ug = 0, then there is constant Cy =
Co(v,m, ay,as) such that, for allt > 0,

10 * w) ()72 + (0 W) (B)IEn < C (llo * wollfe + o+ oll72) ™", (1.21)

100 % O) (D172 + [I(¢ * O) (D) IFn < C (o * bollfz + |0 % uollz2) ™", (1.22)
where @ is as defined in (1.20) and C = C(v,n,a1,as2) > 0 is a constant.

We remark that the decay results in Theorems 1.1 and 1.2 reflect the properties of

the linearized system. The nonlinear stability result presented below is completely
independent of these decay results.
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We now turn our attention to the main result of this paper, the nonlinear stability
n (1.2). As we have explained before, the major obstacle is how to obtain a suit-
able upper bound on the nonlinear term from the momentum equation, namely (1.5).
This is the main reason why the stability problem on the 2D Navier-Stokes equa-
tions with only one-directional dissipation remains open. However, for the coupled
nonlinear system in (1.2), the smoothing and stabilizing effect of the temperature
on the fluid velocity makes the nonlinear stability possible. In fact, we are able to
prove the following theorem.

Theorem 1.3. Consider (1.2) with v > 0 and n > 0. Assume the initial data
(ug, 0p) is in H*(R?) with V -ug = 0. Then there exists € = (v,n) > 0 such that, if
(ug, 0p) satisfies

[uol[r> + (|00 > < e,

then (1.2) has a unique global solution (u, @) satisfying, for any t > 0,

t
()32 + 10() |72 +V/0 10272 d7

t t
T / 1046]13 dr + C(v,1) / |vus|2 dr < C &,
0 0

where C(v,n) > 0 and C' > 0 are constants.

In order to prove Theorem 1.3, we need to exploit the extra regularization due to
the wave structure in (1.11). In particular, the control on the time integral of the
horizontal derivative of the velocity field, namely

/0 |0vu(r) 22 dr (1.23)

plays a crucial role in the proof. Clearly the uniform boundedness of (1.23) is
not a consequence of the vertical dissipation in the velocity equation but due to
the interaction with the temperature equation. Besides understanding the time
integrability in (1.23) from the wave structure derived before, there is another simple
way to comprehend (1.23). This is due to the special coupling in the system (1.2),
which allows us to transfer the time integrability from one function in the system
to another. More precisely, as in (4.19), we represent djuy in terms of the rest in
the equation of 6,

01uQ = —8t816’ — 01 (u . V@) + 7’]01119,
then

||81U2||%2 = —/&819 01uQ dx — /81U2 81(u : V@) dx + 77/01’&2 01119 dzx.

The time integrability of [|Ojus||7. is then converted to the time integrability of
other terms. This phenomenon of extra regularization and time integrability due
to the coupling also shows up in some other models of partial differential equations
such as the Oldroyd-B system (see [16,25]). We use the bootstrapping argument
to prove the boundedness of (1.23) and the stability of the solution simultaneously.
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A general statement on the bootstrapping principle can be found in [53, p.21]. To
achieve this goal, we first construct a suitable energy functional

t
E(t) = max ([u(r)l[32 + [10(7)]152) +2V/0 102|727

0<r<t

t t
0 0
where § > 0 is a suitably selected parameter. We then show that E(t) satisfies
E(t) < CE(0) + C E(t)?. (1.25)

Our main efforts are devoted to proving (1.25). In particular, we need to estimate
the difficult term (1.5). A suitable upper bound can now be achieved due to the
inclusion of (1.23) in the energy function. 6 > 0 is chosen to be sufficiently small so
that some of the terms generated in the estimating of (1.23) can be majorized by the
dissipative terms. We leave more technical details on how to bound (1.5) and other
terms to Section 4. In order to take advantage of the anisotropic dissipation, the
estimates are performed via anisotropic tools including an anisotropic triple product
upper bound as stated in the following lemma taken from [6].

Lemma 1.1. Assume that f, g, 029, h and O\h are all in L*(R*). Then, for some
constant C' > 0,

[ a1 dz < CUFlzlgl gl Wl foun

Once (1.25) is established, the bootstrapping argument then implies that, if £(0)
is sufficiently small or equivalently

| (w0, 00)|| > < €

for some sufficiently small € > 0, then E(¢) remains uniformly small for all time,
namely

E(t) < Cée?
for a constant C' > 0 and for all ¢ > 0. Details on the application of the bootstrap-
ping argument will be provided in the proof of Theorem 1.3 in Section 4.

Assessing the explicit decay rates for the nonlinear system (1.2) is a difficult
problem. The explicit solution representation in Proposition 1.1 and the linear decay
estimates in Theorem 1.1 serve as the first step in solving this problem. The plan
is then to extend the representation formula to the nonlinear system via Duhamel’s
principle, and then apply the bootstrapping argument. Even though the anisotropic
Sobolev setting is difficult to bootstrap, this approach may lead to certain decay
rates when we relax the requirement that the solution be in the same functional
setting as the initial datum. This will be completed in a followup work.

Finally we remark that, due to its importance in geophysics and astrophysics,
the stability problem on the hydrostatic balance has recently attracted considerable
interests. When the Boussinesq system does not involve full kinematic dissipation
and thermal diffusion, the stability problem can be extremely difficult. Several
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recent work has made progress. Doering, Wu, Zhao and Zheng [23] solved the
stability problem on the 2D Boussinesq system with full velocity dissipation but
without thermal diffusion in a bounded domain with stress-free boundary condition.
A follow-up work by Tao, Wu, Zhao and Zheng [52] was able to establish the precise
large-time behavior of the stable solutions obtained in [23]. Castro, Cordoba and
Lear [8] investigated the stability problem of the 2D Boussinesq system when the
velocity involves a damping term and obtained the asymptotic stability for a trip
domain. We also mention that the study on the stability problem on the Boussinesq
equations near the shear flow, another physically important steady state, has also
gained momentum (see [20,51,65]).

The rest of this paper is naturally divided into three sections. Section 2 provides
the proofs of of Proposition 1.1 and Theorem 1.1. Section 3 proves Theorem 1.2
while Section 4 presents the proof of Theorem 1.3.

2. PROOFS OF PROPOSITION 1.1 AND THEOREM 1.1

This section is devoted to the proofs of Proposition 1.1 and Theorem 1.1. Propo-
sition 1.1 represents the solution to the linearized system in (1.12) in terms of the
initial data and several kernel functions. Its proof relies on a lemma that solves
the degenerate damped wave equation explicitly. The decay estimates in Theorem
1.1 are based on the upper bounds for the kernel functions in the representation of
solutions obtained in Proposition 1.1. The upper bounds are derived in Proposition
2.1 prior to the proof of Theorem 1.1.

Lemma 2.1. Assume that f satisfies the damped degenerate wave type equation

Ouf — (WOaz +1011)0,f +nrd110aa f + O A~ f = F, (2.1)
f(l’,()) :fo(l'), (atf)(x>0):fl(x)
Then f can be explicitly represented as
t
F(6) = Gi(t) fu + Galt) fo + / Gi(t — ) F(r) dr, (2.2)
0
where G1 and Gy are two Fourier multiplier operators with their symbols given by
e)qt _ e)\Qt )\16>\2t _ >\2€)\1t
_ _ 2.
Gl(g?t) )\1 _ )\2 Y G2(€?t) )\1 _ )\2 ( 3)
with A\ and Ay being the roots of the characteristic equation
2
N+ (16 + vEDA+ i + 1 = 0 (24)
or
A — 1 N 2 2)2 _ 4 2¢2 5_%
1= 2(7751 + V&) 5 (néi + v&3) vn&i&s + BEA
(2.5)

1 1 :
Ao = = (€ + vgd) + 5\/(7'5% T~ (Wﬁg ’ ‘%)
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When A1 = Ao, (2.2) remains valid if we replace Gy and Gy in (2.8) by their corre-
sponding limit form, namely,
At Aot

o . (& — € o >\1t
G1(§7t) B All—%\l AL — g =t

and

A )\zt_)\ At
Go(&,t) = lim 10 2

= M\ el
A2—A1 Al — Ao

Proof of Lemma 2.1. We first focus on the case when F' = 0. Since A{(£) and A\y(§)
are the roots of the characteristic equation in (2.4), we can decompose the second-
order differential operator as follows,

(0 = M(D)) (9 — Xa(D)) f =0 (2.6)
and
(0 = X2(D)) (9, — M (D)) f =0, (2.7)

where A\;(D) and A\; (D) are the Fourier multiplier operators with their symbols given
by A (§) and A2(&), or

1 1
M(D) = 5(7/322 +nohi1) — 5\/(7/322 +n011)? — 4(vnodi12e + 011 A1),

1 1
Ao(D) = 5(7/322 +non) + 5\/(V522 +n0i1)? — 4(vndiize + 0 A1),
We can rewrite (2.6) and (2.7) into two systems
(@~ M(D))g =0, .
(0 = Xa(D))f =g

and

(0, — M(D))h =0,
L&—MUMfzh (29)

By taking the difference of the second equations of (2.8) and (2.9), we obtain
(M(D) = X(D))f =g—h

f= (D) = 2(D)) " (g — h). (2.10)
Solving the first equations of (2.8) and (2.9) yields,
g(t) = g(0) ™" = ((8.1)(0) = Ao(D) (0)) M P (2.11)
and

h(t) = h(0) 2P = ((9,£)(0) — M(D) f(0)) 77, (2.12)
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where we have used second equations of (2.8) and (2.9) to obtain the initial data
g(0) and h(0). Inserting (2.11) and (2.12) in (2.10) leads to

F8) = (D) = xa(D)) ™ (P — P (3,)(0)
+ (D) P — (D) PL) £(0))

= G1 1 + G2 fo,
where
o e)q(D)t _ 6>\2(D)t o )\1 (D)e)\Q(D)t _ )\2(D)6A2(D)t
"TOM(D) = (D) T M (D) — X (D)
When F'in (2.1) is not identically zero, the formula in (2.2) is obtained by Duhamel’s
principle. This completes the proof of Lemma 2.1. O

We are now ready to prove Proposition 1.1.

Proof of Proposition 1.1. This is a direct consequence of Lemma 2.1. In fact, ac-
cording to Lemma 2.1,

u(t) = Go(t) ug + G1(t) (Ou)(x,0),  0(t) = Go(t) 6y + G1(t) (0,0)(x,0). (2.13)
Since u and 6 satisfy the original linearized equations,

8{&1 = V822u1 — 8182A_19,
8tuQ = V022u2 + 811A_19,
010 = 1 0110 — o,

we obtain

(8tu1)(:£, O) = I/aggulo — 8182A_190,
(Oyua(x,0) = v Ogguigy + 011 A,
(81&9)(357 0) = 7781190 — U20-

Inserting them in (2.13), we obtain

ul(t) = (Gg(t) + 1/822G1) U190 — 8182A_1 Gl 90,
UQ(t) = (GQ(t) + V&QQGl) U220 + 811A_1 G1 90,
Q(t) = —Gl U920 + (Gg + 77811G1)90,

which are the representations in (1.13), (1.14) and (1.15). This completes the proof
of Proposition 1.1. 0

In order to prove Theorem 1.1, we need to understand the behavior of the kernel
functions K; through Kj. Clearly their behavior depends on the frequency &. In
order to obtain a definite behavior for each kernel function, we need to divide the
whole frequency space R? into subdomains. The following proposition specifies these
subdomains and the behavior of the kernel functions.
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Proposition 2.1. Assume the kernel functions K through K5 are given by (1.16)
and (1.17) with Gy and Gy defined in (1.18) and (1.19). Set

5= {€ = (6.6) € B gt + €167 2 0+ 0 |
=R*\ .
The kernel functions Ky through Ks can then be bounded as follows.
(a) Let £ € S1. Then
R < —5 08 +ng), Reds < — (06 +n€d),
where Re denotes the real part, and, for constants co > 0 and C > 0,

KA (&, 1)), | K&, 1)] < C ek, (2.14)
|K2(£7t)‘7 ‘K3(£7t)‘7 ‘K4(£7 t>| < Cte_co‘f\zt_ (215)

(b) Let £ € S5. Then
vnéiés + &¢I~

3
A < _Z(Vfg +n&}), Ay < —

vés + 0t
8 e, 2 _mefe e Pe 2,
| Ky, [K5| < Ce et 4 e VE2 12 (2.16)
and
2
|K2| < C||§£1||l§2‘ —co €[t + C‘f£1|||§2| —coiéffte—co éﬁt’ (2‘17)
Claa)? e, ClalP? 0%t e
sl < g NG B T Tep € W €
C 2 C —c 51£2t _CO ‘51 t
|Ky| < eme0let 1 Tl et
€2 45

Proof. To prove the bounds in (a), we further divide S; into two subsets,

S = {f € 51, (Vfg + 775%)2 > 4(’/775%5% + |§1|2|§|_2)} )
Sz = 51\ Sii-

For any £ € Syq,
_ 1
0 < (v&5 +n&y)” — 4vn€i&s + G P1E1) < (& +m&d)™
According to the formula for A\; and Ay in (2.5), A; and A, are real and satisfy

1 1
M <=8 +0gh), e < = (g + ngh).

By the mean-value theorem, for a constant C' > 0,

At Aot

ettt — e?
G| =

" | <te Ol 2.18
Mo | (2.18)
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Writing Go in (1.18) as
G2 = 6 — A Gl

and using the simple fact that 2™ e™* < C'(m) for any x > 0 and m > 0, we can
bound K7 and K3 as follows,

K| < |Gol + v|€3]|Gy] < et 4 O g2 te O 4 p|ed| ¢ e Ol
< 06—00\5\21&’
|Ks| < |Gol + €3] |G1| < C el

where C' > 0 and ¢y > 0 are constants. The bounds K5, K3 and K, follow directly
from (2.18). For £ € Sy,

(V&5 + n&D)® < 4(wnéi&s + 16)71€l™?)

and, as a consequence, A\; and Ay are complex numbers,
1 1
No= =5 (8 ) — 5 \/4 vn€iEs + |&u21€172) — (v€3 + néd)?,
1
o= 5083 + ) + [ LomEled +IPIE) — (ved + e

Then 1
Rel| = Re Ny = —§(V§§ +7I§%)-

In addition,

e)qt _ e>\2t

N

octancey [0 (VAONEEE FIEPTET) — (€ + €
—e 2 2 1
VAG G + [aPIE?) — (véE +néd)?

< te-%(”ﬁgﬁﬁf)t'
The desired upper bounds for K; through K5 then follow as before.
We now prove the bounds in (b). For £ € S,

1
(V&3 +n€1)* — Avm&i&s + |G IP1E) 2 S (vEs + &) (2.19)
Then A\; and Ay are both real. Clearly, \; satisfies
3
M < — (08 + ). (220)

To obtain the upper bound for Ay, we try to make the terms in the representation
of Ay have the same sign and obtain

Ay = —% ((1/53 +néd) — \/(V£22 +néi)? — 4(vnéi&s + |§1|2‘5‘_2))

_2 vnges + l6u*le]
V€3 +n&d + /(v + n&d)® — 4(vn&&s + [61]21€]2)
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_vngi&s + |6 [71E
ved +ngt
It then follows from (2.19), (2.20) and (2.21) that
1
V(v + €2 — A(vngi€s + [€u?1E] )

, vng2e3+1611%1g1 72
3 (Le2 g2 ————a
w | e—1 W&+t +e vEs+nés

vnededviey|? el 2
- ¢

_3 — s
2 (e i(”gg +775%)t e sz +"7§1

(2.21)

G| <

S 2 2
v€s + néi
£2¢2 £2
c 6—60|§|2t_'_ ¢ —CoTggEt gm0 et

= Tep e
= M(£1),

where ¢y > 0 is a constant. Therefore,

2
Cl&iljfzie_co\sm +o|sl|i52| il ot
I3 €]

C|€1|2 e—co €12t 4 2 C1|§1| —00515215 —Co élt

G GE

| K| <

K
Kl < e oL

and

C 2 C —c 515% — 51
_ 0 co t
|Ky| < col€lt | = o702 lel%”,

+
ez * €17
K is bounded by

K| < |Go| +v[E] |G| < M < M+ [N ]|Gi| + v|E] |Gy

_wneded e 21g 2
<Ce HEIRIS + Ce vE3+nET

K5 shares the same bound. This completes the proof of Proposition 2.1. 0J
In order to prove Theorem 1.1, we recall a lemma that provides an explicit decay

rate for the heat kernel associated with a fractional Laplacian A® (a € R). Here the
fractional Laplacian operator can be defined through the Fourier transform

NGEIG] (2.22)
The proof of the Lemma can be found in many references (see, e.g., [56]).

Lemma 2.2. Let « >0, >0 and 1 < g < p < 0o. Then there exists a constant
C' such that, for any t > 0,

a APt gl
A2 f |l ey < C 575G || ooy,
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In addition to the fractional operator defined in (2.22), we also use the fractional
operators A7 with ¢ = 1,2 defined by

ATFE©) = 16l7F©), €= (a.&).
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Taking the H*norm of u; in (1.13), applying Plancherel’s
theorem and dividing the spatial domain R? as in Proposition 1.1, we obtain

Jur (Ol s ey < MK (D) uol| 22y + |A°Ka(t)bo]| z2(re)
< C|€P° K1 (&, t)uo(€) | zacsy) + C 117 K1(€, D) ao(€) | r2(s,)

+C [[1€]° K&, 1)00(€) | 2(su) + C [I1€1° Ka (€, 1)00(€) ] r2(sa)-

To bound the terms on the right-hand side, we invoke the upper bounds for K; and
K, obtained in Proposition 2.1. By (2.14) in Proposition 2.1, Plancherel’s theorem
and Lemma 2.2,

11€]° K1 (€, 8)T0(E) |25y < CEIT e G ()| 2oy
= C |[[€]* €171 |& |77 (&) [l 2(s1)
< O Jg]H7e P gy =i (€) | p2(sy)
—C ||As+aecoAt AT o] 12 g2y

< Ot 76 || AT | 22 - (2.23)

By (2.16) in Proposition 2.1,
s ~ s _—colé|?t ~
el K1 (€, o) 2sy < CIIEP e @ (€) 22(s)

_wneded e e 72

+C [|€]° e S 0 (€) || n2sy)-

The first part can be bounded the same way as (2.23). To give a precise upper
bound on the second part, we divide the consideration into two cases: £ € Sy and
5 c 522, where

So1 ={€ € Sa, |&1| = &al},  Saa={§ €5, [&1] <&}
with S5 being defined as in Proposition 2.1. For £ € Sy,
&+ G PIE?
vés +néi

< —Cl&)? - Cla)P)E™ < =C &1 (2.24)

and for £ € Sy,

&8+ 1G1PE?
vEs +n&t

< =Clal? = ClaPlEl™ < =Clal*. (2.25)

Therefore,

_wz&%&%;\sﬂz\sv?
11€]% e vt (6| 2se)

s _— 2~ s — 24 o~

< CI€) el Gy (&) Lagsa) + C IEIT e Gy () rasny)
s o, — 2 —0

< CIE)7 1] 7e™ I 1677 an (&) ragsm)
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_ 2 g o~
Ol e a7 ()l san
<Ot fluoll oo

We now estimate H|§|8K2(£,t)é;)(f)HLz(sl). Invoking (2.15) in Proposition 2.1 and
proceeding as in (2.23), we have

11€]° Ko (€, )80(E) || 1250y < CHIIE]° € 8o(€)|| 2o
< C 20+ ATO0) | Loy (2.26)

We now turn to [||€]* Ka(€, 1)00(€)| 12(s,)- By (2.17),

1€1° Ka(€, D)l 2say < C 11€1° 520Gy (€) [ 125

€]
1€1]1€2] —Co—fggégt e S ~
lel €t 9 ‘ . 2.2
+CH‘£‘ |§|4 e 0(5) £2(S5) ( 7)

The first part in (2.27) can be bounded as in (2.23) and (2.26),
et 52l Gy ) s, < Ml PG e

145
< C 73+ AT, || 12 (m2).

To estimate the second piece in (2.27), we invoke the simple fact that ™ e™* < C(m)
valid for any m > 0 and = > 0, and proceed as in (2.24) and (2.25) to obtain

1
e iG] oot o e il ey Gl o

€1 €] €12

1 —c ig%t
<Otz e
Ct_% ‘5‘5_1 6_C§§t for & Soq,
< 1 2
Ct 2 |g5~te 04t for € € Syy.
Therefore, the second term in (2 27) can be bounded by

Jer S ol gy

1>2¢ —coé—i—t ~
sWﬂEﬁ“*ersmm

£2¢3 2

< Ol e O R©)lls + Ot el e (o)
< Ct 25 |6y

We have completed the estimates of |u1(?)[| gege). Collecting the estimates yields

L2(S2)

L2(521)

LQ(Szz)

[_DIsfl,fo' .

—L(s4o —o -2
||u1(t)||1§rs(R2) < Ot 2 A u1g||L2m2) + C't 2 ||U10||1§rs,fv(R2)
L O | AT0 | gy + C 5 |60l

ﬁ]sfl,fo'(RZ) .
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[[uz(?)[] grs(ge) can be estimated very similarly. Only the last piece is bounded slightly
differently. Its upper bound is

—L(s4o —o -z
lua (8[| o 2y < C 7205 AT ugo || L2azy + 7 [lugol

Hs—7(R2)
+ Ot AT, | arey + C T F (G0l oo re)-
The estimate of [|6(t)| ;s ge) is also similar,
16 frs 2y < O 726 | AT g | paqge) + Ct7 % [fugo fo-2-0(R?)
+ Ot 2% AT 0 || 2oy + Ot 2 1601l 775 —o (2)-
This completes the proof of Theorem 1.1. O

3. PROOF OF THEOREM 1.2

This section proves Theorem 1.2. The proof makes use of the wave structure
in (1.12) to construct a Lyapunov functional for the Fourier piece of the solution
away from the axes in the frequency space. The construction involves a suitable
combination of two energy inequalities.

Proof of Theorem 1.2. Let @ be the Fourier cutoff function defined in (1.20). Taking
the convolution of ¢ with the velocity equation in (1.12) leads to
Ou (% 1) — (NO11 + vDa2) 0 (¢ * 1) + vnD110a2 (@ * u) + I A (p*u) =0. (3.1)
Dotting (3.1) with 0;(¢ * u), we find
1d
577 0o s WllZz + [ Ra( % w) 22 + 1| Ora (0 w)lIZ2)
+1[1020: (0 % W) |72 + 0010 (0 % w) |72 = 0, (3-2)
where we have written Ry = 81(—A)_%, the standard notation for the Riesz trans-
form. Dotting (3.1) with ¢ * u yields
1d

57 V222 W)= + 0l or(p * w)lz2) + 1R (% w) 22

sonldue <)l + [ Oue )+ (¢ xu)do = 0.
Writing
d
Joutorw - (orwts =5 [alosu)- (oru)ds = e )l

we obtain
1d 9 9
577 (V1020 x wllze + 1|01 (0 % w22 + 2(0i(p * w), (0% w)))
HIRi(p * w) |22 + vnl|diz(e * w72 — [9:(0 ¥ u)l[72 = 0. (3.3)
where (f, g) denotes the L?-inner product. Let A > 0. Then (3.2) +\ (3.3) yields

d
A1) +2B(t) =0, (3.4)
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where
A(t) = |10u(p * u) |72 + |R1(p * w) |72 + nv|| 012 (0 * )| 12
(|02 (@ % u) |72 + Anl|Or (@ * w)||72 + 2XM(De(0 * u), (¢ * u)),
B(t) := v]|020y (¢ * u) (|72 + 0| 010, (0 % u) |72 + Aw[|Or2( * u) |75
=M@ *u)[[72 + AR * w72

Our immediate goal here is to show that, if we choose A = A\(v, 1, a1, az) suitably,
then there is a constant Cy = Cy(v, 1, a1, az) > 0 such that, for any ¢ > 0,

B(t) > Cy A(t). (3.5)

Recall that a; > 0 and ay > 0 are the parameters involved in the definition of the
frequency cutoff function defined by (1.20). We now prove (3.5). By Plancherel’s
theorem,

1020, (0 % )72 = / &2 0(Pu(E, 1)) |2 dE > a3 [|0(p xw)||72- (3.6)
[§1]>a1,[&2|>az
Similarly,
1010 (@ * u)[[72 > af [0(@ * )2, [1Oha(p x w)||72 > af[|Da(p % w)|72, (3.7)
1012(0 % w)l|72 > a3 |01 (9 * w72, (|O2(p*u)|[72 > afad o xullf=.  (3.8)
If A > 0 satisfies

A< 5(vag +nap),

N —

then, by (3.6), (3.7) and (3.8),
1
B(t) 2 (v a3 +na) [0 w)llz2 = MO w7z + w1010 = w) 72
1 1
+ 0w at [|9x(0 % w) 72 + A az (|01 + w72

1
+ v at g lle s ulze + AR )2

1 1
> = (vad + 1) |0 = wlE + Pvllonle w)l:

1 1
o a0+ w)lE +

1
+ v atag lle s e + A Ra(p )]z

By the Cauchy-Schwarz inequality,

v ag (|01 (@ + w) |72

1 1
1 e+ nad)du(p x lE + LN ad @ oo w3

1
> 5\/Va§ +na? \/Anua%ag (Or(p * u), o * u).

Therefore,

1
B(t) 2 7 (va3 + na)l|0(p w7z + MRa(p + u):
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1 1 1
+ A 1100a(p * )72 + Z A a [|05( x w72 + v a5 (|01 (0 |72

1
+o\Jvad +nat [l ad (04 < u), o+ u).
If we choose () as
1

. 1
Co = 7 in {(VCL% +nal), \, nai, vas, 7 \/Va§ +na? \/nya% a3 } ,
then B(t) > CyA(t), which is (3.5). Inserting (3.5) in (3.4) leads to
A(t) < A(0)e ", (3.9)

To prove (1.21), we derive a lower bound for A(t). By (3.8) and the Cauchy-Schwarz
inequality,

A(t) 2 110:(p * w)ll7> + R * w72 + v af a [l * ulf7,

1
+A 100 W)l + Anll O (0 x w72 = S 119u(p * W)l — 237l * wllZs

1
= 5lo(p w)[[72 + [Ra(p * w72 + (v ai a3 — 2X%) [l + ul 7
FA[| 02 % w) 172 + M0 (0 5 w) 72
If X is selected to satisfy

1
nvata; or A< 3 VNV ag as,

N[ —

nvatas —2\* >
then A(t) is bounded below by

1 1
A() 2 5l10u(p * wllzz + IRy (p * w72 + v ai a; o+ ullz

2
+AV[|02 (0 * w) |72 + Anl| 01 (¢ * w)|7
> C(10:( = w)ll7> + llo * ullze + IV (e x w)ll72), (3.10)

where C' = C(v,n,a1,az) > 0 is a constant. We now derive an upper bound for
A(0). Recalling that (u, ) satisfies

Oyty = vy — AT101040,

Optg = vy + A710,0,0,

00 =1 0110 — uy,
we obtain

Oy (0) = vdagugy — A™10,040,, O (0) = vdagugy + A™1010:6,
and thus
1(8:(d + w)(0) 172 < 20°]|Ba(p * o) |72 + 2[| 0 * bo |, (3.11)

where we have used the fact that Riesz transforms are bounded in L? with 1 < ¢ < oo

(see [50]),
IA'0105 fllze < C||f]lLa-

In addition, if we invoke the inequality
2N(0i(p + w), (9 * w)) < [104(¢ % w)||72 + ANl ul 22,
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we obtain the following upper bound for A(0),
A(0) := [[0:(p * w)(0)[[72 + R (0 # uo) (|72 + nl| D2 (g * uo)|[72
+A[| 02 * wo) (|72 + Anl|01 (¢ * uo)l|72 + 2X (D * u)(0), (i * up)),
< 402|892 (p * wo) || 72 + 4l * b0l 72 + (1 + A*)[| * uo|| 72
|| 012 (0 5 o) |72 + A[|Da (0 % o) |72 + Al| 01 (0 % uo) |17
< C (|l * uollzzz + [l * 0ol Z2)- (3.12)
Combining (3.9), (3.10) and (3.12), we find that
18: (0 w) ()][72 + [[(0 * uw) (D|72 + [V (0 + w) (1) 72
< C ([l * uoll3gz + I * ol 72) ™,

which is (1.21). The proof for the exponential decay upper bound for ¢ in (1.22) is
very similar. In fact, since # satisfies the same wave equation as u, most of the lines
for u remain valid when we replace u by 6 and replace the bound in (3.11) by

186 % 0)(0)[|72 < 207|001 (0 % Oo) (72 + 210 * uon| 7.
This completes the proof of Theorem 1.2. O

4. PROOF OF THEOREM 1.3

This section is devoted to the proof of Theorem 1.3. As outlined in the introduc-
tion, the proof uses the bootstrapping argument and the major step is to establish
the energy inequality

E(t) < Cy E(0) + Cy E(t)?, (4.1)

where C and Cy are constants and E(t) is the energy functional defined in (1.24),
or

t
B(t) = uas () + 107 ) +20 [ [0l

t t
w2 [ 100]fdr 5 [ oruale (4.2
0 0
with § > 0 to be specified later. We then apply the bootstrapping argument to (4.1)
to get the desired stability result.

Proof of Theorem 1.3. We define E(t) as in (4.2). Our main efforts are devoted to
establishing (4.1). This process consists of two major parts. The first is to estimate
the H?-norm of (u, §) while the second is to estimate ||yul3. and its time integral.

For a divergence-free vector field u, namely V - u = 0, we have
Vull: = flwllze,  |Aullz2 = [[Vw| 2,

where w = V x u is the vorticity. Therefore, the H2-norm of u is equivalent to the
sum of the L?-norm of u, the L?-norm of w and the L?*-norm of Vw. To estimate the
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L?-norm of (u, #), we take the inner product of (u, @) with the first two equations in
(1.2) to obtain

t t
la(®)12 + 16(t)[2 + 20 / 10su(r) 2 dr + 21 / 18,6(r) |2

= JJuollZ> + [16o]Z- (4.3)
To estimate the L*-norm of (w, V6), we resort to the vorticity equation combined
with the equation of 6,
Oww 4+ u - Vw = voypw + 010,
00 + u - VO 4+ uy = 1oy 0.
Taking the inner product of (w, V) with the equations of w and V@, we obtain

1d
2dt

(4.4)

(lwllZ2 + IVOlIZ2) + v 0awlliz + | VO = I + I, (4.5)

where

]1:/(819W—Vu2-v9)d93, ]2:—/V9-Vu-V9dx.

It is easy to check that
]1 - O
In fact, writing w and u in terms of the stream function ¢, namely w = A and

u = V1t := (=), 019)), we have

_ /(_9 Adyib + A ) dr = 0.
To bound I, we write out the four terms in Iy explicitly,
]2 = — /(81U1(819)2 + 81”2819829 + 82”1819829 + 82”2(829)2) dx

= [21 + ]22 + ]23 + ]24.

The terms on the right-hand side can be bounded as follows. The key point here is
to obtain upper bounds that are time integrable. By Lemma 1.1,

[I21] < C||0vual[12]|010]] 71| 0201017 1| 010117 21| 91016 ;.-
< C|0yur]|z2 [|010]| 2 (|01 V]| L2,

1 1 1 1
[Toz| < C'|010]| 2 ||O1uz]| 72 [| 0201 us]| 72| 020]| 71| 01020 7 -

< C'[|0vusl|72 10261172 (0161 2 102Vl 72 (|01 V0| 7,

1 1 1 1
|Io3| < C')|020]|£2|010]| 21| 02010 72 || Ooun || ]2 | 01 Oaun || ».

By the divergence-free condition V - u = 0,

124 = /01’&1(029)2 dr = —2/u1 829 01829 dx
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1 1 1 1
< C|010:0]] 121|020 2[]01020|| 72 ||ua || 72 || Do || 7 2
1 1 1 3
= C |lur]| 72 |020]| 72 [|Oour || 72 (|01 VO] 7.

Clearly, the sum of the powers of the terms that contain the favorable derivatives
(0p on 6 and Oy on u) is 2 in each upper bound above. Therefore each upper bound
is time integrable. Collecting the upper bounds on I, and inserting them in (4.5),
we obtain

d
T (IVullze + [V6II72) + 200,V ul[ 22 + 2n]|0y V) IZ2

< C(lullm + VO ) (102ullf + 10:0]17) - (4.6)
Integrating (4.6) over [0,¢] and combining with (4.3), we obtain

t t
I 0) 201 + 20 / 1Bsu(s) s + 20 / 10:6(5)[2nds
0 0

t
< [[(uo, o)l + € /O (lullzz + VOllz2) (102ullFn + 101013) dr - (4.7)

< E(0) + C E(t)?. (4.8)

We also notice that the H'-estimate is actually self-contained. The upper bound in
(4.7) depends only on the H'-norm level quantities. A simple consequence of (4.7)
is that any initial small H! initial data leads to a global H! weak solution. However,
we do not know the uniqueness of H'-level solutions. It does not appear possible to
show that H'-solutions are unique. When we evaluate the difference (u, ) of two
solutions (u™™,0M) and (u?,0®)), the terms generated by the nonlinearity

/ﬂ-Vu(l) -udr and /a-vem -0 dx

are hard to deal with. When the solutions are only at the H'-level, it does not
appear possible to bound them suitably. We have attempted to gain the horizontal
dissipative effect in the velocity to control the nonlinear terms above, but the process
fails due to the generation of extra bad terms that can not be controlled when we
estimate the solution difference at the L2-level. This is one of the reasons that we
are seeking global H2-solutions.

In order to control the H?-norm, it then suffices to bound the L*-norm of (Vw, Af).
Applying V to the first equation of (4.4) and dotting with Vw, and apply A to the
second equation of (4.4) and dotting with Af, we obtain

1d
2dt
where

Ji = /(V@lﬁ - Vw — AuyAf) de,

ng—/Vw-Vu-dex,
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J3 = — / A - A(u-Vo)dx.
First we verify that J; = 0. In fact, since uy = 019 and Ay = w, we have

Ji = /(V@ﬁ -Vw — AusAf) dx = /(V@ﬁ -Vw — A0 Ab) dx
= /(V@ﬁ -Vw — 0w Ab) dz = /(V@ﬁ -Vw+ hVw - V) dz

= /81(V«9 -Vw)dx = 0.

We now estimate J; and then Jy. The effort is still devoted to obtaining an upper
bound that is time integrable for each term. After integration by parts,

Jg - —/AGAulalﬁdx—/AHAu2829dx

= ng + J32 + J33 + J34.
By Lemma 1.1,

[Ja1| < C1010]| 2 [|AO]|Z2 |01 A0] 22 (| Aual 2 [[02Aua 2

3 1
< C([A] 2 + [[Aua][22) 10101 12 [|02Aua [ £ (4.10)

The bound on the right-hand side is time integrable. To bound Js35, we further
decompose it into two terms,

J3g = — /AQAugﬁgedx
=— /81819 Augy Or0dxr — /82829 Aug 050 dx
=— /81816’ Aug0y 0 dx + % /A@wz (020)* dz
=— /81816’ Aug 000 dx — % /A@lul (0:0)*dx

= — /8181«9 Ay Oo6 dx+/Au1 020 0,0,0dx.
Therefore, by Lemma 1.1,
ool < C [101016|12 | v 2, | Do s | 21826113, 1010261 2
1101058 12 0201 2|01 0u01 2| A | 2o | B A |
< C 10202 + | Aullz2) 18] 3. O] 2o (4.11)
J33 can be bounded as follows,

[Jas| < C OOz [|AG]|Z: 101 AO]| 2 IVl 22 102V ua |2
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3 1
< C (1402 + [Vusllz2) 101011 72 |02 Vua || 72 (4.12)
By integration by parts,

J34 = -2 /(81U281829A‘9 -+ 82U282829A9) dx
= -2 / 81U2 01829 Al dx + 2 / 81u1 82029 AO dx

= —2/81’&2 81829A9d3:—2/u1 8182829A9d$—2/U1 8282981A9d$

= J3a1 + J342 + Jau3.

The terms on the right can be bounded as follows.
[ Taaa| < C 11010:01] 1211 | . 0ol | .| A6 2, | 04 A 2,
<C(|A0] 12 + [Orusllz2) 910 3 105V o] 2,
[ Tytzl <C1010:056]1 12 | A8 21101 A0 23 s |29 |2
<O (A0l + furllz2) 10101 3 N9 2o,
[ Tsas| <C 11026 12192026 221010006 £ [ 2| 0|
<C (18002 + l[un | 22) 191612 101 2.

Combining these estimates yields

3 1
| Jaal < C (10112 + l[ullm2) 10101 72 1020|772 (4.13)
Putting (4.10), (4.11), (4.12) and (4.13) together, we obtain

[Js| < C (10112 + [[ull =) 1010 F2 1| Ol e (4.14)

We now turn to the estimate of J,. As we have explained in the introduction, we
need the help of the extra regularization term

t
/ [01usl|7 dr. (4.15)
0

To make full use of the anisotropic dissipation, we further write Js as

Jg :—/81u1 (81M)2 dl’—/&ﬂlg 81w82wdx
—/82u1 81w82wdx—/82u2 (82w)2dx
:/aqu (81W)2dl’—/01UQ 01w02wda:

— /82u1 81w 82w dr — /82u2 (82&])2 dx
2:J21 + e]22 + J23 + J24.
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To bound the first two terms, we need to make use of the term in (4.15). By
integration by parts and Lemma 1.1,

J21 = —2/u2 81w 8281(,0 dx

1 1 1 1

< C|0:01w]| 2| 01w || 72| 0201w || 7 2 || ua| 72| Orusa | 7 2
3 1
< C([Juallrz + |01w]|L2) [|0201w]|7 2 [|O1uz]| -
By Lemma 1.1,
1 1 1 1
| Joo| < C'|O1us]| 2 ||01w]| ;2 [| 0201w 72| Oow || 7 21| 102w ]|} -

<C ||VW||L2 ||5231W||L2 ||51U2||L2,

1 1 1 1
| Jos| < C'||Oaur|| 2 ||O1w]]}2 [|0201w]| 72 [|Oow ]|} 2 [| 0102w} -
< Cl| Vw2 [[0201w]| 12 || Oaur ]| 22,

1 1 1 1
| Joa| < C||Oaus| 2 [|0aw]] ]2 [|010aw]|f 2 [|Oow ]|} 2 [|O202w]] ;-
S C HV(A)HLZ ||82Vw||L2 ’|82U2||L2.

Therefore,
72| < Clullzz (10:VewlZ2 + 101u2]|7> + [[95uall72)- (4.16)
Inserting J; = 0, (4.14) and (4.16) in (4.9), we obtain

d
T ([Aulze +[1A0]52) + 20v]10 A7z + 2001 A 72

3 1
< C(10llm2 + llullz2) [|016]] 2 | O2ull
+C lull a2 (10:VwlZ2 + 01ual72 + 102us72)- (4.17)
Integrating (4.17) over the time interval [0, ¢] yields

t t
8Os + 180(0) 3+ 20 [ [Osuliadr +20 [ A00|Edr
0 0
t 3 1
< 1wl + 1801 +C [ (18l + [ulle) 10080 ozl ar

t
+C / lull 2 (102 Vw][72 + |01ua||72 + |01 ||Z2) dr
0
< E(0)+ C E(t)?. (4.18)
The next major step is to bound the last piece in E(t) defined by (4.2), namely

t
/ 10ua |22 dr-
0

We make use of the equation of #. By the equation of 6,
81U2 = —81581‘9 — 81 (u . V@) -+ 7]81119. (419)
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Multiplying (4.19) with d,us and then integrating over R? yields

||81U2||%2 = —/8t81981u2 dl’—/@fdg 81(uV6’) dz+n/81u2 81119 dx
= K1 + Kg + K3.

Even though the estimate of K3 appears to be easy, the term with unfavorable
derivative 0yus will be absorbed by the left-hand side,

1
|Ks| < nllovus| 22 [[01110]] 2 < §||(91U2||%2 +C|010] - (4.20)
We shift the time derivative in K7,
d
K1 == _E /819 81UQ dx + /819 818tu2 dr = K11 + Klg. (421)
Invoking the equation for the second component of the velocity, we have

K12 = —/01819 8tuz dx
= —/811«9(—(u . V)UQ - 82]9 -+ V&QQUQ + 9) dx
= /0119 (u . V)UQ dx + /0119 82p dx

—1//8119 aQQUQ dx —/8116’90[3:.

We further replace the pressure term. Applying the divergence operator to the
velocity equation yields

p=—A"'V"(u-Vu)+ A7100.

Therefore,

Ky — /8119(U-V)u2 da +/8119(—82A_1V-(U~Vu)) da

—1//8116’ 022U2 dr — /0119 811A_16’ dx
= Ko + Koo + K3 + K4

By the boundedness of the double Riesz transform (see, e.g., [50]),

100A™ flloe < Ol fllpe, 1 <g< o0,
we have

K124 = /819 811A_1019 dx S C ||819||%2
K123 can be easily bounded,

| Ki23] < C'|0110]| 12 || Oa2ua]| 2.

By integration by parts and the boundedness of the double Riesz transform,

K122 = — /019 812A_1V : (U . VU) dx
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<|[010] 22 [A71012V - (u - V)| 2

< Cl010]| 2 [|02(u - V)| 2

< C 0102 || 02w - Vu + w - VOau| L2

< Cll010]| 2 (N|1Ozullza [Vullzs + lulleo[VOrul 12)

< C|010]| 2 || Ooul| e[|Vl + C[|010]| L2 [|ul| 2 ||V Do 2

To bound Kjs1, we further split it,
K121 = /8119(U181U2 -+ Ug&gUg)dSL’

= /8119 U1 01uQ dx + /0119 (%) 82U2 dzx.
By Lemma 1.1,

1 1 1 1
[Kio1| < C[0120]| g2 [[ua || 72 || Ovua || 2 || Orua | 7 2| 0201 us |} -
+ C |Jug|| e~ [[0110]| 22 [|O2uz || 2

< Clullgr [|[O2ul| g [|00110]| 2 + C [Jul| g2 || 0ol L2 (0110 2

We have thus obtained an upper bound for K,

|K12| < Cl|010])72 + C [|0110]| 12 |022usz| 12 + C ||ull g2 [|O2u]| g1 |016]] 1.

It remains to bound K5. We decompose K, into four terms,

ng—/81u281u1 819d$-/81U2U181819d$

—/01uQ81uQ829d:):—/61uzuz81829d:)5.
By Lemma 1.1,

1 1 1 1
| K| < C|01ugl|2]|Ouz]| 72| 0202us |7 2| 010 21| 01010]; -
1 1 1 1
+ C Jug || 72 |01us ]| 72| Orua || 7 2 || O201us || 72 [| 01010 12
1 1 1 1
+ C ||Orug|| 22 || Orusa || ;2 | 0201us | 2 | 020]| ;2 [| 02010 7 -

+ C'1|01020]| 12 |Juz]| 72 |Ovua || 22 [|O1us || 2 || D201 us || 7.5
< Cllul| g (|02ul| 7 + |016]171)
+ C (|ullaz + 0]l 52)([|Ovuz]72 + 10:0]171).-

Combining (4.20), (4.21), (4.22) and (4.23), we find

1 d
3 0wl < Clole - 5 [000uads

+C |0110]| 12 || Or2ual| 12 + C ||ul| gz (|02ul|7 + [0160]|7)

+C (lullaz + 1101lz2)(10vuallZ2 + 110:6][3)-

(4.22)

(4.23)
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Integrating over [0, t] yields
/Ot |01us||72 dr < C /Ot 1010132 dT — 2/819 Ovug dx + 2/8190 O gy dx:
+C [ 1000112 ol
+C [l (0013 -+ 100018 b
+C [ s+ 6ll) [l + 10013

t t
<C [Nowblfndr+ € [ 1ouulfedr+ Ol +161)
0 0

+C (||uol % + [160l%1) + C E(t)?. (4.24)

We then combine the H'-bound in (4.8), the homogeneous H?-bound in (4.18) and
the bound for the extra regularization term in (4.24). We need to eliminate the
quadratic terms on the right-hand side of (4.24) by the corresponding terms on
the left-hand side, so we need to multiply both sides of (4.24) by a suitable small
coefficient 9. (4.8) + (4.18) 4 6 (4.24) gives

t t t
)+ 16 B+ 20 | ool + 20 [ 10101Bndr +6 [ oua]
0 0 0

< E(0)+ CE(t)? + C8 ([[u()l32 + 16(t)II=) + €6 (lluoll= + 1602

+05/t |02ul|%2dr + Cé/t 10:0]|%dr + C'8 E(t)3. (4.25)
Iféo>0is choosen to be sufﬁcientlyosmall, say
Cég%, Cé<v, C6<n,
then (4.25) is reduced to
E(t) < Cy E(0) + Cy B(t)2, (4.26)

where (' and Cy are positive constants. An application of the bootstrapping argu-
ment to (4.26) then leads to the desired stability result. In fact, if the initial data
(ug, Bp) is sufficiently small,

1
0 2 <gi= ———
||(u07 0)HH ~¢€ 4\/?1027

then (4.26) allows us to show that

I(u(t), 0(£) |2 < V/2Ch e

The bootstrapping argument starts with the ansatz that, for t < T
1

<
) < ie3

(4.27)
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and show that )

Then the bootstrapping argument would imply that 7" = oo and (4.28) actually
holds for all t. (4.28) is an easy consequence of (4.26) and (4.27). Inserting (4.27)
in (4.26) yields

3
2

E(t) < C1E0)+ Cy E(t)

1
<Ch e+ Cy— E(t).
<Cre” + 2202 (t)
That is,
1 1 1
—EB(t) < 2 E(t) <2 = =20 ¢
5 (t)_C1€ or (t)_ Cl 16C1C22 8022 016,

which is (4.28). This establishes the global stability.

Finally we briefly explain the uniqueness. It is not difficult to see that the solu-
tions to (1.2) at this regularity level must be unique. Assume that (u(),p), #M)
and (u®,p® 6@) are two solutions of (1.2) with one of them in the H?-regularity

class say (u™M),0M) € L>=(0,T; H?). The difference (u,p,#) with
Teu® — ) =@ 0 and §— @ — g0
satisfies -
Ot + u® - Vi + 1 - Vul) + VP = 00y + ey,
0,0 +u? V0 +7u-veD + Gy =noy0,
V-u=0,
u(z,0) =0, 6(z,0)=0.

We estimate the difference (u,p, ) in L*(R?). Dotting (4.29) by (u, #) and applying
the divergence free condition, we find

ld, .= ~ ~ ~ ~ ~ ~

(4.29)

2dt

By Lemma 1.1, Young’s inequality and the uniformly global bound for || (u"), 0M)|| 2,
we have

1d, _ ~ N ~
5 7 1@ Olz2 + 1950172 +nl|2:6]7

< C 2 1@ 22 10: £ V| 2 0, VO
e A A AN P A
< C [ 2. 10572 + C 1122 019:l1 2191

< Sllovllza + C 1 O)|I7.

It then follows from Gronwall’s inequality that

[u(@)]l> = [[6(8)][ 2 = 0.
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at is, these two solutions coincide. This completes the proof of Theorem 1.3. [

Acknowledgments

This work was partially supported by the National Science Foundation of USA

under grant DMS 1624146. Wu was partially supported the AT&T Foundation at
Oklahoma State University.

[1]

2]
3]

REFERENCES

D. Adhikari, C. Cao, H. Shang, J. Wu, X. Xu and Z. Ye, Global regularity results for the
2D Boussinesq equations with partial dissipation, J. Differential Equations 260 (2016), 1893—
1917.

D. Adhikari, C. Cao and J. Wu, The 2D Boussinesq equations with vertical viscosity and
vertical diffusivity, J. Differential Equations 249 (2010), 1078-1088.

D. Adhikari, C. Cao and J. Wu, Global regularity results for the 2D Boussinesq equations
with vertical dissipation, J. Differential Equations 251 (2011), 1637-1655.

D. Adhikari, C. Cao, J. Wu and X. Xu, Small global solutions to the damped two-dimensional
Boussinesq equations, J. Differential Equations 256 (2014), 3594-3613.

N. Boardman, R. Ji, H. Qiu and J. Wu, Global existence and uniqueness of weak solutions to
the Boussinesq equations without thermal diffusion, Comm. Math. Sci. 17 (2019), 1595-1624.
C. Cao and J. Wu, Global regularity for the 2D MHD equations with mixed partial dissipation
and magnetic diffusion, Adv. Math. 226 (2011), 1803-1822.

C. Cao and J. Wu, Global regularity for the 2D anisotropic Boussinesq equations with vertical
dissipation, Arch. Ration. Mech. Anal. 208 (2013), 985-1004.

A. Castro, D. Cérdoba and D. Lear, On the asymptotic stability of stratified solutions for the
2D Boussinesq equations with a velocity damping term, Math. Models Methods Appl. Sci. 29
(2019), 1227-1277.

D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity terms, Adv.
Math. 203 (2006), 497-513.

D. Chae, P. Constantin and J. Wu, An incompressible 2D didactic model with singularity and
explicit solutions of the 2D Boussinesq equations, J. Math. Fluid Mech. 16 (2014), 473-480.
D. Chae and H. Nam, Local existence and blow-up criterion for the Boussinesq equations,
Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), 935-946.

D. Chae and J. Wu, The 2D Boussinesq equations with logarithmically supercritical velocities,
Adv. Math. 230 (2012), 1618-1645.

K. Choi, A. Kiselev and Y. Yao, Finite time blow up for a 1D model of 2D Boussinesq system,
Comm. Math. Phys. 334 (2015), 1667-1679.

P. Constantin and C. Doering, Heat transfer in convective turbulence, Nonlinearity 9 (1996),
1049-1060.

P. Constantin, V. Vicol and J. Wu, Analyticity of Lagrangian trajectories for well posed
inviscid incompressible fluid models, Adv. Math. 285 (2015), 352-393.

P. Constantin, J. Wu, J. Zhao and Y. Zhu, High Reynolds number and high Weissenberg
number Oldroyd-B model with dissipation, J. Evolution Equations, special issue in honor of
the 60th birthday of Professor Matthias Hieber, https://doi.org/10.1007/s00028-020-00616-8,
in press.

Y. Dai, W. Hu, J. Wu and B. Xiao, The Littlewood-Paley decomposition for periodic functions
and applications to the Boussinesq equations, Anal. Appl., accepted for publication.

R. Danchin and M. Paicu, Global well-posedness issues for the inviscid Boussinesq system
with Yudovich’s type data, Comm. Math. Phys. 290 (2009), 1-14.



32
[19]
[20]
[21]
22]
23]
[24]
[25]

[26]

O. BEN SAID, U. PANDEY AND J. WU

R. Danchin and M. Paicu, Global existence results for the anisotropic Boussinesq system in
dimension two, Math. Models Methods Appl. Sci. 21 (2011), 421-457.

W. Deng, J. Wu and P. Zhang, Stability of Couette flow for 2D Boussinesq system with
vertical dissipation, arXiv: 2004.09292v1 [math.AP] Apr 20 20202.

S. Denisov, Double-exponential growth of the vorticity gradient for the two-dimensional Euler
equation, Proc. Amer. Math. Soc. 143 (2015), 1199-1210.

C.R. Doering and J. Gibbon, Applied analysis of the Navier-Stokes equations, Cambridge
Texts in Applied Mathematics, Cambridge University Press, Cambridge, 1995.

C.R. Doering, J. Wu, K. Zhao and X. Zheng, Long time behavior of the two-dimensional
Boussinesq equations without buoyancy diffusion, Physica D 376/377 (2018), 144-159.
T.M. Elgindi and I.J. Jeong, Finite-time singularity formation for strong solutions to the
Boussinesq system, Ann. PDE 6 (2020), Paper No. 5, 50 pp.

T.M. Elgindi and F. Rousset, Global regularity for some Oldroyd-B type models, Comm. Pure
Appl. Math., 68 (2015), 2005-2021.

T.M. Elgindi and K. Widmayer, Sharp decay estimates for an anisotropic linear semigroup
and applications to the surface quasi-geostrophic and inviscid Boussinesq systems, SIAM J.
Math. Anal. 47 (2015), 4672-4684.

L. He, Smoothing estimates of 2d incompressible Navier-Stokes equations in bounded domains
with applications, J. Func. Anal. 262 (2012), 3430-3464.

T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for a Boussinesq-Navier-Stokes
system with critical dissipation, J. Differential Fquations 249 (2010), 2147-2174.

T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for Euler-Boussinesq system with
critical dissipation, Comm. Partial Differential Equations 36 (2011), 420-445.

T. Hou and C. Li, Global well-posedness of the viscous Boussinesq equations, Discrete and
Cont. Dyn. Syst.-Ser. A 12 (2005), 1-12.

W. Hu, I. Kukavica and M. Ziane, Persistence of regularity for a viscous Boussinesq equations
with zero diffusivity, Asymptot. Anal. 91 (2) (2015), 111-124.

W. Hu, Y. Wang, J. Wu, B. Xiao and J. Yuan, Partially dissipated 2D Boussinesq equations
with Navier type boundary conditions, Physica D 376/377 (2018), 39-48.

Q. Jiu, C. Miao, J. Wu and Z. Zhang, The 2D incompressible Boussinesq equations with
general critical dissipation, SIAM J. Math. Anal. 46 (2014), 3426-3454.

Q. Jiu, J. Wu, and W. Yang, Eventual regularity of the two-dimensional Boussinesq equations
with supercritical dissipation, J. Nonlinear Science 25 (2015), 37-58.

D. KC, D. Regmi, L. Tao and J. Wu, The 2D Euler-Boussinesq equations with a singular
velocity, J. Differential Equations 257 (2014), 82-108.

A. Kiselev and V. Sverak, Small scale creation for solutions of the incompressible two-
dimensional Euler equation, Ann. Math. 180 (2014), 1205-1220.

A. Kiselev and C. Tan, Finite time blow up in the hyperbolic Boussinesq system, Adv. Math.
325 (2018), 34-55.

M. Lai, R. Pan and K. Zhao, Initial boundary value problem for two-dimensional viscous
Boussinesq equations, Arch. Ration. Mech. Anal. 199 (2011), 739-760.

A. Larios, E. Lunasin and E.S. Titi, Global well-posedness for the 2D Boussinesq system
with anisotropic viscosity and without heat diffusion, J. Differential Equations 255 (2013),
2636-2654.

J. Li, H. Shang, J. Wu, X. Xu and Z. Ye, Regularity criteria for the 2D Boussinesq equations
with supercritical dissipation, Comm. Math. Sci. 14 (2016), 1999-2022.

J. Li and E.S. Titi, Global well-posedness of the 2D Boussinesq equations with vertical dissi-
pation, Arch. Ration. Mech. Anal. 220 (2016), 983-1001.

A. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean, Courant Lecture
Notes 9, Courant Institute of Mathematical Sciences and American Mathematical Society,
2003.

A. Majda and A. Bertozzi, Vorticity and Incompressible Flow, Cambridge University Press,
2002.



[44]

US

STABILITY PROBLEM ON THE 2D BOUSSINESQ EQUATIONS 33

C. Miao and L. Xue, On the global well-posedness of a class of Boussinesq- Navier-Stokes
systems, NoDEA Nonlinear Differential Equations Appl. 18 (2011), 707-735.

J. Pedlosky, Geophysical fluid dynamics, Springer, New York, 1987.

A. Sarria and J. Wu, Blowup in stagnation-point form solutions of the inviscid 2d Boussinesq
equations, J. Differential Equations 259 (2015), 3559-3576.

M. Schonbek, L? decay for weak solutions of the Navier-Stokes equations, Arch. Ration. Mech.
Anal. 88 (1985), 209-222.

M. Schonbek and M. Wiegner, On the decay of higher-order norms of the solutions of Navier-
Stokes equations, Proc. Roy. Soc. Edinburgh Sect. A 126 (1996), 677—-685.

A. Stefanov and J. Wu, A global regularity result for the 2D Boussinesq equations with critical
dissipation, J. d’Analyse Math. 137 (2019), 269-290.

E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ.
Press, Princeton, New Jersey, 1970.

L. Tao and J. Wu, The 2D Boussinesq equations with vertical dissipation and linear stability
of shear flows, J. Differential Equations 267 (2019), 1731-1747.

L. Tao, J. Wu, K. Zhao and X. Zheng, Stability near hydrostatic equilibrium to the 2D Boussi-
nesq equations without thermal diffusion, Arch. Ration. Mech. Anal., accepted for publication.
https://doi.org/10.1007/s00205-020-01515-5.

T. Tao, Nonlinear Dispersive Equations: Local and Global Analysis. CBMS Regional Confer-
ence Series in Mathematics, 106, Amercian Mathematical Society, Providence, RI: 2006.

B. Wen, N. Dianati, E. Lunasin, G.P. Chini, C.R. Doering, New upper bounds and reduced
dynamical modeling for RayleighBénard convection in a fluid saturated porous layer. Commun.
Nonlinear Sci. Numer. Simul., 17(5) (2012), 2191-2199.

J. Wu, The 2D Boussinesq equations with partial or fractional dissipation, Lectures on the
analysis of nonlinear partial differential equations, Morningside Lectures in Mathematics, Part
4, p. 223-269, International Press, Somerville, MA, 2016.

J. Wu, Dissipative quasi-geostrophic equations with LP data, Electron J. Differential Equations
2001 (2001), 1-13.

J. Wu and X. Xu, Well-posedness and inviscid limits of the Boussinesq equations with frac-
tional Laplacian dissipation, Nonlinearity 27 (2014), 2215-2232.

J. Wu, X. Xu, L. Xue and Z. Ye, Regularity results for the 2d Boussinesq equations with
critical and supercritical dissipation, Comm. Math. Sci. 14 (2016), 1963-1997.

J. Wu, X. Xu and Z. Ye, The 2D Boussinesq equations with fractional horizontal dissipation
and thermal diffusion, Journal de Math. Pures et Appl. 115 (2018), 187-217.

X. Xu, Global regularity of solutions of 2D Boussinesq equations with fractional diffusion,
Nonlinear Anal. 72 (2010), 677-681.

W. Yang, Q. Jiu and J. Wu, Global well-posedness for a class of 2D Boussinesq systems with
fractional dissipation, J. Differential Equations 257 (2014), 4188-4213.

W. Yang, Q. Jiu and J. Wu, The 3D incompressible Boussinesq equations with fractional
partial dissipation, Comm. Math. Sci. 16 (2018), No.3, 617-633.

Z. Ye and X. Xu, Global well-posedness of the 2D Boussinesq equations with fractional Lapla-
cian dissipation, J. Differential Equations 260 (2016), 6716-6744.

K. Zhao, 2D inviscid heat conductive Boussinesq system in a bounded domain, Michigan
Math. J. 59 (2010), 329-352.

C. Zillenger, On enhanced dissipation for the Boussinesq equations, arXiv: 2004.08125v1
[math.AP] 17 Apr 2020.

A. Zlatos, Exponential growth of the vorticity gradient for the Euler equation on the torus,
Adv. Math. 268 (2015), 396-403.

I DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078,
A

FE-mail address: obensai@ostatemail.okstate.edu



34 O. BEN SAID, U. PANDEY AND J. WU

2 DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078,
USA
E-mail address: uddhaba@okstate.edu

3 DEPARTMENT OF MATHEMATICS, OKLAHOMA STATE UNIVERSITY, STILLWATER, OK 74078,
USA

E-mail address: jiahong.wu@okstate.edu



