
LECTURE 23

Review Session

0.1. Chapter 6: Polynomial Interpolation.

0.1.1. Newton form of interpolation polynomial.

P (x) = a0 + a1(x� x0) + � � �+ an(x� x0)(x� x1) � � � (x� xn�1)

0.1.2. Lagrange form of interpolation polynomial.

P (x) =
nX

i=0

f(xi)`i(x)

li(x) =
nY

j=0
j 6=i

(x� xj)

(xi � xj)

0.1.3. Chebyshev Polynomials. Roots of Chebyshev polynomials

~xi = cos

�
2i + 1

2n+ 2
�

�
; i = 0; 1; : : : ; n

0.1.4. Errors in Polynomial Interpolation.

jf(x) � P (x)j =
1

(n + 1)!
f (n+1)(�)

nY
i=0

(x� xi)

0.1.5. Divided Di�erences.

f [xi] = f(xi)

f [xi; xi+1; : : : ; xi+j] =
f [xi+1; : : : ; xi+j]� f [xi; : : : ; xi+j�1]

xi+j � xi

Ai = f [x0; x1; : : : ; xi]

Here the Ai is the coe�cient of the (x � x0)(x � x1) � � � (x � xi�1) in the Newton form of the polynomial
interpolation of f(x)

0.2. Chapter 7: Numerical Di�erentiation and Integration.

0.2.1. Numerical Di�erentiation.

f 0(x) =
f(x + h)� f(x)

h
+O(h)

1
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0.2.2. Richardson Extrapolation.

f 0(x) = �0(h) =
f(x + h)� f(x � h)

2h
+ O

�
h2
�

= �i(h) =
4

3
�0(h=2)�

1

3
�0(h)

...

= �i(h) =
1

4i � 1

�
4i�i�1(h=2)� �i�1(h)

�
+ O(h2i)

0.2.3. Numerical Integration by Interpolation.Z b

a

f(x) =
nX

i=0

f(xi)Ai

Ai =

Z b

a

`i(x)dx

0.2.4. Simpson's Rule. Z a+2h

a

f(x)dx =
h

3
[f(a) + 4f(a + h) + f(a + 2h)]

h =
�x

2
)

Z b

a

f(x)dx =
n�1X
i=0

Z xi+1

xi

f(x)dx �
n�1X
i=0

�x

6
[f (xi) + 4f(xi +�x) + f(xi +�x)]

0.3. Chapter 8: Numerical Solution of Initial Value Problems.

0.3.1. Taylor Series Method.

x(t) = x (t0) + x0 (t0) (t� t0) +
1

2
x00 (t0) (t� to)

3 + � � �

0.3.2. Euler Method.

xi+1 = xi + f (ti; xi)�t

0.3.3. Runge-Kutta Methods.

Second Order.

F1;i = �tf (ti; xi)

F2;i = �tf (ti +�t; xi + F1;i)

xi+1 = xi +
1

2
(F1;i + F2;i)

Fourth Order.

F1;i = �tf (ti; xi)

F2;i = �tf

�
ti +

�t

2
; xi +

1

2
F1;i

�

F3;i = �tf

�
ti +

�t

2
; xi +

1

2
F2;i

�

F4;i = �tf (ti +�t; xi + F3;i)

xi+1 = xi +
1

6
(F1;i + 2F2;i + 2F3;i + F4;i)
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0.3.4. Multi-step Methods.


