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On Zeros of Polynomials Orthogonal over
a Convex Domain

V. V. Andrievskii, I. E. Pritsker, and R. S. Varga

Abstract. We establish a discrepancy theorem for signed measures, with a given
positive part, which are supported on an arbitrary convex curve. As a main application,
we obtain a result concerning the distribution of zeros of polynomials orthogonal on a
convex domain.

1. Introduction and Main Results

Let G ¢ C be a bounded Jordan domain, andHét) be a weight function orG,
i.e., a function which is positive and measurable@nNext, letQ,(z) = Qn(h, z) =
A2+, 40 >0,n=0,1,..., bethe sequence of polynomials orthogonabiwith
respect to the weight functidm(z), that is,

/G U@ @@ dm() = {é i 2 :Z

wheredm(z) denotes two-dimensional Lebesgue measure (area).
With L denoting the boundary @, we assume that

(1.1) h(z) > c(dist(z, L))", ze G,

for some constants > 0,c > 0.

Recently, Eiermann and Stahl [9] made computations and raised some conjectures
about the distribution of the zeros of the orthogonal polynon@l&) := Qn(h, 2), in
the special case whehgz) = 1, on convex domain& having polygonal boundaries.
In particular,N-gonsGyn, N = 3,4, ..., which have their vertices at thidth roots
of unity, were also considered in [9]. It was previously shown in [5] thatsfume G
andsome n the distribution, of zeros of the associated orthogonal polynorGlalds
governed by the equilibrium measuyug; of G. The main purpose of this paper is to
prove a discrepancy theorem for a special measyrerhich is closely connected with
zeros ofQ, andug, for all convex domain& andn € N.
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In what follows, we assume th& c C is always convex. It is known (see Stahl and
Totik [21, p. 31]) that the zerag, 1, .. ., z,n of Q, belong toG, for anyn € N.

Letw(z, J,G),z € G, andJ C L := dG be the harmonic measure dfat z with
respect taG. We extend this notion to the boundary points L, by setting

1, zeJ,

w(z, J,G) = {0 2 1.

Next, we associate witlp,, the measure

1 n
(J) == Y (z.3.G). neN.
j=1

We will comparer, with the equilibrium measure = ug of G (see [19]), which has
a simple interpretation using the conformal mappingf  := C\G onto A = {w :
|lw| > 1}, normalized by the conditions

®(00) = 0 and d'(00) 1= ZIim ? > 0,

where we defind := ®~1. Namely,® can be extended to a homeomorphdm Q —
A and, for any subard c L:

1
wn(d) = Z—ICD(J)I,
JT
where|y | denotes the length gf c C.

Remark. Itis known that the measures converge tqug in the weak* topology, as
n — oo, for any Jordan domai® (see Theorem 2.2.1 of [21, p. 42] and its proof).

We define the discrepancy of a signed (Borel) measusipported ori, by
D[o] := suplo(I)I,
where the supremum is taken over all subares L. With this definition, our new result,
for the asymptotic zero distribution of polynomials orthogonal over a general convex

domain, is stated as:

Theorem 1. Let G be a bounded convex domgamd let h(z) satisfy(1.1). Then for

eachn=23,...:
logn
Dlug — m] = ¢4/ %,

for some constant & 0, which is independent of.n

The main idea of the proof of Theorem 1 is in its potential theoretical interpretation.
Namely, let capG be the (logarithmic) capacity d&. We consider the logarithmic
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potentials ofu andzt;, in Q:

Uu,2) = —/Iog|2—c|du(§)
= —log|®(2)| — log(capG),

U(tn, 2) = —/log|z—:|drn<¢>

119
= — [togiz—¢1dvo,(©) = 3 log 1222,

(where we have used the fact thatis the balayage of the zero-counting measuse
which associates the masgniwith each zero of),, according to its multiplicity), and
their difference

U(M_Tn’z) = U(Ms Z) _U(tnsz)
= EIog |Q_”(Z)| .
N~ An(capG)"|®(2)|"

It is proved in [5] that the inequalities

(1.2) IQnllg == suplQn(2)| = c1n,
zeG
(1.3) An (capG)" > czn?,

hold for some constants > 0, j = 1, 2, 3, which are independent of This implies
that, for anyn > 2:

logn
U(M_Tn7z)fc4%, ZEQ, C4>O5

wherec, is also independent of.
Theorem 1 is actually a consequence of our result given below, which is a nes-Erd”
Turan-type theorem (its proof will be given in subsequent sections).

Theorem 2. LetG c Cbe abounded convex domaamd letr be a unit Borel measure
supported on L= 9G. If

e=¢(t) :=supU(ug — 71,2 (=0),
zeQ
then
(1.4) Dlug — 7l < ¢V,
for some constant & 0, independent of.

ForG =D :={z: |z|] < 1}, the result of Theorem 2 is due to Ganelius [11], which in
turn generalized results of Bvd‘and Tuah [10], concerning the distribution of zeros of
polynomials with given uniform norms on the unit disk. Further results and bibliographies
of papers devoted to this subject can be found in [7], [8], [23], [3], and [19].

The following example shows the sharpness of Theorem 2:
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Example 1. Let G = D and letus, 0 < § < 1, be the equilibrium measure of
Vs := DU[L, 1+ §]. Consider the measurg, supported on the unit circlé := D,
which is defined for any Borel s& < T by the formula

75(B) := us({z e C\{0} : Z/|z| € B}).

Itis easy to see that

cav—1 3+6+ 1 =1+ ¥
PVe =7 11s) " T adto)

Therefore, forz € T, we have
52
U(u —15,2) < U(u — s, 2) = log capVs < R

At the same time an elementary computation, involving the transformatien (z +
1/2)/2, shows that

)
Dlp — ] = (e — w)(D| = ps([1,1+36]) > 3
This implies that

2
Dlu — ] = 37V (1),
T

which shows the sharpness of Theorem 2.

Note that statements similar to Theorem 1 can also be proved (by making use of
Theorem 2) for other systems of polynomials. All that is needed for this purpose is to
establish the analogues of (1.2), (1.3) and to have the property that

(1.5) all zeros of the corresponding polynomials belongsto

We cite three examples of well-known polynomials suited for such applications of
Theorem 2. In all of themG is a convex domain anal € N.

Example 2. Let Fn(2) := (capG)"z" + - - - be thenth Faber polynomial foG (see
[20]). Then, (1.5)isvalid by [14, Theorem 2]. In addition, we have, by the same Theorem 2
of [14], that

IFallz < 2, neN.
Example 3. Consider the derivatives, ,(z) of the above Faber polynomials. For
these polynomials, condition (1.5) is then proved in [24]. At the same time, by the

Markov-type inequality for complex polynomials, which is a simple consequence of
Lowner’s distortion theorem (see, e.g., [2, p. 58]), there holds

[IFrlls < cn+ 1)%, c=c(G) > 0.
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Example 4. LetTy(2) = 2" + - - -, be thenth normalized Chebyshev polynomial for
G. Condition (1.5) is then well known (see [20]). The corresponding estimate for the
uniform norm onG follows from the extremal property of the Chebyshev polynomial

I Tallg < (capG)"||Falig < 2(capG)".

In what follows, we denote by, ¢y, ... positive constants, and by, 1, . .. suffi-
ciently small positive constants (different each time, in general), that are either absolute
or depend on parameters not essential for the arguments; sometimes such a dependence
will be indicated. Fora > 0 andb > 0 we use the expressi@= b (order inequality)
if a < cbfor somec > 0. The expressioa =< b means that < b andb < a hold
simultaneously.

2. Some Facts from Geometric Function Theory

Each convex curve is known to be quasiconformal (see [15, pp. 63, 87]). It is further
known (see [1, Chap. IV]) that the conformal mappibgan be extended, in this case,
to a quasiconformal mapping of the whole plane onto itself. We keep the same notation
for this extension. Note that the inverse functibn= &~ will be quasiconformal too.

The following result is useful in the study of metric properties of the mappings
andv:

Lemma 1([2, p. 97]). Letw = F(¢) be a K-quasiconformal mapping Gfonto itself
with F(00) = 00, ¢j € C, wj := F(g), | = 1,2,3,and w1 — wa| < ¢ilwy — wg|.
Then|¢1 — ¢a| < €2 [¢1 — &3l and, in addition,

K

11— 43

1—0
where ¢ = ¢j(cy, K), j =2, 3.

w1 — w3

)

<C3‘

w1 — w2

The convexity ofG implies some special distortion properties of the functian

Lemma?2. Letz € L, 2,23 € @, and 7= ®(z), )] =123 If [rn— 1 <
|t1 — 13| < 1,then the inequality

Z—Z -
@2.1) 2 1 <c T2—1T1

73— 71 73— T1

holds with g = ¢,(G) > 0.

Proof. Without loss of generality, we assume that
12— z1] < |23 — 71| < 5 diamL

(otherwise (2.1) follows easily from Lemma 1). Next we introduce the following nota-
tions. Denote by (X) = y(z1,x) C ,for0 < x < %diamL, the subarc of the circle
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{€ . |& — zz] = X} that separates the point from oo in Q. Let Q(8,t) = Q(z, §, 1),
for0<d <t < % diamL, be the quadrilateral bounded by the ap¢8), y (t) and the
two subarcs ot joining their endpoints. Denote the family of all locally rectifiable arcs
in Q(8, t), which separate the side$s) andy (t), by I'(8, t), and the module df (8, z)

by m(3, t) (see [1], [16]). By the comparison principle

1
mes, t) < —IogE, 0<é8<t< zdiamL.
b4 1)
For any triplet of pointgy, &, £3 € Q with |£; — &| = |£; — &3], we have, by Lemma 1,
that
|P(81) — P(82)| < |P(51) — P(E3)l.
Hence, according to [6] (see also [2, p. 36]):

73— 11 Z3— 173

=7

= expimrm(|z2 — za|, |23 — Z1])) <

2—T

Lemma 3. The inequality

1-—1z]
dist(z, |)

(2.2) w(z,1,D)<8
holds true forany z D and any arcIC T.

Proof. Using a rotation with respect to the origin, we can reduce the situation to the

casewhen z< landl ={€?:6, <6 <8},0< 6 <6 <21 + 61. Moreover,

we can assume théi < 2 (since, in the other case, (2.2) is trivially valid). Set
li:={¢el:lm¢ >0} lo:=1\I1.

We assume that # . A simple geometric reasoning shows that, for €9 € |:
1 io
|§—Z|2;(9—91), £ =2 = |z— 17|, 7 =€

Therefore, by the Poisson formula,

1-|z? d 1 d
de

2r k-2~ x I

b

IA

4 (1—|z|)
o, (TZ— 71| +6 —61)2?

_Ad-jz) _4d-jz)
T Jz—z T dist(z, 1)

Writing the same estimate far(z, |, D), and taking their sum, we obtain (2.2). =
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3. Auxiliary Results

In this section we discuss the results needed in the proof of Theorem 2.

The concept of a regularized distance to an arbitrary compakt seR" is described
in [22, pp. 170-171]. It is based on the decomposition of open sets into cubes and the
partition of unity, which is due to Whitney. It is enough for our purposes to assume that
E is a continuum in the complex plane, with the simply connected completheint
this case, the notion of a regularized distance can be explained by making use of the
properties of a conformal mapping 0f onto the unit disk.

Namely, letU ¢ C be a simply connected domail, := C\U # @, with co € E.
Denote the distance fromto E by d(z) := d(z, E). This function is, in general, not
smoother oiJ than what the obvious Lipschitz-condition-inequality

|d(2) _d(g)l = |Z_ C'ﬂ Z?é‘ € C,

indicates.

It is desirable for several applications to replake) by a regularized distange(z),
which is infinitely differentiable foz € U. In addition, this regularized distance should
have essentially the same behaviodéz).

Letg: U — H, := {w: Imw > 0} be a conformal mapping. Setz) := Im g(2).
The function

(3.1) p(2) = u(z)

9@l
is called aregularized distancéom zto E.

e U,

Lemma 4 ([4, Lemma 1)]. For each ze U, we have

1u®2 / u(2)
(3-2) 2d@ S9@I=455
Moreoverif |§ — z| < d(z)/2then
1
(3.3) E%I%‘—ZIS 19(§) — 9(2)| SlG%IE—ZI-

Applying (3.2) we have
1@ =<p@=<4d@, zeU.

We note the following fact about the smoothness propertigs(pf. Let f (2), z =
X + 1y, be a nonvanishing analytic function th. A simple calculation shows that, for
anyze U:

/

f
| fldog| f]), = IfIRe(logf)'z=|fIReTZ,

(3.4) |15

A f
(35) |11, = If1dog| ]} = |f|Reti log ), = —|f| Im =%:
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whence, we conclude that
(3.6) Ifl;] <If,l with §=x or &=y

Formulas (3.4) and (3.5) imply tha(z) € C*°(U). Differentiating them once more, we

obtain forj + k =2, j, k > 0, that
9| f|

axJ oyk

If/l2

1fl°

(3.7)

<|fl+2

Next, we claimthatfoz = x +iy e U; j,k=0,1,2;1<j+k<2:
gtk

(3.8) m P

< @17k,

@

for some absolute constant > O.
Indeed, inequality (3.8) follows immediately from (3.6), (3.7), and (3.2) after a twice
repeated differentiation of formula (3.1) with respecgfte= x or§ =y, j =1, 2:

ap 1 o
8—.$;31 = |gz|2(u§1|gzl u|gz|§1)7
3%p
0108 - |g |4{( §1€z|g2| + u$1|gz|§2

U v 712
- uéz |gz|251 —u |gz|glgz)|gz|
— 2(ug, |gy| — ulgle)1g;l 1951, ),

if we know that, fork = 2, 3:
(3.9) 9¥@| <u@p@*  zeU,

with an absolute constant > 0.
In order to prove (3.9), we put := d(z)/32 and note that, by (3.3):

19(¢) —9(2)| = %U(Z),
for any¢ with |¢ — z| = d. Therefore, we have, according to (3.2), that

u) u()
<4 <102,
19'(0)] < a0 =%

for suchz. Next, we apply Cauchy’s formula and (3.2) to obtain that kfet 2, 3:

(k 1)' ‘/ g'©)
® (| —
9™ (2] o nea € — 2K d¢
k-1 U@
< 10— 1)1 321 Gt

This completes the proof of (3.9) and, consequently, of (3.8).
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The second topic concerns the “body-contour” properties of harmonic functions. Let
G c C be a bounded convex domain, and f&) be a real-valued function, which is
continuous orG and harmonic irG. Letz e L := 8G, ¢ € G, ands := |z — ¢|. We
next estimate the quantityf (¢) — f (2)| in terms of the local modulus of continuity of
f onL, thatis,

wz 1L (1) == sup | f (&) — F(2)], t>0.
el
[E—z|<t

Let zy € G be a fixed point. We assume thalt 2 dist(zy, L) =: dp. For 0 < t < dy,
denote byy (t) = y(z,t) a crosscut of5, i.e., an open Jordan arc (& with endpoints
on L, which is a subarc of the circlg : |& — z| = t} and has nonempty intersection
with the interval g, zo]. The endpoints of/ (t) divide L into two subarcs. Denote the
subarc containing by | (1).

SincelL is quasiconformal, Ahlfors’ geometric criterion (see [1]) gives the inequality

(3.10) min{diamL’, diamL"} < ¢c|z; — 2| forany z;,z €L,

withc = ¢(L) > 1, wherel.’ andL” are the associated two arcdof{z;, z,}. Therefore,
the quantity

diaml (t
M = M(zy, L) := sup sup I—()
zel O<t<dy t

is finite. Moreover, it is easy to prove thst < My, whereMgy depends only on the
constantc from (3.10) and, consequently, only on the constant of quasiconformality
of L.

Let

v(t) :=w(, L\I(D), G), 0<t <dy,

be the corresponding harmonic measure. Next we fix a nugpbatisfying 3 < s < dy,
and define a natural numblesuch that

S

By the maximum principle for harmonic functions, we have

k—1

i ; s
1) = @] = 021 (M) + ) wn (Mo )+ 21 flLv (3)
j=0
SC()z,f,L(ZMt) t S
< wz,f,L(M(S)'f‘z/é fv(i)dt—i—lefHLv(E).

Our next goal is to obtain effective estimates of the harmonic measgutye Let
r =r(,l(t),G),§ <t < dy, be afamily of all crosscuts db that separate poirit
from L\l (t). We note that

1 4
(3.11) mT) < - log m
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Indeed, taking into account that both module and harmonic measure are conformal
invariants, we introduce the conformal mappmngG — D such that

9(¢) =0, gL\lt)={e":—a<f<a}, a:=vd).
According to [13, pp. 319-320] (see also [12, p. 6]), we have
1 -1 _ i T — ma
mT) ™ =m(gl) " =2T (sm 2(1 a)) =2T (cos > )

where we set
. K@@- k?)%/2)
and
1
K (k) := / (1—x?)~Y2(1 — k®x?)~Y2dx,
0

for0 < k < 1. Hence
. ma
2mI) =T (sm 7) .
By [16, p. 61]:
4

Ta 2 2
T(sin— )< —lo < —log-.
(I 2>_7r gsinna/z_n ga

Thus we obtain (3.11) by comparing the last two equations.
On the other hand, comparing the familieandl'; := {y (U)}s<u<t, we have

1 t
m(T) > m('y) > — log —.
b4 )
Therefore, it follows from (3.11) that
1)
v(t) <4-,
t
and that

s 2Mt 8
(3.12) [f() - f(@)] < wz,f,L(Ma>+165f ‘”Z’“ti(z)dwlanfmg.
§

4. Proof of Theorem 2

Leto := u — 7. We can assume that ¢ < g, wheregg = £o(G) is small enough for
our constructions below. Lel C L be an arbitrary subarc. In order to prove (1.4), it is
sufficient to show that

(4.1) —0(J) <cVe,
for J small enough.
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We set

y = @) = {0, <0 <6},
y(r) = {€%:61—r <0 <O+r}, r >0,
J(@r) = W(y(r)), r > 0.

Next, we introduce a curvilinear sector basedlohetzy € G be afixed point. Denote
by w = ¢(2) the conformal mapping o& onto D with the normalizatiory(zy) = 0,
¢'(z0) > 0. Setyr := ¢~ L. Sincel is quasiconformal, the functions andy can be
extended to the quasiconformal mappings of the extended complex@lant itself
with oo as a fixed point (see [1, Chap. I1V]), where we keep the same notations for these
extensions.

Letting

9(J) =1{€":61 <6 <),
we set

B(J) = {{ € Q01 =arg®(¢) <02}
U {¢ €G: b <arge() <6}
Sett := /¢ and consider the function
1 ifze BJ(®)),
h(z) .=
0 otherwise irC.

Letp(2) = p(z, B(J)), z € C, be aregularized distance B{J) (see Section 3), i.e., a
function with the following properties:

(4.2) 1 dist(z, B(J)) < p(2) < 4distz, B(J)), zeC,
(4.3) p(2) € C=(0),

4.4 ar iy)| < jy)L-i-k i +k=1,2
(4.4) mp(XHW < cp(X+1iy) , ] +k=12

Next, we average the functidnin the following way:

64 8(¢ —2 .
9@ = {m /(; h(¢)V < e )dm(;) if ze C\B(J),
1 if ze B(J),

whereV (¢) is an arbitrary symmetric averaging kernel, i¥(z) € C*(C),

V(@ =V(z) = 0, zeC,
V(2 =0, 1z = 1,

/ V(z) dm(z)

1.
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Note thatg € C*°(C) by virtue of (4.3). Set

L, :={zeQ:|®@2)|=1+¢},
7. = V(2 (/|192()D, z € Q\{oo}.

By Lemma 1, there exists a sufficiently small constant 0 such that
dist(z, B(J)) < dist(z, C\B(J(t)),
forz e L., with z. € J(2¢4t). Therefore,
92 =1 zel, 71 € J(2e1t),

accordingto (4.2). Further, by the same Lemma 1, there exists a sufficiently large constant
¢, > 0 such that

dist(z, B(J)) < 2dist(z, B(J(1))),
forze L., withz, € L\J(cit). Therefore, we have for sucthat
p(2) < 4dist(z, B(J)) < 8dist(z, B(J(1))),
by (4.2), and we obtain
g(zy=0, zel,, z, € L\J(cyb).

If z=x+iyands = X+iy € L. with 2, & € L(¢s. 1), wheregy = W(e™),
3 1= W(@@3) andL(f3, 1) = {¢ = W(E?) : 61 — 3cit < 6 < 61}, then we
obtain by Taylor’s formula that

(4.5) 92 =9¢) + AG)X—X) + BE(Y -9 +r1(z,§),
where we have
(4.6) IAE)] + [BE)] < |e1 — g3l
and
lz—&?
4.7 LE) X ———,
4.7) Ir(z,&)| < ol

according to (4.4).

The same relations are valid faré € L, with z., & € L(¢, &4), Whereg, =
W(€%), ¢4 1= W(#H30), andL (2, £a) == {¢ = V(€)1 6 < 6 < 6, + 3aut).

We denote the harmonic extensiongofrom L, to C\L, by f (z). Set

f(w) = f(V(w)), w e A.
Then the following estimate holds:

Lemmab5. Letl < |w| <1+ 2¢.Then

(4.8) fw) — fw)| < cot,  w, = |z—|<1+5).
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The proof of Lemma 5 will be given in the next section.
Further, we average the functiohin the following way. LetV (2), z € C, be an
averaging kernel as above. Consider the function

16 [ - At — w) .
G(w)::{?_/f(t)v( - )dm(t) |f1+;3'1s§|w|§1+%s,

f(w) elsewhere im.

Note thatli € C*®(A):
(4.9 0<il(w) <1, w e A,
and that the Laplacian @f satisfies

t
(4.10) |AGW)| = =, 1+ 3e<|wl <1+ 2,
&
by (4.8). Let us introduce the function
G(d(z) ifzeQ,
u2) = o
f(2 if ze G,
which obviously belongs to the cla€$°(C). It follows that
(4.11) / Au(z)dm(z) =0,

by Green’s formula. Applying the techniques of [7], we can establish the inequality

(4.12) '/ u do

Indeed, on setting

<t.

U(o, w) :=U(o, ¥(w)), we A,
and, using the representation of the functiooy means of Green'’s formula,

u(2 :u(oo)—|—%/Au(;)logu—ﬂdm({), zeC,

we obtain that

‘/ f do
<L /(s—ﬂ(o, w))|Al(w)| dm(w) < t,
21

by (4.10) and (4.11) (see [7] for details).
Equations (4.8), (4.9), and (4.12) imply that

1
= o> ’/(s—U(G, ;))Au(;)dm(;)‘
n

—-0(J) < —/uda+u(J(clt)\J)+/ udu

L\J(cst)
+f(1—U)dr =t,
J

which is the assertion of (4.1). ]
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5. Proof of Lemma 5

Letw = re'?. Applying Lemma 3, we easily obtain (4.8) for the case

1+e<r <1+ 2¢,

01— et <0 <60y + eqt or Oy + 2cit <09 < 27 + 61 — 2¢qt.

1+e<r <1+ 2¢, 61 — 2cit <6 < 01 — eqt,

we sett = ¢, := W(w,) and write the functiorg in the form of (4.5).
Lemmas 1 and 2 imply that

é‘_{s §L_§s
11— 83 -4

Define the harmonic extension of the function appearing in (4.5) ta gioo} by the
formula

(5.1) <

I
<=t
t

rzé) =12 -9¢) - AE)x-X - BEWY-,

and set
F(t) i=r(¥(r),§), [t] = 1+e.
Note that forz € L, with z_ € L(¢3, ¢1), we have that
(5.2) z—§ < |<I>(Z)—wg|.
11— 4¢3 t
Indeed, without loss of generality, we assume that ;| > |z — ¢3|, and therefore
161 — &3l < 12— &1l
®(2) =7 = (1L+ )€, 161 — | < t.

If 16 —n| > ¢/32, then (5.2) follows from Lemmas 1 and 2, because

z-§8 | _|a—§) ‘ Q(z) —PE) | _ It —wl

a-¢| lzaa—a| " |®@) - @) t

Now let|0 — n| < £/32. Then, by the analogue of Lemma 4 (see [4, Lemma 1]) for the
conformal mappingb, we obtain that

|z—&| < 3 dist(z, L),

and, consequently,

z—¢& 2z —z||&—-2
f1—¢3 ZL -4 |z -2
ltl =1t —w| |t — w,l

=t |7-1 t



On Zeros of Polynomials Orthogonal over a Convex Domain 223

Hence, (5.2) and (4.7) give
~ |T - wslz
(5.3) FOI= —7— ltl=1+e, |t —we| < cCot.
Relation (5.3) remains true farsuch thatt| > 1+ ¢, |t — w,| = Cyt, by the definition
of the functionf (r) and (4.5)—(4.7).
Further, a direct computation shows that

(5.4) IF(w)] < t.

Indeed, let us introduce the auxiliary functi®dr), which we define to be the harmonic
extension of the function

F(o)l if[t]=1+e, |t —we| < Cat,
C3 otherwise foriz| = 1 + ¢,

R(z) ;= {
to|r] > 1+ €. Itis clear that we have, for sufficiently large:
IF(0)] < R(x)
on the boundary of the domain

[t >1+¢, |t —we| < Cot}.

Therefore, by the maximum principle for harmonic functions, the Poisson formula, and
(5.3), we obtain that

IF(w)] < R(w) = R(re'’)
r2—(1+e)?

1 27 .
—_ n
N 271/0 R@+ee )r2—2r(1+e)cos(9—n)+(1+a)2dn

1 6+cot 0+m d)7 6—cot d]7 e
58(—2/ dn+/ 2+/ z)j—zt.
t2 Jo_cit o+t (1 —0) o—x (M —10) t

Comparing (4.5), (4.6), (5.1), and (5.4), we get the desired inequality (4.8) by (2.1).
The same reasoning gives an analogue of (4.8) for the case

l1+e<r <1+ 2, Oy + &1t <6 < 6, + 2¢4t.
Next we assume that
(5.5) l<r=|w| <l+eg, . =V¥(w), e = V(wg).

Notethat. . is convex (see[17,p.47]). Moreover, sink&as a quasiconformal extension
to C, eachL, is K-quasiconformal witiK > 1, independent of. Therefore, we have,
by formula (3.12) for any & — ¢,| < S < &2 and any functionc(z), continuous on
int L, and harmonic in int.,, that

(5.6) k(@) — k(@) = wp kL (Cal — &)

g, L, (C4T)
+17— &l S

dr+ 5%l
S

€=l
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wherecs > 0 is independent of ande.

It is easy to prove (4.8) if, in addition to (5.5), &€ J(2cit)\J(e1t). Indeed, now let
k= f,s:=e3lcL — |, whereg = W (€'d(z,)) and the sufficiently small constant
€3 is chosen such thai;, ., (css) = 0. Therefore, we obtain (4.8) by (5.6), Lemma 1,
and the obvious inequality

;L_gs
=g

<

&
~=t,
t

which follows from Lemma 2.

The situation is more complicated if, in addition to (5.8),€ J(2cit)\J(e1t). For
definiteness, lef; € L(¢3, ¢1). In this case, we represent the functipm the form of
(4.5) with¢ = ¢,,and sek(z) :=r(z, &) (i.e.,x(2) is the harmonic extension ofz, &)
from L, tointL,), s := &4|¢1 — 3|, wheree, is chosen to be so small that the function
Kk (2) satisfies (4.7) foz € 1(s). Since

k(@] =1, zey(9),
by (4.5) and (4.6), we have, on settifig= | — ¢.|, that
82 " 1) /Sdr " 1)
2 2 s S

;‘L_gs
11— 43

by (4.7) and (5.6). Comparing (5.7), (4.5), (4.6), and applying Lemma 2, we get

(5.7) Ir (¢, &)l

IA

5
= o=
S

3

é-L_Cs
11— 43

;L_gs
—&

~
=

1) — FG)l =

e
<-=t |
t
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