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Expected zeros of random orthogonal
polynomials on the real line'

[gor E. Pritsker

Abstract

We study the expected number of zeros for random linear combinations of or-
thogonal polynomials with respect to measures supported on the real line. The
counting measures of zeros for these random polynomials converge weakly to the
corresponding equilibrium measures from potential theory. We quantify this con-
vergence and obtain asymptotic results on the expected number of zeros located in
various sets of the plane. Random coefficients may be dependent and need not have
identical distributions in our results.
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81. Asymptotic equidistribution of zeros

Zeros of polynomials of the form P, (z) = >_)_, Ax2", where {4 }7_, are random coeffi-
cients, have been studied by Bloch and Pdélya, Littlewood and Offord, Erdés and Offord,
Kac, Rice, Hammersley, Shparo and Shur, Arnold, and many other authors. The early
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history of the subject with numerous references is summarized in the books by Bharucha-Reid and
Sambandham [5], and by Farahmand [13]. It is well known that, under mild conditions on the
probability distribution of the coefficients, the majority of zeros of these polynomials accumulate near
the unit circumference, being equidistributed in the angular sense. Let {Z;}}_; be the zeros of a
polynomial P, of degree n, and define the zero counting measure

1 n
Tp = — g Oz, -
n ’I’Lkil Zk-

Equidistribution for the zeros of random polynomials is expressed via the weak convergence of 7, to
the normalized arclength measure pr on the unit circumference, where dur(e') := dt/(2n). Namely,
we have that 7, — pr with probability 1 (abbreviated as a.s. or almost surely). More recent work on
the global distribution of zeros of random polynomials include papers of Hughes and Nikeghbali [15],
Ibragimov and Zeitouni [17], Ibragimov and Zaporozhets [16], Kabluchko and Zaporozhets [18, 19],
etc. In particular, Ibragimov and Zaporozhets [16] proved that if the coefficients are independent and
identically distributed, then the condition E[log™ [Ag|] < oo is necessary and sufficient for ,, =5 pr
almost surely. Here, E[X] denotes the expectation of a random variable X.

A major direction in the study of zeros of random polynomials is related to the ensembles spanned
by orthogonal polynomials. The classical case also falls in this category as monomials are orthogonal
with respect to dt/(27) on the unit circumference, which may be used as explanation for clustering
of zeros on T. These questions were considered by Shiffman and Zelditch [30]-[32], Bloom [8] and
[9], Bloom and Shiffman [11], Bloom and Levenberg [10], Bayraktar [4], the author [26] and [25], and
others. Many of the mentioned papers used potential theoretic approach to study the limiting zero
distribution, including that of multivariate polynomials.

Let Ax, £ =0,1,2,..., be complex valued random variables. We state results on the asymptotic
zero distribution under general assumptions that do not require independence or identical distribution
of random coefficients. Let the distribution function of |Ax| be defined by Fy(z) = P({|Ax| < z}), x €
R. Suppose that there is N € N, a decreasing function f : [a,00) — [0,1], @ > 1, and an increasing
function ¢ : [0,6] — [0,1], 0 < b < 1, such that

/m@d$<ooand1—Fk($) < f(@), Va € [a, 00), (1.1)

and

/b@dx<ooand Fi(z) < g(z), Vz €10,0], (12)
0 X
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hold for all £k > N.
If F(z) is the distribution function of |X|, where X is a complex random variable, then
F(x)

ool_
Eflog” |X[] < 00 < / =

dr < oo, a>0,

and .
F
Ellog” |X]] <0 < /%dm<oo7b>0,
0

see, e.g., Theorem 12.3 of Gut [14, p. 76]. Hence, when all random variables |Ay|, k = 0,1,..., are
identically distributed, assumptions (1.1)—(1.2) are equivalent to

E[llog|Ao||] < oo.

Define a sequence of orthonormal polynomials {p,}52, with respect to a positive Borel measure
v supported on F C R and possessing finite moments, where p,(z) = ¢,2" + ... and ¢, > 0. We
consider orthonormal polynomials with respect to a general measure with compact support, and the
Freud polynomials orthonormal over £ = R with respect to an exponential weight. The goal of this
paper is the study of zeros for the ensembles of random orthogonal polynomials

Pp(z) = Z Agpr(2). (1.3)
k=0

Our first ensemble is spanned by orthogonal polynomials with respect to a measure v € Reg with
compact support £ C R that is regular in the sense of logarithmic potential theory. We use the
notation Reg for the class of measures regular in the sense of Stahl, Totik and Ullman, which was
thoroughly studied in [33]. In particular, the class Reg is characterized by the following asymptotic
property for the leading coefficients of orthonormal polynomials p,:

: 1/n _
Jim ¢;/™ = 1/cap(E),

where cap(FE) is the logarithmic capacity of F, see Theorem 3.1.1(i) and Definition 3.1.2 in [33, pp.
60-61]. Since E is a regular set in our case, the above limit is equivalent by Theorem 3.2.3(iv) of [33,
p. 67] to the following:

. 1/n
Tim [l =1, (1.4)
where ||p,|| g denotes the supremum norm of p,, on E. We first show that the counting measures of

zeros converge weakly to the equilibrium measure of FE denoted by pg, which is a positive unit Borel
measure supported on E (see [28]).
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Theorem 1.1. Suppose that the measure v € Reg defining the orthonormal polynomials {pj}7°, has
compact support EE C R that is regular in the sense of logarithmic potential theory. If the random
coefficients {Ar}32, satisfy (1.1)-(1.2), then the zero counting measures of the random orthogonal
polynomials (1.3) converge almost surely to ug as n — oo.

The condition of regularity for v is standard in the theory of general orthogonal polynomials. If
E C R is a finite union of compact intervals, and if dv(z) = w(zr)dx with w(z) > 0 a.e. on E, then
v € Reg, see Corollary 4.1.2 in [33, p. 102] for more details.

If E = [a,b] C R then it is well known that

d,u[a,b] (Z‘) = - (b _d;)(x — a) y T E (aa b)7

which is the Chebyshev (arcsin) distribution. More generally, if E = Ul]\il [ai, b)) for N > 2, where
a1 < by <ag <by <...<apn < by are real numbers, then there exist y; € (b, a141), I =1,...,N—1,
such that the equilibrium measure of E is given by

N-1
—y|d
d,uE(J?) _ Hl:l |{E yl| €z =

- b
T Je — aillz — by b

N
(ar,by)

(see [33, p. 117]).
Theorem 1.1 allows to find asymptotics for the expected number of zeros in various sets.

Corollary 1.2. Suppose that all assumptions of Theorem 1.1 hold, and denote the number of zeros
for the random orthogonal polynomials (1.3) in a set S C C by N,(S). If S C C is a compact set
satisfying pp(9S) = 0, then
o1
Jim ~E[Na(S)] = pp(S).

A typical example of a set S is given by any rectangle of the form {x+iy € C:a <2 <b, c <y <
d}, where a < b and ¢ < 0 < d are real numbers. Note that Corollary 1.2 is not directly applicable
to sets S C E. In fact, Lubinsky, the author and Xie [21] proved for random orthogonal polynomials
with real Gaussian coefficients that

lim LE [N, (S)] =

n—o00 N

ne(S), SCE.

8-
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We now turn to the second family of orthogonal polynomials related to the Freud (exponential)
weights
‘/\

W(z)=e " z eR, (1.5)

where ¢ > 0 and A > 1 are constants. It is customary to define the orthogonality relation in this case
by

/Pn(ff)pm(x)WQ(fr) dz = 6.
R

We need to introduce a scaling parameter to study the asymptotic distribution of zeros for random
Freud orthogonal polynomials. Define the constants

rra)
1

r (3

o[>~

YA = and a, = ’y}\/Ac_l/”\nl/)‘,

~—

and consider the contracted version of P, from (1.3):
Pr(s) := P,(ans), neN. (1.6)

Consider the normalized zero counting measure 7,7 = % >n_, 0., for the scaled polynomial P} (s) of
(1.6), where {21 }}_, are its zeros, and ¢, denotes the unit point mass at z. The limiting measure for
7, is described by the Ullman distribution

A 1 y)\fl
dpin(s) = ;/Sl\/ﬁdy ds, se€[-1,1].

Note that u) is the weighted equilibrium measure for the weight wy (z) = e~ on R (see [24, 23, 29]
for details).

Theorem 1.3. If the random coefficients {Ar}2, satisfy (1.1)-(1.2), and {pi}3>, are Freud orthog-
onal polynomials, then the normalized zero counting measures 7, for the scaled polynomials P} (s) of
(1.6) converge weakly to uy with probability one.

Zeros distribution for random orthogonal polynomials with varying weights was studied by Bloom
and Levenberg (see Section 6 of [10]). It might be possible to extend the above result to the class of
superlogarithmic weights considered in [10]. As before, we find asymptotics for the expected number
of zeros in sets that do not have significant overlap with the real line.
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Corollary 1.4. Let the number of zeros for the polynomials (1.6) in a set S C C be denoted by N (S).
If the assumptions of Theorem 1.3 are satisfied, and S C C is a compact set such that ux(9S) = 0,
then )
Jim —E [N (S)] = pa(S).
The case S C [—1,1] is not covered by Corollary 1.4. The expected number of real zeros of the
random orthogonal polynomials (1.3) spanned by the Freud orthogonal polynomials with real Gaussian
coefficients was studied by the author and Xie [27]. It was proved in [27] that

Jm SENI(S) = Zza(8). S (-L1)

§2. Expected Number of Zeros: Union of Compact Intervals

The main results of this paper provide quantitative estimates for the weak convergence of the zero
counting measures of random orthogonal polynomials (1.3) to the corresponding equilibrium measure.
In particular, we study the expected deviation of the normalized counting measure of zeros 7, from the
equilibrium measure pg on certain sets, which is often called the discrepancy between those measures.
We use a discrepancy result of Blatt and Grothmann for deterministic polynomials (see Theorem 5.1
in [1, p. 86]), to obtain the following.

Theorem 2.1. Suppose that E C R is a finite union of compact intervals, and that the polynomials
{pK}r_y are orthonormal over E with respect to a weight w > 0. Let {Ar}}_o be complex random
variables satisfying E[|Ax|'] < 0o, k=0,...,n, for a fized t € (0,1], and E[log |A,|] > —co. If I CR
is any interval and S(I) := {z € C: Rez € I}, then we have for the zero counting measures T, of the
random polynomials (1.3) that

1/2

)

E[|(rx — up)(S(D)]) < 8 [% (% log (Z EnAkm) +log mas |5+ B — Eflog Anl]>
k=0 -

(2.1)
where B is a constant that depends only on E and w.

One can replace the strip S(I) with other sets containing the interval I, e.g., with rectangles or sets
bounded by the level curves of the Green function for C\ E (see Theorem 5.3 in [1, p. 90] for details).
This gives essentially the same estimate as in (2.1), but with constant 8 replaced by a different one.
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In order to obtain more effective bounds, we consider the orthonormal polynomials p,, that satisfy
Ipalls = O(n?) s n — oo, (2.2)

for a fixed positive constant p. This condition holds for many important classes of weights, as discussed
below.

Corollary 2.2. Under the assumptions of Theorem 2.1, suppose that for t € (0,1] we have

supE[|4,]"] < oo (2.3)
n>0
and
lim inf E[log |[A,,]] > —o0. (2.4)
n—oo

If the orthogonal polynomials p,, satisfy (1.4), then

lim E[|(7, — pe)(SI))|] = 0. (2:5)

n—0o0

Furthermore, if (2.2) is satisfied, then

E([(rn — ug)(SI)|] = O <,/10%> as m — oo. (2.6)

Since 7, (S) = Ny (S)/n for any set S C C, where N, (S) is the number of zeros for P, in S, (2.6)
can be restated as

EIN, (S(D))] = nus(S(D) + O(/nlogn).

It is well known from the original work of Erdés and Turén [12] that the order y/logn/n of the right
hand side in (2.6) is optimal in the deterministic case. Growth condition (2.2) holds true for polynomi-
als orthogonal with respect to the generalized Jacobi weights of the form w(z) = v(z) H}]:1 |z —a;|%,
where v(z) > ¢ > 0 a.e. on E. This follows from general results of Badkov [3] (see, e.g., Theorem
13.2 on page 86). Other classes of weights that generate orthogonal polynomials satisfying (2.2) can
be obtained from a Nikolskii type inequality for algebraic polynomials @Q,,:

1@ullz < Cn? ( [ @u@Puto) dx) "
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where the integral on the right is equal to 1 for p,. In particular, the results of Mastroianni and Totik
[22] can be applied here.

We conclude this section by showing that the expected number of zeros for random orthogonal
polynomials located at a positive distance from E' is essentially negligible.

Theorem 2.3. Suppose that the assumptions of Theorem 2.1 are satisfied. If S C C\ E is any closed
set, then

1 (1 -
E[r,(5)] < - (; log (;) E[IMV]) + logorgnggn lpxlle + B — Ellog Anl]> , (2.7)

where B depends only on E and w, and b > 0 depends only on E and S. In fact, b := ming gg where
gE 1is the Green function for the complement of E with pole at infinity.

Uniform assumptions give the following quantitative results for large n € N.

Corollary 2.4. If under the assumptions of Theorem 2.3 equations (2.2), (2.3) and (2.4) hold true,
then

E[r,(S)] = O (%) asn = 0o (2.8)
and
E[N,(S)] =0 (logn) asn — oo. (2.9)

It is now easy to modify the vertical strip S(I) of Theorem 2.1 into rather arbitrary set containing
the interval I, by removing parts of this strip that are separated from I by a positive distance. Indeed,
the expected number of zeros in those parts is of the order logn, which is absorbed by the right hand
side terms in (2.1) and (2.6).

§3. Expected number of zeros: Freud weights on R

We study the same questions on the expected number of zeros for random orthogonal polynomials as
in the previous section, but the spanning polynomials p,, are now orthogonal with respect to a Freud
weight (1.5) defined on the whole real line. Theorem 1.3 shows that the normalized zero counting
measures 7,5 for the scaled polynomials Pf(s) of (1.6) converge weakly to the Ullman distribution
1 with probability one. Our next result gives an estimate for the rate of this convergence in terms
of expected deviation of 7% from py on certain test sets. Note that our assumptions on random
coefficients are the same as in the previous section, and are different from those of Theorem 1.3.
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Theorem 3.1. Let {A;}}_, be complex random variables satisfying E[|Ax|'] < oo, k=0,...,n, for
a fized t € (0,1], and E[log |A,|] > —oo. If I C R is any interval and S(I) := {z € C: Rez € I}, then
the zero counting measures 7% of the random polynomials (1.6) satisfy

n 1/2
E[l(m; — ) (S]] < & [% (% log (kZOEnAkV]) + Cylogn — Eflog |An|]> SENCEY
where C1,Cy > 0 depend only on the constants ¢ > 0 and A > 1 in the weight W of (1.5).
Using uniform assumptions on random coefficients, we give a more concise bound.
Corollary 3.2. If under the assumptions of Theorem 3.1 we have
supE[|A,|"] < oo (3.2)
n>0
and
linrggrcl)flﬁl[log |A]] > —o0, (3.3)
then
E(|(; — m)(SD)]) = 0 ( 1"5”) asn = o, (3.4)

Letting N;*(S) be the number of zeros for P in a set S C C, we give an alternative form for (3.4):

E[N; (S(D))] = nua(S(I)) + O(y/nlogn).

It is also possible to establish analogs of Theorem 2.3 and Corollary 2.4 for closed sets S C C\ [~1, 1],
but we do not develop this direction.

84. Proofs

4.1. Proofs for Section 1

We need to first develop results on the n-th root limits of random coefficients. These results are
mostly known, see [25]-[26] for example, but we include the proofs for convenience. Let {A,}52  be a
sequence of complex valued random variables, and let F,, be the distribution function of |A,|, n € N.
Our assumptions for A,, below are as stated in (1.1) and (1.2).
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Lemma 4.1. If there is N € N and a decreasing function f : [a,00) — [0,1], a > 1, such that
/ @ dx < oo and 1 — F,(z) < f(z), Vz € [a,0),

holds for all n > N, then
limsup [4,|"/" <1  a.s. (4.1)

n—oo

Further, if there is N € N and an increasing function g : [0,b] — [0,1], 0 < b < 1, such that

/b de < o0 and Fp(z) < g(z), Yz €[0,0],
0 X

holds for all n > N, then

liminf [A,|Y" >1  a.s. (4.2)
n—oo
Hence, if both assumptions (1.1) and (1.2) are satisfied for {A,}52,, then
lim [A,|Y" =1 a.s. (4.3)
n—oo

The almost sure limits of (4.1)-(4.3) follow from the first Borel-Cantelli lemma (see, e.g., [14, p.
96]).

Lemma (Borel-Cantelli Lemma). Let {£,}5° be a sequence of arbitrary events. If >~ P(€,) < oo
then P(E,, occurs infinitely often) = 0.

Proof of Lemma 4.1. We first prove (4.1). For any fixed £ > 0, define events &, = {|4,| > e}, n €
N. Using the first assumption and letting m := max(N, L% loga]) + 2, we obtain

o0 o0 o0 o0

DOPE) = Y (-P{[A <)) = Y (L Fa(e) < ) f(e™)

g/ f(ee"‘)dtgl/ Malx<oo.
m—1 € Ja €

Hence P(€,, occurs infinitely often) = 0 by the first Borel-Cantelli lemma, so that the complementary
event £ must happen for all large n with probability 1. This means that |An|1/ n < ef for all
sufficiently large n € N almost surely. We obtain that

lim sup |An|1/” <ef as.,
n— o0
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and (4.1) follows because € > 0 may be arbitrarily small.
The proof of (4.2) proceeds in a similar way. For any given € > 0, we set £, = {|4,| < e "}, n €
N. Using the second assumption and letting m := max(JV, L—% logb|) + 2, we have

00 00 00 00 b
S RE) =Y Al < Yo [ geast [T

Hence P(E, i.0.) = 0, and |A,,|'/"™ > e~< holds for all sufficiently large n € N almost surely. We obtain
that

liminf |A,[" > e as.
n—oo

and (4.2) follows by letting ¢ — 0. |
We also need the following simple consequence of (4.3).

Lemma 4.2. If (1.1) and (1.2) hold for the coefficients {A,}2, of random polynomials, then

lim max [A;]Y" =1 a.s. (4.4)
n—o0 0<k<n

Proof. We deduce (4.4) from (4.3). Let w be any elementary event such that

. 1/n _
nhﬁn;o [Ap (W)™ =1,
which holds with probability one. We immediately obtain that

liminf max |Ax(w)|"™ > liminf |4, (w)]*/" = 1.
n—oo 0<k<n n— o0

On the other hand, elementary properties of limits imply that

limsup max |Ag(w)[*/™ < 1.
n—oo 0<k<n

Indeed, for any € > 0 there exists n. € N such that | A, (w)|*/™ < 1+¢ for all n > n. by (4.3). Hence,

max |Ay(w)[*" < max ( max | Ay(w)[Y/™, 1+ 6) —14+ec asn— oo,
0<k<n 0<k<n

and the result follows by letting ¢ — 0. ]
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We state a special case of Theorem 2.1 from Blatt, Saff and Simkani [7], which is used to prove
Theorem 1.1.
Theorem BSS. Let E C C be a compact set of positive capacity cap(E), with empty interior and
connected complement. If a sequence of monic polynomials M, (z) of degree n satisfy

limsup [[M, | " < cap(E), (4.5)

n—oo
then the zero counting measures T, of My (z) converge weakly to ug as n — oco.

Proof of Theorem 1.1. Let the leading coeflicient of the orthogonal polynomial p,(z) be ¢, > 0. Then
P,(z) = ZAkpk(z) =A,c,z2"+ ..., neN.
k=0

Theorem 1.1 is proved by applying Theorem BSS to the monic polynomials

We first estimate the norm

n
< < .
170 < Y- 1Aullpalle < 0+ 1) s 4] o, el

Note that (1.4) implies by an elementary argument (already used in the proof of Lemma 4.2) that
1/n

li <1.

im sup <0r<ngg<n |pk|E> <
Combining this fact with (4.4), we obtain that

lim sup HPHH}E/TL <1 a.s. (4.6)
n—oo

Since v € Reg, the leading coefficients c¢,, of the orthonormal polynomials p,, satisfy

lim ¢X/™ =1/cap(E). (4.7)

n—oo
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Applying (4.2) and (4.7), we obtain that

liminf [A,c,|"" > 1/cap(E)  a.s.

n—0o0
Using this together with (4.6), we conclude that (4.5) holds for our monic polynomials M, =
P, /(A,cy,) with probability one. |

Proof of Corollary 1.2. Theorem 1.1 implies that the counting measures 7,, converge weakly to pg with
probability one. Since pg(9S) = 0, we obtain that 7,|s converges weakly to pg|s with probability
one by [20, Theorem 0.5'] and [6, Theorem 2.1]. In particular, we have that the random variables
7n(S) = pup(S) a.s. Hence this convergence holds in L? sense by the Dominated Convergence Theorem,
as T, (F) are uniformly bounded by 1 (see Chapter 5 of [14]). It follows that

lim E[|7,(S) — pr(S)[] =0

n—oo

for any compact set E such that pg(0S) =0, and
B[ (S) — pe(S)]| < E[|7a(S) — pe(S)|] =0 asn — oco.
But E[7,,(5)] = E[N,(S)]/n and E[ug(S)] = pe(S), which immediately gives the result. [ |

Proof of Theorem 1.3. Following [29], we call a sequence of monic polynomials {Q,, }52 ;, with deg(Q,,) =
n, asymptotically extremal with respect to the weight w) if it satisfies

. n 1/n _  —Fy
Jim ([l Qallg " = e,
where || - ||g is the supremum norm on R and F\ = log2 + 1/X is the modified Robin constant

corresponding to wy (see [29, p. 240]). Theorem 4.2 of [29, p. 170] states that any sequence of such
asymptotically extremal monic polynomials have their zeros distributed according to the measure
- More precisely, the normalized zero counting measures of @,, converge weakly to uy. Denote
the leading coefficient of the Freud orthonormal polynomial p,, by c¢,. Recall the scaling paremeter

1
an = Y5 ¢=>n* used to define the polynomials P in (1.6). We show that the monic polynomials
Qn(z) := P, (z)/(Ancnay), neN,

are asymptotically extremal in the above sense with probability one, so that the result of Theorem
1.3 follows.
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Using orthogonality, we obtain for the polynomials defined in (1.3) that

| IR@ PR ) e = 37 AP
k=0

— 00
Hence,

S 1/2
wx 14 < ([ IP@PWH0 d0) < (0 1) a4,

0<k<n oo

and Lemma 4.2 implies that

o 1/(2n) 1/n
lim (/ | P ()2 W2 (2) dx) = lim (max |Ak|) =1

n— 00 o n—oo \ 0<k<n

with probability one. Applying the Nikolskii-type inequalities of Theorem 6.1 and Theorem 6.4 from
[24], we obtain that the same holds for the supremum norm:

. np* | l/n g 1/n
T (W} Py = tim [P =1

with probability one. Recall that the leading coefficients of the Freud orthonormal polynomials p,,
satisfy

nh—>n<;lo ct/mpt/x = 2cl/>\,}/;1/>\el//\

by Theorem 1.2 of [29, p. 362]. We also use below that lim,, . |A,|'/"™ = 1 with probability one by
(4.3). Tt follows that

—1
. nyx(|1/n . npxl/n 1 —1/n -1 _ 1 1/n, 1/X,—1/X 1/>\)
Jim Jux@Qllg = hm [oX Pyl m [Ancn|” " an| T = Tim (Cn n/ ey

_ (261//\,}/;10\61/)\6—1/>\,y;/>\)_1 _ o~ (log241/3) _ ,~Fs

Proof of Corollary 1.4. This result is proved in exactly the same way as Corollary 1.2, only replacing
T, with 7}, and pug with py. The weak convergence of 7,7 to uy with probability one is provided by

Theorem 1.3. u
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4.2. Proofs for Section 2

We need the following consequence of Jensen’s inequality.

Lemma 4.3. If Ag, k =0,...,n, are complex random variables satisfying E[|Ax|'] < oo, k=10,...,n,

for a fized t € (0,1], then
n 1 n
E |lo Agl| < =lo E[|Axl"] ] . 4.8
s3] < 1o (Sos) (1)

Proof. We first state an elementary inequality. If z; > 0, ¢ =0,...,n, and Z?:o r; = 1, then

n

Z(xz)t > va =1
i=0

=0

for ¢ € (0,1]. Applying this inequality with x; = |A;|/ > }_, |Axk|, we obtain that

n t n
(2]m0 <3[4
k=0 k=0
and

<1g .
—t

E llogz | Al

k=0

log (i IAk|t>

k=0

Jensen’s inequality and linearity of expectation now give that

n n 1 n
k=0 k=0

k=0

1
E §¥10gE

Proof of Theorem 2.1. Observe that the leading coefficient of P, is A,c,. Since E[log|A,|] > —oo,
the probability that A,, = 0 is zero, and P, is a polynomial of exact degree n with probability one.
Theorem 5.1 in Chapter 2 of [1, p. 86] gives the following estimate:

[1Pnll &

[Ancnl(cap(E))" (4.9)

|@f4mannss¢%bg
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Using this estimate and Jensen’s inequality, we obtain that

1oy [Pl
V n " {1 g |Ancn|<cap<E>>"]

8\/% (Eflog [| P, || 2] —log(cn (cap(E))™) — Eflog |An[]).

E{[(rn — pe)(S))I]

IN

IN

It is clear that

n n
170 < X 1Aclloele < s el 35 14

Hence, (4.8) yields

Elog||P.|s] <E [bgz | Al
k=0

1 n
< — t 111 .
+log max fpilp < 7 log (kE_OlE[IAkI ]) +log max |pklle

The leading coefficient ¢,, of the orthonormal polynomial p,, provides the solution of the following
extremal problem [33, p. 14]:

lcn| ™% = inf {/E |Qn (2)|?w(z)dz : Q, is a monic polynomial of degree n} .

We use a monic polynomial Q,(z) that satisfies ||Q,|| g < C(cap(E))", where C' > 0 depends only on
E. Existence of such polynomial for a set E' composed of finitely many smooth arcs and curves was
first proved by Widom [34]. Hence we estimate that

cn > ([ 1Qn(@)Pw(z)dx 71/22 w(x) dx 71/2|\Qn||5120‘1 w(z) dx o (cap(E))~".
(/. )2 ([ (o)

It follows that
~1/2
cn(cap(E))" > c! (/ w(x) dx) ,
E

where C' depends only on E. Thus (2.1) follows by combining the above estimates. |
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Proof of Corollary 2.2. We estimate the right hand side of (2.1). For this purpose, we make two
immediate observations that (2.3) implies

1 = . logn
%log<kZO]E[|Ak|]>:O( - ) as n — 0o,

while (2.4) implies
1 1
—=Ellog|A,]] <O (—) as n — oo.
n n

If (1.4) is satisfied, then

1/n
lim sup ( max |pk|E> = 1irnsup(||pk|\E)1/" <1,
n—oo \0<k<n n—00

which implies that

1
: 1 <o.
limsup -~ log max Ipklle <0
Hence, (2.5) follows from the above inequalities and (2.1). On the other hand, if (2.2) is satisfied,

then
logn

n

as n — oo,
n

1
, log max [pyfle = O (
and (2.6) follows in the same manner. |

Proof of Theorem 2.3. Let Q,,(2) = [[;_, (2 — z&) be an arbitrary monic polynomial of degree n with
the zero counting measure 7, = % ZZ:1 02, - Since pg is a unit measure supported on E, we have that

/ log |Qn(2)] dip(2) < log | Qull 5.

We need the well known representation of the Green function gg(z) for the complement of F with
logarithmic pole at infinity (see [28, p. 107]):

ge(2) = /log |z — t| dug(t) — log cap(E).
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Recall that gg(2) > 0, z € C, and that gg(2) is a positive harmonic function in C\ E. Using Fubini’s
theorem and the above identity, we obtain that

//log|z—t|d7'n Ydug(z //log|z—t|d,u}3( ) dTn(t)

/gE(t) dry,(t) + log cap(E) = - Zg (zk) + log cap(E)
k=1

+ [ 101Qu@) due(2)

> 7a(S) min g () + log cap(E).
Denoting b := ming gg > 0, we arrive at the inequality
1
b7, (S) + log cap(E) < - log ||Qn |-

If we set Qn(2) = Pn(2)/(Ancy) and take the expectation, then the estimate becomes

1
El7a(S)] < ¢~ (Ellog || Pa| 5] — log(cn(cap(E))") — Eflog |An]])
The rest of this proof is identical to that of Theorem 2.1. |

Proof of Corollary 2.4. We follow the same lines as in the proof of Corollary 2.2, but using (2.7)
instead of (2.1). Namely, we again obtain from (2.2). (2.3) and (2.4) that

1 1ogn
—1 = —
n Ogorgl?i(n ||pk||E o < n ) asn o

1 u ' logn ]
%bg(kZOEHAkH):O( - ) as n — oo,

and

1 1
——E[log|A,]] <O (—) as n — oo.
n n

Hence, (2.8) and (2.9) are immediate from (2.7). |
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4.3. Proofs for Section 3

Proof of Theorem 3.1. Recall that the leading coefficient of P} given by A,cpa; does not vanish
almost surely. Indeed, assumption E[log|A,|] > —oco gives the probability of A, = 0 is zero, and
¢n > 0. Hence, P} has exactly n zeros with probability one denoted by {zx}2_;. We project the zeros
of P’ onto the real line to construct the monic polynomial

M, (z) := H(z —&k), & =Rezp, 1<k<n.
k=1

It is obvious that the zero counting measures v, = 237" | & for M, satisfy v,(S(I)) = 7:(S(I)).
Note also that P ()
x

We use the discrepancy estimate of Theorem 1.1 in Chapter 4 of [1, p. 130] for the signed measure
0 = px — vy, on a sufficiently large interval L C R such that [-1,1] € L and {&x}7_; C L. In the
notation of that result, we have that ¥ = uy and ¢~ = v, are positive unit measures supported on
L. We need to verify that the inequality px(I) < C pj—1,1)(1) holds for all intervals I C L with a fixed
constant C' > 0, where dyj_y,1] = dz /(71 — 2?) is the equilibrium measure of [~1,1] (see (1.1) of [1,
p. 130]). This inequality is satisfied because both juy and j_; ) are supported on [—1,1], the density
of p is uniformly bounded above for A > 1, and the density of j[_; ;) is uniformly bounded below by
a positive constant. Using Remark 1.2 of [1, p. 131], we obtain that

(7o = 1) (S(D)] = [(ux — va)(S(I))| < D[o] < C1ve, (4.11)
where C7 > 0, and ¢ is expressed through the logarithmic potential of o denoted by U?:

1
e =supU?(z) = sup (U*"*(2) — U"(z2)) = sup (U”A (z) + — log |Mn(z)|> .
zeC zeC zeC n

Since the function U (z) + £ log | M,,(2)| is subharmonic in C \ [~1,1], we obtain that
1
€= sup (U’“ (x) + —log|Mn(aﬁ)|> .
ze[—1,1] n

Recall that py is the weighted equilibrium measure corresponding to the weight wy(z) = e~z op
R (see [24] and [29]). This implies by Theorems 1.1.3 and IV.5.1 of [29] that

U/D\(x):F)\_’Y)Jva S [_Ll]a
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where F\ = log2+1/) is the modified Robin constant corresponding to wy (see [29, pp. 27 and 240]).
Hence, we obtain from the above and (4.10) that

M)

1 1
e = sw (Bl oebnl) < s (Bl + Lo 0L

z€[—1,1] z€e[—1,1]
wi (@) P (@)

1 n p* 1 n
|An|Cnari > - F)\ * E 10g ”w)\PnH[_l’l] B ﬁ 10g(|An|Cnan) '

1
z€[—1,1] n

Combining this estimate with (4.11), we arrive at

1 1
(72 = m)(S(D))] < 01\/10g2 +1/A+ ~log[wl Prlli-1,1 — —log (| An|enar).

Jensen’s inequality now gives that

. 1 onen/A
Ell(r; — m)(S()] < Oy ¢ + (Bl Pilsa] ~ Eogl .+ 10 200 aa2)

It follows from Theorem VII.2.1 of [29, p. 365] that
(n+1/2)/X
lim £ (20 -
n—oo QMen/A c

. + 11 .
Since a, = 75 ¢~ *n*, we obtain that

onen/A _ z (£>n/>\ 0 (nA/2)7

cpagy Cn, \ MY

where the constant in the O-term depends only on ¢ and A.
It remains to estimate the term E[log ||w}P}|/(—1 1] in (4.12). Using Theorem IIL.2.1 of [29, p.
153], we obtain that

n n
[k Pl = [0l Prlle = 1PaW e < D [AullpsW e < Jmax Wl Y | Axl.
k=0 - k=0

Hence, (4.8) gives

E [log [wi Pyll-1,] < E[10g2|14k|
k=0

]
+log max oW R
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1 - .
< log (kZOE[|Ak| ]) +log max Pk W ||g.-

Applying the Nikolskii-type inequality of Theorem VI.5.6 from [29, p. 342], we estimate

1 o0 1/2 —1
lpeWlr < O (k%) (/ Ipx () 2 W2 () d;v> <0 (n%) , 0<k<n,

where we used that the polynomials p; are orthonormal with respect to W on R. Thus (3.1) follows

from (4.12) and the above estimates. [ |
Proof of Corollary 3.2. Equation (3.4) follows from (3.1) by essentially the same argument as in the
proof of Corollary 2.2, where we deduce (2.6) from (2.1). |
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