ON THE HEIGHTS OF TOTALLY p-ADIC NUMBERS
PAUL FILI

Abstract. Bombieri and Zannier established lower and upper bounds for the
limit infimum of the Weil height in fields of totally p-adic numbers and generalizations thereof. In this paper, we use potential theoretic techniques to
generalize the upper bounds from their paper and, under the assumption of
integrality, to improve slightly upon their bounds.

1. Statement of Results
Recall that an algebraic number is said to be totally p-adic if its image lies in
Qp for any embedding Q ,→ Cp , where Cp denotes the completion of an algebraic
closure of Qp . This is analogous to the usual definition of a totally real number,
however, unlike C/R, the extension Cp /Qp is of infinite degree, so in fact we can
make an even broader generalization:
Definition 1. Let Lp /Qp be a (finite) Galois extension for p ≤ ∞ a rational prime.
We say α ∈ Q is totally Lp if all Galois conjugates of α lie in Lp ⊂ Cp .
More generally, when our objects are defined over an arbitrary number field K,
we make the following definition:
Definition 2. Fix a base number field K, and let S be a set of places of K. For
each v ∈ S, we choose a Galois extension Lv /Kv . We say that α is totally LS /K
if, for each v ∈ S, all of the K-Galois conjugates of α lie in Lv .
Notice that α is totally LS /K if and only if the minimal polynomial for α over
K splits in Lv for each v ∈ S. In our terminology, a number being totally real is
equivalent to being totally R (or totally R/Q), and being totally p-adic is equivalent
to being totally Qp (totally Qp /Q). Notice that the set of all totally LS /K numbers
form a normal extension of K (typically of infinite degree).
Bombieri and Zannier [3] studied the question of what the limit infimum of the
Weil height was in these fields when the base field was assumed to be Q, and they
proved the following:
Theorem (Bombieri and Zannier 2001). Let S is the set of finite rational primes
and for each p ∈ S, let Lp /Qp be a chosen Galois extension. Suppose L/Q is a
normal extension (possibly of infinite degree) such that L embeds in Lp for each
p ∈ S. Then
1X
log p
lim inf h(α) ≥
α∈L
2
ep (pfp + 1)
p∈S
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where ep and fp denote the ramification and inertial degrees of Lp /Qp , respectively.
Further, in the case where S = {p1 , . . . , pn } is a finite set of nonarchimedean
rational primes with Lpi = Qpi for each i, if we let L be the field of all totally
LS /Q numbers, then we have
n
X
log pi
lim inf h(α) ≤
.
α∈L
p −1
i=1 i
We note that in Bombieri and Zannier’s result, by the assumption that our
extensions are normal, it follows that every p-adic completion of L has ramification
and inertial degree less than or equal to that of Lp . More simply, we might take L
to be the field of all totally LS /Q numbers above and recover the same result.
Smyth [8, 9] and Flammang [4] proved analogous results in the totally real case
for the limit infimum of the height, however, they imposed the additional hypothesis
that one consider only totally real algebraic integers.
This note has two aims: first, to prove a slightly sharper lower bound by adding
the hypothesis that we consider only algebraic integers, and second, to generalize
the upper bound from Bombieri and Zannier’s paper by the aid of the Fekete-Szegő
theorem with splitting conditions, as formulated and proven by Rumely [5, 6]. Our
results are the following:
Theorem 1. Fix a number field K, a set of nonarchimedean places S of K, and
a choice of Galois extension Lv /Kv for each v ∈ S. Let L be the field of all totally
LS /K numbers, and OL denote its ring of integers. Then
log pv
1X
Nv ·
lim inf h(α) ≥
α∈OL
2
ev (qvfv − 1)
v∈S

where Nv = [Kv : Qv ]/[K : Q], ev and fv denote the ramification and inertial
degrees of Lv /Kv , respectively, and qv denotes the order of the residue field of Kv ,
and pv is rational prime above which v lies.
As Bombieri and Zannier remark in their note, if the above sum diverges (which
may happen if we allow S to be infinite), then it follows that the set of totally
LS /K algebraic integers satisfies the Northcott property (there are only a finite
number with height below any fixed constant).
If we restrict our attention to extensions normal over Q, as Bombieri and Zannier
do, our result reduces to:
Corollary 1. Fix a set of finite rational primes S and a choice of Galois extension
Lp /Qp for each p ∈ S. Let L be the field of all totally LS numbers, and OL denote
its ring of integers. Then
1X
log p
lim inf h(α) ≥
α∈OL
2
ep (pfp − 1)
p∈S

where ep and fp denote the ramification and inertial degrees of Lp /Qp , respectively.
Theorem 2. Fix a number field K, a finite set of nonarchimedean places S of K,
and a choice of Galois extension Lv /Kv for each v ∈ S with ramification degree ev ,
inertial degree fv , and residue field degree qv and characteristic pv . Let L be the
field of all totally LS /K numbers. Then
X
log pv
lim inf h(α) ≤
Nv ·
.
α∈L
ev (qvfv − 1)
v∈S
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where Nv = [Kv : Qv ]/[K : Q].
Notice that this differs from our lower bound only by the factor of 1/2.
One interesting thing to note in Theorem 1 is that the shape of our bound comes
directly from the formula for the logarithmic capacity of the ring of integers of Lv
at each place. This connection to potential theory gives an interesting explanation
for the shape of the observed bound, and suggests that by determining minimal
energy measures on Lv one might further improve the bounds above. In fact, this
connection inspires us to conjecture that in fact the upper bound in Theorem 2 is
sharp:
Conjecture 1. Fix a number field K, a finite set of nonarchimedean places S of
K, and a choice of Galois extension Lv /Kv for each v ∈ S with ramification degree
ev , inertial degree fv , and residue field of degree qv and characteristic pv . Let L be
the field of all totally LS /K numbers and OL its ring of integers. Then
X
log pv
.
lim inf h(α) =
Nv ·
α∈OL
ev (qvfv − 1)
v∈S
where Nv = [Kv : Qv ]/[K : Q].
It is still an interesting open question whether the limit infimum for all numbers
can be in fact achieved with algebraic integers or not. In this direction, we will
note only that the result of Bombieri and Zannier, when read as an equidistribution result, seems to indicate that totally p-adic points of low height should be
distributing evenly in the residue classes of P1 (Fp ). This seems to suggest that the
limit infimum over an entire field L of the type constructed above might be smaller
than that obtained by algebraic integers; however, all of the smallest known limit
points, both for the height of totally real numbers (see [8]) and the height of totally
p-adic numbers (as in Theorem 2) are in fact achieved by sequences of algebraic
integers.
2. Proofs
Proof of Theorem 1. We now proceed to prove Theorem 1. Recall that we have
fixed a base number field K, and let MK denotes the places of K. First, let us note
that if S is infinite, we can take a limit over increasing finite subsets of S, and the
general result will follow, so we may as well assume that S is finite in our proof.
For convenience let
[Kv : Qv ]
Nv =
.
[K : Q]
We recall M. Baker’s reformulation of Mahler’s inequality from [1], namely, if α is
an algebraic number and α1 , . . . , αn denote its K-Galois conjugates, then

−N · log n if v | ∞,
X
1
v
(1)
gv (x, y) ≥
n−1
0
n(n − 1)
otherwise
i6=j
where
gp (x, y) = log+ |x|v + log+ |y|v − log|x − y|v ,
v
and our absolute values are normalized so that |·|v = k·kN
where k·kv extends
v
the usual absolute of Q over which
it
lies
(thus
the
absolute
values
|·|v satisfy the
P
product formula, and h(α) = v log+ |α|v ). We assume in our theorem that α is
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integral. The key role is played by the discriminant here. At the place v ∈ MK
(p here being the rational prime over which the place v lies), all of the conjugates
of α lie in ring of integers OLv . By [7, Example 4.1.24], we have that the v-adic
logarithmic capacity of OLv with respect to the point ∞, which we will denote
γ∞,v (OLv ), satisfies
log γ∞,v (OLv ) = −Nv ·

log pv
ev (qvfv − 1)

< 0,

where qv denotes the order of the residue field of OLv and pv its characteristic.1 We
can also view this as the transfinite diameter of OLv ; more specifically, if we adopt
the notation of [2, Ch. 6] and let
1
log|zi − zj |v ,
log dn (OLv )∞ =
sup
z1 ,...,zn ∈OLv n(n − 1)
then by [2, Lemma 6.21 and Theorem 6.23] it follows that2
lim log dn (OLv )∞ = log γ∞,v (OLv ).

n→∞

Let {α(k) }∞
k=1 denote a sequence of algebraic numbers such that
lim h(α(k) ) = lim inf h(α),
α∈OL

k→∞

and let nk denote the number of K-Galois conjugates of α(k) , which we denote
(k)
(k)
α1 , . . . , αnk . Since the α(k) have bounded height, it follows from Northcott’s
theorem that nk → ∞ as k → ∞. By definition of dn (OLv )∞ , we have
X
1
(k)
(k)
log|αi − αj |v ≤ log dnk (OLv )∞
nk (nk − 1)
i6=j

for any totally LS /K integer and v ∈ S, so it follows that
X
X
X
1
(k)
(k)
log|αi − αj |v ≤
log γ∞,v (OLv ).
lim sup
nk (nk − 1)
k→∞
v∈S

v∈S

i6=j

Therefore, by the product formula, using the assumption of integrality,
X
X
X
1
(k)
(k)
lim inf
log|αi − αj |w ≥ −
log γ∞,v (OLv ).
k→∞
nk (nk − 1)
w∈MK
w|∞

v∈S

i6=j

It now follows from (1) that
X
lim inf 2h(α(k) ) ≥ lim inf
log+ |α(k) |w
k→∞

k→∞

w|∞

≥−

X
v∈S

log γ∞,v (OLv ) =

X
v∈S

Nv ·

log pv
ev (qvfv − 1)

.

1In the text [7] the v-adic absolute value |·| which is used to compute the capacity is normalized
v
to agree with the modulus with respect to the additive Haar measure, so in the text a log qv appears
in the numerator instead of log pv . We also wish to draw the reader’s attention to the fact that the
ring of integers OLv is ‘strictly smaller’ than the closed unit disc in P1 (Cv ), which has logarithmic
capacity log γ∞,v (Dv (0, 1)) = 0.
2Note that here for convenience our absolute values are normalized so that we have the same
normalization factors as in computing the absolute logarithmic Weil height.
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Upon dividing each side by 2, the result follows.
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Proof of Theorem 2. We will prove the result by applying the adelic Fekete-Szegő
theorem with splitting conditions [6, Theorem 2.1] (see also [5] as well as [2, Theorem 6.27] for an interpretation in terms of the Berkovich topology). For each
v ∈ S, let OLv ⊂ Lv denote the ring of integers in Lv . Notice that OLv ⊂ P1 (Cp )
is a compact
set and let Dv (0, 1) ⊂ P1 (Cv ) be the usual Berkovich unit disc. Let
Q
E ⊂ v∈MK A1 (Cv ) be the adelic Berkovich set given by

OLv
for v ∈ S




Y
Dv(0, 1)
for v 6∈ S,
Ev where Ev =
E=
Y N /e (qfv −1) 

v
v
v

v∈MK
qv
for v | ∞.

D 0,
v∈S

By [7, Example 4.1.24] we have normalized v-adic logarithmic capacity
log γ∞,v (OLv ) = −Nv ·

log pv
ev (qvfv − 1)

for each v ∈ S,

where γ∞ denotes the capacity relative to X = {∞} in the notation of [6]. At the
infinite places, we have
X
Y N /e (qfv −1)
X
log pv
,
log γ∞,w (D(0,
)) =
qv v v v
Nv ·
ev (qvfv − 1)
v∈S
v∈S
w|∞
so that the adelic capacity, that is, the product of all of the normalized capacities,
is
Y
γ∞ (E) =
γ∞,v (Ev ) = 1.
v∈MK

Further, by our assumptions, E is stable under the action of the continuous Galois
automorphisms of Cv /Kv at each place. For  > 0, we consider the Berkovich adelic
neighborhood

for w - ∞

Ew
Y

−
Y
f
v
U=
Uw where Uw =
N /e (q −1)

qv v v v
for w | ∞,

D 0, e
w∈MK
v∈S

where D(a, r)− denotes the usual open disc centered at a of radius r. Then we
can apply the adelic Fekete-Szegő theorem with splitting conditions as formulated
in [6, Theorem 2.1], there are infinitely many algebraic numbers in K all of whose
conjugates lie in U with the additional condition that all Cv /Kv conjugates lie in
Uv = Ev = OLv for each v ∈ S. Clearly, the only contribution to the height of such
numbers comes from the archimedean places, and as a result, we have
X
log pv
h(α) ≤
Nv ·
+ .
ev (qvfv − 1)
v∈S
Thus by letting  → 0 we can generate a sequence of numbers (in fact, algebraic
integers) with the limit infinimum of the height bounded by the desired constant.
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